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We perform flestrained hybrid Monte Carlo simulations to compute the equilibrium constant of the
dissociation reaction of HF in HF (H2O)7. We nd that, like in the bulk, hydro uoric acid, is a weak acid
also in the cubic HF (H2O)7 cluster, and that its acidity is higher at lower T. This latter phenomenon has
a (vibrational) entropic origin, namely it is due to the reduction of the (negative) T∆S contribution to the
variation of free energy between the reactant and product. We found also a temperature dependence
of the reactions mechanism. At low T (≤ 225 K) the dissociation reaction follows a concerted path,
with the H atoms belonging to the relevant hydrogen bond chain moving synchronously. At higher T
(300 K), rst two hydrogen atomsmove together, forming an intermediate metastable state having the
structure of an Eigen ion H9O+

4, then the third hydrogen migrates completing the reaction. We also
compute the dissociation rate constant, krp. We nd that at very low T (≤75 K), krp depends strongly on
the temperature, while it is almost constant at higher Ts. With respect to the bulk, the HF dissociation
in HF (H2O)7 is about one order of magnitude faster. This is due to a lower free energy barrier for
dissociation in the cluster. ℋKS α = wα |ℋKS(x) |wαℋKS ζ = wζ |ℋKS(x) |wζ

wχ(r)=∑
i
cχ,iϕi(r)

ξi(x)= ℋKS ζ − ℋKS α
ξi <0 covalent bond at α
ξi >0 covalent bond at ζ

θ(x) = 3∑
i=1 ξi(x)

w1
α

w1
ζ

w2
α

w2
ζ

w3
α

w3
ζ

w1
α

w1
ζ

w2
α

w2
ζ

w3
α

w3
ζ

ρθ(z)=1�∫ dx e−βU(x)δ θ(x)− z
� =∫ dx e−βU(x)

F(z)= − 1β ln ρθ(z)
∆FAB =F(zB)− F(zA)= ∫

zB

zA
dz

dF
dz
= ∫

zB

zA
dz

∂ℋ
∂θ

z

dF(z)
dz

= lim
βk→∞

dFk(z)
dz

= − lim
βk→∞

∫dx k θ(x)− z e−βU(x)e−βk2 θ(x)−z 2

∫dx e−βU(x)e−βk2 θ(x)−z 2

= − lim
βk→∞ k(θ(x) − z) z

−15 −10 −5 0 5 10 15
−15

−10

−5

0

5

10

15

20

25

30

z [eV]

F
z

k B
T

T=25 K T=75 K T=150 K T=225 K T=300 K

Alin
M
arin

Elena
H
F
D
issociation

in
W
ater

Clusters
by

Com
puter

Sim
ulations

July,2013



HF Dissociation in Water Clusters
by Computer Simulations

Alin Marin Elena

The thesis is submitted to University College Dublin in ful lment of the
requirements for the degree of Doctor of Philosophy in Physics

School of Physics

Head of School: Associate Professor Padraig Dunne

Principal Supervisor: Professor Giovanni Ciccotti
Supervisor: Dr. Simone Meloni

July 2013



to
Iulia, Vergiliu and Laurențiu
loving parents and brother



Contents

Contents ii

Abstract v

Statement of Original Authorship vi

Acknowledgement vii

Glossary of Symbols viii

Introduction 1

1 Theoretical Background 5
1.1 Chemical fleactions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2 Equilibrium constant . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.2.1 Thermodynamic viewpoint . . . . . . . . . . . . . . . . . . . . . . . 6
1.2.2 Statistical mechanics viewpoint . . . . . . . . . . . . . . . . . . . . 13

2 Computational Methods 19
2.1 The microscopic system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.2 Collective variables, their probability density and the Landau Free energy 21
2.3 flestrained Hybrid Monte Carlo . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.4 flate constant calculation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3 Results: HF dissociation in (H2O∇7 HF 42
3.1 The problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
3.2 The model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.3 Collective variable for free energy and rate calculation . . . . . . . . . . . 46
3.4 Equilibrium constant and its temperature dependence . . . . . . . . . . 53
3.5 fleaction mechanism and its temperature dependence . . . . . . . . . . 61
3.6 flate constant . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

Conclusions 70

ii



Contents | iii

Appendix A Mean Paths for Deprotonation 72

Appendix B Data Tables 75

Appendix C Atomic Rydberg Units 77

References 80

List of Tables 93

List of Figures 94

List of Algorithms 98

A Note About the... 99



”One of the main reasons why the sciences are so poor is that they imagine they are
so rich. It isn’t their job to throw open the door to in nite wisdom but to put a limit to

in nite error.”
Bertolt Brecht - Life of Galileo



Abstract

We perform flestrained hybrid Monte Carlo simulations to compute the equilibrium
constant of the dissociation reaction of HF in HF (H2O∇7. We nd that, like in the bulk,
hydro uoric acid, is a weak acid also in the cubic HF (H2O∇7 cluster, and that its acidity
is higher at lower T. This latter phenomenon has a (vibrational) entropic origin, namely
it is due to the reduction of the (negative) T∆S contribution to the variation of free en-
ergy between the reactant and product. We found also a temperature dependence of
the reactions mechanism. At low T ( 225 K) the dissociation reaction follows a con-
certed path, with the H atoms belonging to the relevant hydrogen bond chain moving
synchronously. At higher T (300 K), rst two hydrogen atoms move together, forming
an intermediate metastable state having the structure of an Eigen ion H9O+

4, then the
third hydrogen migrates completing the reaction. We also compute the dissociation
rate constant, krp. We nd that at very low T ( 75 K), krp depends strongly on the
temperature, while it is almost constant at higher Ts. With respect to the bulk, the
HF dissociation in HF (H2O∇7 is about one order of magnitude faster. This is due to a
lower free energy barrier for dissociation in the cluster.
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Introduction

”If a question can be put at all,
then it can also be answered.”

Ludwig Wittgenstein

Following Arrhenius, an acid is a chemical species producing H+ ions in solution.
Thus, the generic form of an acid is AH (A denoting the rest of the molecule) and the
chemical reaction leading to H+ production is named acid dissociation.

Dissociation of (weak) acids and proton transport are among the most important
processes for (bio)chemistry in bulk water solutions, atmospheric and environmental
chemistry (see ref. [1] for a perspective on this subject), and chemistry in con ned
systems (channels, interfaces, membranes, etc., see, for example, refs. [2 4]).

An example of the importance of the dissociation reaction is its role in regulating
the CO2 level in the atmosphere. CO2 can alternatively be stored in sea water as car-
bonic acid (H2CO3) and its products of dissociation: HCO−

3 and CO2−
3 . The amount of

CO2 subtracted from the atmosphere is the sum of the amount of solved CO2, H2CO3,
HCO−

3 and CO2−
3 . Considering that the solubility of CO2 in water is limited, if the H2CO3

were a stronger acid, from the ”mass action” law a larger quantity of CO2 could be
subtracted from the atmosphere.

Another example of acid dissociation and proton transport is in proteins. Bacteri-
orhodopsin, a simple and relatively small protein (contains a single polypeptide chain
of 248 amino acid residues) that works as a light driven proton pump. Thanks to its
relative simplicity, bacteriorhodopsin has been often used to study proton regulation
and transport across cell membranes. Light induces an isomerisation of the protein
which causes a certain amino acid to dissociate. The so generated free proton is trans-
ported to the extracellular part of the protein via a mechanism which is not yet fully
understood. The mechanism of this process and the nature of the water cations
hydronium H3O+, Zundel, H5O+

2, or Eigen, H9O+
4 intermediates formed along it are

under investigation, see refs. [2, 3]. Understanding and identifying the most efficient
pathways for the proton might help to design more efficient drugs relying on protons
crossing membranes.

Fuel cell membranes is another eld of research in which the proton transfer is
important. Polyelectrolyte membranes separating the electrodes show a reduction in

1
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their proton transfer efficiency with usage in time. Understanding the nature of the
proton transfer in them is fundamental for better design of fuel cell membranes [4].

In addition to bulk conditions acid dissociation is studied also in hydrated clusters.
These clusters attracted a signi cant interest as they mimic acids in con ned condi-
tions, such as water in protein pockets containing the active site of enzymes or in
transcellular channels, in amore controlled and reproducible environment. Moreover,
being less complex than bulk systems, theymake less of a challenge performing exper-
iments (e.g., spectroscopy in matrices of rare gasses) and simulations. One question
that has been extensively investigated is theminimumnumber of watermolecules that
are needed to allow the dissociation of a acid molecule [5]. For example HCl needs at
least four water molecules [6], HBr needs ve [7] and HF seven [8].

In this thesis we focus on HF, hydro uoric acid, which in diluted aqueous solutions
still raises controversy when it comes to understanding the reason of its low dissoci-
ation constant and its temperature dependence, see refs. [9] and [10].

The dissociation reaction of HF is thought to occur in three steps

(H2O∇aq + (HF∇aq GGGBF GGG [H2O · HF]aq
GGGBF GGG [H3O+ · F−]aq
GGGBF GGG [H+(H2O∇n + F−]aq

The rst step leads to the formation of a ”complex” formed by oneHF and oneH2Omo-
lecule. This complex is usually called the non-dissociated pair (NP). In the second step
the acid donates its proton to thewatermolecule in theNP bringing to the formation of
another complex F− ·H3O+ called the contact ion pair (CIP). Then the CIP splits and the
excess proton diffuses through the solution forming various hydrated ions, H+(H2O∇n,
mentioned before. Usually the product of this nal stage is called the solvent separ-
ated pair (SSP).

One question discussed for HF is the origin of its weak acidity HF is the only weak
acid among hydrohalic acids1. Concerning the reason of the weakness the ”standard”
hypothesis is that the product in the second step, the CIP, is relatively stable which
would explain why in diluted solutions one nds the majority of HF dissociated.

Identifying by spectroscopic techniques the type of the intermediate species (i.e.
investigating the mechanism of the process) of the HF dissociation in bulk water at
room temperature is made difficult by their low concentration resulting in a weak sig-
nal and by the fact that their spectrum is superimposed to that of water (the solvent),
see ref. [11]. In order to overcome this problem, Ayotte et al. [12] studied this reac-
tion in cryogenic amorphous water. In this condition metastable intermediates live

1Hydrohalic acids are the acids of halogens: HF, HCl, HBr, HI and HAt.
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longer and are more easily detectable by Ifl spectroscopy than in room temperature
experiments. Based on the results of their experiments, they proposed a new mech-
anism [12 14] consisting of two events

• F gets over-coordinated by the solvent or strengthens the bonding with the nor-
mal number of solvent molecules, which reduces the H affinity of the uorine;

• water molecules solvating HF get under-coordinated or loosen the strength of
the hydrogen bond with the water molecules coordinated with them, thus in-
creasing their proton affinity

These two phenomena reduce the energy barrier that the proton must overcome
for dissociating from the F, andmigrate along the hydrogen bond chain departing from
F.

The question whether the reaction mechanism of HF dissociation in amorphous
solvent is the same as in liquid water is debated. One could use atomistic simulations
to address this problem. The advantage of atomistic simulations is that they can give
access to microscopic details of the deprotonation process which can not be easily
obtained from experiments. Intermediate species can be identi ed, in principle, by
analysing reactive molecular dynamics or Monte Carlo ”trajectories”. However, weak
acid dissociation is, typically, a slow process, in the sense that dissociation events are
infrequent, they are so called ”rare events”. Thus, one cannot use ”brute force” ap-
proaches for efficiently sampling the probability density function of the system (also
called distribution or invariant measure) but need to resort to special techniques.

Having in mind the long term goal to study acid dissociation in bulk solutions and
the other complex environments mentioned above, and, in particular, to address the
question on the HF dissociation mechanism in liquid and amorphous water, in this
thesis we focus on HF dissociation in HF (H2O∇7. This system is simpler than bulk, and
seems to be ideal for testing some methods that then could be used to study more
complex cases. It is however worth remarking that HF hydrated clusters, and, more
in general, hydrohalic acids hydrated clusters are systems of interest on their own,
see for example refs. [8, 15 20]. The majority of computational results available in
literature are obtained at 0 K. Considering that the origin of HF weak acidity has been
attributed to entropic effects, it seems important to study the dissociation of HF at
nite temperature.
We study the deprotonation of HF in HF (H2O∇7 using the Temperature Acceler-

ated Monte Carlo (TAMC) [21], that we extended implementing a version based on the
hybrid MC (TAhMC). This is more efficient in the case of system interacting via non ad-
ditive force elds, like the forces arising from Density Functional Theory that we use in
this work. TAhMC allows to reconstruct the free energy landscape of suitable (micro-
scopic) observables, usually called collective variables.
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Previous computational studies of dissociation of weak acids formic [22], acetic
acid [23] in bulk water, and dissociation of water in H2O [24] used the coordination
number of the acid, and the (euclidean) distance between the anion of the dissociated
acid and the hydronium as observables. However, as explained in detail in chapter 3,
these observables are not satisfactory. Building on previous experimental [11, 13, 14,
25], and computational studies [8, 15, 24, 26 28] we shall propose a new observable.
The observable that we propose is based on the electronic structure of the system
via the Maximally localised Wannier functions. A collective variable of this kind has the
advantage to take into account effects such as the polarisation of the solvent, which
were proposed as an important factor in the deprotonation process of weak acids [13].

This thesis is organised as follows. In chapter 1 we give a general overview of the
theoretical background of the chemical reactions, in particular, the equilibrium con-
stant. In chapter 2 we describe the computational methods. In particular, in section
2.1 we introduce the microscopic system and the associated ensemble. In section 2.2
we introduce the concept of collective variables, i.e. the observables used to character-
ised the reaction, and the associated Landau Free energy. In section 2.3 we describe
the flestrained hybrid Monte Carlo method. Finally, in section 2.4 we describe the for-
mulation of the Transition State Theory that we use in this thesis to compute the rate
of reaction under investigation. In chapter 3 we describe our results. In section 3.1 we
introduce the problem of dissociation of HF in HF (H2O∇7 cluster. In section 3.2 we de-
scribe the microscopic model. In section 3.3 we introduce the observable used in this
thesis to study the HF dissociation reaction, together with tests performed to validate
its suitability. In section 3.4 we report the results of equilibrium constant calculations
and its temperature dependence. The reaction mechanism and rate are discussed
in sections 3.5 and 3.6, respectively. Next we draw the conclusions about the results
presented in this thesis. This thesis also contains three appendices.



Chapter 1

Theoretical Background

”Le savant n’étudie pas la nature parce que cela est utile;
il l’étudie parce qu’il y prend plaisir,

et il y prend plaisir parce qu’elle est belle.”
by Henri Poincaré

In this chapter we will present general aspects of the thermodynamics and statist-
ical mechanics of chemical reactions. We start by introducing general concepts and
then particularise them to chemical reactions in solutions, speci cally to acid depro-
tonation in water.

1.1 Chemical Reactions

We shall start by clarifying notation and de ning simple concepts related to chemical
reactions. A chemical reaction can be written as

aA + bB GGGBF GGG cC + dD (1.1)

where A and B are the reactants, C and D are the products, a,b, c,d are the stoichiometric
coefficients of the reaction [29]. In a chemical reaction the species A and B in the pro-
portions indicated by their stoichiometric coefficients get destroyed in order to create
quantities of C and D. The double arrow indicates that the chemical transformation
takes place in both directions, that is, also C and D get destroyed in order to replace A
and B. The majority of chemical reactions are reversible.

If one starts a chemical reaction with a certain quantity of A and B then monitors
the evolution of the amount of species A, B, C, D with time, after a while he would notice
no variations indicating that the chemical equilibriumhas been reached. flelating to the
chemical equilibrium state for our reaction one needs to note that at microscopic level
the reaction does not stop, it simply implies that the speed at which one destroys A
and B to produce C and D is the same with the speed at which C and D transform

5



1.2 Equilibrium constant | 6

into A and B, of course, all these in the right ratios dictated by the stoichiometry of the
reaction. Chemical equilibrium is a dynamic state.

