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Estimation of voltage sensitivities in low voltage
feeders with photovoltaics

Valentin Rigoni, Student Member, IEEE, and Andrew Keane, Senior Member, IEEE
School of Electrical & Electronic Engineering
University College Dublin
Dublin, Ireland
valentin.rigoni@ucdconnect.ie

Abstract— With increasing penetration levels of photovoltaic
panels (PVs) in low voltage (LV) networks, voltage statutory
limits are likely to be violated. To avoid this, most strategies rely
on the capacity of inverters to modify power injections as needed.
In cases for which the required set points are not obtained from a
constrained formulation of the power flow problem, voltage
sensitivities to power injections are required. Therefore, recent
publications have proposed methods to estimate these sensitivities
in residential LV feeders. However, as they rely on extensive
monitoring and communication infrastructure, they may result
impractical for operators to implement. This paper introduces a
novel methodology that allows every PV to autonomously
estimate voltage sensitivities based merely on the real-time local
voltage at the customer point of connection. A robust accuracy
assessment under multiple system states is performed and
benchmarked against a more traditional method.

Index Terms-- Distributed power generation, Estimations, Smart
grids, Solar panels, Reactive power, Voltage sensitivities.

I. INTRODUCTION

High penetration levels of residential-scale, photovoltaic
panels (PVs) can rise voltage levels over their statutory limit on
distribution low voltage (LV) networksy[1]:, Therefore, to
guarantee their secure integration, (Distribution Network
Operators (DNOs) need to move_fromypassive operation to
active network management schemes. For the general case of
Distributed Generation (DG) units, multiple strategies have
been proposed [2]-[8]. These,methods are based on the innate
capacity of most inverters to curtail'active power generation and
consume reactive power as needed. These algorithms, which
can be extended to PVs, are-built around the availability of
network sensitivities to power injections. This is because the
DG units’ set points do not result from a constrained power flow
formulation (e.g., centralized optimal power flow).

There exists a series of traditional methods used for
obtaining voltage sensitivities in medium voltage (MV)
distribution systems with DG. A common one is the perturb-
and-observe approach where network variables are compared
to those obtained from a power flow calculation after small
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modifications [2], [3]. This requires previous knowledge of the
system state and of all nodal power injections. Sensitivity data
is also accessible from the inverse of'the Jacobian matrix J from
the Newton Raphson power” flow method [4], [5]. As to
calculate J knowledge of the state variables is again needed,
simplifications are made when this information is unavailable
(e.g. uniform constant load). Furthermore, as the Newton
Raphson method linearizes, non-linear equations around fixed
state variables, accuracy decreases if power variations are not
small. Finally, sensitivities have been determined from direct
analytical hexpressions derived from classical power flow
equations describing flows and voltage drops [6]-[8]. In all
cases, the real 'System state is ignored and either marginal
voltage fluctuations, balanced networks, no remote power
injections’and/or negligible power losses are presumed.

Regardless all mentioned methods being common for MV
networks, their use on LV feeders poses a series of non-
addressed research questions. For instance, methods that rely
on full network observability (e.g. perturb-and-observe) require
the prior application of State Estimation (SE) [9]. While
traditional SE is common in transmission systems, its use at the
LV level is still a challenge for DNOs. Not only monitoring
equipment is generally inexistent, but also the complex network
modelling and the coordination of such a widespread
communication infrastructure may prove it to be incompatible
with real-time applications [10]. This practical limitation could
be overcome by the analytical equations [6]-[8]; where the
system state is ignored. However, no studies have assessed the
errors that may take place due to LV feeders having different
characteristic to those of the upstream network.

Focusing on LV feeders, recent publications have proposed
new ways of estimating voltage sensitivities during on-line
operation; reckoning their dependence on the system state [11],
[12]. In the first, sensitivities are obtained from historical smart
meter data (required to be available prior to implementation).
In the latter, power electronic devices apply small on-line
perturbations while assessing the corresponding effects via a
communication network. While these methodologies do not
need topological data, they both depend on a full monitoring



and communication infrastructure. This prompts again practical
limitations by representing not only a costly investment but
resulting in complex operation. For example, signal delays and
lack of synchronism and noise due to residential load stochastic
variations could result in very inaccurate sensitivities.

