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SINGULAR SOLUTIONS FOR SECOND-ORDER NON-DIVERGENCE
TYPE ELLIPTIC INEQUALITIES IN PUNCTURED BALLS

MARIUS GHERGU, VITALI LISKEVICH, AND ZEEV SOBOL

ABSTRACT. We study the existence and nonexistence of positive singular solutions to
second—order non-divergence type elliptic inequalities in the form

N
2 (@) a axj ;b

3,j=1

K(z)u”,

—00 < p < 00, with measurable coefficients in a punctured ball Bg\ {0} of R¥, N > 1.
We prove the existence of a critical value p* that separates the existence region from
non-existence. In the critical case p = p* we show that the existence of a singular
solution depends on the rate at which the coefficients (a;;) and (b;) stabilize at zero
and we provide some optimal conditions in this setting.

1. INTRODUCTION AND THE MAIN RESULTS

In this paper we are concerned with the existence and nonexistence of positive singular
solutions to semi-linear second—order non-divergence type elliptic inequality
Zu > K(z)u? almost everywhere in Bp \ {0}, (1),

where Bp is the open ball of radius R > 0 in RY (N > 1) centered at the origin,
—00 < p < 00, and .Z is given by

N 9%u N ou
(L.1) fuziglaij(x)(er;bi(@fm'

The matrix a = (a;; (x))f\f]:l € L®(Bpg) is a.e. symmetric and uniformly elliptic, in the
sense that there exists a constant v > 1 and such that for almost all z € Br \ {0}

(1.2) v e < Z aij(2)&&; < v|g? for all € € RY.
i,j=1
The vector b = (b;(x))Y., € L (Bg) is assumed to satisfy
(1.3) Ibi(2)] < ﬁ for almost all 2 € By \ {0},1 <i < N,
x

with some ¢ > 0. Finally, the weight K € LS (Br\ {0}) satisfies essinf K > 0.
In this paper we are concerned with singular solutions of (1), in the following sense.
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2 MARIUS GHERGU, VITALI LISKEVICH, AND ZEEV SOBOL

Definition 1.1. We say that u > 0 is a solution to (1), if there exists R > 0 such that
u € W2N(Bg \ B.) for all € > 0 and u satisfies (1), a.e. on Bg \ {0}.

A solution u to (1), is called a singular solution if it has a singularity at the origin in

the sense that limsup u(z) = co.
|z|—0

We start with the following observation, which can be readily verified.

Proposition 1.2. Let u be a singular solution to (1), for some p > 1(p < 1). Then
p—1

vi=wu1 is a singular solution of (1)q for1 <g¢<p(p<g<1).

The above proposition allows us to define two critical exponents

Ly ps« :=sup{p < 1: (1), has no singular solution},
(14) p" :=inf{p > 1: (1), has no singular solution}.

Then —oo < p, <1 < p* < 400 and (1), has a singular solution for p € (p,,p*) and
(1), has no singular solutions for p € (—o0, p) U (p*, +00).

The aim of this research is to obtain estimates on the critical exponents introduced
in (1.4) and to establish the existence/non-existence of a positive singular solution to
(1), for the critical p. We also provide some interesting examples where the critical
exponents are computed explicitly.

The case . = A, namely singular solutions (sub-solutions) to the equation

(1.5) Au=uP in B\ {0}
has been extensively studied during recent decades (see, e.g., [1, 3, 4, 10, 12,17, 18, 19, 21]
and the references therein). By now it is well known that p, = —oo and p* = N]\_f 5 for

N >3, and p* = 400 for N =1, 2.

On the other hand, elliptic non-divergence type equations are the subject in its own
right with numerous applications in many parts of mathematics. The study of singular
solutions stems from the seminal work of Gilbarg and Serrin [5] where the behavior of
solutions to Zu > 0 around a singular point is investigated. For semi-linear problems
one of the important issues is the stability of critical exponents under small perturba-
tions of the coeflicients, and the existence of a singular solution in the critical case. In
Corollary 1.6 below we show that, if the coefficients of .Z stabilize at zero to that of the
Laplacian, then the critical exponents remain unchanged, but the existence of a singular
solution in the critical case will depend on the speed of convergence of the coefficients.
Naturally, another issue is studying operators significantly different from the Laplacian,
in search of new phenomena. For instance, by Theorem 1.4 and Theorem 1.9 below, the
problem

(1.6) Au+ 5# Vu>uP in Bp\{0},
has singular solutions for all —co < p < o0 if 8 < 2— N while if 8 > 2 — N then singular
solutions exist if and only if —co <p < (N + 8)/(N + 5 — 2).

Another motivation to our study is that, with a change of the independent variable,
the problem (1.5) as well as inequality (1.6) take the form (1),.
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In order to formulate the results we need some additional notation. For a measurable
function f: Br — R we define its upper and lower radial envelopes as follows:

(1.7) Envf(r) := lim lfzsi?fgf( z), envf(r):= hn(l)ﬁsg{ljdf( z).
Set
(1.8) W(z) = Tra(z)+b(z) - x ’ o(z) = K(x)
(ax, ) (ax, )
|| ||

The quantity ¥(x) was introduced in [14] in the context of second order non-divergent
elliptic operators in exterior domains. Since ¥ = N for a =1 and b = 0, the quantity
U is called the effective dimension. In this work we show that, similar to the problems
studied in [11, 14], the asymptotic of ¥ at the origin, revealed via the envelopes EnvW¥
and envV¥, plays the same role in estimating the critical exponent for (1), for a general
operator ., as the dimension N does in case .Z = A.

Remark 1.3. For a radially symmetric function v = u(|x|) one has

(1.9 Zu=EE2 (el + HE o))

Hence a singular solution v to the following inequality

(1.10) v — M(v’)f + M(U’)+ > EnvO(r)v?  in (0, R),

r

gives rise to a radially symmetric solution u(z) = v(|z|) to (1),. Vice versa, a solution v
to the following inequality

(1.11) v + M(T)_l(v’)Jr — M(U’)_ < envO(r)v? in (0, R),

T T
gives rise to a radially symmetric function u(x) = v(|z|) satisfying Zu < K(z)uP in

Bgr \ {0}.