A typical question one is interested in when studying chemical reactions is the
amount of reactants and products that are present at equilibrium. There are cases
in which all reactants are transformed into products. In these cases the reaction is
called an irreversible(forward) reaction. There are cases in which the opposite of the
above holds true: at equilibrium there are almost no products. Finally, there are cases
in which, at equilibrium, there are non-negligible amounts of both products and re-
actants. In these cases the reaction is called reversible. Thus, the amount of reactants
and products at equilibrium depends on the nature of the chemical reaction by which
they are transformed of course, in addition to the initial quantities of reactants and
products. The tendency of a reaction to form reactants and products is measured
by the equilibrium constant, a quantity which is discussed in detail in the next section.
Other quantities of interest are the speeds at which the reaction reaches the equilib-
rium. The speeds are de ned as rates at which reactants and products are formed or
consumed (d[A]/dt, d[B]/dt, d[C]/dt and d[D]/dt )

In the next sections we will discuss in detail the concepts of equilibrium constant
and rate; try to put them in the context of acid-base reactions; and present methods
to estimate their values by computer simulations.

1.2 Equilibrium constant

1.2.1 Thermodynamic viewpoint

We start by looking at the chemical reactions from the thermodynamic point of view.
Our aim is to de ne the condition for chemical equilibrium and for the chemical equi-
librium constant.

Let us assume a single phase system, at constant volume V and temperature T, con-
taining NA, NB, NC, ND numbers of particles of species A, B, C and D which undergoes
the following chemical reaction

AA BB GGGBF GGG CC + DD (1.2)

where we use the convention that the stoichiometric numbers [30, 31] in the reactants’
side are negative.

At equilibrium the Helmholtz free energy, A, of the system, is minimumwith respect
to the number of particles, NA, NB, NC and ND, in the system. Of course, the allowed
values of NA, NB, NC and ND are constrained by mass conservation laws, which will
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be discussed in detail below. The fact that A can be minimised with respect to NA,
NB, NC and ND seems to be counter-intuitive, as any thermodynamic potential (and
variable) is de ned only at the equilibrium. However, we imagine to be able to apply an
external action constraining the chemical composition of the system, which still needs
to be compatible with the mass conservation laws. The Helmholtz free energy is a well
de ned function of such constrained states, and, the (overall) chemical equilibrium is
reached for a composition minimising it.

Let us assume that in an initial state there are ni,A, ni,B, ni,C and ni,D moles of A, B,
C and D. At equilibrium An and Bn moles of reactants transform into Cn and Dn
moles of products. Thus, at equilibrium, the amounts of A, B, C and D are

nf,A = ni,A + An

nf,B = ni,B + Bn

nf,C = ni,C + Cn

nf,D = ni,D + Cn

(1.3)

Eq (1.3) can be written in the following differential form, which is more convenient
for further manipulations.

dnA = A dn

dnB = B dn

dnC = C dn

dnD = D dn

(1.4)

n is just the quantity of matter involved in the reaction.
One can rewrite the above four relations as

dnA

A
= dnB

C
= dnC

C
= dnD

D
= dn (1.5)

The in nitesimal variation of the Helmholtz free energy is

dA(NA, NB, NC, ND, T, V∇ = SdT pdV + A dNA + B dNB + C dNC + D dND (1.6)

using eq. (1.5), we can rewrite eq. (1.6) in terms of n as

dA(T, V,n∇= SdT pdV + ( A A + B B + C C + D D∇dn (1.7)
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from which we can derive

(
∂A
∂n)T,V

= A A + B B + C C + D D (1.8)

At constant T and V, the equilibrium condition implies that

(
∂A
∂n)T,V

= 0 = A A + B B + C C + D D (1.9)

which is the condition for chemical equilibrium.
The last two relations can be easily generalised to the case of chemical reactions

with m reactive species

(
∂A
∂n)T,V

= m∑
i=1

i i (1.10)

and
m∑
i=1

i i = 0 (1.11)

Usually we write

∆ = m∑
i=1

i i (1.12)

∆ , sometimes multiplied by -1, is called the affinity of the chemical reaction. At chem-
ical equilibrium the affinity is zero.

Eq (1.11) is the chemical equilibrium condition. However, this relation does not
allow to establish whether the reaction is shifted towards products (i.e. at equilibrium
there will be more products than reactants) or vice-versa. In the following, we will
introduce and describe the equilibrium constant that measures this property.

Let us introduce the absolute activity,

≡ eRT (1.13)

Using instead of offers apparently no advantages. However, for ideal gasses
and solutions, is proportional to partial pressures and concentrations, which makes
it more appealing than the chemical potential.

Using the above relation between and it is trivial to write the chemical equilib-
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rium condition, eq. (1.11), in terms of , as follows

m∑
i=1

i i = 0

m∑
i=1

iRT ln i = 0

m∑
i=1

ln i
i = 0

m∏
i=1

i
i = 1

(1.14)

The last row of eq. (1.14) can be rewritten in a more convenient way, in which we
group together reactant and product terms

∏p
p
p∏r

| r|
r

= 1 (1.15)

We now introduce a reference state with respect to which the relevant quantities,
such as chemical potential and absolute activity, are de ned. fiuantities measured in
the reference state are denoted by the superscript, . This reference statewill allowus
to de ne the equilibrium constant, K, a quantity measuring the degree of completion
of the reaction in the standard state conditions.

From the de nition of , (1.13), one derives that the variation of the chemical po-
tential from a reference state is

⊖ = RT ln RT ln ⊖
= ⊖ + RT ln ⊖

(1.16)

Introducing the relative activity, a = ⊖, eq. (1.16) can be recast into
= ⊖ + RT ln a (1.17)
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From eq. (1.17) and the de nition of ∆ , eq. (1.12), one derives

m∑
i=1

i i = m∑
i=1

i( ⊖
i + RT ln ai∇

∆ = m∑
i=1

i
⊖
i + RT

m∑
i=1

i ln ai

∆ = ∆ ⊖ + RT
m∑
i=1

ln a i
i

∆ = ∆ ⊖ + RT ln ∏p a
p
p∏r a

| r|
r

(1.18)

Imposing the chemical equilibrium condition we get

∆ ⊖ + RT ln ∏p a
p
p∏r a

| r|
r

= 0 (1.19)

The ratio above is usually denoted by K and called the thermodynamic equilibrium
constant or shorter equilibrium constant.

K = ∏p a
p
p∏r a

| r|
r

(1.20)

Which for our simple chemical reaction is

K = a c
c a d

d

a| a|
a a| b|

b

(1.21)

With the de nition of K from (1.20) one can rewrite eq. (1.19) as

K = e− ∆ ⊖
RT (1.22)

One shall note that the equilibrium constant, K, depends on the conditions (pres-
sure, temperature, etc.) of the reference state.

The equilibrium constant has been derived at constant N, V and T. However, an
analogous derivation can be done in other ensembles (eg. NPT). In this case, Helmholtz
free energy must be replaced by the suitable thermodynamic potential (eg. Gibbs free
energy in the case of a NPT ensemble).

De nition (1.20) in practice is further simpli ed to replace the activities with sim-
pler quantities to measure, empirical constitutive laws. For example in the case of
ideal gaseous mixtures relative activities are replaced by fugacities, or, in the case of
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ideal solutions1 by products of activity coefficients and relative concentrations (ax =γx[x]/c⊖x ) of reactants and products [32], with γx the activity coefficient, [x] the con-
centration of solute x and c⊖x is the standard concentration usually chosen to be 1 in
the units of [x].

K = γ D
D γ C

Cγ| A|
A γ| B|

B

[D] D [C] C[A]| A|[B]| B| (c⊖A ∇| A|(c⊖B ∇| B|(c⊖D ∇ D(c⊖C ∇ C

Kc = K
Γ
= [D] D [C] C[A]| A|[B]| B|C⊖ (1.23)

where Kc denotes a new equilibrium constant, which for ideal solutions can be con-
sidered a good approximation for the activities based one, since in that case Γ ≊ 1. Γ
is a shorthand for the activity coefficients, and C⊖ the standard concentrations ratios,
respectively. In writing the last expression we silently assumed that the activity of the
solvent does not change and is incorporated into the constant. This is a reasonable
assumption for ideal diluted solutions where the concentration of solvent can be con-
sidered constant during reaction. In practice the last term C⊖ is omitted giving the
impression that Kc is not dimensionless.

Kc, in terms of concentrations, is very important for practical applications of chem-
istry because it allows to estimate the amount of products one can obtain in a chemical
reaction starting from a given amount of reactants.

In this section we will apply the concepts discussed above to de ne the equilibrium
constant for the acid dissociation reaction, Ka, in diluted aqueous solutions.

An acid, AH, according to Arrhenius’ de nition, is a molecule which when added
to water increases the concentration of H+, ref. [33]. Later, building on these ideas,
Brønsted and Lowry, see refs. [34] and [35], proposed their acid-base reactions theory
in which an acid is amolecule with the ability to donate a proton and a base ismolecule
which can accept a proton. So, one can write down the addition of an acid to water as
an acid-base reaction, where one water molecule from the solution plays the role of
the base, as

AH + H2O GGGBF GGG A− + H3O+ (1.24)

where the products are the conjugate baseA− and conjugate acidH3O+, the hydronium
ion. The hydronium ion as one of the products is a simpli ed picture of what happens
with the donated proton in solution. A more truthful picture, that of H+ solvated by
water molecules, will be discussed in more detail later on.

Assuming that the chemical reactions from (1.24) takes place in an ideal diluted
1Ideal-dilute solutions are solutions for which the solvent obeys flaoult’s law the ratio of partial

vapour pressure of the solvent to its vapour pressure as a pure liquid is approximatively equal to the
mole fraction of the solvent in solution; and the solute Henry’s law vapour pressure of the solute is
proportional to its mole fraction
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solution, we can write down the equilibrium constant as

Ka = [A−][H3O+][AH][H2O]C⊖ (1.25)

Using the facts that our solution is diluted and the standard state is considered the
state of the pure liquid, the relative concentration of water can be approximated with
1 and our equilibrium constant becomes

Ka = [A−][H3O+][AH]c⊖ (1.26)

The above expression is useful if one canmeasure the concentrations involved but,
when doing computer experiments it is not reliably computable. In the remainder of
this section we will show how one can compute Ka in computer simulation.

Considering our chemical reaction happening in a NVT ensemble with one acid
molecule and Ns solvent molecules, we can write the Helmholtz free energy for the
states where acid is associated (reactants) and dissociated (products) as

Ar = 1
A

AH + Ns

A
s

Ap = 1
A

A− + 1
A

H3O+ + Ns 1
A

s

(1.27)

where Ar and Ap are the Helmholtz free energies for reactants and products states.
Assuming that we have a large number of water molecules as solvent, we can approx-
imate

Ns 1 ≊ Ns

and assume that the solvent state is not signi cantly changed by one of its molecules
reacting with the acid. Using the de nition of chemical potential in terms of the stand-
ard state, in which relative activities, as above, are replaced by relative molar concen-
trations, the Helmholtz free energies are

Ar = 1
A ( ⊖

AH + RT ln
1

Ac⊖V) + Ns

A
( ⊖

s + RT ln xs)
Ap = 1

A ( ⊖
A− + RT ln

1
Ac⊖V) + 1

A ( ⊖
H3O+ + RT ln

1
Ac⊖V) + Ns

A
( ⊖

s + RT ln xs)
(1.28)

and by taking the difference between the second and rst relation we get

A(Ap Ar∇ = ⊖
A− + ⊖

H3O+ ⊖
AH RT ln Ac⊖V (1.29)
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Table 1.1: pKa values for different acids in water at 25 ∘C, from ref. [30], page 1008

Acid Formula Ka pKa
Hydriodic Hl 1011 -11

Hydrobromic HBr 109 -9
Hydrocloric HCl 107 -7
Hydronium [H3O]

+ 1 0
Hydro uoric HF 6.3× 10−4 3.17

Formic HCOOH 1.8× 10−4 3.75
Acetic CH3COOH 1.4× 10−5 4.76
Water H2O 10−14 14

with ∆ ⊖ = ⊖
A− + ⊖

H3O+ ⊖
AH we have

∆ ⊖ = A(Ap Ar∇ + RT ln Ac⊖V (1.30)

fleplacing, ∆ ⊖, from eq. (1.22) in the expression above the equilibrium constant for
our reaction becomes

Ka = 1
Ac⊖V

e−β(Ap−Ar) (1.31)

with β = 1
kBT

, the Ac⊖V term is related to the standard state and we can assume that

we choose the simulation volume and the standard state in such a way that we can
drop it from the expression of Ka.

The above expression can be used to evaluate the equilibrium constant for disso-
ciation from free energy differences between the two states.

As Ka spans orders of magnitude is usually reported as pKa = logKa. Based on
the value of pKa, acids are split in strong and weak acids relative to their easiness to
dissociate in water. Table 1.1 presents pKa values for typical acids and bases. A value
of pKa smaller than minus two implies a strong acid, a value in between minus two
and twelve implies a weak acid, with substances that have a pKa bigger than twelve
are considered bases.

1.2.2 Statistical mechanics viewpoint

Our next step is to look at chemical reactions from the point of view of statistical mech-
anics. As our aim is to study chemical reactions in diluted solutions assuming that we
deal with a dilute mixture is a reasonable hypothesis [36].

Under this assumption one can write down the partition function of the mixture
composed of four components in a volume V, at temperature T with NA, NB, NC, ND
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molecules of each species (in the semi-classical limit) as

= 1
NA! NB! NC! ND!hNA+NB+NC+ND ∫ dxdp e−βℋ(x,p) (1.32)

whereℋ(x, p)is the usual Hamiltonianℋ(x, p)= K(p)+U(x∇with x andp are the position
andmomentum vectors, U the potential energy and K the kinetic energy of the system,
h is the Planck constant. The h3NN! factors (N one of NA, NB, NC, ND) come from taking
the limit of the quantum partition function.

The partition function above can be easily factorised, by explicitly carrying out the

integral over momenta as products of � and
1

N! Λ3N with Λ = h

√2 mxkBT
(mx mass of

a molecule from species X=A,B,C,D) the De Broglie wavelength and � the usual con g-
uration partition function � =∫ dx e−βU(x)

The interaction potential for our system (1.2) in a dilute solution is

U(x∇= NA∑
i=1

UA(xA
i , xs)+ NB∑

j=1
UB(xB

j , xs)+ NC∑
k=1

UC(xC
k , xs)+ ND∑

l=1
UD(xD

l , xs)+ Us(xs) (1.33)

where UA is the interaction potential between species A and the solvent molecules, xA
i

is the position of the ith molecule, NA the number of molecules of species A (similarly
B, C, D and solvent, s, related quantities are de ned). Now we can write down the
partition function for all the system as

�(NA, NB, NC, ND, Ns∇ =∫dxAdxBdxCdxDdxs e−β ∑NA
i=1 UA(xA

i ,xs)e−β ∑NB
j=1 UB(xB

j ,xs)×
× e−β ∑NC

k=1 UC(xC
k ,xs)e−β ∑ND

l=1 UD(xD
l ,xs)e−βUs(xs) (1.34)

which can be rewritten as

�(NA, NB, NC, ND, Ns∇ =∫dxAdxBdxCdxD �s∫ dxs e−β ∑NA
i=1 UA(xA

i ,xs)e−β ∑NB
j=1 UB(xB

j ,xs)×
× e−β ∑NC

k=1 UC(xC
k ,xs)e−β ∑ND

l=1 UD(xD
l ,xs) (xs)

(1.35)

where

(xs)= 1�se−βUs(xs)
�s =∫ dxs e−βUs(xs)
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is the probability distribution of the solvent. � becomes

� = �s∫ dxAdxBdxCdxD〈e−β ∑NA
i=1 UA(xA

i ,xs)e−β ∑NB
j=1 UB(xB

j ,xs)×
×e−β ∑NC

k=1 UC(xC
k ,xs)e−β ∑ND

l=1 UD(xD
l ,xs)〉s

Assuming that the molecules involved in the reaction are uncorrelated in between
them via solvent, which is a reasonable assumption in a highly diluted solution, us-
ing the fact that the average of a product of independent variables is equal with the
product of individual averages the partition function becomes

� = �s (∫ dxA 〈e−βUA(xA,xs)〉s)
NA

(∫ dxB 〈e−βUB(xB,xs)〉s)
NB ×

×(∫ dxC 〈e−βUC(xC,xs)〉s)
NC

(∫ dxD 〈e−βUD(xD,xs)〉s)
ND

(1.36)

Assuming that molecules A are ideal (the same for B, C, D) the ensemble average
over solvent is independent of the integral. In this case each remaining integral yields
a volume, V. � = �s (�A)NA (�B)NB (�C)NC (�D)ND (1.37)

with �A = 〈e−βUA(xA,xs)〉s V

and similarly for B, C, D.
Assuming that the number of molecules in the solvent does not change during the

chemical reaction its partition function above can be ignored. The ensemble average
in the partition function of any species, assures us that despite our approximation we
are still able to describe different participants in the reaction. The ensemble average
can be seen as an internal partition function which contains vibrational, rotational and
electronic degrees of freedom coupled to the solvent. Now putting back the momenta
one can write down the partition function for the chemical reaction as

(NA, NB, NC, ND, V, T∇ = qNA
A

NA!
qNB

B
NB!

qNC
C

NC!
qND

D
ND!

