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Gilchrist, M. D.

Attenuation Of Ultrasonic Rayleigh-Lamb Waves By A Symmetrical Embed-
ded Crack In An Elastic Plate

The present paper illustrates how embedded vertical defects can be detected rapidly in sheet metal by using longitudinal
ultrasonic waves. Computational methods are used to validate analytical predictions of the reflection coefficients due
to the attenuation of such ultrasonic waves by physically small defects. It is shown that detectable attenuation of
the lowest order symmetric Rayleigh–Lamb wave (S0) occurs for a range of small defects (sub-millimeter in length)
when using high-frequency waves (MHz range).

1. Introduction And Problem Definition

Significant advances in the use of ultrasound for detecting defects have been made within the past decade. Conven-
tional ultrasonic NDE relies on the through-thickness propagation of waves which is generally quite time consuming
for condition monitoring of large engineering structures. Rayleigh–Lamb waves [1, 2], on the other hand, are based on
longitudinal waves propagating in the major plane of a structure, for example, axially along the length of a pipeline.
While this does not automatically provide greater accuracy in locating or characterising defects, Rayleigh–Lamb
waves do offer up to an order of magnitude reduction in the time required to detect defects.

The present work considers the case of a thin isotropic plate of thickness 2d, in which elastic waves propagate
in the x-direction, where the x-axis is taken along the central plane of the plate, the y-axis is normal to the plane
of the plate, and the frequency of the waves is ω/2π, where ω is the angular frequency. The crack is assumed to be
embedded, symmetric, vertical and of length 2a : x = 0,−a ≤ y ≤ a. Both symmetric and antisymmetric Rayleigh–
Lamb waves can be propagated in the plate. In this paper we are only concerned with the zeroth order symmetric
waves for which the displacements are confined to the (x, y) plane. Since the incident wave and the crack are both
symmetric about the central plane, it follows that the reflected wave is also a symmetric wave. Previous analytical
work by the author [1] has considered the attenuation of longitudinal waves by such a crack and has derived a simple
expression for the reflection coefficient, R, valid at small frequencies (Ω � 1) and small defect sizes (a/d ≤ 0.4),
where the nondimensional wave frequency Ω = (π × plate thickness × frequency) ÷ speed of transverse waves.

R = π2(
a2

λd
)Φ (1)

where Φ ≈ 1+ 5
8

a2

d2 , and a, d and λ are the half-length of the crack, the half-thickness of the plate, and the wavelength
of the incident S0 wave, respectively. The formula shows that the reflection coefficient increases with the square of
the crack size and is inversely proportional to the wavelength of the incident wave.

The present paper uses two-dimensional computational models to validate the accuracy of this expression.
Specifically, the influence of a broad range of defect sizes and wave frequencies upon the reflection coefficients has
been investigated and compared against those that are predicted analytically using Eq. (1).

2. Computational Modelling

A series of two-dimensional quarter finite element models of a range of cracked plates were created [3] by availing
of the two planes of symmetry within the problem. The same plate dimensions were assumed in all the numerical
analyses: a half-thickness of 0.5 mm and a half-length of 130.0 mm. Such a large ratio of plate length to thickness
is necessary to ensure that the wavelength of the high frequency waves is a small fraction of the plate length.

All finite element models were regularly meshed with quadrilateral plane strain isoparametric elements with
only vertex nodes and 3×3 integration points. Ten elements were used to model the plate half-thickness: five for the
half-length of the crack and five for the uncracked half-thickness of the plate. 910 elements were used along the plate
half-length. Consequently, thirty Gaussian integration points represented the model variables through the 0.5 mm
plate half-thickness and each model consisted of 9100 elements. The boundary conditions appropriate to the various
planes of symmetry and the cracked region of the plates were enforced and material properties were specified for
aluminium (Young’s modulus = 70.7 GPa, Poisson’s ratio = 0.34, density = 2700 kg/m3). Model symmetry within



the various cracked plates was defined by restraining the vertical (y-axis) displacements of nodes on the y = 0 plane
and by restraining the in-plane (x-axis) displacements of uncracked nodes on the x=0 plane.

A dynamic sinusoidal load, of amplitude |Pn| and angular frequency ω, identical to that of the incident wave,
was applied normally outwards from the plane of the crack to simulate the propagation of the reflected wave. The
sinusoidal reflected wave for the cases Ω = 0.534, 1.0 and 1.6 was defined by Pn =cos(ωt) where the wavelength
λ = 20.2d, 10.6d and 6.47d, respectively. To within 1%, Pn is constant along the length of the crack. Pn only
becomes non-uniform at a/d � 0.5, i.e., close to the edge of the plate. The shear pressure wave, Ps < 1%Pn and
thus has been neglected in the analyses. Since the governing equations defining this system are linear, the amplitude
of the pressure wave Pn was applied as unity with appropriate scaling being done subsequently.

3. Results And Discussion

The reflection coefficients for a range of defect sizes and wave frequencies are calculated by normalising the amplitude
of the in-plane displacements of the reflected wave against the amplitude of the incident S0 wave, which has been
calculated analytically for three different cases. For Ω = 0.534, 1.0 and 1.6, the amplitude of the incident S0 waves
are 2.05E-14 mm, 1.08E-14 mm and 0.77E-14 mm, respectively. A total of eighteen analyses have been performed
for crack lengths ranging in size from 0.1 ≤ a/d ≤ 0.6 and three different frequencies. The details of these are
summarised in Table 1 and compared against the analytical predictions of Eq. (1).

Table 1: Reflection coefficients predicted via finite element analyses and analytically [1] using Eq. (1).
a/d ΩFEM = 0.534 ΩFEM = 1.000 ΩFEM = 1.600 ΩEq.(1) = 0.534 ΩEq.(1) = 1.000 ΩEq.(1) = 1.600
0.1 0.258% 0.503% 0.84% 0.492% 0.937% 1.53%
0.2 1.42% 2.81% 4.95% 2.00% 3.82% 6.25%
0.3 3.68% 7.38% 13.7% 4.64% 8.85% 14.5%
0.4 7.23% 14.8% 28.0% 8.60% 16.4% 26.8%
0.5 12.4% 25.3% 46.8% 14.1% 26.9% 44.1%
0.6 19.6% 39.5% 65.5% 21.5% 41.1% 67.3%

Excellent agreement is found between the analytically and computationally predicted reflection coefficients for
all defect sizes. It is apparent from Table 1 that higher frequency waves and larger crack lengths lead to greater
reflection coefficients. In most instances the values for the reflection coefficients are non trivial and as such are
well above the signal/noise ratio that would be used with conventional digital signal processing techniques and it is
therefore anticipated that these particular defects should be detectable using S0 waves of these frequencies.

4. Conclusions

The propagation of Rayleigh-Lamb waves within thin aluminium plates has been examined and the reflection of
symmetric waves by symmetrically embedded cracks that are oriented normal to the plane of the plates has been
modelled in order to predict reflection coefficients. Good agreement has been obtained between analytical and
computational methods. It has been shown that physically measurable values of reflection coefficients (> 10%), and
therefore evidence of the extent of damage, can be obtained by using such Rayleigh–Lamb waves.
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