It is easy to see that the asymptotic behavior at the origin of © and WV is invariant
under orthogonal transformations of x but in general it is not invariant under affine
transformations of z. However, under a transformation g € GLy, the operator .Z
is transformed into a second order operator .Z; with a, and b, replacing a and b,
respectively,

a,(r) :=ga(g 'z) g, b,(z) := gb(g'2).
We define ©, and ¥, and their envelopes in the same way as in (1.8) and (1.7). In
particular,

_ Tray(x)+by(z) z oo K@
N Y e R A G
|x|? ||

In the following, we shall suppress g if ¢ = I. For any ¢ € GLy we introduce the upper
and lower dimensions:

d —
N(g) —hmsup : Env\I’ ¢(7) T, U= inf N(g),
\nr\ geGLy
(1.13) iy
n(g) = lim inf |/ envW 4 ( r U := sup n(g).
r—0 geGLN
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We start first with the simpler case K € L>°(Bg). In this setting we have:
Theorem 1.4. Assume K € L (Bgr). Then p, = —oco and

2
(T-2), (@ -2);

with the convention 1/0 = +o0.

Remark 1.5. Note the following estimates:

geGLy r—0 z€B,

U <T:= inf limesssup U, (x),
1.15
(1.15) e

= sup limessinf ¥y(x).
gEGLy ™0 z€B

So in (1.14) one can replace ¥ and ¥ with T and W, respectively, thus obtaining a weaker
estimate with more transparent bounds.

As a simple consequence of Theorem 1.4, we obtain that, for the coefficients stabilizing
at zero, the critical exponents coincide with those for the Laplacian.

Corollary 1.6. Let N > 3 and K € L>®(Bpg). Assume that there exists a matriz ag
such that

lim ess sup (‘a(a:) —ag| + \be(az)‘) =0.

r—0 $€Br
Then p, = —o0 and p* = N/(N — 2).
Theorem 1.4 leaves unclarified the case of ¥ oscillating around 2. The following result

shows that in this framework the critical exponent p* is highly unstable.

Theorem 1.7. Let K € L>(Bg) and 1 < g < co. Then, there exist a and b satisfying
(1.2) and (1.8), respectively, such that

pT=q
and ¥, oscillates around 2 for all g € GLy, in the sense that
¥<2<V.

The case where VU is not oscillating around 2 allows us to consider singular potentials
K (x) which behaves essentially like |z|~? around the origin. Our next result extends
Theorem 1.4 in the following way:

Theorem 1.8. Let p. and p* be defined by (1.4). Assume there exists o > 0 such that

(1.16) liminf [z|” °K(z) >0 and limsup|z|”t*K(x) < 0o, for all e > 0.
|z|—0 |z|—0

Then p, = —o0 and

(T—2)4 (¥-2) p—0 r<p

17 14+ =220 <p*<1+ ‘1/2—;20# for 0 <o <2 and lim essinf EnvV¥(r) > 2;
1.17
p* =1, foro>2oroc=2,¥ > 2

with the convention 1/0 = +o0c and ¥ and ¥ defined by (1.13).
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It is easily seen that the potentials

K(z)=|z|77, K(z)=|z|"7’ K(x)=|z|™° (2 + sin —) <ln i),

\I ] ]

satisfy (1.16) for o > 0,s € R. In general, if K(z) satisfies (1.16) then, so does the
function ©(z) defined in (1.8).

Next we are concerned with the existence of a singular solution to (1), in the critical
case p = p*. The following result shows that in this framework the existence is related
to the rate at which U stabilizes as x — 0.

Theorem 1.9. Assume ¥ = U = A > 2 and either K(x) satisfies (1.16) for some
0 <o <2orK(z) e L¥(Bg) (case in which we shall take o = 0 in the following).
Suppose there exist h, H € LiS.(0, R] such that

(1.18) r~An(r) < m(r) < M(r) <r AH(r) for a.a. r € (0,R).
(i) If A > 2> o and h satisfies

R T
(1.19) /0 = T A,

r
—0

then (1), has no singular solution in Br \ {0} for the critical value p = %.
(ii) If A > 2> o, lim essinf Env¥(r) > 2 and H satisfies
p—0 r<p

R
. d
(1.20) / i ()Y < o,
0 T
A—c

then (1), has singular solutions in B\ {0} for the critical value p = 5=5.
(iii) If A =0 =2 and h € L*°(0, R) satisfies

(1.21) /0 I,

r

for some ¢ > 0, then (1), has no singular solutions in Br \ {0} for all p > 1, that is
p*=1.
Remark 1.10. (i) Comparison of (1.19) with (1.20) demonstrates the sharpness of the

result. In particular, the assertion (1.19) (resp. (1.20)) holds if there exist ¢ > 0,
R' € (0,R) and 0 < 5 < £=2 (vesp. 3 > 4=2) such that

(1.22) h(r) > Tl ( resp. H(r) < ﬁ) for almost all 7 € (0, R').
Also (1.21) holds if there exist ¢, > 0 and R’ € (0, R) such that
c
A(r) > Thr e for almost all 7 € (0, R).

(ii) Theorem 1.8 and Theorem 1.9 (iii) cover all possible situations if ess inf Env¥ > 2,
¥ =WV = A and o > 0. Indeed, in this case we have

0, for A<2,0<2;
pF =11, forA < 2,0 > 2;
1+%, for A > 2.
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Set
- M, (r) = exp { / : EnU\I’g(T)(i_T},
my(r) = exp { / env\I/g(T)dTT}.

Both Theorem 1.8 and Theorem 1.9 are consequences of the following general result.

Theorem 1.11. Let p > 1. For g € GLy, let ©4, ¥, be as in (1.12) and mgy and M,
be as in (1.23).

(i) There ezists a singular solution to (1), provided

(1.24) /OR ( TRO Mg(p)pdp>p WCZT < 0.

(i1) There is no singular solutions to (1), provided
R
(1.25) /0 mgfl(r)em;@g(r)rzp*ldr = oo0.

The proof of the existence part in Theorem 1.11 relies on constructing a radial singular
solution to (1),, more precisely, a solution v to (1.10) on the interval (0, R) such that
v(r) = oo as r — 0. The non-existence part in Theorem 1.11 is achieved by comparison
with a radial barrier which is a solution to (1.11) (see Proposition 2.2 for the argument).
Both constructions lead us to the study of the final value problem for the Emden-Fowler-
type equation (3.1). A major step in our approach is to show that solutions to (3.1) can
be extended to the interval (0, R). To this aim, we adapt classical ideas (see [2], [§],
[13], [20]) to our singular setting. An interesting feature of our construction of the
barrier which cannot be extended up to zero, is that we use PDEs techniques such as the
Harnack inequality for the Fuchsian type operators (see [16]) and the Keller-Osserman-
type estimate (2.1).