(1.38)

with qA = 〈e−βUA(xA,xs)〉s V/Λ3

Now having justi ed the validity of our partition function from (1.38) for chemical
reactions in diluted solutions we shall continue in our quest to establish the concept
of chemical equilibrium coming from statistical mechanics.

Under our assumptions, (1.38), is, up to a normalisation factor, the probability of a
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having a state with NA, NB, NC, ND in our chemical reaction. The normalisation factor
is ′ (NA, NB, NC, ND, V, T∇ where the prime indicates that the sum is taken over all
possible states which our system can take (values of NA, NB, NC, ND) under the con-
straints imposed by the constant number of atoms in the system and stoichiometry
of the chemical reaction.

The chemical equilibrium state is the statewith themost probable composition that
is the state that maximises the probability. The chemical equilibrium state is the one
that maximises , under the constraints imposed by the stoichiometry of the reaction.
As we have seen in the previous section, considering NA as an independent variable,
eq. (1.4), we can write the constraints as

NB = B

A
NA

NC = C

A
NA

ND = D

A
NA

(1.39)

One shall remember the convention that we use that A and B are negative integers.
This makes the right hand side (r.h.s.) of the rst constraint positive and the r.h.s. of
the last two constraints negative.

Now we have to maximise given by (1.38) under the constraints from (1.39). Max-
imizing directly can be a daunting mission, so we shall maximize ln instead (ln is a
monotonic increasing function of its argument and the maxima of and ln coincide)

ln =NA ln qA + NB ln qB + NC ln qC + ND ln qD

lnNA! lnNB! lnNC! lnND!
(1.40)

assuming that NA, NB, NC and ND are big enough for the simplest of the Stirling’s ap-
proximations to hold true, (lnN! ≈ N lnN N), the expression to beminimised becomes

ln =NA ln qA + NB ln qB + NC ln qC + ND ln qD

NA lnNA NB lnNB NC lnNC ND lnND + NA + NB + NC + ND
(1.41)

Using the last expression for ln , we can compute its variation with respect to NA, NB,
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NC and ND as

ln = NA ln qA + NB ln qB + NC ln qC + ND ln qD

NA lnNA
NA NA

NA
NB lnNB

NB NB

NB

NC lnNC
NC NC

NC
ND lnND

ND ND

ND
+

+ NA + NB + NC + ND

(1.42)

and, after cancelling the similar terms above, we get

ln = NA ln qA + NB ln qB + NC ln qC + ND ln qD

NA lnNA NB lnNB NC lnNC ND lnND
(1.43)

replacing NB, NC and ND by the constraints from (1.39) we get

ln = NA (ln qA + B

A
ln qB + C

A
ln qC + D

A
ln qD)

NA (lnNA + B

A
lnNB + C

A
lnNC + D

A
lnND)

= NA

A
ln(

q C
C q D

D

q| A|
A q| B|

B

⋅ N| A|
A N| B|

B

N C
C N D

D )

(1.44)

and using the maximum condition, ln = 0, and the fact that it must hold for any
variation of NA we get the chemical equilibrium condition

ln(
q C

C q D
D

q| A|
A q| B|

B

⋅ N| A|
A N| B|

B

N C
C N D

D ) = 0 (1.45)

or

q C
C q D

D

q| A|
A q| B|

B

⋅ N| A|
A N| B|

B

N C
C N D

D
= 1

N C
C N D

D

N| A|
A N| B|

B

= q C
C q D

D

q| A|
A q| B|

B

(1.46)

using the fact that q is a product of a function depending only on temperature, T, and
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volume, V, and moving all the terms containing volume on the l.h.s, we have

(NC/V∇ C(ND/V∇ D(NA/V∇| A|(NB/V∇| B| = 〈e−βUC(xC,xs)〉 C

s 〈e−βUD(xD,xs)〉 D

s

〈e−βUA(xA,xs)〉| a|
s 〈e−βUB(xB,xs)〉| b|

s

= K(T∇ (1.47)

which is an equilibrium constant. The rst term in the double equality above is nothing
than a ratio of equilibrium concentrations as it is commonly used in experiments and
easily obtained from the thermodynamics of diluted solutions.



Chapter 2

Computational Methods

”Science is a wonderful thing
if one does not have to earn one’s living at it.”

Albert Einstein

There are few questions that one has to address in the study of rare events sys-
tems: identi cation and characterisation of metastable states, determination of reac-
tion path and calculation of the reaction rate.

In this chapter we explore methods needed to answer these questions in the con-
text of the deprotonation of weak acids. fleviews on simulation techniques to study
rare events can be found in refs. [37 41].

2.1 The microscopic system

In this section we will introduce the microscopic system and some fundamental as-
pects of statistical mechanics that are the basis of the methods described in the next
sections.

Let us consider a system of N atoms with the associated positions, x fl3N, and
momenta, p fl3N. The dynamics of the system is governed by the Hamiltonianℋ(x, p) = K(p)+ U(x∇ , with K the kinetic energy term and U the potential energy of
the system.

Let us assume that our system evolves according to the Hamilton equations of
motion

dx
dt
=∂ℋ

∂p
dp
dt
= ∂ℋ

∂x

(2.1)

If the dynamics is ergodic the time average of an observable (x∇which for the sake
of simplicity we assume to dependent only on the atomic positions along the trajectory

19



2.1 The microscopic system | 20

is equal to its ensemble average

(x∇= (x∇
lim

τ→∞ 1
τ∫

τ

0
dt (x(t∇∇=∫ dxdp (x, p) (x∇ (2.2)

with (x, p)the probability density function of our system
(x, p)= (ℋ(x, p) E)

h3NN! Ω(N, V, E∇
Ω(N, V, E∇=∫ dxdp (ℋ(x, p) E) (2.3)

Ω is the partition function of the micro-canonical ensemble, E is the energy of the
system conserved by Newton’s equations of motion at xed volume V and number of
particles N.

One can compute (x∇, and thus (x∇ , along the trajectory generated bymolecular
dynamics, which consists in solving numerically Hamilton’s equations of motion, eq.
(2.1), of the considered system.

As we have seen in the previous chapter in order to study chemical reactions our
interest is focused on systems at xed number of particles N, volume V and temper-
ature T. In this case the probability density function of the system is

(x, p)= 1(N, V, T∇h3NN!
e−βℋ(x,p)

(N, V, T∇= 1
h3NN!∫ dxdp e−βℋ(x,p) (2.4)

Carrying out the integral of the momenta we get the con guration partition func-
tion and probability density.

(x∇= 1�e−βU(x)
� =∫ dx e−βU(x) (2.5)

Of course, this ensemble average is not equivalent to the time average of the tra-
jectory of a Newtonian system. However, there exist equations of motion, e.g., Lan-
gevin, Nosé-Hoover, etc., that sample the canonical ensemble, i.e. such that the equi-
valence between the ensemble and time average is still valid. Thus we can still use
molecular dynamics to compute ensemble averages. In this case, one can use Monte
Carlo techniques, see more in refs. [42] or [43].
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2.2 Collective variables, their probability density and the
Landau Free energy

In section, section 1.2.1, it has been proven that the equilibrium constant of a chemical
reaction is a function of the free energy difference between products and reactants
eq. (1.31). In order to make this equation computable via computer simulations one
needs to give a microscopic description of these two states. One can do this by intro-
ducing one or more microscopic observables characterising these states. Indeed, to
determine the mechanism of the reaction, these observables must be able to charac-
terise intermediate states as well.

In this context these observables are called collective variables. They are called order
parameters if they can distinguish between the initial and nal state. This requires that
the difference of their values between the two states is much larger than their thermal
uctuation when the system is in one of these states. If these variables can describe
the process along its path, as it is the case of chemical reactions, they are called reaction
coordinates. One property that the reaction coordinates have is that they foliate the
con guration space.

In order to exemplify the concept of collective variables, we consider the butane
molecule C4H10, [44, 45], and its three conformations, see g. 2.1 anti and two
gauche conformations. These three conformations can be uniquely described by val-
ues of the dihedral angle, , formed by the four carbon atoms of butane, see g. 2.2.

In chemical reactions, the question one is typically interested in is what is the prob-
ability density, (z∇, to be in the state corresponding for a given value, z, of the collect-
ive variable, .

For example, consider the probability density pro le for the dihedral angle, , of
the butanemolecule blue curve in g. 2.1. This shows that there is a high probability
to be in the anti state, at =180°, in which the two CH3 groups are opposed. There
are two other relatively high probable states at =60° and 300°, the gauche states, in
which the two CH3 groups are tilted by ±60° with respect to each other. These three
maxima of the probability density are separated by domains of very low probability,
=0°, 120°, 240°, that the system has to cross along the gauche-anti isomerisation

process. One shall note the advantage of using , a single degree of freedom, to
describe this process as opposed to using all the degrees of freedom of butane, 84.
The probability density pro le of a typical chemical reaction or conformational change
consists in general of high maxima separated by areas of low probability, see g. 2.3.
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Figure 2.1: Cartoon of the probability density function and free energy as a function of the di-
hedral angle, , of for four C atoms of butane. Above the graph, top most row: the
structures corresponding to the minima of the four low probability areas, second
row: structures corresponding to the maxima of the probability distribution func-
tion of the three areas of high probability.

Mathematically collective variables are de ned as

:flm → fln

with m 3N. There is no need for a collective variable to depend on all the con gur-
ation space. When n=1 we say we have a scalar collective variable (the most common
case), n 2 we have vectorial ones. Bond distances, angles, dihedrals, coordination
numbers or radius of gyration are a few examples of scalar coordinates often used in
simulations, see refs. [42, 45, 46].

In terms of the probability density of a microscopic system, the probability density
of a simple scalar collective variable, (x∇, is

(z∇= 1�∫ dx e−βU(x) ( (x∇ z) (2.6)
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Figure 2.2: The dihedral angle, , between the four carbon atoms of butane (green) which can
be used as a collective variable to describe the gauche-anti isomerisation process.
The picture corresponds to an eclipsed state with =120°

z

(z ∇ F( z∇

kBT

kBT

z0 zA zB

Figure 2.3: Cartoon of the probability density for a bimodal collective variable, in blue, in green
the corresponding Landau Free Energy. zA, zB are the positions of themodes of the
probability density function, corresponding to theminima of the free energy pro le.
z0 corresponds to the minimum probability, corresponding to the maximum of the
free energy.

where we assumed that the system is canonical.
In analogy with the Boltzmann de nition of the free energy, we de ne the so-called

Landau Free energy, F(z), associated with the collective variable θ as

F(z∇= 1
β
ln (z∇ (2.7)



2.2 Collective variables, their probability density and the Landau Free energy | 24

Green curves in gs. 2.1 and 2.3 show the corresponding Landau Free energy for
the two probability densities considered.

This de nition can be easily generalised to m collective variables � ={ i(x∇}i=1,m
as

F(z∇= 1
β
ln(1�∫ dx e−βU(x) m∏

i=1
( i(x∇ zi)) (2.8)

where z ={zi}i=1,m is the vector of the m realisations of the collective variables.
In the following wewill show that the difference of the Landau Free energy between

two states of the collective variable is, indeed, the reversible work needed to go from
one state to another which further justi es our de nition of Landau Free energy.

The proof forms the basis of a simple computational technique that can be em-
ployed to estimate the free energy differences between two states of the system. We
start by considering the derivative of free energy with respect to z. Imagine a canonical
transformation from (x, p) to a set of generalised variables, (�, q, p�, pq), where p� is
the vector of momenta associated to � and {q, pq} are the generalised coordinates
and momenta completing the transformation. In ref. [47] it was shown that

dF
dz
= 〈

∂ℋ
∂ 〉z

(2.9)

with ⋅ z standing for the ensemble average over (x|z∇. eq. (2.9) is obtained using the
properties of the δ-function

∂ ( z)
∂z

= ∂ ( z)
∂

∫ dx f(x∇ ′(x∇ = ∫ dx f′(x∇ (x∇
Formula (2.9) connects the derivative of the free energy with the ensemble average

of a generalised force, which explains why,
dF
dz
, is called the mean force F(z) is often

called the potential of mean force. The states corresponding to minima in the free
energy pro le are also calledmetastable states. The free energy difference between two
states can now be obtained by integrating the mean force (thermodynamic integration
[48, 49])

∆FAB = F(zB∇ F(zA∇= ∫zB

zA

dz
dF
dz
= ∫zB

zA

dz〈
∂ℋ
∂ 〉z

(2.10)

which is the reversible work that needs to be spent to move the system from (x∇= zA

to (x∇ = zB, hence the reference to thermodynamic integration. In this way one can
reconstruct the free energy pro le up to an arbitrary constant.
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Integral (2.10) can be evaluated numerically, e.g., by the trapezoidal rule discret-
izing the z-space, [50 52], and the mean force at the z values of the mesh obtained
e.g., by constrained MD, see ref. [53]. In section 2.3 we describe a more simple but
less instructive method used in this work.

Before concluding this section, let us remark why calculation of the probability
density, (z∇, and associated Landau Free energy, requires the use of a special tech-
nique. One possibility would be to reconstruct (z∇by computing the histogram of
along a suitable molecular dynamics or Monte Carlo simulation. However as we have
seen before in the case of butane, for typical chemical reactions, themetastable states
are separated by regions of low probability (maxima in the free energy pro le). So, a
molecular dynamics or Monte Carlo simulation will spend large fractions of the sim-
ulation time visiting points in the basins of the initial metastable state. From time to
time one will observe a ”quick” jump into neighbouringmetastable basins. An accurate
reconstruction of (z∇will, then, require a long simulation time, typically much larger
than those accessible by current supercomputers. We call this problem the rare event
problem, in which the rare event is the jumping from one metastable state to another.
To tackle this problem efficiently one needs to use special computational techniques.
In the next section we will present the one we developed in the present work.

2.3 Restrained Hybrid Monte Carlo

In this section we introduce a method that we call flestrained hybrid Monte Carlo,
for sampling from the probability density, (z∇ introduced in the previous section and
compute conditional ensemble averages with respect to it. This method exploits some
of the features of hybrid Monte Carlo, see refs. [42, 54 56]

Several methods have been proposed to reconstruct the free energy pro le. Some
of them blue-moon ensemble, [53, 57], umbrella sampling, [58, 59], orWang-Landau
sampling, [60] are aimed at computing the free energy of a single variable, others
metadynamics, [61, 62] ,temperature accelerated dynamics [63], adiabatic free energy
dynamics, [64, 65], conformational ooding [66], temperature accelerated molecular
dynamics, [67], temperature accelerated Monte Carlo (TAMC), [21], single sweep, [68,
69], adaptive biasing force, [47, 70] are better suited at dealing with many. fleviews
of some of the methods can be found in refs. [42] and [46].

Most of these methods are based on biased molecular dynamics, in which on the
atoms acts, in addition to the physical forces, also a term of the type

fm = k( (x∇ z) x (x∇
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The collective variable that we use in this study is of this kind, thus we cannot use
standard methods. An immediate consequence is that these methods are limited to
analytical collective variables. There are, however, collective variables that are analyt-
ical but computing their derivatives with respect to position could be too complicated
or, simply, too expensive to be performed on a computer. To sample the types of
collective variables presented above usually one uses Metropolis Monte Carlo-based
methods as umbrella sampling or the newly developed TAMC. In this work we used a
specialised version of TAMC. Here we rst revise some basic aspects of TAMC, which
are common with TAMD. Next, we introduce hMC, which allows to improve the effi-
ciency of TAMC when used with systems characterised by non-pair additive potentials.

