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ABSTRACT: Accurate knowledge of the longitudinal profile of railway track is essential to support maintenance planning by 

track asset managers. The dynamic response of a train is largely dependent on the longitudinal profile of the railway track it 

crosses. This dynamic response can potentially be used to determine that profile. In this paper, Cross Entropy optimisation is 

used to determine railway track longitudinal profile elevations through analysis of measured vehicle bogie accelerations with 

added uncertainty in vehicle and track properties. A numerical analysis is presented in this paper using a 2-dimensional half car 

vehicle and a finite element 3-layer track model implemented in Matlab. A population of track longitudinal profiles is generated 

through a random mechanism. A vehicle track interaction with randomly generated uncertainty in vehicle and track properties is 

carried out for each longitudinal profile in the population.  The bogie acceleration signal produced for each profile is compared 

to the measured signal. The best fitting bogie accelerations are used to gather an elite set of rail longitudinal profiles. This elite 

set is used to generate an improved population of estimates for the next iteration. Once a convergence criterion is met the profile 

generating an acceleration signal that best fits the measured bogie acceleration signal is kept as the inferred longitudinal rail 

profile. By measuring the response of in-service vehicles using low cost inertial sensors, there is potential for more regular, or 

possibly daily, analysis of track condition to compliment data collected by specialised recording vehicles. This paper reports the 

results of the numerical simulations. 

KEY WORDS: Railway; Track; Longitudinal Profile; Drive-by; Drive-by; Dynamics; vehicle track dynamic interaction; 

Maintenance. 

1 INTRODUCTION 

Research into using in-service railway vehicles to monitor 

track condition has gained considerable interest in recent 

years. ‘Drive-by’ Continuous Track Monitoring (CTM) 

techniques have the potential to inform track asset managers 

of track condition in ‘real time’ which improves maintenance 

forecasting [1]–[3]. 

Track longitudinal level is a standard measure of variation 

in elevation along a rail [4]. A longitudinal rail profile consists 

of consecutive measurements of longitudinal level and its 

variation is normally measured using specialised Track 

Recording Vehicles (TRV) fitted with optical instruments. 

TRVs are expensive to operate and occupy the track reducing 

the availability of the asset for revenue generating operations. 

Using in-service vehicles to monitor the track represents a 

potential cost-saving to track owners. 

Variation in track longitudinal profile induces a vertical 

dynamic response in a vehicle crossing that profile [5]. This 

dynamic response has the potential to be used to determine 

that profile. 

The Cross Entropy (CE) optimisation method is used in this 

paper to determine rail profiles from vehicle accelerations. A 

2D planar car model and 2D finite element track model are 

used in the numerical method. In this paper, the effect of 

uncertainty in vehicle and track properties are investigated. 

The sensitivity of the CE method to two levels of randomly 

applied uncertainty in selected vehicle and track properties is 

tested.  

Using idealised numerical models to predict real-world 

behaviour of mechanical systems such as railway vehicles and 

track is dependent on the stability of the numerical method 

and accuracy of the mechanical properties used [6]. Accurate 

measurement of mechanical properties for the purposes of 

model calibration is a challenge. Uncertainty in mechanical 

properties can occur through many sources including 

measurement, variation in material properties, nonlinearities, 

etc. 

Any method using idealised numerical models to infer data 

using measured field data as input must display a tolerance to 

model parameter uncertainty. Uncertainty in mechanical 

properties are applied in this paper through a normal 

distribution function with the mean set to published values of 

the properties. 

2 NUMERICAL MODELS 

2.1 Vehicle Model 

Numerical models are used in this paper to characterise the 

dynamic interaction between a railway vehicle and the track. 

The vehicle, shown in Figure 2, is modelled as a 2D multi-

body system consisting of 10 Degrees of Freedom (DOF) 

which is common approach adopted by other researchers [7]–

[9]. Rigid bars are used to represent the car main body and 

two bogie frames. The wheels are represented as lumped 

masses. Spring and dashpot systems are used to connect the 

constituent parts of the vehicle and represent the primary and 
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secondary suspension systems. Vehicle properties used in this 

paper are listed in Table 2 and are taken from Zhai et al. [10].  

2.2 Track Model 

The finite element track model (Figure 3) consists of a Euler-

Bernoulli beam (representing a UIC60 rail) resting on three 

layers of sprung mass systems set apart at regular intervals to 

represent the sleeper spacing. There is one beam element per 

sleeper spacing. Sleepers and ballast are modelled as lumped 

masses and are connected to the rail and each other by sets of 

spring and dashpot systems representing the visco-elastic 

behaviour of the rail pad, ballast and the sub-ballast. A similar 

track model is used throughout the literature [11]–[13]. 