Remark 1.12. (i) Assumptions (1.24) and (1.25) are mutually exclusive. Indeed, we
should note that for r < %R we have

R 2r
/ M(p)pdp> [ M(p)pdp > 27 I1Fm¥le=102 p(r),
So
1

L v dr 2R .
M d EnvO(r >c MP™H(r)Env®(r)rP~ dr
L7 ([ Mwwde) Brven s, [7 Mo

1
5R
> /2 mP~ (1) envO (r)r?P~dr.
0
Thus, (1.24) and (1.25) are mutually exclusive.
(ii) Clearly, My ~ my if and only if

R r
(1.26) /0 (Env¥y(r) — em}\lig(r))% < 0.
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However, this does not make (1.24) and (1.25) an alternative since in general er My(p)pdp

r2M,g(r). On the other hand, fTR My(p)pdp ~ r2M,(r) provided essinf Env¥, > 2.
Indeed, we have

/TRMg(p)pdp =R? /TR eXp{ /pR (EnvW,(t) — z)dl}@

Tlp
R R
R2 Env¥y(p) — 2 dr
<essinfEnv\Ilg2/ eXp (E?’L’U\I/g(T) B 2)7 dp
. p P
1 2 2
= sy, =z (1 Mg(r) — R).

Obviously, it suffices to have lir% ess <inf Env¥,(r) > 2, since we do not impose restric-
p—=0 r<p

tions on the choice of R.

(iii) In applications it is often complicated to verify the conditions (1.24) and (1.25)
in Theorem 1.11 because of oscillating W. It turns out that in (1.24) and (1.25) the
envelopes of ¥ can be replaced by their averages (see Appendix A).

Using Remark 1.12 (ii) we deduce
Corollary 1.13. Assume lin}J ess<inf EnvVU(r) > 2 and p > 1. There ezists a singular
p—0 T<p
solution to (1), provided

R
(1.27) / Mz_l(r)Env@g(r)r2p_ldr < 0.
0

The rest of the paper is organized as follows. Section 2 contains some preliminary
results concerning (1),. Sections 3 is devoted to the study of an Emden-Fowler equation
which we use in the proof of Theorem 1.11. Section 4 contains the proofs of all our
main results while in Section 5 we give several examples that illustrate our findings in
Theorem 1.8 and Theorem 1.9. In Section 6 we present some open problems that arise
from our approach to (1)p,.

2. SOME AUXILIARY RESULTS

In this section we collect some preliminary results regarding inequality (1),. Our first
result in this sense shows that a singular solution u of (1), is in some sense non-increasing
around zero.

Proposition 2.1. Let u be a singular solution of (1), in Br \ {0} and for all 0 < r <
R denote M(r) = max,—, u(z). Then, there exists a sequence {Ry} of positive real
numbers converging to zero such that

M(Rg) < M(r) forallr € (0, Rg).

Proof. Assume the contrary. Then there exists R’ € (0, R) such that for every r € (0, R/)
there exists ' € (0,r) that satisfies M (r') < M(r). Then by the maximum principle
u(z) < M(r)in B, \ B, and hence M(s) < M(r) for all ' < s < r. Thus r — M(r) is
nondecreasing on (0, R') which contradicts the fact that limsupj,_,o u(x) = oo. O

The finite value problem for equation (1.11) is the main tool for our proof of non-
existence of a singular solution to (1),, as shown in the next result.
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Proposition 2.2. Let p > 1. Assume there exists Ry > 0 such that, for all R € (0, Rp)
and M > 0 there exist A > 0 such that the unique local solution v to the final value
problem for the equation (1.11) with v(R) = M, v'(R) = X\ does not continue to r = 0
(that is, there exists R’ € (0,R) such that v(r) — oo as r \y R'). Then (1), has no
singular solutions.

Proof. Assume that there exist Ry > 0 and a singular solution u to (1), in Bg, \ {0}.
Then, by Proposition 2.1, there exists R € (0, Ry A R1) such that
maxu(z) > M = lnllaéu(w) for all r € (0, R).
x|=

|z|=r

Let v be as above. Then the domain

Q:={z € Br\ Bp :v(|z|) <u(x)}
is non-empty and u(x) < v(|z|) for z € 9Q. However, it follows from Remark 1.3 that,
with @(z) := v(|z|), one has

ZLu—1u) > K(z)(uP —uaP) > 0in Q.
So u(z) < v(|]z|) for z € Q by the maximal principle, which contradicts the definition of
Q. O

The following estimate of a well-known type will be required for construction of a
solution to (1.11), as described in Proposition 2.2.

Proposition 2.3. (Keller-Osserman type estimate [7, 15]) Let p > 1 and K € L*(BR).
Then, there exists C = C(N, R, K,p) > 0 such that any solution u of (1), satisfies

(2.1) u(z) < Cla|™5  in Bygys \ {0}.

Proof. We use an idea from [11] that goes back to [9]. Without loss of generality we may
assume K = 1. For 0 < r < R let us set
x 2

y= and  wv(y) = rr-Tu(x).
Then v satisfies
N N
—~ 0% ~  0v
L = Qi + b; >’ inB 0},
Z: i) g5 ; W3, 1\ {0}

where _
aij(y) = azi(ry) and  bi(y) = rbi(ry).
Note that a = (a;;) and b = (b;) satisfy similar properties to (1.2) and (1.3). Now let

w(y) :==c [(196 — W) (\yl2 - 116>] = :

where ¢ > 0 is taken such that 2w < wP in Bgy \ By 4. Since
w=o00 ond(Bzy\DBiu),

it follows that
’US'LU in B3/4\Bl/4.
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In particular

< i B B 9
v(y) < 1/3<H|1ya‘x<2/3w(y) in Bgy \ Bya
Wthh ylelds

2
max  u(x) < Cri-r.
r/3<|z|<2r/3

Since 0 < r < R was arbitrarily chosen this implies (2.1). O

Our last result in this section concerns a particular type of matrix a that satisfies (1.2)
and will be used later in the proof of Theorem 1.7 as well as in the construction of some
examples in Section 5.