In TAMC/TAMD one introduces a biasing potential term such that the overall po-
tential of the system looks like

Uk(x, z∇= U(x∇+ m∑
i=1

k
2( i(x∇ zi)2 (2.11)

where m is the number of considered collective variables and k is the strength of the
coupling with the external eld biasing the atomistic system.

The above potential may seem arbitrary but has the property that in the limit k→
, a molecular dynamics or Monte Carlo sampler driven by such a potential samples

from the conditional probability

(x|z∇ =e−βU(x) ( (x∇ z)�(z∇�(z∇ =∫ dx e−βU(x) ( (x∇ z) (2.12)

We will also show that in the limit mentioned above the expectation value of a

suitable observable 〈k( (x∇ z)〉z computed over this distribution is equal to
dF
dz
, where

for simplicity we put m=1. However, the results we prove here hold for any number of
collective variables.

To prove this we notice that the probabilities associated with the biased potential
are

,k(z∇= 1�k∫ dx e−βU(x)e−βk
2 ( (x)−z)2

,k(x, z∇= 1�ke−βU(x)e−βk
2 ( (x)−z)2

�k =∫ dzdx e−βU(x)e−βk
2 ( (x)−z)2

(2.13)
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from which we can easily write down the conditional probability of interest as

,k(x|z)= 1�k(z∇e−βU(x)e−βk
2 ( (x)−z)2

�k(z∇ =∫ dx e−βU(x)e−βk
2 ( (x)−z)2

(2.14)

The second exponential above is a Gaussian in (x∇of variance 1/√βk. If properly
normalised, in the limit βk → this converges to ( (x∇ z∇ which proves that a
molecular dynamics or Monte Carlo simulation driven by this potential samples from
the desired probability density function.

We now focus on the marginal ,k(z∇ and its corresponding free energy, Fk(z∇. At
variance with what was shown in the previous section we can now compute explicitly

the derivative
dF
dz

as

dF(z∇
dz

= lim
βk→∞

dFk(z∇
dz

= lim
βk→∞

dx k( (x∇ z)e−βU(x)e−βk
2 ( (x)−z)2

dx e−βU(x)e−βk
2 ( (x)−z)2

= lim
βk→∞ k( (x∇ z∇ z

(2.15)

A full proof for the mean force can be found in ref. [67].
Next we introduce a hybrid Monte Carlo method that allows us to efficiently com-

pute the conditional ensemble average just mentioned. The ensemble average (x∇
can be estimated by using simply an arithmetical average as estimator or importance
sampling and the law of large numbers as

(x∇ = lim
n→∞1

n

n∑
i=1

(xi) (2.16)

where {xi}i=1,n is a set of con gurations distributed according to the probability density
of interest, e.g., (2.5), for a canonical ensemble.

In Metropolis Monte Carlo methods, see refs. [71] and [72], the set of con gur-
ations in the ensemble average is generated by Markov chains de ned by the con-
ditional probability M(xi+1|xi)of generating xi+1 given one starts at xi. Assuming that
the Markov chain is irreducible, aperiodic1 and satis es the detailed balance condition
(one shall note that the last condition is a sufficient but not a necessary condition, the
existence of a stationary distribution is sufficient for convergence).

(xi) M(xi+1|xi)dxidxi+1 = (xi+1) M(xi|xi+1)dxi+1dxi (2.17)
1A Markov chain is irreducible if all pairs of states communicate. A Markov chain is said to be aperi-

odic if its period is one.
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one is assured that the Markov chain converges to the stationary distribution of in-
terest, (x∇, more in refs. [73] and [74].

In conventional Monte Carlo the Markov chain of interest is built by generating a
new con guration xi+1 starting with a con guration xi from a conditional probability
distribution S(xi+1|xi)and accepting it with the probability

PA(xi+1|xi)= min{1, (xi+1) S(xi|xi+1)dxidxi+1

(xi) S(xi+1|xi)dxidxi+1 } (2.18)

The above probability is usually called the Metropolis function and is a direct con-
sequence of the detailed balance. For a symmetric choice for S one obtains the clas-
sical Monte Carlo. Now we can write down the conditional probability of the Markov
chain in the usual way

M(xi+1|xi)= S(xi+1|xi)PA(xi+1|xi) (2.19)

The above approach of generating the Markov chain has the drawback that when
applied to condensed phase systems one can obtain a reasonable acceptance of the
attempted moves (around 50%) only moving one particle at a time. For pair additive
potentials the cost of a local move for a system with N particles is 1/N compared with
a molecular dynamics step. However if one has a more realistic potential, e.g., density
functional theory potentials, a single move of an atom requires a full calculation of the
potential. This makes standard Monte Carlo not a very attractive proposal for us.

Hybrid Monte Carlo is developed to overcome the difficulty of local moves by pro-
posing global ones with a standard probability to be accepted. We start by introducing
a scheme to generate new global con gurations coming from a Hamiltonian dynam-
ics, based on this we generate a new acceptance probability that we prove that still
satis es the detailed balance.

We generate a new con guration by usingmolecular dynamics. The procedure is as
follows. We have a system de ned by an Hamiltonian,ℋg, and a point in phase space(xi, pi). One propagates the system in time through phase space from this point for a
time, t, using some conveniently chosen algorithm which conserves total energy of the
system; let us call it g, that integrates Hamilton’s equations, eq. (2.1), and generates a
new point,(xi+1, pi+1).

One can write symbolically the integration algorithm as a transform

g t:fl6N → fl6N

g t(xi, pi; t)≡(xi+1, pi+1) (2.20)

where δt stands for the time step of the integrator and t for the integration period.
At this point there are two crucial points that one can make
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• We do not impose the condition that the Hamiltonian of the system we are in-
terested to sample, let us call it,ℋa(x, p)= U(x∇+K(p), and the Hamiltonian used
to propagate the system, ℋg, are the same. We shall see later that only a few
properties of g are enough to assure the desired result.

• Since the system moves deterministically through phase space, the conditional
probability of suggesting a new con guration, xi+1 is totally determined by the
distribution of the initial momenta, pi of the con guration, xi, that is

S(xi+1|xi)dxi+1 = (pi)dpi

S(xi|xi+1)dxi = (pi+1)dpi+1
(2.21)

with (p) is the probability distribution of the momenta, a Gaussian distribution at
inverse temperature, β

(p) e
−β ∑i

pi
2

2mi = e−βK(p) (2.22)

Combining eq. (2.18) with eqs. (2.21) and (2.22), the acceptance probability be-
comes

PA(xi+1, pi+1|xi, pi)= min{1,
e−βU(xi+1)e−βK(pi+1)dxi+1dpi+1

e−βU(xi)e−βK(pi)dxidpi }= min{1, e−β ℋa}
(2.23)

where ℋa = ℋa(xi+1, pi+1) ℋa(xi, pi)is the difference in the total energy for the system
we are interested to sample.

One still needs to show that the Markov chain created converges, that is, the de-
tailed balance is satis ed.

In order to prove this we need rst to impose the condition to be symplectic on
the integration algorithm used to generate new points (that is the algorithm needs to
be time reversible and area preserving in phase space). This is not a limitation since
it is easy to build symplectic algorithms, see refs. [75] and [76]. The two conditions
imposed on g can be written as

• time reversible

g− t ∘ g t = 1 (2.24)

Time reversibility implies that if one integrates back in time for the same duration
the initial con guration will be recovered but the momenta will have reversed signs.
However one shall note that the probability density for ( p) is the same as for (p)
and the change of sign inmomenta does not change the acceptance probability, (2.23),
as in both cases momenta enter via the sum of their squares.
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• area preserving

det
∂g t(xi, pi; t)

∂(xi, pi) = 1 (2.25)

The following algebraic identity is useful to prove that our Markov chain satis es
the detailed equilibrium.

e−βℋa(xi,pi)min{1, e−β ℋa} = e−βℋa(xi+1,pi+1)min{eβ ℋa , 1} (2.26)

which can be represented in terms of probabilities as

(xi) (pi)PA(xi+1, pi+1|xi, pi)= (xi+1) (pi+1)PA(xi, pi|xi+1, pi+1) (2.27)

Using the rst relation from eq. (2.21), the l.h.s. of the detailed balance, (2.17)

(xi) M(xi+1|xi)dxidxi+1 = (xi) S(xi+1|xi)PA(g t(xi, pi; t)|xi, pi)dxidxi+1

= (xi) (pi)PA(xi+1, pi+1|xi, pi)dxidpi
(2.28)

replacing the rst three terms in the r.h.s. above, using the relation (2.27), one gets

(xi) M(xi+1|xi)dxidxi+1 = (xi+1) (pi+1)PA(xi, pi|xi+1, pi+1)dxidpi (2.29)

Finally, using the time reversibility condition and area preservation to change the vari-
ables from the ones with superscript i to i+1 ones we get

(xi) M(xi+1|xi)dxidxi+1 = (xi+1) (pi+1)PA(g− t(xi+1, pi+1; t)|xi+1, pi+1)dxi+1dpi+1

= (xi+1) S(xi|xi+1)PA(g− t(xi+1, pi+1; t)|xi+1, pi+1)dxi+1dxi

(xi) M(xi+1|xi)dxidxi+1 = (xi+1) M(xi|xi+1)dxi+1dxi

(2.30)

The last relation above is the desired detailed balance, so the Markov chain gener-
ated using the above scheme will converge using the modi ed acceptance probability,
(2.23). We shall make a few concluding remarks about the hMC scheme

• ensemble averages computed by the hMC scheme do not depend on the time
step δt.

• the acceptance probability, however, depends on it.

• there seems to be a paradox in the case in which the two Hamiltonians used to
generate new trial moves and calculate the acceptance probability are the same.
Since the integrator is symplectic it conserves the total energy of the system that
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implies ℋa = 0, so one can think that allmoves are accepted. However since the
integrator is discrete the energy is not exactly conserved, and there is always an
integration error associated with the integrator. The hMC cures this error and the
ensemble sampled is exactly canonical. An analysis of the acceptance probability
average with time step can be found in ref. [77]

• the Hamiltonian used to generate the move need not to be the same as the one
used in the acceptance test, the latter being the one determining the probability
distribution function. However, if the ℋ of the two Hamiltonians for a givemove
is very different, the probability to accept an attempt becomes too small and the
algorithm inefficient.

For the rest of this section wewill build on the last observation above to put forward
a scheme that shall allow us to sample the mean force of the Landau Free energy.

We particularize the two Hamiltonians used in the hMC scheme as follows

• acceptance Hamiltonian,ℋa:

ℋa(x, p)= Uk(x, z∇+ K(p)= ℋ(x, p)+ m∑
i=1

k
2( i(x∇ zi)2 (2.31)

which is the Hamiltonian of the physical system plus the restraining term associated
to a certain set of collective variables.

• molecular dynamics Hamiltonian, ℋg: to propose new moves to our sampler we
use the physical Hamiltonian of the system,ℋ.

We shall call the scheme that uses the Hamiltonians particularised as above, fle-
strained hybrid Monte Carlo (flhMC). The algorithm of the scheme, in pseudo-code, par-
ticularised to evaluating the ensemble average of themean force, fm z, is presented in
algorithm 1. In addition to the choice of the Hamiltonians, there are a few other para-
meters that one needs to tune in order to achieve good acceptance rates. The length
of the time step to generate new trial moves, δt, and the length of the trajectory, N, in
the algorithm. While one may be tempted to increase δt in order to generate longer
trajectoriesmore cheaply, the integration error becomes too large and the acceptance
ratio goes down fast, resulting in an inefficient sampling.
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Algorithm 1: Algorithm to estimate the mean force ensemble average
Input: x, initial con guration; z, realisation of collective variable; δt, time step to

propagate the trajectory; N, number of steps propagating the trajectory;
M, number of Monte Carlo steps; K<M, number of step at which we start
averaging

Output: mean force fm z
xold ← x1

fm z ← 0.02

for i← 1, M do3

xi ← xold4

// generate a set of momenta Gaussian distributed consistent with an
inverse temperature β

pi ← ⎛0,√ 1
βm⎠5

// generate a new point in phase space by running an NVE trajectory of
duration t(xi+1, pi+1)← NVE (xi, pi, t = N · t)6 ℋa ← ℋa(xi+1, pi+1) ℋa(xi, pi)7

// generate a random number from the uniform distribution in [0,1]
r← �(0, 1∇8

if r ∞ min{1, e− ℋa} then9

xold ← xi+110

if i>=K then11

fm z ← (i K∇ fm (i + 1 K∇k( (xold) z)
i + 1 K12

return fm z13

2.4 Rate constant calculation

Considering a chemical reaction that has only two metastable states, reactants, r, and
products, p, separated by a barrier one question that one typically asks is how to es-
timate the rate of the reaction under consideration.

The rate is de ned as the time variation of the population (probability) of state r,
dnr
dt

. Similarly one can de ne the time variation of the probability to be in products as,

dnp
dt

. If the system has only two states, i.e. it spends all the time in r or p the following
relation hold (we will return later with more details on this)

dnr
dt
= dnp

dt
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The time evolution of the rates of a process is usually described by a set of phe-
nomenological master equations of the type.

ṅr(t∇ = krpnr(t∇ + kprnp(t∇
ṅp(t∇ = krpnr(t∇ kprnp(t∇ (2.32)

where krp and kpr are the forward and backward rates. The two phenomenological
constants once known totally determine the evolution of the two probabilities.

The objective of this section is to see how one can determine these constants
from atomistic simulations. Microscopically the two constants can be related to the
mean frequency of jumping in between the two states. In order to achieve this we
employ transition state theory (TST) with dynamical corrections, see ref. [78]. Estim-
ating the rate at which a system jumps between two metastable states is a problem
that was investigated theoretically previously by Farkas [79], Eyring [80], Wigner [81],
Kramers [82], Horiuti [83] to name just a few2, for a review on the matter, see ref. [86].

(x∇= z

F(
z)

krp

kpr

∆F∗

z∗zr

Vr
zp

Vp

reactants (r) products (p)

Figure 2.4: Typical free energy pro le, F, vs realisations, z, of a suitable collective variable, (x∇,
for a chemical reaction with two metastable states. krp and kpr are the forward and
backward rate constants, respectively. ∆F∗ is the forward activation energy. z∗ is the
position of the transition state, with zr and zp denoting the values of the collective
variables at the reactant and product.

For the sake of simplicity, let us consider an atomistic system, see section 2.1,
2Incidentally we recover the empirical formula for rates proposed by van’t Hoff, 1884 [84], and Arrhe-

nius, 1889 [85]
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which undergoes a process that can be described by one collective variable, (x∇, and
presents two metastable states, reactants, r, and products, p, see g. 2.4. We as-
sume that the atoms evolve according to a stochastic dynamics, say Langevin Dynam-
ics [87, 88]. That amounts to integrate the following second order differential equation

ẍ = U(x∇ γM−1 +√2γβ−1M−1/2 (t∇ (2.33)

with γ the friction constant, U(x∇, M the diagonal mass matrix, β the Boltzmann con-
stant and (t) a white noise term, with the usual properties: a) (t∇ = 0; b) (t∇ (s∇ =
1 (t s∇.

The above equation can be integrated numerically, e.g., [89], and one obtains a
trajectory in phase space {x(t∇, p(t∇} that satis es the ergodic theorem for a canon-
ical ensemble and can be employed to compute ensemble averages as above for this
ensemble.

We further assume that

i) the reactants and products states do not overlap in the con guration space and
the probability of nding the system in any of the the two states, P(r p), is almost
one. Denoting by Vr and Vp the volumes associated with the two states in the
con guration space, one can formalise this assumption as

Nr + Np ≈ 1 (2.34)

with Nr and Np the equilibrium population densities in the states r and p given by

Nr =1�∫Vrdx e−βU(x)

Np =1�∫Vpdx e−βU(x)
(2.35)

If one looks at this condition from a dynamical point of view it implies that a tra-
jectory x(t∇ of the system spends a negligible fraction of the total time outside Vr and
Vp

ii) the waiting time between two successive jumps from r to p or vice-versa is a
random variables with a Poisson distribution, this is the case if these waiting
times are large compared with the molecular time-scale. In this case the system
loses memory in between transitions.