Based on the above, we introduce a decentralized method
able to estimate, in real-time, voltage sensitivities for
unbalanced LV feeders with no need of communication
between units nor measurement of residential loads. The
proposed approach combines off-line Monte Carlo (MC)
simulations and regression analysis. Crucially, the only
measurement needed for on-line application is the local single-
phase voltage from each PV inverter. The paper is organized as
follows: Section II describes the proposed methodology. In
Section III, the obtained sensitivities are tested on a real LV
distribution feeder and benchmarked against a more traditional
method. Finally, discussion and conclusions are drawn in
Sections IV and IV.

II. METHODOLOGY

In the proposed approach, polynomial equations are used to
describe voltages sensitivities to active and reactive power
injections. These equations result from an off-line Monte Carlo
methodology that counts for multiple system scenarios. The
method only requires monitoring of the local voltage at the
customer point of connection (CPOC) for on-line application.

A. Off-line stage - Monte Carlo power flow simulations and
regression analysis

Fig. 1 summarizes the overall Monte Carlo based approach
that will be used to characterize voltage sensitivities, under
multiple demand and generation scenarios with /simple
polynomial functions. First, we will concentrate onsthe. inner
loop enclosed by the dashed lines; where the system scenario,
from the perspective of a local PV, is fixed (i.esset points for
all remote PVs and demand of every house/already defined).
This loop starts by setting either reactive.power Qg or active
power Fy for the local unit to their lowet operation bound. This
selection depends on whether we intend to_obtain sensitivities
to reactive or active power respectively.,Next, this set point is
modified in regular steps until reaching the unit’s maximum
reactive power capability oraetive power rating as appropriate.
At each Qg4 |F; step, an unbalanced’AC power flow simulation
is solved and the voltage magnitude at every CPOC stored.

When all the steps of the/inner loop have been explored, the
final compilation of calculated voltages feeds a first-stage of
polynomial fitting that characterizes their variation as a linear
function of the local injected active or reactive power at every
step. This requires two coefficients ay; to be determined for
each k customer voltage V.

Vi = ag1 + agQg or Vi = ayq +aioF (1)

This determination is performed by polynomial regression
analysis. The procedure consists of a least squares estimation
that minimizes the sum of square of residuals between the data
and the evaluation of the fitted polynomials. This is solved by
an optimization algorithm that determines the polynomial
coefficients beginning from an initial guess and converging
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Fig. 1. Off-line procedure — Power flow simulations

toward a specified tolerance [13]. From (1), it can be inferred
that the slope of this'equation”(i.e., a;,) is the sensitivity of the
voltage atthekzh customer to the variation of Q4 or F; (whether
the method 1s obtaining sensitivities to reactive or active
power). ThisCan be observed from the definite integrals (2) and
3) of the derivatives of (1) evaluated for either reactive or
active power injection variations AQg or AF;:

f
Qg de i
_——dQ, = a,AQ, where:AQ, = Q) -0}, @
idQ
Py AV, f_ pi
——dP, = ay,AP, where: AP, =P] —P} (3)
P} dF

All calculations from the inner loop are associated to a
specific system scenario, identified by pre-defined power
injections at each remote node. This means that, despite
maintaining the same Q| F; steps, the set of calculated voltages
will change if remote power injections differ (i.e. leading to
new a,, values). Therefore, an outer framework is designed to
generate individual MC scenarios from the perspective of the
local unit under analysis. At each MC iteration, load profiles are
randomly allocated at every house according to a statistical load
model. Next, the network generation level is randomly selected
from zero to maximum active power output. This value, in
absence of active power curtailment, equals the system rating
divided by the active power generation of each unit. Later, the
active power P, and reactive power @Q,- set points of all remote
PVs are selected from their lower to upper bound according to
how these units are expected to operate. Consequently, each
execution of the outer-loop will result in a new set of ay,
coefficients for each local PV.