Mechanical properties of the track are taken from Zhai et al. 

[14] and listed in Table 3. 

Irregularities are added to the rail profile through the use of 

a Power Spectral Density (PSD) function. Definitions of PSD 

functions for generation of rail irregularities differ from 

county to county due to differences in measurement and 

evaluation techniques [15]. The American FRA rail 

classification system, described in [16], is used in this paper. 

2.3 Coupled Model 

The vehicle and track models are coupled together by 

updating coupled terms of the equations of motion at each 

time step. It is assumed that the wheels remain in contact with 

the rail and that no decoupling occurs. A more complete 

description of the coupling and details on validation are 

available in [17]. 

The coupled equations of motion are solved in Matlab [18] 

using the Wilson-θ numerical integration scheme [19], [20]. A 

value of θ = 1.402815 is used to ensure unconditional stability 

of the algorithm [21]. A time step of 0.002 s is used in all 

simulations corresponding to a sensor scan rate of 500 Hz. 

A Vehicle Track Interaction (VTI) is carried out and the 

acceleration signal generated at the leading bogie DOF, 

referred to as the reference acceleration signal, is used as input 

into the optimisation algorithm. The bogie acceleration signal 

is found to be most sensitive to vehicle primary stiffness, and 

both primary and secondary damping. For the track, 

sensitivity analysis finds that the four properties with the most 

influence on the vehicle bogie acceleration signal for this 

coupled model include the rail pad stiffness, ballast stiffness, 

sub-ballast stiffness and ballast mass. Randomly generated 

uncertainty is applied to these properties prior to initiating the 

optimisation method. 

3 METHODOLOGY 

Cross Entropy (CE) is the optimisation method used in this 

paper to find the rail longitudinal profiles. Detailed 

descriptions of the method can be found in [22]–[25]. CE 

optimisation is an iterative method in which a population of 

trial solutions (a population of longitudinal profiles in this 

case) is randomly generated. Using the 1st generation of trail 

solutions, an objective function is used to identify an ‘elite 

set’ of the best solutions. The elite set is then used to generate 

a new population of improved trial solutions. This process is 

repeated until convergence is achieved. 

The objective function used in this paper is shown in 

Equation 1. The squared differences between each value in the 

measured reference acceleration signal, ümeas and the vehicle 

acceleration calculated for a trial profile, ütrial is used. This 

differs from conventional CE in that each elevation in the 

profile is assessed in a sub-function, Ot: 

 
 

(1) 

where t is the scan number. 

A schematic of the objective sub-function used in this paper 

is shown in Figure 1. The population of estimates consists of k 

profiles consisting of m elevations, x. The optimisation sub-

function Ot is used to rank each elevation in the population to 

form an elite set of profile elevations. This elite set is used to 

calculate the mean, μ, and standard deviation, σ, for each 

elevation in the profile which are then used to generate the 

next population of profile estimates. 

 

 

Figure 1. Cross Entropy optimisation sub function  

The optimisation is split into phases where a small section 

of the track profile is inferred before stepping to the next 

phase. This reduces the number of unknowns in the 

optimisation problem. The phase windows are overlapped so 

that the results from the previous phase are used to ‘seed’ the 

first population of estimates for the subsequent phase. This 

windowing technique is described in more detail in Harris et 

al .[22]. 

4 RESULTS 

The results of numerical tests using the CE method to 

determine rail profiles with added signal noise and uncertainty 

in selected vehicle and track properties are presented in Figure 

4. A FRA Class 4 rail profile is randomly generated using its 

PSD function. The same rail profile is used throughout the 

paper so that comparisons can be made between the results. 

The 2D car vehicle traverses the track model at a constant 

velocity of 150 km/h. 3% Gaussian signal noise is added to 

the reference acceleration signal prior to initialisation of the 

optimisation algorithm. The optimisation parameters used are 

presented in Table 1. 