Under these assumptions, for the atomistic systemwe consider, the instantaneous
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population densities from the master equations can be written as

nr(t∇ = E( r(x(t∇∇)
np(t∇ = E( p(x(t∇∇) (2.36)

where x(t∇ is a trajectory coming from the dynamical system, we assume that we use
Langevin dynamics, eq. (2.33), under some initial conditions, D is the indicator func-
tion of a set

D(y)= 1, if y D⊂fl3N

0, otherwise
(2.37)

E(·∇is the expectation of a random variable with respect to the noise, , from eq. (2.33).
flate constants krp and kpr in eq. (2.32) can be written as

krp =2Nr

kpr =2Np

(2.38)

where is the mean frequency of hopping between r and p in a given interval of time[0, τ].
= lim

τ→∞
Nrp

τ

τ
(2.39)

with Nrp
τ the number of times the trajectory crosses from r and p.

To justify, eq. (2.38), one starts by noticing that the two rates krp and kpr are related
to the average times between transitions from r to p, tr and from p to r, tp via

tr =k−1
rp

tp =k−1
pr

(2.40)

Since we know that the trajectory spends a fraction of its time proportional to Nr in
r and, proportional to Np in p, adding that on average we have transitions between
the two states the average times become

tr =2Nr

tp =2Np
(2.41)

which when substituted in eq. (2.40) correspond to the rates in eq. (2.38).
It is worth stressing that the rates in eq. (2.38) are consistent with equilibrium. To
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prove this we take the limit as t goes to in nity of eq. (2.32) and use the fact that at
equilibrium the time derivatives are zero

0 = krp lim
t→∞nr(t∇ + kpr lim

t→∞np(t∇ (2.42)

using the fact that at all times t we have nr(t∇ + np(t∇ = 1 we get

lim
t→∞nr(t∇ = kpr

krp + kpr
lim
t→∞np(t∇ = krp

krp + kpr
(2.43)

and replacing the rates from eq. (2.38) and using assumption i) one gets

lim
t→∞nr(t∇ = Nr

Nr + Np
= Nr

lim
t→∞np(t∇ = Np

Nr + Np
= Np

(2.44)

Nr and Np for eq. (2.38) can be estimated from the free energy pro le reconstruc-
ted as explained in the previous section, or using any other suitable method. Thus,
to compute the forward and backward rate constants we are left with computing the
mean frequency of hopping, . For the rest of this section we will see how can be
estimated by TST dynamical corrections.

Assume the phase space is partitioned in two disjoint volumes fl and P with the
separating surface, S, such that r ⊂ R, p ⊂ P and R P S = fl3N. S is de ned by
convention as the zero level of a suitable collective variable

S ={x| (x∇= 0} (2.45)

and

(x∇∞ 0 for x R(x∇> 0 for x P

One can de ne the indicator functions for the two metastable states in terms of
the Heaviside function

H(z∇ = 1 if z > 0

0otherwise
(2.46)
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as

R(x∇= H( (x∇)
P(x∇= H( (x∇)

The number of times a trajectory x(t∇ crosses the surface S during an interval of
time [0, τ] is given by the integral

N(τ∇ =∫τ

0 |
d
dt

H( (x(t∇∇)|dt (2.47)

Thus in TST, the mean frequency of hopping between r and p, TST, is

TST = lim
τ→∞

N(τ∇
τ

(2.48)

Performing the time derivative on H and using the ergodicity, TST becomes

TST =∫Ωdxdv v · (x∇ ( (x∇) (x, v∇ (2.49)

with v the velocities and (x, v∇ the canonical probability density function. Integrating
over velocities one gets the usual formula from TST

TST =√√√√ 2
β

1�∫Ωdx | (x∇|e−βU(x) ( (x∇) (2.50)

One can also obtain the more common form, in terms of the free energy and the
ensemble average of the collective variable, as

TST =√√√√ 2
β〈| (x∇|〉 (x)=0

e−βF(0) (2.51)

In practice one can use blue-moon or umbrella sampling to estimate TST from eq.
(2.49) or (2.51). However, TST is only an upper limit of the real mean frequency as it
counts also surface crossings which do not end up in fl or P. Consider the following
two cases shown in g. 2.5, which do not represent transitions from fl to P that are
counted too: a) the trajectory is in fl, crosses S but instead of ending up in P recrosses
S to return in fl; b) the trajectory starts in fl, crosses S towards P, but then recrosses S
a few times before going into P. All these cases will result in over-counting of r and p
hopping.

This over-counting can be corrected. We chose the approach presented in refs.
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[39, 78], alternative approaches are presented in refs. [41, 90 92].

reactants (fl)

products (P)

(S)

Figure 2.5: The domains associated with the reactants, fl, and products, P, states separated
by the surface S. There are different types of trajectories: some start in reactants
and cross S only once before going to products (red curve), others cross S just to
recross it back to reactants state (green curve) and, nally, other trajectories cross
S several times before reaching the products (blue curve)

The exact mean frequency is given by the following time average

= lim
τ→∞

1
τ∫

τ

0
̄p(x(t+pS(t∇)) ̄r(x(t−pr(t∇)) ddtH(x(t∇∇dt (2.52)

where ̄r and ̄p are the closures of sets associated with r and p ( ̄r = r+∂r and ̄p = p+∂p
where ∂r and ∂p are the surfaces of r and p)

t+pS and t
−
pr in eq. (2.52) are de ned as follows

• t+pS is identi ed as minimum time t′ > t such that x(t∇ ̄p S (which is the rst
time after t when the trajectory enters ̄p or S)

• t−pr is de ned as the maximum time t′ ∞ t such that x(t∇ ̄p ̄r (which is the last
time before t when the trajectory left ̄p or ̄r)

t+pS(t∇ and t−pr(t∇ are unambiguously de ned as the only set of relevant times t which,
when x(t∇ S, are the only times contributing to the integral of eq. (2.52)

Let us make a few remarks illustrating why eq. (2.52) resolves the over-counting
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problem.

̄p(x(t+pS(t∇)) ̄r(x(t−pr(t∇))= 1 if x(t+pS) ̄pand x(t−pr) ̄r
0otherwise

(2.53)

which together with the factor
d
dt

H(x(t∇∇ assures us that only the last crossings of a
transition from r to p are counted.

Now we need to devise a practical scheme to estimate . As shown in ref. [78], by
using the ergodicity of the system we can replace the time average by its ensemble
average as

=∫ dxdv v · (x∇ p/S(x, v∇ r/p(x, v∇ (x, v∇ ( (x∇)
= dxdv v · (x∇ p/S(x, v∇ r/p(x, v∇ (x, v∇ ( (x∇)

dxdv (x, v∇ ( (x∇) ∫ dxdv (x, v∇ ( (x∇)
= 〈v · (x∇ p/S(x, v∇ r/p(x, v∇〉z e−βF(0)

(2.54)

where

• p/S(x, v∇ is the probability to reach p before S starting from(x, v∇
• r/p(x, v∇ is the probability to reach r before p starting from(x, v∇
These two probabilities, it is shown in ref. [78], are nothing more than the time

averages of the respective indicator functions of the two waiting times de ned above
over the noise of the dynamics. One shall note that

• p/S is non-zero only when v · (x∇> 0 hence the integral from eq. (2.54) shall
be restricted only to these cases.

• one can see that the only difference between TST and is the multiplicative
factor p/S(x, v∇ r/p(x, v∇ that is always in [0, 1] (as s are probabilities) which
proves that TST is an upper limit of the exact . The multiplicative factor is called
transmission coefficient and denoted by s.

An algorithm to compute goes as follows: one generates a con guration x con-
strained on the surface, S, that is sampling from the distribution (x|z∗∇, this is readily
available from flhMC computation of the mean force for z∗. A random set of velocities,
v, is generated from a normal distribution consistent with the inverse temperature β.
One starts from (x, v∇ at t=0 a forward trajectory and another one from (x, v∇ at t=0,
backward trajectory then the following estimator of eq. (2.54), from ref. [93], can be
used to compute .

= e−βF(z∗)
Ns

Ns∑
i=1
(vi · (xi∇) i

p/S
i
r/p (2.55)
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where we reverted to the general parametrisation of the surface as (x∇ = z∗, hence
the exponential of the free energy term, in z∗ rather than 0, and with

i
p/S = ̄p(x(τ+pS(xi, vi∇, xi, vi))
i
r/p = ̄r(x(τ+rp(xi, vi∇, xi, vi)) (2.56)

with τ+pS minimum time t > 0 such that x(t, x, v∇ ̄p S; the rst time after t=0 at which
the trajectory enters ̄p or S. Similarly one de nes τ+rp.{xi, vi}i=1,Ns

are Ns independent starting points drawn from the distribution of in-
terest, e−βℋ(x,p) ( (x∇ z∗) , in our case (practically our points, x, at t=0 are on the
surface S, and one needs to choose enough vs, for each con guration, to assure a
proper velocity averaging).

In practice for each initial conditions xi, vi we generate two trajectories, rst x(t; xi, vi∇
and second, x̄(t; xi, vi∇, the indicator functions from the estimator are now simply

i
p/S = 1 if the trajectory, x, reaches p before S

0otherwise
(2.57)

and

i
r/p = 1 if the trajectory, x̄, reaches r before p

0otherwise
(2.58)

The estimation of the mean frequency by flhMC, as we propose to do, or by any
other restrained MC or MD, poses a problem: con gurations sampled by restrained
MC/MD are close to S but not necessarily on it. This poses a problem for the correct
determination of τ+p/S. Consider, for example, the point x2 shown in g. 2.6, which
is in the reactant domain of the con guration space. A trajectory started from this
point ends up in the product crossing the transition surface only once (see the green
curve starting from x2 in g. 2.6). This trajectory is discarded in our formalism as it hits
surface S before p. This is, of course, an artefact of the restrained MC/MD sampling
as this trajectory should be taken into account in the estimation of the reactive ux.

To cope with this problem we changed the original formulation of τ+p/S as follows:
t+p/S 0 is the time at which the trajectory started at xi, vi reaches the product or the
transition surface if it is started from a con guration in the product domain, or is the
time at which the trajectory reaches the product or for the second time the transition
surface if it is started from a con guration in the reactant domain. According to this
de nition, the trajectories represented by the green lines in g. 2.6 will give a non
zero contribution to the transmission coefficient. On the contrary, the trajectories
represented by the red lines will give a zero contribution to .
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Figure 2.6: Sketch of reactive (green), i.e. one giving non-zero contribution to the estimate of
, and non reactive (red), trajectories according to our revised de nition of t. The
line denoted by (x∇= z∗ represents a projection of the transition state surface.

For non-analytical collective variables the term(vi · (xi∇) from the estimator shall
be replaced by ̇(xi(t = 0∇∇which can be estimated numerically, e.g.,

̇(xi(t = 0∇∇= (xi( t∇) (xi( t∇)
2 t



Chapter 3

Results: HF dissociation in (H2O)7 HF

”Don’t be impatient with me. Bear in mind that
I hop around among all of you big beasts

like a harmless and helpless frog
who is afraid of being squashed.”

by Paul Ehrenfest

3.1 The problem

Dissociation of (weak) acids and the correlated phenomenon of proton transport are
among the most important processes for (bio)chemistry in bulk water solutions, at-
mospheric and environmental chemistry (see ref. [1] for a perspective on this sub-
ject), and chemistry in con ned systems (channels, interfaces, etc., see, for example,
refs. [2] and [3]). The study of these processes in bulk solutions has been the subject
of many experimental and computational investigations (see, for example, refs. [11,
13, 14, 22, 24, 25, 94 96]). flecent progress in experimental techniques have fostered
the study of acid-water clusters, AH(H2O∇n, both experimentally and computationally

see ref. [97] for an exhaustive review on the subject, also refs. [17 20, 98 104].
Concerning acid dissociation, apart some from notable exceptions (see, for example,
refs. [105 107]), the main research objective has been to identify the minimum de-
gree of solvation (i.e. minimum number of water molecules) allowing this process,
refs. [19, 20, 104, 108 116]. Most of the computational investigations have been per-
formed at zero temperature, and the identi cation of the dissociation path and rate,
and their dependence on the temperature, has received very little attention. This is
surprising considering the wide range of relevant temperatures, which goes from ≈1 K,
reached in the recent experiments of Gutberlet et al. [106] to up to about 200-250 K,
the typical range of atmospheric conditions. As a rst step in the attempt to close this
gap, we investigate the dissociation of HF in one of the forms of the cubic HF (H2O∇7 cluster
in the range 25-300 K, g. 3.1.

A considerable number of zero temperature calculations have been performed to
identify and characterize extremal points minima and saddle points of the potential

42
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energy surface for HF(HO2∇n systems, see, for example, refs. [8, 15, 16, 104].

reactants products

Figure 3.1: The cubic HF (H2O∇7 cluster in its two states, associated (reactants) and dissociated
(products). Fluorine atom is in green, oxygens in red and hydrogens in white. This
colouring convention we shall use for the rest of this work.

Studying acid dissociation (and proton transfer) in nite temperature clusters by
atomistic simulations is difficult because this process is a rare event. With the meth-
ods presented in the previous chapter we can characterise the process according to
its pKa (pKa = log Ka, with Ka dissociation constant), reaction mechanism and rate
as a function of temperature. In the speci c case of HF, the interest is due to its un-
usual behaviour with temperature, T, its acidity increases at low T, see refs. [9] and
[10]. This phenomenon has been attributed to the ability of the F− ion to structure the
solution, thus reducing the entropy of the product. This seems not to be possible in
the HF (H2O∇7, considering that the reactant and product have a very similar structure.
It is, thus, interesting to investigate the trend of pKa vs T for this system and, possibly,
explain its atomistic origin.

Anticipating our results, the unusual trend with T, which is con rmed by our simu-
lations and of which origin we will explain, raised our interest for the investigation of
the temperature dependence of the reaction mechanism and rate as well.

Building a model that correctly catches the deprotonation process poses extra
challenges in addition to the rare events problem. Previous studies of water self-
ionisation showed that polarization effects of the solvent are important and they have
to be considered. We shall be able to assess whether the dissociation follows a step-
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like path, consisting of a series of protonmigration events involving a pair of molecules
at a time, Grotthussmechanism [117 120], or a concerted one, characterized by a col-
lective migration of several H+ all together. The step-like path, which has been thought
to be the diffusion path of H+ in bulk water, has recently been challenged by Hassanali
et al. [26] who have proposed that self dissociation of H2O (and possibly other weak
acids) in bulk water proceeds according to a concerted mechanism. Our model shall
allow an unbiased exploration of the dissociation path.

3.2 The model

To properly describe a process in which covalent bonds are broken and formed we
need to use a quantum mechanical description of the microscopic system. Fig. 3.2
shows the the proposed path for the deprotonation process, see ref. [8]. During
the deprotonation the hydrogen travels along the hydrogen bond path, indicated by
blue dashed lines in the gure. Among the various possibilities, we chosen DFT, which
combines a reasonable accuracy and a good computational efficiency. The suitability
of DFT to study acid dissociation in bulk water and hydrated clusters has been already
proven in refs. [24, 26, 94, 119 123].

reactants

F

O1

O2

O3

products

F

O1

O2

O3

Figure 3.2: Same as g. 3.1, where we marked the hydrogen bond network (red and blue
dashes) and the atoms involved in the proposed path for deprotonation in balls
and sticks representation (F O1 O2 O3), the solvent molecules are represen-
ted by licorice. During the deprotonation uorine loses its proton producing a
rearrangement of the water molecules’ hydrogen bond network (blue path) such
that creates a hydronium ion at the opposite vertex of uorine in the dissociated
state.
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To describe the microscopic system we used density functional theory as imple-
mented in the CP2K package, in which we implemented the flhMC method presented
in the previous section. Indeed what we implemented in CP2K is the hybrid version of
Temperature AcceleratedMonte Carlo (TAhMC), see ref. [21], which allows one explore
multidimensional free energy surfaces, see ref. [124]1.