In real-time operation, each local unit will need to estimate
which set of voltage sensitivities corresponds the best to the
remote nodal power injections. The problem is that, due to the
limited observability, that information is unknown. However,
we propose that every ag, can be estimated based on local
accessible measurements. Measurements that we have limited
to the single-phase CPOC voltage of the local PV (index /) and



the network generation level. Hence, a second stage of
regression analysis fits the sensitivity coefficients from all MC
iterations with a second-degree equation of those variables:

Az = biaXV)" + b XGreper + biesXGreper” + byea (4)
where ay, is the voltage sensitivity coefficient in (1), Gieper 1S
the network generation level and V}* the voltage at the local
CPOC in the first inner loop power flow calculation (i.e., @4 or
F, at their lower bound). The last parameter is specified in this
manner as a voltage in a common operation point is needed to
compare MC scenarios. This second stage then requires four
shaping coefficients by; to be determined for each possible V.
To finalize the overall procedure, at the end of each outer-loop
the variation of all considered by; with respect to the precedent
MC run are used as decision variable for a stopping criterion.
The algorithm stops when these variations remain within 0.1%
for 100 consecutive scenarios (i.e. to account for outliers).

The order of the fitted polynomials in the two previous
stages was defined based on the observation of the training data
obtained from the MC methodology. Each equation
corresponds to the highest order polynomial that does not result
on an ill-conditioned regression model [13] (i.e. best possible
capture of the data trend).

B. On-line estimation based on real-time measurements

Up to this point, everything is performed off-line using
computer-based simulations aimed at exploring the space of
possible system states and the associated sensitivity
coefficients. Once the results from the off-line analysis are
available, every unit can estimate during real-time operation the
sensitivities described by the slope a;, in (1) based on a limited
series of steps. First, a value for the reference voltage V;"in (4)
needs to retrieve. As mentioned, V;* is the local voltage
calculated in each inner loop with either @, or F; at theirlower
bound. Nevertheless, in on-line circumstances the current set
point can be taking any other value. Therefore, V;" from (4)
must be obtained based on the current voltage at'the local CROC
using the local voltage sensitivities for the unitunder analysis
which, according to (4), can be expressed as:

0Q41F,
where V; is the measured single-phase voltage and its derivate
the sensitivity a;,. Simultaneously, V;" can be written as:

Vi =V B x N
I =Y legxanle (6)
which states that I/}" is a function of itself, the generation level
and the local voltage. Consequently, equations (5) and (6) can
be merged into (7) to obtain V;*:
_ Vl + lePg X (blszlevel + bl3xc"level2 + bl4) 7
(L + QglByxbir) M

Once V//"is obtained, the appropriate coefficients in (4) are used
to estimate the corresponding values for a, based on its value
and the generation level. Finally, if all ay, are estimated, the
integrals (2) or (3) provide the changes in any voltage V;, with
respect to both type of power variations.

= by XV} + baXGieper + biaxGrever” + by (5)

v

These on-line estimations consist on solving a few direct
parametric equations; posing negligible computational burden

and no risk of non-convergence (there is no non-convex
problem during on-line estimations). This, together with no
need of a widespread monitoring is a clear practical benefit for
DNOs during real-time operation.

III. TEST CASE

This analytical approach is tested on a real unbalanced LV
feeder under a multi-scenario simulation. This section
introduces the residential demand model used during the oft-
line analysis and describes the study case network. It also
contains an accuracy assessment of the estimated sensitivities.

A. Domestic residential load model

The model used for the random load allocation was
developed in [14] and is based on a l-minute resolution
changing load composition for each house. As many others, it
represents statistical behaviour and itiis therefore not limited to
an individual network. In this” one,»load composition is
modelled in terms of constant impedance, constant current and
constant power, i.e. ZIP model, for'active and reactive power.

The load model used for this test is not inherent to the
methodology. While advance' models are expected to be a better
representationiof customers behaviour, DNOs can use the data
that is“available to'them. In addition, the complexity of the
regression »analysis stages and on-line operation are
independent of the load characterization. This can be accounted
as abenefit when compared to other methods. For instance, load
voltage, dependency was neglected in previous analytical
expressions due to the considered assumptions. Furthermore, in
methods where previous State Estimation is performed, its
solution would become more complex as a ZIP model would
make power injections a function of the state variables.