Lemma 2.4. Let R > 0 and let 5,y € L*°(0, R),

li inf > —1.
s 1)

Denote

7 := lim esssupy(7), v := limessinfy(7), [ := limesssup B(7), B := lim essinf (7).
=0 7¢(0,r) - r=07e(0r) =0 7¢(0,r) - r207€(0r)

We assume that, for every couple of limit points (%, 3), (7, B), (7, B) and (v, ), there
exists a common sequence r, — 0 realizing both limits.

Set
(2.2) a(x) :—I+v<\xr>ﬁjf, b(z) = A [
that 1is,
i (@) = 8y +1(e) e be(@) = Bal) e ddk =120 N,

Then, for ¥, ¥ and U defined as in (1.8) and (1.15), one has

. N—=1+5(]z])
Y@ =1 D
= = JA+y~ fB>1-N,
(2:3) \D:H(N_Hﬁ){(uv)—l ifB<1-N;
_ N (1+5)~' fB>1-N,
L=1+N Hﬁ){(uv)—l if 3<1—N.

Remark 2.5. Note that, for a bounded measurable function v : (0, R) — R,

liminfy(r) = limessinfy(7) and limsup~y(r) = lim esssup (1)
70 =0 7€(0,r) r—0 =0 re(0,r)

if and only if for all & > liminf, ,oy(r) and all # < limsup,_,oy(r) the sets
{r>0:~v(r)<a} and {r>0:7(r)>p}

have positive Lebesgue measure. This condition obviously holds if v is a continuous or
a monotone function on (0, R). However, it may fail for an oscillating semi-continuous
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function. For instance, consider the following function:

1 forr=1 n>1;
y(r) = "
0 otherwise.

Proof. We give the proof for the case § > 1 — N only; the other cases being similar.
Let us first note that for any g € GLxy we have

_ rTRx
ag(z) = ga(g'x)g" =g9" +(lg” 96\)| Sl

bo(x) = gblg~'a) = B(lg~ a])—=

g~

Thus, with v and 3 standing for v(|g~'z|) and B(]g~1x|), respectively,

Tr(gg")
S+ + B
o _ Tr (99 )+ (v +B) |g‘—x1|z|2 B ‘gui‘z
o(7) = g7 22 EE = g allg1ap?
wP T Vgap ER +

Let Amin and Apax > 0 be the minimal and the maximal singular values of the matrix g,
that is, their squares are the correspondent eigenvalues of gg' and ¢g'g¢. Then we have
)\2 ’ ‘2 )\2

min — ’g_le — “‘max>

with equality on one side if x is an eigenvector of gg* corresponding to )\mm, respec-
tively A2,.. Moreover, by the Kantorovich inequality (see, e.g. [23, Theorem 6.27]) and
Cauchy-Schwartz inequality, we find
T 12] =1 ,.(2
x x 1/A Amin \ 2
‘g ||g4 | < ():_7( max mm) '
||

. < =
(2 4) ! o 4 )\min Amax
Obviously, (2.4) becomes an equality for any x if ¢ = Al. Hence
1 Tr(g9") 1 (Tr(g9")
1 — <v <1 —1
o (e otg)+5) < W) <1 (B <14 ),

max min
with equality on one side if = is an eigenvector of gg* corresponding to Amin, respectively
t0 Amax. It follows that

1 (Tr(g9") >
lim esssup ¥ <1+ -1+ ,
iy esssup (o) < 1+ 7

=0 seB,\{0) Auin

. . 1 Tr(g9")

1 f v >1 — .
0 :UESBS:\I%O} ole) 2 1+ olg)+7 < A2« (9)+8

Finally, observe that
Tr (99" Tr (99"

min % = max % = N and min o(g) =1,
9€GLN  AZi, geGLNn A2, 9eGLy

with all extrema attained for matrices g such that gg' = M for some X > 0. Hence

N-14+8 N-—-1+
:1+7+5 and g:1+77§.
I+~y = 1+7%

|



SEMI-LINEAR SECOND-ORDER NON-DIVERGENCE TYPE ELLIPTIC INEQUALITIES 11

3. EMDEN-FOWLER-TYPE EQUATION

The proof of Theorem 1.11 relies essentially on the study of the following final value
problem for the ODEs:

v + =0(r)|lv[P"*v  on (0,R),
v(R) =M,V (R) =\,

(3.1) r

where R > 0, M >0, A € R, ¢ € L>®(0,R) and 0 : (0,R) — (0,00) is a measurable
function such that essinf 6 > 0 and fERG(r)dr < oo for all € > 0 small.
We introduce the following notation:

I(r) = exp{ — /TR ¢(7_)d77} and t(r) = /TRFCEZ).

Theorem 3.1. (i) Assume that

R
(3.2) /0 O(r)L(r)tP(r)dr < oo.

Then there exists M > 0 and X\ < 0 such that the (locally unique) solution v to (3.1) can
be extended to the interval (0, R) and v(r) — oo as r — 0.

(ii) Assume that
R
(3.3) / O(r) TP (r)rPdr = occ.
0

Then, for every M > 0 and A < 0, the (locally unique) solution v to (3.1) cannot be
extended to the interval (0, R), that is, there exists R’ € (0, R) such that the solution v
can be extended to the interval (R',R) and v(r) — oo as r — R'.

Remark 3.2. (i) The equation in (3.1) is equivalent to the following:
/!
(3.4) (Fv’) — OTolP 0.

(ii) If A <0 then v is a positive decreasing function.

(iii) For every M > 0 there exists A > 0 and R’ € (0, R) such that v(R') > 0 and
v/(R') = 0. Indeed, assume the contrary. Then there exists M > 0 such that, for every
A > 0, the solution vy of (3.1) satisfies v} (r) > 0 on the interval {r : vy(r) > 0}. Since vy
is continuous in A, it follows that vy (the solution to (3.1) with A = 0) is a non-decreasing
function in a neighborhood of R. However, this contradicts to (ii).

(iv) For p > 0, the functions v and —v’ increase in M and 6 and decrease in A. Indeed,
assume that the statement is false. Then there exist My < My, Ag > A1, 0y < 67 the
corresponding solutions vy, v1 and R’ € (0, R) such that vg(r) < v1(r) and v{(r) > v{(r)
for r € (R, R) and vo(R') = v1(R') or v{(R') = v{(R’). Then,

R
vo(R) —v1(R') = My — My — / (vo(r) — vy (r))dr < 0.

/
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and, by (3.4),
vo(R') —vi(R) =
-\ 1

R
T(®) | T(R) /R D) (01 [or ()P o (r) = Bo(r) oo () [P~ wo(r)) dr > 0.