CP2K is a Density Functional Theory (DFT) based Born-Oppenheimer Molecu-
lar Dynamics code. Only valence electrons are explicitly taken into account, and their
interaction with the nuclei plus the associated (frozen) core electrons is described in
terms of the Goedecker, Teter and Hutter (GTH) pseudo-potentials, [125 127]. Kohn-
Sham orbitals are expanded on a localized (Gaussian) basis set, and a supplementary
plane wave basis set is used to expand the electron density [128 130]. The use of
the auxiliary basis set makes the calculation of some of the terms of the energy more
efficient, see ref. [129].

To describe our system in our model we use the m-TZV2P (3s3p2d/s2p) Gaussian
basis set, [131], which is optimised for molecular calculations. The m-TZV2P basis
set is composed of spherical harmonics of s, p and d symmetry multiplied by radial
functions which, in turn, are linear combination of Gaussian functions. The notation
(3s3p2d/s2p) indicates that three functions of symmetry s and p, and two of symmetry
d are used for non hydrogen atoms, and one function of symmetry s and two of sym-
metry p are used for hydrogen. In ref. [15] it has been shown that this basis set is
adequate to model the dissociation reaction in this system. The cut-off of the kinetic
energy of the auxiliary plane-wave basis is set to 300 fly. The mapping of the density
from the Gaussian to the plane-wave basis set is performed on a 5-level grid, see ref.
[129] for theoretical and technical aspects of the Gaussian plus plane-wave approach
to electronic structure calculations.

Calculationswere performed using theHamprecht et al.[132] exchange-correlation
functional HCTH120 [133], which has been advocated to produce accurate structural
results for pure and protonated bulk water, refs. [121, 122].

The HF (H2O∇7 cluster was put in a cubic periodic box of size 14.0 Å. The long
range interaction method for cluster systems of Martyna and Tuckerman is used to
compute electron-electron and electron-ion (nuclei plus frozen core electrons) inter-
actions [134]2. The convergence of the results, namely the mechanical energy of the
system, with the simulation box size has been tested. We observed that this quantity
is well converged for values 14 Å (variation below the typical accuracy of DFT 0.001
Ha).

The initial geometries for the two states were built by using the structures pro-
posed in ref. [8] by geometry optimisation, [135], and long constant NVT simulations

1these changes have been committed to the svn repo of cp2k
2with α=7.0 and a relative cut-off factor of 2.0, equation B1 in the cited paper
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to equilibrate them at the desired temperature.
To study the effect of T on the equilibrium and rate constants, and reaction mech-

anism, the free energy pro le of the CV de ned above has been computed at ve
temperatures, 25, 75, 150, 225 and 300 K. The free energy curves have been ob-
tained by numerical integration of the mean force computed at 34 points in the range[ 16.6, 16.3] eV with an average distance between adjacent points of 0.95 eV. The
value of the coupling constant k of eq. (2.11) has been set on the basis of the results of
a convergence test on the dependence of the Fk(z∇ on this parameter at T = 75 K. Fk(z∇
has been calculated for k = 5, 25, 50, 100, 200 eV−1 and it was found that it is already
well converged (i.e. the maxz |Fk′(z∇ Fk″(z∇|≪ kBT, where k’ and k” are two successive
k values in the list above) for k = 50 eV−1. Noticing that Fk(z∇ requires less flhMC steps
to converge for lower values of k, we set k = 50 eV 1 for all the temperatures.

The time step for NVE trajectories in flhMC varied between 0.5 and 1.1 fs and was
tuned so as to assure a good acceptance rate of minimum 20%. The acceptance test
in flhMC is performed after each molecular dynamics time-step . On average, the
calculation of themean force for each z value requires around 24000moves. However,
the calculation of the mean force at some z values requires up to 36000 flhMCmoves.
The simulation campaign for the results reported in this work requires more that 2.5×
106 core hours on the SGI cluster of ICHEC3 supercomputing centre.

3.3 Collective variable for free energy and rate calcula-
tion

The phenomenon we investigate consists in breaking and formation of X H bonds (X
stands for either oxygen or uorine). Simple observables, such as ∆d = dHOd

dHOa ,
where dHOd

and dHOa are the distances between the hydrogen and the donor/acceptor
atoms forming the H-bond, have been used to monitor the proton transfer/acid dis-
sociation process, see refs. [23] and [22]. These observables suffer from several lim-
itations. For example, the interpretation of the values of ∆d negative when the hy-
drogen in attached to one heavy atom of an H-bond, positive when is attached to the
other, and zero when it is equally shared is valid only when the species forming the
hydrogen bond are the same, and are embedded in an equivalent environment. This is
not the case for the problem at hand, in which we have HF andH2Omolecules and wa-
ter molecules are in a different environment. Moreover, ∆d does not take into account
the state of the entire system, such as polarisation of the ”solvent”, see ref. [24] the
other water molecules in the cluster, in the present case or the over-coordination

3Irish Centre for High End Computing
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of the donor/acceptor atoms, which have been identi ed as relevant phenomena in
the dissociation of weak acids in bulk systems, in ref. [26].

In particular, our collective variable is based on the expectation value of the single
particle Kohn-Sham Hamiltonian,ℋKS, refs. [136] and [137], computed over a suitable
set of localized orbitals, namely theMaximally LocalizedWannier Functions (MLWF) [138,
139] representing the covalent OH/FH bonds and the O/F− lone pairs involved in the
relevant H-bond chain connecting H+ and F− (the H-bonds denoted by the dashed blue
segments in g. 3.2).

MLWF are de ned as
w (r∇ =∑

i
c ,iϕi(r∇

where w (x∇ denotes the th MLWF, ϕi(r∇ the ith KS orbital and the coefficients c ,i are
those minimizing the width of the MLWF

{c ,i} ,i
= arg min{c ,i} ,i

∑(〈w | r2 |w 〉 〈w | r |w 〉2)
A review on MLWF can be found in ref. [139] and references cited therein.

reactants

w1α
w1

w2α

w2

w3α
w3

products

w1α
w1

w2α

w2

w3α
w3

Figure 3.3: Same as g. 3.2 together with the Wannier centres of the relevant MLWF which
enter into the de nition of our collective variable

Each H-bond has associated two MLWF, characterized by a single particle density

(r∇ = |w(r∇|2
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where w(r∇ denotes a generic MLWF localized around the corresponding covalent
OH/FH bond or O/F− lone pair, see refs. [140 142]. In g. 3.3 we show the Wan-
nier ”centres”, r , in turquoise, of the relevant MLWF for two con gurations belonging
to the reactant and product states.

r = w | r |w
How to identify these MLWF out of the entire set of orbitals, which are in number

equivalent to the Kohn-Sham orbitals of the system, will be explained at the end of
this section. Here, we rst concentrate on the de nition of the collective variable and
try to justify it as appropriate for our purposes. Let us denote by wα(r∇ and w (r∇ the
two MLWF associated with a given H-bond. The expectation values of the Kohn-Sham
Hamiltonian over them are

ℋKS α = wα |ℋKS(x∇ |wαℋKS =〈w |ℋKS(x∇ |w 〉
In these formulae we put in evidence that the expectation value of the Kohn-Sham

Hamiltonian depends on positions of the nuclei, via both the MLWF and the Hamilto-
nian itself. ℋKS α and ℋKS measure the strength of the corresponding ”bond”: the
more negative is ℋKS , the stronger is the bond associated to it.

In particular, ℋKS of the O/F H covalent bond is more negative than the expect-
ation value associated to the lone pair involved in a given H-bond. Let us consider the
observable (x∇ = ℋKS ℋKS α (3.1)

In a con guration in which the MLWF α corresponds to the covalent bond and the
to the lone pair, (x∇ ∞ 0. In a con guration in which the inverse is true, i.e. α is

the lone pair and the covalent bond, (x∇ > 0. When the proton is equally shared
between the two molecules forming the H-bond, ℋKS α is equal to ℋKS , and (x∇ is
zero. Thus, (x∇monitors the progress of the proton transfer within an H-bond.

The collective variable we use to study the dissociation of HF in the HF (H2O∇7
cluster is derived from the observable introduced above. In the HF (H2O∇7 structure
considered in this work, the transformation from reactant to product consists in the
transfer of a proton along the H-bond chain represented by the dashed blue segments
in g. 3.2. Let us denote by wi (r∇, with i=1,2,3 and =α, , the MLWF associated with
this H-bond chain, see g. 3.3. The index i identi es a speci c H-bond in the chain,
i=1 denoting the F H⋯O1 H-bond, and the index increasing along the chain. The
index distinguishes between the two MLWF associated with each H-bond, α being
associated with the atom of the ith H-bond with the lowest counting along the H-bond
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ϑ

Figure 3.4: H2O dimer. The cyan (covalent) and violet (lone pair) spheres represent the Wan-
nier centres of theMLWF involved in the hydrogen bond. Isosurfaces of the density
of the corresponding MLWF are also displayed. In pink are shown the centres and
isosurfaces of the other MLWF of the system. Angles, and ϑ, that we use to scan
are indicated too. is de ned as the angle formed by the vector orthogonal to
the H O H plane of the acceptor water molecule with the y-axis, corresponding
to the O O axis. ϑ is the angle formed by the same axis with the bisectrix of the
H O H angle of the acceptor H2O molecule.

chain starting from F, and to the other, see g. 3.3.
We can, thus, de ne

i(x∇ = 〈wi |ℋKS(x∇ |wi 〉 〈wiα |ℋKS(x∇ |wiα〉
which measures the ”degree” of proton transfer in the ith H-bond along the relevant
chain. One can de ne

(x∇ = 3∑
i=1

i(x∇ (3.2)

(x∇, (3.2), has the property that takes negative values in the reactant state and
positive values in the product state and it measures the progress of the reaction.

We now revert to the problem of identifying wiα, (r∇. We rst remark that there is
a one-to-one correspondence between an H-bond and the corresponding hydrogen
atom. Let us consider the H-bond associated to a speci c hydrogen atom. The two
MLWF associated to this H-bond are those having the centres r j the closest, in the
Euclidean sense, to this H atom. We can assign the indexes α and on the basis of the
distance of the corresponding centre from the O or F atoms involved in the H-bond.

In the rest of the section we illustrate, by an example, that the observable is well
suited to describe the strength of an H-bond. Consider the water dimer illustrated in
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g. 3.4. The con guration we show is the one corresponding to minimum energy for
a given O-O distance, dOO = 2.2 Å in this case. The cyan and violet spheres represent
the centres of the relevant Wannier functions. The pink spheres represent the centres
of the other Wannier functions of the dimer. In g. 3.4 are also reported the isosur-
faces of the density of all theWannier functions of thewater dimer at |w(r∇|2 = 0.28 Å−3.
We use the same colour coding used for the centres: in cyan and violet the isosurfaces
of the relevant MLWF, and in pink the others. This gure shows that the criterion we
described above is adequate to identify the MLWF associated to a given H-bond. In
fact, one can see that the centres of the relevant MLWF are the closest to the H in-
volved in the H-bond, and that the distance of these two centres from the donor and
acceptor heavy atoms allows to associate each of them to a given X⋯H pair.

Our claim is that the expectation value of the Kohn-Sham Hamiltonian over the
covalent (cyan), ℋKS α, and lone pair (violet), ℋKS , MLWFwell represent the strength
of the OH covalent and hydrogen bonds involved in the interaction between the two
molecules. We tested this by studying the dependence of these two quantities on the
relative orientation of the two water molecules in the (H2O∇2 cluster mentioned above.
In particular, we xed the O H bond lengths and H O H angles, the O O distance,
and considered only the case in which the H O H planes of the two water molecules
are orthogonal. With these constraints, we are left with two degrees of freedom, which
we describe in terms of the angles, and ϑ, shown in g. 3.4.

The angle is de ned as the angle formed by the vector orthogonal to the H O H
plane of the acceptor water molecule with the y-axis, corresponding to the O O axis,
the choice of the O H bond considered for de ning the angle is arbitrary. ϑ is the
angle formed by the same axis with the bisectrix of the H O H angle of the acceptor
H2O molecule.

The landscape of ℋKS is, indeed, in agreement with the usual picture of the hy-
drogen bond, see ref. [143]: it presents four minima corresponding to the con gura-
tions in which the O H bond of the donor points toward one of the lone pairs of the
acceptor, g. 3.5, (the ∡(O H⋯ LP∇ ≈ 178°, where LP denoted the Wannier centre of
the MLWF corresponding to the lone pair involved in the H-bond, cyan).

The dependence of ℋKS α on and ϑ is consistent with the picture of the effect
of the H-bond on the donor O H covalent bond, which is weakened by the H-bond.
In fact, we notice that ℋKS α presents four maxima for con gurations correspond-
ing to the four minima of ℋKS . However, while ℋKS α changes signi cantly with
around the maxima, ℋKS is much smoother. In g. 3.5 we also report the collective
variable = ℋKS ℋKS α. Indeed, shows a pro le which, apart from the sign and
the absolute value, is very similar to ℋKS α. It presents four maxima for geometries
corresponding to an almost linear H-bond (i.e. the angle ∡(O H⋯O∇ ≈ 180°). Indeed,
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Figure 3.5: ℋKS α, ℋKS and as a function of the relative orientation of the two water mo-
lecules forming the water dimer reported in g. 3.4. For reference, we also report
the corresponding total energy, E, obtained from DFT calculations. The con gura-
tions corresponding to the two inequivalent minima of the total energy are shown
on the top and bottom right corners. The con gurations corresponding to the
other two minima can be obtained by rotating these ones by 180° around the
O O axis. The apparent discontinuity at [75, 95] is due to the fact that the
MLWF representing the relevant lone pair passes from one to another.
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the maxima of are obtained when the O H bond points toward the lone pairs of the
other molecule. This behaviour is what is expected for an H-bond. We also compare
the with the total energy map obtained from DFT calculations, E. The main difference
is that features four equivalent minima, corresponding to the two inequivalent pairs
of con gurations shown at the top and bottom right corners of g. 3.5, while these
minima correspond to two inequivalent pairs on E. The reason for this is that the total
energy takes into account also the electrostatic interactions between distant hydro-
gens while, due to the localized nature of MLWF, does not contain this contribution.
However, since we want to measure the strength of the O H⋯O bond, it is exactly
the ”local” contribution that we are interested in.
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Figure 3.6: ℋKS α, ℋKS and as a function of dOO for a con guration corresponding to the
optimal orientation of the two water molecules forming the dimer.

However, we will show next that gives very clear evidence of which of the two
bonds is covalent and which is an H-bond. ℋKS α and ℋKS depend on the O O
distance, and their pro le with this variable, see g. 3.6, is in agreement with the ex-
pected trend. For an H-bond with an ∡(O H⋯O∇ ≈ 180° (i.e. the ”perfect” orientation)ℋKS increases with dOO (weaker H-bond) and ℋKS α decreases with it (stronger co-
valent O H bond of the donor).

We conclude this section by showing the pure geometrical collective variable, ∆d,
cannot map the pron transfer when the intermediate state is not symmetrical. We
have considered again the simple case of the dimer water molecule in its optimal ori-
entation in vacuum as it resulted from our DFT calculations, ∡(O H⋯O∇ ≈ 177°,
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Figure 3.7: ℋKS α, ℋKS and as a function of dOH for a con guration corresponding to the
optimal orientation of the two water molecules forming the dimer.

dOO = 2.91 Å and for each water molecule ∡(HOH∇ ≈ 105°, dOH = 0.96 Å. We moved
the H atom of the donor water molecule along the optimal orientation of the H-bond
for the two water molecules in the dimer from dOH = 0.9 Å between hydrogen and the
donating oxygen up to 2.0 Å, which corresponds to 0.9 Å between the hydrogen and
the accepting oxygen, in steps of 0.02 Å. The results are presented in g. 3.7 which
shows clearly that the zero of ∆d does not correspond to the zero of blue curve.

3.4 Equilibrium constant and its temperature depend-
ence

In this section we investigate the equilibrium constant and its dependence on temper-
ature.

Using flhMC and the collective variable described in section 3.3 we compute the
mean force at the ve temperatures considered in this work, 25, 75, 150, 225 and
300 K. The results are reported in g. 3.8. The free energy pro les are reported in g.
3.9, in eV units in the bottom panel, and in kBT units in the top panel.