It needs to be mentioned that domestic residential demand
is time dependent and presents seasonal behaviour.
Consequently, the methodology proposed in Section L.A is
repeated for any time condition that is to be taken into
consideration. This poses no limitation as the off-line part of the
methodology is performed before real-time application at a pre-
operation stage (i.e. far from being highly time constrained).
The selected time resolution for the off-line stage will depend
on the variability, over time, of the selected demand model. As
a consequence, this must be considered during on-line
operation; where the most appropriate polynomial must be used
according to the time resolution of the regulation itself.

B. Test Network

The analysis is implemented on a real LV feeder selected
from a set of UK networks [15]. The results obtained in [1]
group this feeder within the most common residential feeders
that are expected to present technical problems due to high
penetrations of PVs. It consists of 83 single-phase houses and
1,684 metres of 4-wire cable (3 phases and neutral) and is
depicted in Fig. 2 where customers are identified by dots and
the head of the feeder represented by a black triangle.

Every house is considered to have a PV (i.e., worst case
condition of 100% penetration). modelled as a constant PQ
generator. Statistics from [16] are used for a realistic sizing of
those units with installed capacities that can go from 1 to 4 kW.



Finally, a nominal voltage of 0.4kV is adopted.

C. Power injections bounds and allocation for remote units

All PVs® AC/DC inverters are presumed to be capable of
consuming reactive power @; upper and lower bounded by:

0 < |Q| < min(y/S2 — P2, P x tan(cos~1(0.95))) (8)
with S=11xP,.,

where P is the generated active power and S is the inverter’s
apparent power rating; with a 10% oversize with respect to the
generator’s active power rating P, ,,. A minimum power factor
0f 0.95 is chosen accordingly to Ireland’s distribution grid code
[17]. Additionally, active power is allowed to take any value
from zero to the maximum PV installed capacity P4y -

In Section LA, it was specified that the MC methodology
summarized in Fig. 1 must be implemented for sensitivities to
reactive and active power individually. This is because the
allocation of the operation points for all units is expected to be
different for each case. For instance, in all the previously
mentioned articles, reactive power is always preferred as the
control variable instead of active power. Otherwise stated,
active power curtailment takes place when all inverters’
maximum reactive power capability has been reached. For the
case of reactive power sensitivities, once the network
generation level is defined, the active power injection of all PV
units in the system is obtained as the latter multiplied by each
unit’s Py, (i.e., no power curtailment). Here, the generation
level is the same for all units as solar irradiance is considered
uniform for the whole network. Then, reactive power @, of
every remote unit is randomly selected from lower to uppgr
bound using a uniform distribution. For the case of activeé power
sensitivities, we follow a similar approach as the one, for
reactive power. Once the generation level for the current MC
iteration is known, active power P, for each unit/is randomly
selected from zero to maximum pessible, value
(i.e., Ppax X Greper)- Then, all units’ reactive/ power Q.. is
obtained from the upper bound defined by, (8)x This presumes
that active power curtailment takes place only when all units’
reactive power capability has been reached.

While not accounted for in this) test case, different
orientations (e.g. east/wWest) can oceur for residential PVs.
Therefore, instead of a uniformygeneration level, an expected
fraction of it could be allocated for each PV based on its
orientation, the operation time and the season.

D. Validation and results

1) First stage of the off-line polynomial regression

Once loads and generators’ characteristics are defined, it is
possible to run the inner data gathering loop for each Monte
Carlo execution. In order to do that, at every scenario, Q4 or F;
are incremented from zero to the upper bound in steps of 25%.
To have a fair comparison between all houses, the local unit is
always considered to have a P, equal to 4 kW. At each step,
an AC power flow is solved and the voltages of interest stored
for the regression analysis stage. The step granularity is not
necessarily limited to 25% but it needs to be considered that
unnecessarily small steps will result on extra needless
calculations and higher computational times.

v
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Fig. 2. Real residential LV feeder
® Phase a A Phase b Phase ¢

253
% 250 Mbeccccccccccees Wlccccccocoscccs Plecoccccscscsnss B oocococsscscne m
£ as1
g
2 250
S 249 Areererrrviiiiiighiiiass
g A F LI TTTTIITT Bhecoecccncccanas M ccccccccannaas A
& 248

0 1 2 3 4

Reactive power injection [k VA]