The proof of Theorem 3.1(i) is divided into several propositions, partly inspired by [8].

Lemma 3.3. Assume that (3.2) holds and let p > 1. Then there exists M > 0 such that
the (locally unique) solution to (3.1) with A = 0 is a decreasing function which can be
extended to the interval (0, R).

Proof. Due to Remark 3.2(ii), we are left to prove that v can be extended to the interval
(0, R). Integrate (3.4) to obtain the following:

R R
=M — / dg—MJr/r r(lg)/g 0(p)T(p)v”(p)dp do

M+ / oo [ F(lg)d@dp
R
<M+ / F(l)dg / 0T (p)0" (p)dp

—M +t(r / 0(p (p)dp.
Then (3.5) implies the following bound:
v(r) < M +t(r)V(r)

/ 0(p (p)dp.

Since v is a decreasing function, one has either v < 2M on (0, R) (in particular, then v
can be extended to the interval (0, R) as a bounded solution to (3.1)), or there exists a
unique 79 € (0, R) such that v(rg) = 2M. Hence v(r) — M > Jv(r) for r < rg and

(3.6) v(r) <2t(r)V(r) for r <.
It follows that
—V'(r) = 0(r)T(r)vP(r) < 2P0(r)T(r)t?(r)VP(r) for r < ro.

—zp/ BT (0}t (p)dp.

Note that (3.2) implies ®(r) < ®(0) <
The next estimate holds:

VIiP(rg) = VIP(r) < (p— 1D®(r) < (p— 1)@(0)  for r < ro.

with

Let

So

1

V(r) < (vlfp(ro) —(p— 1)@(0)) T for 1 < 1,
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provided
. b
(3.7) V(ro) < (<p— v | e<p>r<p>tp<p>dp)
Since v € (M,2M) on (79, Ro), it follows that
R R
Vo) = [ 0T e)p < 1) [ 0oy

Thus (3.7) holds for a sufficiently small M since (3.2) holds. Hence we conclude that V'
uniformly bounded on (0, R). Finally, (3.6) implies that v can be extended to (0, R) as
a solution to (3.1). O

Lemma 3.4. For every p > 1 and M > 0 there exists A < 0 such that the (locally
unique) solution v to (3.1) cannot be extended to the interval (0, R), that is, there exists
R’ € (0, R) such that v can be extended to the interval (R, R) and v(r) — oo asr — R’.

Proof. Assume that v can be extended to the interval (0, R) as a solution to (3.1) for
every A\ < 0. Note that change of variables ¢ = ¢(r) is a diffeomorphism (0, R) — (0,7
with T' = ¢(0) € (0, oo], which transforms (3.1) into the following initial value problem:

{v” = w(t)v|P~ v on (0,7),
v(0) =M, ' (0)=-A\,

with w(t) := (r(¢))T?(r(t)) independent on .
Similarly to Remark 3.2(iv), v and v’ increase in M and w, and decrease in A. Hence,
it suffices to consider the case w <1 and M = 0.

Multiply (3.8) by 20" > 0 and integrate from 0 to ¢. Since w < 1, one has

W) = A2 + 2 /0 () (r)(r)dr

(3.8)

(3.9) .
<N 2/0 () (T)dp < X2+ 2Pt (e).

Note that, for A < 0, the solution v is a convex increasing function. Let 0 < S < T.
Then, for all ¢t € (S,T) we have

v(t) = v(t) —v(0) > t'(0) > S|Al.
Therefore, for |A| > 57%,
A2 < |SAPTL <oPL(t)  forallt e (S,T).
Uing this fact in (3.9), there exists ¢ > 0 such that
[V ()]* < ZoPTL(r)  for all t € (S,T).
Thus, integrating in (3.8) it follows that

t
|l +/ w(T)vP(T)dr =2'(t) < CUPTH(t) for all t € (S, 7).
0

Now consider the function V defined as
t
V(t) :== |\l —|—/ w(r)vP(r)dr for all t € (S,T).
S
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The preceding estimates yield
p+1

V(t) <o'(t) < c(V/(t)> N — w(t) < CV’(t)V_%(t) for all t € (S,T),

w(t)

2
with C = crfl > 0. Hence

Since |A] > Sf%} it follows that

T
+1
/ w(r)dr < CP4S.
S

We can now choose S > 0 sufficiently small such that the above estimate leads to a
contradiction. OJ

Corollary 3.5. Let p > 1 and M > 0. Assume that the (locally unique) solution vy
to (3.1) with A =0 can be extended to the interval (0, R). Then there exists A < 0 such
that the solution v to (3.1) can be extended to the interval (0, R) and v(r) — oo asr — 0.

Proof. The assertion holds trivially if vy(r) — oo as r — 0. Otherwise, for all A < 0 let
vy denote a (locally unique) solution to (3.1) with vy(R) = M and v} (R) = A. Let

A= {)\ < 0 : vy continues to r = 0 as a bounded solution to (3.1)}.

Due to Lemma 3.4, A is a bounded interval. Let A\g = inf A > —o0c.

First we show that vy, can be extended to the interval (0, R) as a solution to (3.1).
Indeed, assume the contrary. Then there exists R’ € (0, R) such that vy, (r) — +00 and
vy, (r) = —oo as 7 — R'. Consider the final value problem:

w'’ + qﬁsar)w, = 0(r)|wP"rw on (0, R,
w(R)=0,w'(R)=X,

By Lemma 3.4, there exists \ < 0 such that w cannot be extended to the interval (0, R'),
that is, it blows up on the interval (0, R'). On the other hand, there exists A\; € A such
that v} (R) < X" since otherwise v} (R') > \'. Hence, by Remark 3.2(iv), vy, (r) > w(r)
on (0, R’) and so w cannot blow up. This contradiction proves that vy, can be extended
to interval (0, R) as a solution to (3.1).