For T 225 K the system presents only two metastable states, corresponding to
the dissociated state and the (dissociated) state in which the hydronium ion is on the
opposite corner of the cluster with respect to F−, i.e. when the charged species are at
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Figure 3.8: Mean force for our collective variable as sampled by flhMC for the ve temperat-
ures we investigated: 25 K (black), 75 K (red), 150 K (green), 225 K (blue), 300 K
(violet).

themaximum distance (see g. 3.2). This picture is consistent with the T = 0 K ndings
of Xie et al. [15]. Let us consider the difference of internal energy between product and
reactant, ∆E = ℋ zp ℋ zr , with · z denoting conditional ensemble average at z, and
zp and zr z-values of the product and reactant minima of F(z). ∆E values calculated
in the present work, ∆E ≈ 0.1 0.125 eV, see g. 3.11, are also consistent with the
literature data, ∆E ≈ 0.165 eV in ref. [15].

At T=300 K the system presents a shallow intermediate minimum at z=4 eV. The
transformation from a two-states to a three-states system with T is continuous. At
lower T we observe a ex in the F(z) curve in correspondence to the intermediate
minimum. This ex becomes more evident at higher T and, nally, transforms into
a minimum at T=300 K. This continuous trend is more evident looking at the mean
force curves ( g. 3.8). In fact, these curves present a peak in the region 4-5 eV which
grows with T, up to crossing the zero at T=300 K, thus resulting in a minimum in the
free energy pro le. The atomistic origin of this change of shape of the F(z) curve with
T will be explained in detail below, in the context of the discussion on the reaction
mechanism.

From the free energy curves of g. 3.9 we compute the equilibrium constant of
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Figure 3.9: Free energy pro les at various temperatures. The top panel shows the same curves
as the bottom one, only scaled in kBT units in order to highlight the effects of tem-
perature on the free energy barrier. The arbitrary constant in the thermodynamic
integration is set such that F(z)=0 for z corresponding to its minimum value in the
reactants region.

the dissociation reaction, Ka = p

r
, where p and r are the probabilities to be in
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the products and reactants state, respectively, at the ve temperatures considered
in this study. The de nition of pKa deserves some discussion. Generally speaking,
pKa = log Ka. Each of these two probabilities can be obtained from the integral of
the probability density (z∇ computed over the z-domain associated to the products
(Ωp) and reactants (Ωr)

p =∫Ωp

dz (z∇
r =∫Ωr

dz (z∇
However, the domainsΩp andΩr are, usually, not well de ned. Nevertheless, when

the reactant is separated from the product by a large free energy barrier, like in the
present case, see g. 3.9, one can safely de ne Ωp: {z > z∗} and Ωr: {z z∗}, z∗ being
the value of z corresponding to themaximumof the free energy. In fact, the probability
density (z∇ in the z∗ region is very small and the contribution of its integral in this
domain to p and r is negligible. In this case, a precise identi cation of Ωp and Ωr is,
in practice, not necessary.
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Figure 3.10: pKa vs T. For reference, we also report experimental data for HF dissociation in
bulk water (see ref. [9] and references cited therein). For data see tables B.1 and
B.2

In g. 3.10 we report pKa vs T. As a reference, we also report experimental val-
ues obtained in bulk conditions (see ref. [9] and references cited therein). We notice
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that the acidity increases with the decrease of T, with the exception of the T=25 K case.
However, T=25 K results are probably affected by artefacts related to the classical treat-
ment of the H atoms. In fact, at T=25 K the de Broglie thermal wavelength of the H is≈ 3.5 Å, i.e. longer than the O O/O F distance (2.4-2.8 Å) between neighbouring
molecules in the cluster.

At T=75 K, ≈ 2 Å, shorter than the O O/O F distances, and the classical approx-
imation for the hydrogen atoms is less critical. Thus, in the following we discuss only
the cases at T 75 K.

The origin of the low acidity of HF in bulk water, and of the temperature depend-
ence of its pKa, has been debated for a long time. Consensus has been achieved that
this is due to an entropic effect: F− is a ”structure making” anion, i.e. it strengthens the
H-bond network of bulk water thus reducing its con gurational entropy. This results
in a highly negative T∆S = T(Sp Sr∇ that makes the HF dissociation a process which is
thermodynamically unfavoured, see ref. [144]. The entropic contribution to the free
energy decreases at lower T, thus producing the observed increase of the acidity of
HF.

In our cluster we have only one mechanical equilibrium con guration in the react-
ants and products domain. This implies that the con gurational entropy of the react-
ants and products is the same. We shall make a small detour outlining what we mean
by con gurational entropy before continuing our analysis of the equilibrium constant.

The ”overall” entropy is often split into several contributions. Here we consider the
con gurational and vibrational contributions, Sc and Sv. The explicit formulae for these
two contributions in terms of the partition function can be derived according to the
following argument. Let as consider a system in the micro-canonical ensemble (this
argument can be made general via the equivalence of ensembles), and assume that
this system has N metastable states. Then, its partition function can be written as

=∫ dxdp (ℋ(x, p) E)= N∑
i=1
∫Ωi

dx∫ dp (ℋ(x, p) E)
where Ωi is the volume in the con guration space associated to the ith mechanical
equilibrium con guration. The set {Ωi}i=1,N can be obtained, for example, from the
Voronoi tessellation of the con guration space. The partition function can the be writ-
ten = i=1,N qi, where

qi =∫Ωi

dx∫ dp (ℋ(x, p) E)
can be interpreted as a ”local” partition function, relative to the ith equilibrium con-
guration. We can now multiply and divide the right hand side of this relation by N
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obtaining = N ̃q, where
̃q = 1

N

N∑
i=1

qi

is the average value of the ”local” partition functions. Thus, the entropy can be written

S = kBln = kBlnN + kBln ̃q = Sc + Sv

where we de ned Sc = kBlnN and Sv = kBln ̃q.
The extension of these de nitions of Sc and Sv to the con gurational and vibrational

entropies of reactants and products of a chemical reaction is straightforward. We rst
divide the entire con guration space into two parts, reactants and products, using the
collective variable: Ωr: { x | (x∇ z∗ } and Ωp: { x | (x∇ > z∗ } for the reactants and
products con guration subspaces, respectively. We, then, perform the same analysis
described above within Ωr and Ωp.

The con gurational and vibrational entropies of the reactants (products) are de ned
as

Src = kBlnNr, Spc = kBlnNp

Srv = kBln ̃qr, Spv = kBln ̃qp
where Nr and Np are the numbers of metastable states in the reactants (products)
domain and the respective qs as

̃qr = 1
Nr

Nr∑
i=1

qi

̃qp = 1
Np

Np∑
i=1

qi

are the average values of the corresponding ”local” partition functions.
In the case of HF dissociation in HF (H2O∇7 , where we have only one metastable

state in the reactants and products domain, the con gurational ∆S is zero, we expect
that

i) HF is a stronger acid in hydrated clusters than in bulk water

ii) it has a weaker temperature dependence

Our results only partly support this picture. In fact, while HF is a stronger acid
in HF (H2O∇7 than in bulk water (compare experimental and theoretical results in g.
3.10) the pKa still shows amarked T dependence. In our argument we assume that the
comparison between experimental and computational pKa is fair. Of course, both can
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be affected by errors which may make the comparison difficult. In particular, theoret-
ical results can be affected by larger systematic errors associated with the ”force eld”.
The typical error in the computational estimate of pKa is one unit (see, for example,
ref. [145]). Since this error is smaller than the difference between bulk and cluster
values, we conclude that the the observation that HF is a stronger acid in HF (H2O∇7
than in bulk water is a genuine result.

Indeed, the pKa dependence on T is not monotonic: it rst decreases at very low T
(25 75 K) and then increases, but, for the reason explained above, this might be an
artefact of the classical description of theH atoms and results at this T will be neglected
in the analysis reported below.
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Figure 3.11: ∆F, ∆E and T∆S vs T (For data see table B.4

We analyse the origin of the dependence of pKa on T by calculating the various con-
tributions to the ∆F = F(zp∇ F(zr∇: the internal energy and the entropic contribution.
The de nition of the variation of internal energy ∆E between products and reactants
has already been given above; the entropic contribution to T∆S is computed via the
relation T∆S = ∆E ∆F. ∆F, ∆E and T∆S vs T are reported in g. 3.11.

As a rst remark, we notice that T∆S in the HF (H2O∇7 (T∆S [ 0.015, 0.212] eV) is
sizeably smaller than in bulk water (≈ 0.3 eV at 298 K, ref. [9]). We also notice that the
∆E and T∆S trends are similar. However, the variation of T∆S with T is steeper than the
variation of ∆E, resulting in a decrease of ∆F at low T (i.e. ∆F getsmore negative), corres-
ponding to an increase of the pKa. From these results we conclude that in the cluster
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case the factor controlling the dependency of the acidity of HF on T is the entropy.
Since there is no difference between the con gurational entropy of the reactants

and products, we must conclude that the increase of HF acidity at low T is governed
by the difference of vibrational entropy between these two states. To con rm this
conclusion, we computed the vibrational T∆S vs T in the harmonic approximation, i.e.
computed from the normal modes of the minimum potential energy con gurations
corresponding to the reactant and product, and compared it with the T∆S curve ob-
tained from the free energy calculations.

The harmonic vibrational entropy of a state is, from ref. [146],

Sh−vib = Nm∑
i=1

βh ie
−βh i

2

1 e−βh i
2

ln(1 e−βh i
2 ) (3.3)

where i is the vibrational frequency of the ith normal mode, Nm number of normal
modes and h is the Planck constant.
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Figure 3.12: Comparison between T∆S obtained from free energy calculations and vibrational
T∆S calculated in the harmonic approximation (see text). For data see table B.3

The set of vibrational frequencies { i}i=1,Nm has been determined using the ”con-
ventional” normal modes method, consisting in diagonalizing the mass-weighted mat-
rix of the Hessian of the potential energy, ℋ̂, of the reactant and product. The Hessian
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matrix has been computed within the nite difference approximations

ℋ̂i,j = Fi(r + rj∇ Fi(r rj∇
2| rj|

where Fi(·∇ is the ith component of the force vector and rj is a vector with non zero
components only in the jth-position.

The comparison between the T∆S curves obtained from free energy and normal
modes calculations is shown in g. 3.12. As a general remark, we notice that they are
in fair agreement, con rming the hypothesis that the T∆S in our free energy calcula-
tions has a vibrational origin. It is, however, worth noticing that while the T∆S curves
match well at low T, they diverge at higher temperatures. This is not surprising be-
cause at higher T an-harmonic effects, which are neglected in eq. (3.3), become more
important.

We further analyse the results of our normal mode analysis to identify the origin of
the negative T∆S. We are able to classify the normal modes in two sets: intra-molecular
modes, involving bond stretching and bending (typically corresponding to the high fre-
quency part of the spectrum), and inter-molecular modes, associated with molecular
librations and breathing modes of the cluster (low frequency part). The intra and inter-
molecular T∆S contribution are shown as green and light blue lines in g. 3.12, respect-
ively. We nd that the negative total T∆S is the result of two terms of opposite sign, the
intra-molecular positive and the inter-molecular negative. The positive intra-molecular
entropy variation results from the presence in the product of the softer O H covalent
bonds of the H3O+ ion, replacing the stiffer O H bonds of the former water molecule
and the H F bond of the dissociated acid of the reactant. For the inter-molecular part,
the presence of two ions of opposite signs (H3O+ and F−) strengthen the H-bonds of
the product, thus increasing the frequencies of the intermolecularmodes and so redu-
cing the entropy of the product. As discussed above, the combination of these effects
results in an overall decrease of the vibrational entropy.

3.5 Reaction mechanism and its temperature depend-
ence

In this section we present the analysis of the mechanism of the HF dissociation and its
dependence on temperature. By mechanism we mean the atomistic path followed by
the atoms along the transformation from reactant to product.

This information is not readily available in our simulations as we do not generate
reactive trajectories. Nevertheless, following the procedure described here we are
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able to obtain relevant information about the mechanism from our simulations. Let
us consider the vector of average con guration at a given z, x(z∇ = x z. In the case of
the reaction studied in this work this is a meaningful quantity because the distribution
of x at xed z is mono-modal, as resulted from a standard cluster analysis [147] on the
sampled con gurations showing that they are well represented by a single con gura-
tion. x(z∇ is a parametric curve that can be interpreted as the mean path followed by
the atoms along the reaction.

low z

high z

Figure 3.13: Dissociation path at 75 K. The oxygen and hydrogen atoms not involved in the
dissociation process are shown at their initial con guration. The migrating atoms’
positions at each z are drawn according to the colour coding of the red-gray-blue
palette shown on the right: red for low z (reactant), gray for intermediate z∗ (trans-
ition state) and blue high z (product) values.

We report the reaction path x(z∇ at all the ve temperatures considered in this work,
g. 3.13 shows the path for 75 K for the remaining temperatures see gs. A.1, A.2,
A.3 and A.4. The colour of the atoms involved in reaction denotes the z-value at which
the corresponding x(z∇ is computed: atoms are coloured in red at low z-values and,
passing by gray, become blue at high values of z. We notice that they move together,
i.e. at intermediate z-values (gray) they are all, approximately, mid way along their
path, and complete their migration at almost the same value of z (blue). These gures
show that the HF dissociation occurs via a synchronous mechanism, in which all the
H atoms of relevant H-bond chain move together. This mechanism is consistent with
the one recently proposed by Hassanali et al. [26] for the auto-dissociation of H2O in
bulk water. They also proposed that this process is triggered by a compression of the
H-bond chain. To test whether the dissociation of HF in HF (H2O∇7 is also triggered
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by a compression of the relevant H-bond chain we measure its (Euclidean) length as a
function of z, L(z).

L(z∇ = 3∑
i=1

di(z∇ = 3∑
i=1

‖rαi (z∇ ri (z∇‖1/2
2

where di(z∇ is the distance between the average position of the heavy atoms of the ith

H-bond of the relevant chain (see g. 3.2, α and superscript identify the heavy atoms
as the O or F close to the Wannier centre labelled by them, see g. 3.3).
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Figure 3.14: Length of the H bond chain, L(z), vs z at the ve temperatures considered in the
text. L(z) is the sum of the blue hydrogen bond lengths from g. 3.2

L(z∇ curves at various T are shown in g. 3.14. In all cases we observe an initial
compression of the chain ( 18 eV z 10 eV), followed by a phase in which the
chain remains compressed. Finally, at z ≈ 0 eV the H-bond chain starts relaxing, and
its length returns to large values (L(z∇ > 7.8 Å). This analysis con rms that also in the
case of HF dissociation in HF (H2O∇7 the reaction is triggered by a shortening of the
H-bond chain along which the H+ defect moves. While the general characteristics of
the dissociation mechanism are the same at all T, there are some remarkable differ-
ences at T=300 K. For example, we observe a sudden increase of L(z∇ at the z-value
corresponding to the intermediate minimum of the free energy. After this, the H-Bond
chain shrinks again and follows a trend analogous to that at the other temperatures.

To analyse the reaction mechanism in more detail we compute the curves i z vs z
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Figure 3.15: i vs z at the four highest temperatures considered in the text. Black arrows high-
light when 1(z∇ = 0, i.e. when the H atom is perfectly shared between F and O1.
fled arrows highlight the same event for the H atoms between O1 and O2. The
low z-value blue arrows highlight when the H atom betweenO2 andO3 start chan-
ging its original state, i.e. start migrating from O2 to O3. Finally, the high z-value
blue arrow highlight when the H atoms between O2 and O3 is perfectly shared
between the two.

at various T, see g. 3.15. We recall that i z indicates to which of the heavy atoms of
the ith H-bond, and with what strength, the corresponding hydrogen atom is bonded.

As a general remark, we notice that the dissociation mechanism is not really syn-
chronous, as can naively be inferred by the visual inspection of the x(z∇ ”trajectories”,
see g. 3.13. Indeed, the H atoms forming the rst and second H-bond of the chain
move rst, followed by the H atom of the third H-bond. This is, see g. 3.16, due to an
asynchronous compression of the H-bond chain, which takes place via an initial short-
ening of the rst and second H-bond followed (higher z values) by the third one. We
will return on the analysis of the H-bond length vs z, and its dependence on T, later on.
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Figure 3.16: di(z∇ vs z at all the temperatures considered in the text.