Fig. 3. Trend of remote voltages at multiple réactive power injection set points

2. p50 M [ RRRRRR P TS Boeeeeennnneens -
& 249 A
5
3 248 I
[ A WU STy WOPPPPPRPRYRTTLY CELL A
247 ---------------------------- A ......
g Y SEETRTTLRRRLY " &
&~ 246 N
0 5 , \

Active power injection [kVA]

Fig. 4. Trend of remote voltages at multiple active power injection set points

Fig. 3"and Fig. 4 show remote voltage values at different.
steps for an‘individual scenario. Local power injections are
those on phase'b, i.e., CPOC at house 17 (see Fig. 2). Here and
in future results, remote voltages always refer to a hypothetical
three-phase node at house 82. House 82’s node is critical as it
presents the highest impedance path to the head of the feeder.
This exposes it to voltage violations. It can be observed how the
polynomial proposed in (1) results in a good fit for the voltages
at each power flow calculation (dots). It is interesting to notice
how a linear approximation is a good representation for voltage
variations. As customers are single-phase, contributions to
voltage rise or drop and reactive or active power flow variations
differ from phase to phase. Both figures show that only phase b
presents, as it would be expected on a balanced system, positive
contribution from active power generation and negative
contribution from reactive power consumption to voltage
variation. Finally, the slopes of the obtained lines (i.e., a;,) are
always much higher for phase b (i.e. self-contribution)
compared to phases a and c.

2) Second stage of the off-line polynomial regression

The overall off-line methodology was performed for each
of the existing 83 PVs considering a typical summer week-day.
The hypothesis formulated in Section II stating that the network
generation level and the reference local voltage could be used
to track the sensitivities obtained from the previous stage was
verified. For instance, Fig. 5 shows the polynomial surface (4)
for phase b remote voltage sensitivities to reactive power
injections from the PV in house 17. Every dot represents the
ay, sensitivity coefficient obtained at each scenario (i.e. outer-
loop iteration). The surface, which fits the trend of all possible
values of sensitivities, basically expresses them as a function of
the parameters that will be locally accessible during on-line
estimations. The square of Pearson's coefficient R (0.75) is
included. This value can be interpreted as the amount of ay,
variation explained by the selected independent variables.



Traditionally, values over 0.5 and 0.7 correspond to moderate
and strong positive correlations respectively [1].

Presuming now that house 82 was connected to phase ¢
instead of b and the voltage at house 17 (phase b) was still used
for the estimation, a reduction on R? to 0.22 would be noticed.
This correlation reduction is not a limitation of the methodology
but of the local monitoring. For instance, the plot in Fig. 6
shows a correlation of R?=0.61 if for the same hypothetical case
a local phase ¢ voltage was used for the estimation. This
consideration is expected to extend to any methodology with
equal monitoring limitations as the uncertainty in all phases
cannot be captured with single phase measurements. However,
as self-contributions are higher than variations on other phases
it might not worth for DNOs to extend local observability.

3)  Sensitivity analysis error

To rigorously assess the accuracy of the method, multiple
scenarios are generated following again a MC approach.
Nonetheless, the network generation level is not randomized
but comes from a profile that varies from zero to 100% and is
depicted in Fig. 7. As it can be observed, this profile is very
smooth (i.e., negligible clouds). This will help to visually
identify how the generation level affects the trend of the
estimations’ uncertainty.

We define the sensitivity analysis error § as the percent
error between real voltage variations and the ones estimated:

AVreal - AVestimated) (9)
AVreal

where AV stimatea cOmes from the integrals in (2) or (3). In both
cases, the highest possible local power injection variations are
considered (i.e. from lower to upper bound). Results are/shown
from Fig. 8 to Fig. 10. Recall that remote voltage sensitivities
refer to a hypothetic three-phase node at house 82 (results
correspond to phase self-contributions). Furthermore, we| will
account only for the time frame in which the generationilevel is
different from zero (e.g., Sam to 7pm).

6 =100% (

Fig. 8 includes the error for remote voltage sensitivities with
respect to reactive power injections.at house 17. Results are
presented in 10-minute time-step§ as boxplots where medium
horizontal bars reveal median values, rectangles 50% of results
distribution, slim black 1ines99.3% and small crosses outliers.
Errors show normal distributions quasi-centred on zero with
results that are approximately within a 1.5% and 3% for 50%
and 99.3% of the sample. It- can be noticed that the slight
deviation of the mean follows a pattern that resembles the
generation level profile in Fig. 7; with more error at higher solar
irradiances. Fig. 9 shows similar results for the case of remote
voltage sensitivities to active power injections.