Table 1. CE optimisation parameters 

Property Value 

Length of profile inferred per phase 0.883m 

Number of elevation unknowns, m, in each profile 10 

Initial mean, μ 0 

Initial standard deviation, σ 1 

Size of each population of estimates, k 100 

Size of elite set (percentage of k) 10 

Convergence threshold 1e-13 

 



 

 

Figure 2. 2D car vehicle 

 

 

Figure 3. 3-layer track 

 

Table 2. Properties of 2D car vehicle 

Property Unit Symbol Value 

Wheel mass kg mw 1 844 

Bogie mass kg mb 5 631 

Main body mass kg mv 59 364 

Bogie moment of inertia kg.m2 Ib 9 487 

Main body moment of inertia kg.m2 Iv 1.7×106 

Primary suspension stiffness N/m kpw 4.8×106 

Secondary suspension stiffness Ns/m ks 1.8×106 

Primary suspension damping N/m cpw 60×103 

Secondary suspension damping Ns/m cs 90×103 

Distance between bogies m Lv 11.46 

Distance between axles m Lb 3 

 

 

Table 3. Properties of 3-layer track 

Property Unit Symbol Value 

Rail elastic modulus N/m2 Er 20.6×1010 

Rail cross-sectional area m2 Ar 7.7×10-3 

Rail second moment of area m4 Ir 32.2×10-6 

Rail mass per unit length kg/m μr 60.64 

Rail pad stiffness N/m kp 65×106 

Rail pad damping Ns/m cp 75×103 

Sleeper mass kg ms 251 

Sleeper spacing m Ls 0.545 

Ballast stiffness N/m kba 138×106 

Ballast damping Ns/m cba 59×103 

Ballast mass kg mba 531.4 

Sub-ballast stiffness N/m ksb 78×106 

Sub-ballast damping Ns/m csb 31.1×103 

 



 

 

Figure 4. Actual and inferred profiles for FRA Class 4 rail profile with 3% added signal noise to bogie acceleration signal and 

varying levels of uncertainty in vehicle and track properties a) 0% uncertainty (10 profiles); b) 5% uncertainty (20 profiles); c) 

10% uncertainty (20 profiles).

 

Figure 5 Sum of squared differences error between actual 

profile and inferred profiles presented in Figure 4. (0% 

uncertainty in vehicle and track properties) 

A sum of squared differences per unit length measure of 

error is applied in this paper to compare the estimation of 

elevations in the inferred profiles, xinf, to the actual profile, 

xact. 

 

 
(2) 

where L is the length of track inferred and T is the total 

number of scans in the signal.  

Figure 4a shows that a good estimation of rail profile is 

achieved albeit with the presence of some drift. Figure 5 

shows SSD Error for 10 tests of the method with 0% 

uncertainty in selected vehicle and track properties. The 

variation in results is due to the added signal noise being 

different for each optimisation. Figure 4b and 4c show the 

inferred profiles when vehicle and track uncertainty of 5% and 

10% are considered, this time for 20 tests. Again, good 

approximations of the actual profile are given by the method 

with a level of drift similar to that for shown for 0% 

uncertainty. This is confirmed by the similarity in SSD Error 

for all profiles. Figure 6 and Figure 7 show the variation in 

vehicle and track properties used in the optimisations for 5% 

and 10% uncertainty respectively.  



 

Figure 6. Selected vehicle and track property values vs. test number – 5% uncertainty; a) vehicle primary stiffness; b) vehicle 

secondary stiffness; c) vehicle secondary damping; d) track rail pad stiffness; e) track ballast stiffness; f) track sub-ballast 

stiffness; g) track ballast mass; h) sum of squared differences error between actual profile and inferred profile 

 

Figure 7. Selected vehicle and track property values vs. test number – 10% uncertainty; a) vehicle primary stiffness; b) vehicle 

secondary stiffness; c) vehicle secondary damping; d) track rail pad stiffness; e) track ballast stiffness; f) track sub-ballast 

stiffness; g) track ballast mass; h) sum of squared differences error between actual profile and inferred profile 



CONCLUSIONS 

A method is presented for determining rail longitudinal 

profiles through inertial measurements of vehicle response 

with tolerance to uncertainty in vehicle and track properties 

tested. The results show that, considering added signal noise 

and no uncertainty in vehicle and track properties, the method 

returns good estimations of the actual track longitudinal 

profile albeit rarely an exact match. The 10 results presented 

vary slightly from each other and are prone to accumulation of 

small errors. This variation in results can be attributed to the 

method of evaluating each acceleration signal value 

individually, i.e. attempting to match to a noisy signal which 

is different for each optimisation. Due to the low level of error 

the method still has potential to detect local variations in 

profile which is useful information for maintenance planning.  

The method retains a similar level of error when 5% and 

10% uncertainty in the vehicle and track properties are 

considered. This tolerance to property uncertainty is critical to 

any real-world application of the method owing to the 

difficulty in accurately defining mechanical properties for rail 

vehicle and track models. 

The method has the potential to be used with measurements 

taken from trains in regular service, thereby allowing the 

trains to be used as unattended track monitoring systems. 

Accurate knowledge of rail longitudinal profile allows asset 

manager make informed decisions on when and where to plan 

track maintenance. 
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