Finally, if vy, is bounded on (0, R), then the continuous dependence of v in A implies
the existence of A < A\g such that vy can be extended to the interval (0, R) as a bounded
solution to (3.1). Then A € A which contradicts the definition of Ag. Thus, vy, (r) = oo
asr — 0. U

Proof of Theorem 3.1 completed. (i) The assertion follows from Lemma 3.3 and
Corollary 3.5. (ii) Due to Remark 3.2(iv), it suffices to consider the case 6 < 1.
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Assume that, contrary to the assertion, v can be extended to the interval (0, R) as a
solution of (3.1). It follows from (1.9) that v(z) := v(|z|) satisfies the equation

N

3 (05 0+ S S =m0,

7/7]:]- k=1

where

~ N1 (=D e T L
CL’LJ(m) e {5@] + N —1 |:5zj - |LU‘2:| , 1,) = 1,2,...7N,

Zk(x) =9 \1x|)(¢—(|$’) +N-1)

Tk
2|

Note that a := {@j}gj:l and b := {g}ff:l satisfy (1.2) and (1.3), respectively, since
6= € L>°(0, R). By Proposition 2.3 it follows that there exists ¢ > 0 such that

() < clz[ 7T forallz € By {0}

So v is a positive solution to the equation

N 82 N R )
ij=1 v k=1

with 0 < Q(x) := P! (x) < ¢|z|~2. Therefore the operator in equation (3.10) is of Fuch-
sian type. Hence by the scaling argument (see [16]), v satisfies the Harnack inequality:

2
(3.11) there exists C' > 0 such that v(z/)) < C for all r € (0, R).
v(r
It follows from (3.4) that
1 R
—'(r) = F(r)/ 0(p)T (p)v" (p)dp-

Since —v'(r)I'(r) is a decreasing function, we have

" =— ' Lv' —o' (M D(r —
o(r/2) = v(r) = - //2v<p>dp— //mp) (P (pdp > =1 () [ S

Furthermore, for all p € (r/2,7) we have

{/ o } > exp {—HqﬁHoo/r:z d:} e

Hence v(r/2) — v(r) > =27 I¢lle=1p4/ (1) and by (3.11), there exists ¢ > 0 such that
—v/(r) < 2o(r). So we have

cr

R
v(r) > ) /r O(p)T(p)vP(p)dp for all r € (0, R).

Let now
/ O(p (p)dp for all r € (0, R).
Then there exists C' > 0 such that
~V'(r) > CO(r)rPTIP(r)VP(r)  for all 7 € (0, R).
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So
<§V1*p> (r) > (p — 1)COH(r)rPTI7P(r)  for all r € (0, R).

o(r
Integrating the above inequality over (0, %R) we obtain

iR
VIP(AR) > (p— 1)0/2 0(r)rPI P (r)dr = +00,
0
due to (3.3). The contradiction proves that v cannot be extended to the interval (0, R)
as a solution to (3.1). O

4. PROOF OF THE MAIN RESULTS

4.1. Proof of Theorem 1.11. (i) It follows from Theorem 3.1 that equation (1.10) has
a singular decreasing solution for p > 1 provided (3.2) with ¢(r) = Env¥(r) — 1 and

0(r) = EnvO(r) holds. Since I'(r) = %, we conclude that (3.2) is the same as (1.24).

(ii) Given R, M > 0, we show that there exists A > 0 such that a solution to the final
value problem for equation (1.11) with v(R) = M and v/(R) = X does not continue to
r = 0, provided (1.25) holds. Then the assertion will follow from Proposition 2.2.

First observe that the corresponding equation to (1.11) is equivalent to (3.1) with
o(r) = Env¥(r) — 1 and 0(r) = envO(r) on interval {r : v'(r) > 0}. Hence it follows
from Remark 3.2(iii) that there exist A > 0 and R’ € (0, R) such that v(r) > 0 for
r € [R,R], v'(r) > 0for r € (R',R) and v'(R') = 0. Then it follows from Remark 3.2(ii)
that v satisfies (3.1) with ¢(r) = env¥(r) — 1 and 6(r) = envO(r) on interval (0, R’).
Now Theorem 3.1 asserts that v does not continue to r = 0 provided (3.3) holds. Finally,
observe that (3.3) is the same as (1.25) since I'(r) = -2 .. O

rm(r)

4.2. Proof of Theorem 1.4 and Theorem 1.8. This follows from the next three
lemmas. In the first one we evaluate the lower critical exponent p, defined in (1.4).

Lemma 4.1. Assume there exist ¢ > 0 and o > 0 such that EnvO(r) < c¢r=7 for
€ (0,R). Then (1), has a solution for all p <1, i.e. p, = —oo0.
Proof. We look for a solution u to (1), for p < 1 in the form u(z) = m|z|~ for some
m,a > 0. By (1.10), it suffices for m and « to satisfy
mar~%2 (2+a— Env¥(r)) > emPr=7°? forall r € (0, R).
This is the case when mP~! is small enough and

a+2>ap+o and «a > esssup Env¥(r)— 2.
(0,R)

Since p < 1, the latter holds for a sufficiently large a. O

The lower bound of p* in (1.17) follows from the next lemma.

Lemma 4.2. Assume lir% ess<inf Env¥(r) > 2 and there exists 0 < o < 2 such that
p—0 r<p

(4.1) limsup || K (z) < oo,

|z|—0

for all € > 0. Then (1), has a singular solution for all 1 < p < 1+ i.e.

p*>1+

2—0c
(T-2)+’

(‘1’ 2)
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Proof. We verify (1.27). If g € GLy, then (4.1) implies limsup,_,o r’ ™ EnvO4(r) < oo,
for all € > 0.
Since My(r) < er N for some ¢ > 0, forall 0 < ¢ < 2—c and all 1 < p <

2—o—
1 + m we haVe

R R dr
/ MZ_I(T)E’QUGQ(T)T2P_1dT < C/ p2oe= =NV =2)+ 2 < oo,
0 0

r

By Corollary 1.13 we deduce that (1), has a singular solution. We conclude by letting
e — 0. ]

The upper bound of p* in (1.17) follows from the next lemma.

Lemma 4.3. Assume there exists o > 0 such that,

(4.2) liminf 2| K (z) > 0,
|z|—=0
for alle > 0. Then
2—0
pr<l4—) foro<2,
(¥ —-2)

and p* =1 for o > 2 and foroc =2, ¥ > 2.