Fig. 10 shows the error for remote voltage sensitivities with
respect to all houses reactive power injections at 12:30pm (i.e.
generation level peak). Even if the behaviour of a higher
number of loads and PVs must be englobed from local to
remote point as we move away from house 82, error proves not
to largely increase. This means that, independently of the
distance between remote and local nodes and on them being
placed in different radial ramifications, accuracy does not
significantly diverge. Results are approximately within a 2%
for 50% and within 3.5% for the 99.3% of all measurements.
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As mentioned in Section I, the direct analytical equations
[6]-[8] used in MV networks are not expected to hold with the
same exactness at the LV level. However, none of the previous
publications  proposing widespread monitoring have
benchmarked their results with these more simplistic methods
to assess how big the accuracy gap may be. The values of § in
Fig. 11 correspond to sensitivities calculated using a single-
phase line equivalent connecting the customer with the slack
bus and neglecting all but local power injections (resulting in
constant sensitivities). It can be seen how sensitivities are
underestimated and show a relative error of up to 40% for
99.3% of the sample. This difference comes mainly from
disregarding mutual impedances and the effect of voltage
variations on nodal power injections. It is very interesting how
the error is related to nodal power injections composition; with
maximum deviation during demand peaks and mean value
distancing from zero with the increment of solar irradiance.

IV. DISCUSSION

One of the key characteristics of this method is the
avoidance of most computational hardness during real-time
application (on-line estimations in Section III took only an
average computation time of 0.4ms). Thanks to the use of the
off-line precomputed polynomial models, there are no-iterative
calculations (i.e., no risk of non-convergence). Most
importantly, this is achieved without compromising the access
to accurate sensitivities.

During the off-line simulations, a Monte Carlo approach is
used to cope with the system uncertainties. While this non-
trivial procedure is performed in anticipation of on-lin€
regulations, its computational times can be still reduced 'if
desired. For instance, as no multi-period simulations are solved,
parallel processing tools can be utilized to significantly:improve
time efficiency [18]. Here, an Intel Xeon E5-2699. running 20
parallel instances (only 30% of CPU usage) allowed obtaining
all sensitivities from Section III in a total of 16.7 hours (With an
average of 3827 iterations needed for each MCto converge). In
addition, other techniques such as data clustering [1] could be
used to simplify calculations even more,

It must be mentioned that for a good performance, validated
network data is required. While accessto this information has
traditionally been unusualwithin DNOs, data gathering
campaigns prove that this reality is changing [15]. Additionally,
regarding scalability, variations on the network characteristics
(e.g. new customers or PVy reconnections, etc.) will start
affecting the method accuracy until recalculating the
polynomials (same as with any analytical method). Fortunately,
this is infrequent within residential LV feeders.

Distribution grid codes may require a three-phase PV
connection if the rated power exceeds a certain limit. In that
case, that would need to be accounted for in the network model
but will not affect the off-line algorithm from Fig. 1. During on-
line operation, local and remote voltage sensitivities will still be
estimated based on the local voltage at each phase; as described
in Section II.B. In such cases, the inherent access to local three-
phase monitoring can allow for accurate sensitivities
independently of the connection phase of remote customers.

V. CONCLUSIONS

This paper has introduced a methodology for decentralized-
autonomous estimation of voltage sensitivities in LV feeders
with PVs. This novel procedure uses an off-line MC approach
and regression analysis to generate polynomials describing the
evolution of multiple parameters under different operation
points. In line with the current lack of observability on LV
feeders, the methodology relies only on local single-phase
voltage measurements at each local CPOC. Crucially, no load
monitoring or communication between units is required.

Results from a thorough accuracy assessment places the
methodology in a very encouraging position, especially when
considering the context in which sensitivities are estimated: no
knowledge of the system state, stochastic load behaviour and
real-time voltage data limited to the local CPOC (already
available from the PV inverters). This, together with very
reduced on-line computation times and the lack of convexity
issues (key features during/real-time application) give the
method high practical value from DNOs’ perspective.
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