For the moment, we keep focusing on i z.
Analysing the results shown in g. 3.15 we notice the z value at which 3 z starts to

grow from its initial value increases with T. Also the lag between the z values at which〈 1,2〉z and 3 z become equal to 0 increases with T. This indicates that at higher T
the proton transfer of the rst and second H-bond is completed before the third is
started, i.e. a positive charge is accumulated on the second oxygen, O2 (see g. 3.2
for the numbering convention of the O atoms).

It remains to be explained why such an intermediate species becomes metastable
only at high T.

We now investigate the origin of the change of the shape of the free energy with T.
We recall that at lower temperatures, T 225 K, the free energy presents two minima,
while at T=300 K is characterised by three minima, the intermediate one being sep-
arated from the product by a small barrier. To address this question we analyse the
distance between O2 and the oxygen of the neighbouring water molecules (see inset



3.5 fleaction mechanism and its temperature dependence | 66

1

1.1
1.2
1.3
1.4
1.5

d
[Å
]

2.4
2.5
2.6
2.7
2.8
2.9

3

15 10 5 0 5 10 15

1

1.1
1.2
1.3
1.4
1.5

z [eV]

d
[Å
]

15 10 5 0 5 10 15
2.4
2.5
2.6
2.7
2.8
2.9

3

z [eV]

225
K

300
K

O H O O
O2

Figure 3.17: Length of the O H (left) and O O (right) bonds formed by O2 with the neigh-
bouring water molecules vs z at 225 (bottom) and 300 K (top). The image at the
top-right shows the cluster with three relevant hydrogen bonds highlighted by the
coloured lines. The colours of the hydrogen bonds of interest are consistent with
the colours of the curves in the graph. The two blue arrows in the graphs point
to the z region of the intermediate metastable state.
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of g. 3.17) vs z. We also measured the distance between O2 and the hydrogen atoms
forming the H-bonds with these water molecules. In g. 3.17 we report these results
for the T=225 and 300 K cases. The curves at T ∞ 225 K are similar to the 225 K case. In
the region z ≈ 6 eV, corresponding to the intermediate metastable state, we observe a
qualitative difference between the curves at the two temperatures. At 225 K two O O(O H∇ distances are shorter, 2.52 Å, (longer 1.05 Å) than the third, 2.64 Å (0.99 Å).
At 300 K the three distances are closer: two are 2.55 Å long (1.05 Å), and the third
is 2.60 Å (1.01 Å). The structure at 300 Å looks like the well known Eigen ion (H9O+

4),
see ref. [148], characterised by two slightly shorter (2.505 Å) and one longer (2.532 Å)
H-bonds bonds, see ref. [149]. Our conclusion is that at high enough temperatures
larger uctuations of the distances between the other water molecules constituting
the cluster permit the formation of the relatively stable H9O+

4 ion.
Our conclusion is that the effect of temperature is to allow larger uctuations of the

other water molecules forming the HF (H2O∇7 cluster that, in turn, permit the forma-
tion of the more stable H9O+

4 ion.

3.6 Rate constant

In this nal section we present the results of the calculation of the rate constant of HF
dissociation reaction, krp, and discuss its temperature dependence. We will use the
method presented in section 2.4. The rate constant is the result of the product of two
terms

• the exponential term e−β∆F∗ (∆F∗ = F(z∗∇ F(zr∇where z∗ is the value of the trans-
ition state)

• the mean frequency of hopping between the reactant and product, s.

The exponential term can be obtained from the free energy curves shown in g.
3.9. The mean frequency of hopping is estimated using the formula (2.54) and its
estimator (2.55).

In particular, we randomly selected 40 con gurations from the transition ensemble,
which is sampled by flhMC simulations ran at (x∇ = z∗. From each of these con gura-
tions we ran 20 unbiased molecular dynamics simulations with initial velocities extrac-
ted from theMaxwell distribution of the corresponding T. Each (x, v∇ pair is propagated
forward and backward in time for 100 fs with a time-step of 0.5 fs.

We remark that at T=300 K the complete reaction consists of two steps, the rst
consists of the transition from the reactant to the intermediate state, and the second
from the intermediate state to the product. The second process is three orders of
magnitude faster than the former: k1

rp = 2.17 × 109 s−1 vs k2
rp = 4.46 × 1012 s−1. This
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means that the limiting step is the rst part of the process, which is the only one we
consider in the following.
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Figure 3.18: krp vs T. Experimental, from ref. [150] the red point on the graph (a), and theoret-
ical, from ref. [151] blue points on graphs, data available in the literature is also
reported. We also report s and ∆F∗ vs T in graphs (b) and (c), respectively. For
data see tables B.5, B.6 and B.7

In g. 3.18 we report the krp as a function of the temperature. krp grows expo-
nentially with T in the range 25 150 K and then remains almost constant at higher T
(krp = 2.2 × 109 s−1 at 150 K, 3.2 × 109 s−1 at 225 K and 2.17 × 109 s−1 at 300 K). The
rapid growth of krp at low T is mainly due to the decrease of the free energy barrier,
∆F∗
kBT

, which passes from ≈ 30 to ≈ 7 in the range 25 150 K. Also the increase of s with

T contributes to increasing the rate constant but, being the growth of s only a factor
5 in the 25 150 K range, its effect on krp is much lower than the effect of the free
energy barrier.

The dissociation rate of the HF in HF (H2O∇7 at 300 K is about one order of mag-
nitude higher than experimental, from ref. [150] (7×107 s−1), and computational, from
ref. [151] (1.5×108 s−1), values in bulk water. This is due to a lower free energy barrier,
∆F∗
kBT

≈ 7.6 in the present calculations against ≈ 10.6 in ref. [151], while the hopping

frequency is almost the same in the cluster and bulk case (≈ 4.12 × 1012 s−1 against
6× 1012 s−1).

A higher free energy barrier in the bulk case is not unexpected. In fact, the forma-
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tion of the transition state in the bulk requires a signi cant structural change, with an
increase of the coordination number of uorine from ≈ 3 to ≈ 5, see ref. [151] while
in the cluster it requires only a compression of the relevant H-bond chain.



Conclusions

”The scientist is not a person who gives the right answers,
he’s one who asks the right questions.”

Claude Lévi-Strauss

In this workwe have studied the dissociation reaction of HF in theHF (H2O∇7 cluster
by using statistical mechanics of rare events combined with ab initiomolecular dynam-
ics.

In particular, we extended the Temperature Accelerated Monte Carlo method tak-
ing advantage of the hybrid version of the Monte Carlo algorithm. This allowed us to
more efficiently deal with systems driven by non pair-additive potential. Concerning
the description of the reaction mechanism, we proposed to describe it using collective
variables based on the electronic structure of the system, namely the Maximally Local-
ised Wannier functions associated with the covalent and hydrogen bonds involved in
the dissociation reaction. These collective variables present several advantages over
the usual ones based on the geometrical characteristics of the systems, such as bond
length and angles. The most important aspect is that they easily allow to associate an
hydrogen to a molecule also when the donor and acceptor are different. This is not
possible with standard collective variables, such as the difference of distances of the
two molecules from the relevant H, as this difference depends on the chemical nature
of the pair and their environment.

We have implemented the method and the collective variables described in this
work into CP2K as a new run mode, which is present in the current version of the code
for the bene t of the community.

We found that HF is a stronger acid in cluster form than in the bulk, and that, similar
to the bulk, it gets stronger at lower T. The dependence of the acidity on T has an en-
tropic origin, being the change of the entropic contribution to the free energy steeper
than the one associated to the internal energy. Moreover, we found that, at variance
with the liquid, the difference of entropy between product and reactant, which is neg-
ative, has a vibrational rather than a con gurational origin.

We also analysed the dissociation mechanism. We found that the process is ”co-
operative”, with all the relevant H atoms moving together. This process is triggered
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by a compression of the H-bond chain. This nding is consistent with the observa-
tions of Hassanali et al. [26] on the self-dissociation of water in bulk water. A closer
inspection, however, reveals that although cooperative the process is not synchron-
ous, and indeed, the hydrogen moves with a ”delay”. We also found that at T=300 K
an intermediate state, corresponding to the formation of an Eigen ion, is formed.

Concerning the rate constant of the reaction, we found that it strongly depends on
the temperature at low T ( 75 K), while at T 150 K it is almost constant. Indeed, at
T=300 K wemust consider two processes, the transformation from the reactant to the
intermediate metastable state, and the transformation from the intermediate state to
the product. However, the rate of the second process is three orders of magnitude
higher than the rst, thus the limiting step of the reaction is the rst process. The rate
of dissociation of HF in the cluster is found to be about one order of magnitude higher
than in the bulk. This is mostly due to a lower free energy barrier for the dissociation in
the cluster. This is not surprising as the formation of the transition state in the cluster
requires just a compression of the H-bond chain compared with the dissociation in the
bulk case, see ref. [151], which requires a complex rearrangement of the hydration
shell of the HF.



Appendix A

Mean Paths for Deprotonation

Figs. A.1 A.4 show the reaction paths x(z∇ for 25, 150, 225 and 300 K, while 75 K is
presented in g. 3.13. All of them support our statement that the deprotonation
process is a concerted one, in which all the hydrogen atoms involved in the hydrogen
bond chain move together, and not Grotthuss proton transfer in which they move
step by step. Unfortunately this is the only information that can be extracted from this
representation of themean path. Additional in-depth analysis of themean trajectories
is carried out in the main text.

low z

high z

Figure A.1: Dissociation path at 25 K. The oxygen and hydrogen atoms not involved in the
dissociation process are shown at their initial con guration. The migrating atoms’
positions at each z are drawn according to the colour coding of the red-gray-blue
palette shown on the right: red for low (reactant), gray for intermediate (transition
state) and blue high (product) z values.
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low z

high z

Figure A.2: Same as g. A.1 at T=150 K.

low z

high z

Figure A.3: Same as g. A.1 at T=225 K.
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low z

high z

Figure A.4: Same as g. A.1 at T=300 K.



Appendix B

Data Tables

Table B.1: Computed pKa values for HF in cluster

T [K] pKa
25 -2.8773
75 -5.1717
150 -1.9600
225 -0.2721
300 0.2963

Table B.2: Experimental pKa values for HF in bulk water

T [K] pKa
245.5 2.97249
255.0 3.11548
258.0 3.15124
262.5 3.15178
280.5 3.36637
297.5 3.58065

Table B.3: Entropic contribution to the free energy column i from free energy calculation,
column ii from analysis of normal modes. Normal modes vibrational entropy de-
composition column iii from intra-molecular modes, column iv from inter-molecular
modes.

T [K] T∆S [eV] i T∆S [eV] ii T∆S [eV] iii T∆S [eV] iv
75 -0.01505 -0.02263 0.0052 -0.0255
150 -0.04558 -0.04504 0.0099 -0.0503
225 -0.10391 -0.06780 0.0144 -0.0751
300 -0.21213 -0.08993 0.019 -0.0999
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Table B.4: ∆F, T∆S and ∆E

T [K] ∆F [eV] ∆E [eV] T∆S [eV]
25 -0.01362 -0.12462 -0.11099
75 -0.07808 -0.09313 -0.01505
150 -0.05913 -0.10471 -0.04558
225 -0.01356 -0.11748 -0.10391
300 0.02764 -0.18449 -0.21213

Table B.5: Computed rate constant

T [K] krp [s−1]
25 5.17e-2
75 1.52e+6
150 2.23e+09
225 3.24e+09
300 2.17e+09

Table B.6: Transmission coefficient s

T [K] s × 10−12 [s−1]
25 0.79
75 2.85
150 4.94
225 4.79
300 4.12

Table B.7: Computed barrier height in kBT

T [K]
∆F∗
kBT

25 30.36
75 14.42
150 7.70
225 7.08
300 7.55



Appendix C

Atomic Rydberg Units

Atomic flydberg Units (aru) form a set of units that are covenient to use in atomic and
molecular physics. They are determined by the choice of values for the following phys-
ical quantities: electron mass (me), electron charge (e), Bohr radius of the hydrogen
atom a0, the ground state energy of the free hydrogen atom ERyd, reduced Planck’s
constant ℏ and electric constant 0. Fixing any four of them will x automatically the
other two.

We choose ℏ = 2me = e2

2
= a0 = 1

To determine the electric constant or electric permittivity of vacuum we start from
the de nition of the Bohr fladius

a0 = ℏ24 0

mee2 = 5.291772080× 10−11 m (C.1)

and replacing the known values we get

0 = 1
4

(C.2)

The flydberg energy becomes

ERyd = mee4

2ℏ2(4 0∇2 = 1 = 2.17987197× 10−18 J = 13.6056919 eV (C.3)

up to this point we established the values for the six physical quantities. We need
to establish the units for time. We know that the time is the ration between an angular
momentum and energy, so

t0 = ℏ
ERyd

= 2ℏ3(4 0∇2
mee4 = 1 = 4.83776864× 10−17 s (C.4)

Now, in principle, we have the units to compute all other units. As an example we
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compute the speed v. The speed is the ratio between space and time, so

v = a0

t0
= e2

8ℏ 0
= 1 = 1.09384562× 106 m/s (C.5)

In the table (C.1) one can nd different physical quantities in SI units and Atomic

flydberg units de ned by ℏ = 2me = e2

2
= a0 = 1.
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Table C.1: Conversion table for atomic flydberg and SI units

fiuantity Symbol Formula AflU SI

length l
ℏ24 0

mee2 1 = a0 5.29177208× 10−11 m

mass m 2me 1 1.82187643× 10−30 kg

energy E
mee4

2ℏ2(4 0∇2 1 = ERyd 2.17987197× 10−18 J

charge q
e√2

1 1.13290985× 10−19 C

time t
ℏ

ERyd
1 = t0 4.83776864× 10−17 s

speed v
a0

t0
1 1.09384562× 106 m/s

force F
ERyd

a0
1 4.11936103× 10−8 N

current I
qERydℏ 1 2.34180247× 10−3 A

electric potential Φ
ERyd

q
1 19.24135406 V

electric eld E
ERyd

qa0
1 3.63608896× 1011 V/m

magnetic eld B
mERydℏq 1 3.32413356× 105 T

electric dipole d qa0 1 5.99510076× 10−30 C ⋅m
constants
fleduced Planck’s
constant

ℏ 1 1.05457162× 10−34 J ⋅ s

Planck’s constant h 2 ℏ 2 6.62606895× 10−34 J ⋅ s

electron mass me
1
2

9.10938215× 10−31 kg

electric constant 0
mee2

ℏ24 a0

1
4

8.85418781× 10−12 F/m

magnetic constant 0 1.67294062× 10−4 1.25663706× 10−6 N/A2

Boltzmann’s con-
stant

kB 6.33363068× 10−6 1.3806504× 10−23J/K

speed of light c 274.071999303 299792458 m/s
uni ed atomic
mass

u 911.44424213 1.66053878× 10−27 kg

proton mass mp 918.07633572 1.672621637× 10−27 kg
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We perform flestrained hybrid Monte Carlo simulations to compute the equilibrium constant of the
dissociation reaction of HF in HF (H2O)7. We nd that, like in the bulk, hydro uoric acid, is a weak acid
also in the cubic HF (H2O)7 cluster, and that its acidity is higher at lower T. This latter phenomenon has
a (vibrational) entropic origin, namely it is due to the reduction of the (negative) T∆S contribution to the
variation of free energy between the reactant and product. We found also a temperature dependence
of the reactions mechanism. At low T (≤ 225 K) the dissociation reaction follows a concerted path,
with the H atoms belonging to the relevant hydrogen bond chain moving synchronously. At higher T
(300 K), rst two hydrogen atomsmove together, forming an intermediate metastable state having the
structure of an Eigen ion H9O+

4, then the third hydrogen migrates completing the reaction. We also
compute the dissociation rate constant, krp. We nd that at very low T (≤75 K), krp depends strongly on
the temperature, while it is almost constant at higher Ts. With respect to the bulk, the HF dissociation
in HF (H2O)7 is about one order of magnitude faster. This is due to a lower free energy barrier for
dissociation in the cluster. ℋKS α = wα |ℋKS(x) |wαℋKS ζ = wζ |ℋKS(x) |wζ
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