Proof. We verify (1.25). To this aim, let ¢ € GLy and note that mgy(r) > er~™9) for
some ¢ > 0. Thus, using (4.2), for every € > 0, there exist C. > 0 such that

R R
/ mb = (r)envOgy (r)r*P~dr > C’E/ p2p=ote1=(=Dn(9) g — o0,
0 O

provided 2 —o +¢ — (p —1)(n(g) —2 —¢€) < 0. This choice of an appropriate € > 0 is
possible if

(4.3) 2—o0—(p—1)(n(g) —2) <0.
For 0 < 2 and n(g) > 2, (4.3) is equivalent to
p>1+ 2_70.
n(g) — 2
For 0 =2 and n(g) > 2, (4.3) holds for all p > 1. Finally, for o > 2 and n(g) € R, there
exists p € (1,1 4+ 0) such that (4.3) holds. Hence p* =1 by (1.4). O

4.3. Proof of Theorem 1.9. (i) Note that (1.25) with p = 1 + 2= holds in virtue
of (1.19).

(ii) We easily verify that (1.20) follows from (1.27) with p =1+ 2=%.

(iii) Since h € L*>(0, R), it follows from (1.21) that

R
d
/ he(r)—r =00
0

r

for all e € (0,¢). Hence (1.25) implies that (1), has no singular solutions for all p €
(1,1 +¢€]. Then p* =1 by definition (1.4). O
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4.4. Proof of Theorem 1.7. Let o > 2 be such that ¢ = 1 + ﬁ; in particular

q = oo for @ = 2. Consider the operator .Z in the form (1.1) where b = 0 and a is
defined by (2.2) with
(r) 14 N -1
r)=—-14+————+——,
! S(in(1/r))

and ¢ : (0,00) — R is a bounded measurable function such that ¢ is 1-periodic and

re (0,1),

n+1
(4.4) / o(t)dt =a —1 for all integers n > 0.
n

By Proposition 2.4,

N -1 1
Also
1\P(T)d - 11+¢(1n(1/7))d _ (/) Hdt + 1 1
[ = [ R = [T gt

Note that, by (4.4),

In(1/7) 1 In(1/r)
/ S(1)dt — (0 —1)In+ = / (6(t) — o + 1)dt.
0 r [In(1/7)]

Hence

1 LO(r 1
atnl o —a+ e < [ T dr <atnl+ o a+ U,

r T

Thus, if M(r) and m(r) are defined by (1.23) we have M(r) ~ m(r) ~ r~%. Since
K € L*>(Bg) and essinf K > 0, we also have EnvO(r) ~ envO(r) ~ 1. Now from (1.25)
and (1.27) it follows that (1), has a singular solution if and only if p < 1 + ﬁ, that

o
is, p* = gq.

5. EXAMPLES

This part presents some applications to our main results in Section 1. For the sake of
clarity we shall assume in the following that K (z) = |z|~7, o > 0.

5.1. Stabilizing coefficients.

Example 5.1. Consider the inequality

N

92 .
(5.1) S+ ey 073 > |z|~%w?  in Bg\ {0},
=1 ?

where kK € R and ¢ > 0.

Proposition 5.2. Assume N > 3. Then, inequality (5.1) has singular solutions if and
onlyifp<l+(2—0)4/(N—2).
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. — NNkS.. 55—
Proof. Let a;j(x) = (1 +27)%;;,4,5=1,2,...,N. Then

x|

Lo = [a2ap

Tr[(ga'/?)(ga'/?)T]

and with the same arguments as in the proof of Lemma 2.4 we find ¥ = ¥ = N. Thus,
by Theorem 1.8 it follows that p* =1+ (2 — o)+ /(N — 2). We next study the existence
of a singular solution in the critical case p =1+ (2 — )4 /(N — 2). To this aim, let us
remark that

2 521+ 22)k
U(x) = =1 for all z € Br \ {0}.
Z 2(1+ x2)k

If £ < 0 we use Chebyshev’s inequality (see, e.g., [6, Theorem 43, page 43]) to deduce
U(x) > N. If k> 0 then for all x € Br \ {0} we have

Niz[?

aF (1 +af)*

7

V() > >N+ N[1—(1+ |z

N
— (1 |z

o8

=1

Also there exists C' = C(N, k, R) > 0 such that

N[1—(1+|z»* > -C|z|* forall z € Bg\ {0}.

We obtained that in both cases £ < 0 and k£ > 0 there exists a positive constant C' > 0
such that
U(x) > N —Clz|*> forall z € Bg\ {0}.

Then

T (s) N
m(r) = exp {/ . ds} > C(R,N,k)r~ for all r € (0, R).
By Theorem 1.9(i) (take h = C(N, R, k)) inequality (5.1) has no solutions in the critical
casep=1+(2—0)L/(N —2). O

5.2. Gilbarg-Serrin matrices. We focus next on matrices a defined by (2.2) in Lemma 2.4.
They are related to Gilbarg-Serrin matrices suggested in [5, 11, 14] and provide a rich
source of interesting examples as we illustrate in the following.

Example 5.3. Consider the inequality

TiT)

(5.2) Au+ y(|z)) Z i 83: 837 > |z|~°u? in By \ {0} c RV,

where N > 3 and o > 0. Assume that v : (0, R) — R is bounded and continuous and
satisfies limsup,_,oy > —1. This last condition on ~ ensures the uniform ellipticity of
the matrix a as required in (1.2).

From Theorem 1.8 we obtain:
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Proposition 5.4. Assume limsup,_,,7v(r) < N — 2. Then, there exists p* > 1 such
that (5.2) has singular solutions for p < p* and no singular solutions exist if p > p*.
Furthermore, p* =1 if 0 > 2 and

(5.3)
(N — o) + (1 — o) liminf v(r) (N —0)+ (1 —o0)limsupy(r)
r—0 * r—0 .
— <p'< . if0<o<2.
N — 2 —liminf ~(r) N —2 —limsup~(r)
r—=0 r—0

In the critical case we have:

Proposition 5.5. Assume lim,_,oy(r) =0 and 0 < o < 2. Then:
(i) p* = (N —0)/(N —2) and (5.2) has singular solutions for p = p* if and only if

R 2—-0)(N—-1) [B 4 dr
A4 — dt p — .
o) fon 55 [ T e
(ii) If ~y is differentiable on (0, R) and there exists ¢ > 0 such that
(5.5) y(r)y <ery/(r)  forallO<r <R,

then (5.2) has no singular solutions for the critical exponent p = (N—o)/(N —2).

Proof. (i) Since lim,_,o7(r) = 0, from (5.3) we have p* = (N —0)/(N —2). Also
(V = D (=)
()= N — LTV e Be\ {0).
(z) T (2 \ {0}
Condition (5.4) is now a reformulation of (1.19) and (1.20) with

h(r) = H(r) = RN exp {—(N _1) /TR 1 1(?(t>dt} .

(ii) If y satisfies (5.5) then the integral in (5.4) is divergent since

SRIU) L N
/’r t(1+7(t))dt§C/T T2 = OR) = eln(l+7(r),

for all 0 < r < R. Thus,

c(2—0)(N-1)

f 2-0)(N-1) /R Y(t) } dr /R (L)~
expi — dt p — > C — dr = oo.
A p{ N=2 ot e =
This concludes our proof. ]

Let us remark that there are large classes of differentiable functions ~ satisfying (5.5).
In particular for y(r) = r%, a > 0, inequality (5.2) has no singular solutions in the
critical case p= (N —0)/(N —2),0< 0 < 2.

We next consider a function v that fails to fulfill (5.5).

Proposition 5.6. Assume 0 < o <2 and let y(r) =In"™ 1, m > 0.
(i) Inequality (5.2) has singular solutions for allp < (N—o)/(N —2) and no singular
solutions exist if p > (N — o) /(N — 2).
(ii)) If p = (N — 0)/(N — 2) then (5.2) has singular solutions if and only if either
O<m<lorm=1and0<o < N/(N-1).
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Proof. (i) follows from the first part in Proposition 5.5(i).

(ii) Without losing any generality we may assume R < 1/e. We evaluate the integral
n (5.4). If m > 1 we have

R R
/ Wdtﬁ/ #:C—;lnl_ml
» t(14+7(t)) ro tln™ g m—1 r
Hence

ARmp{_@_gﬁﬁ_1X[Rﬂlfngﬁ}?EECARémhmyf:OQ

where ¢ = % > 0.

If 0 < m < 1 we have

R In(1/7) In(1/7) _
~(t) / ds / ds 1\1-m
gt = > —— > (1+In- —C(R).
/r t(1+~(t)) m/R) 1+8™ = Jiwayry (1+38)™ ( 7”> ®)

Hence

/Rexp{_@—a)(l\f—l) /R v(t) }d< / c(14m 1) " dr
0 N -2 r t(l +’Y( ro T
= / "ds < o0,
1+1In( 1/R

where ¢ = % > 0. Finally, if m = 1 we have

R R

~(t) / dt 1
——dt = ——=In(l+In-)—-C(R).

. (14 (1)) » t(1+Ind) I% DJ ()

Thus,

/ORGXP{‘@_;)(—jg_D /TRt<17+(tv)<t>>d}dr‘C/ o ) K

_e-—o(N-1)
_C/ N-2  (s.
1+1In( 1/R)

The integral in (5.4) is finite if and only if % >1,thatis0 <o < N/(N-1). O
The following result proves the sharpness of condition (1.19) in Theorem 1.9(i).

Proposition 5.7. Assume 0 < o < 2 and let
N—A—xIn'1
v(r) =

A—1—3In"! % ’
where A > 2 and 3 > 0. Then (5.2) has singular solutions in By, \ {0} for the critical
exponent p = (A —0)/(A —2) if and only if > (A—2)/(2 — o), that is, if and only if
(1.19) holds.

Proof. Note first that

_NAA(=)
(R T

||
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and from (2.3) we have ¥ = W = A. Further, it is easy to check that m(r) =
C(R)r~4|Inr|* so that condition (1.19) holds for 0 < s < % (see also (1.22)).
By Theorem 1.9(i), inequality (5.2) has no singular solutions for the critical exponent
p=p*=(A—0)/(A—2). On the other hand, for all » > 2 the function

A 22401
u(z) = cJz[* 4 1n2=> (m),

is a solution of (5.2) with p = (A —0)/(A —2) in Bg \ {0} for suitable small constant

¢ > 0. This proves the optimality of (1.19) in Theorem 1.9(i). O
Example 5.8. Consider the inequality
N N
1 rix; O0%u x; Ou
. A - () 7 > -0, P . B >
(5.6) Au-— ; 2P w2 ; 2F 5, 2777 in Br\{0}, 0 20,

where (3 : (0,00) — R is continuous and lim,_,o 5(r) = 0.

Proposition 5.9. Assume N > 2.

(i) The inequality (5.6) has singular solutions for allp < 1+(2—0)4+/(2N —3) and
no singular solutions exist if p > 1+ (2 —0)4+/(2N — 3).

(ii) Assume 0 < o0 <2 andp =14+ (2 —0)/(2N —3). Then (5.6) has singular
solutions if and only if

(5.7) /OReXp{QN 3/ Bt dt}dr .

Proof. With similar computations to those in Lemma 2.4 we find U (z) = 2N —1+25(|x|)
and U = ¥ = 2N — 1. The conclusion follows now from Theorems 1.8 and 1.9. ]

6. OPEN PROBLEMS

In this section we state some open problems that stem from our study of (1),.
Problem 1. Can similar results be obtained for more general elliptic operators?

In other words, asume that the symmetric matrix a is only strictly elliptic, that is,
(1.2) is replaces by

N
v(z)|€]? < Z aij(2)&&; < cv(x)|€)? for all € € RY,

ij=1
and the vector field b = (b;(z))Y.; € L (Bg) fulfills

cv(x)

2] for almost all x € B\ {0},1 <i < N.
x

Here ¢ > 1 is a constant and v > 0 satisfies v € LS (Bgr \ {0}). If v € L°°(Bg) then
we can use directly our arguments for the study of (1),. The problem remains open for

v € L, (Br\ {0}).

Problem 2. Is it true that p* = —oo for all potentials K € LS (Br\ {0}) satisfying
essinf K > 07
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This is indeed the case if the behavior of K (z) is restricted by (1.16) to a power-like
potential. One may wish to investigate the value of the lower critical exponent p* if K (x)
decays faster near the origin.

APPENDIX A

For f € L*°(0, R) define the following family of averaging operators:

R
Avgs f(r) == \s|r‘9/ f(T)TS*IdT, s < 0;

(A1) "

Avgs f(r) .= sr™* /Or f(r)yr*ldr, s>0.

Proposition A.1. Let f € L*(0,R), s > 0 and 0 < 0. Then there exist bounded
continuous functions g and h such that, for r € (0, R),

R R R
| 10 =gty + [ Avg, 1% =nr) + [ dvge 1) %

Proof. Indeed, by integration by parts,

R R R R
| o= [ o ( / f(T)T"_ldT>=3,|Avgaf(T)+ | v s0)%
' I8 p I8

Similarly for s. OJ
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