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Generalized Random Dot Product Graph

Tin Lok James Ng, Thomas Brendan Murphy

School of Mathematics and Statistics, University College Dublin

Abstract

The Random Dot Product model for social network was proposed in Nickel
(2007), where asymptotic results such as degree distribution, clustering and
diameter on both dense and sparse cases were derived. Young and Scheinerman
(2007) explored two generalizations of the model in the dense case and obtained
similar asymptotic results. In this paper, we consider a generalization of the
Random Dot Product model and derive its theoretical properties under the
dense, sparse and intermediate cases. In particular, properties such as the size
of the largest component and connectivity can be derived by applying recent
results on inhomogeneous random graphs (Bollobás et al., 2007, Devroye and
Fraiman, 2014).

1. Introduction1

The Random Dot Product model was introduced in Nickel (2007), where each
vertex v in the network is associated with a latent variable xv, drawn from
Ua[0, 1], the ath power (a > 1) of the uniform distribution on [0, 1]. They assume
that the probability two vertices v and u are connected is given by

P (u ∼ v) =
xuxv

n2−s
,

where s ≤ 2 and where s = 2 corresponds to the dense case.2

We generalize their model by assuming that for each vertex v, the latent variable
xv is drawn from a Beta(α, β) distribution. It is easy to see that the ath power
of uniform distribution is a special case of the Beta(α, β) distribution by letting
α = 1/a and β = 1. Further, the general form of connection probability

P (u ∼ v) =
c(log(n))bxuxv

n2−s
,

with b ∈ {0, 1}, 0 ≤ s ≤ 2, and c > 0 is considered in this paper. We note that3

the case s < 0 is uninteresting since the expected number of edges is O(ns) → 04

as n → ∞.5
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As will be shown in the next section, real networks can be better characterized6

due to the flexibility of Beta distribution. Modeling the latent variable with7

other distributions may be studied in the future. An alternative extension of8

the random dot product graphs is proposed in O’Connor et al. (2015) where9

the identity link is replaced by the logistic link in the connection probability.10

Theoretical properties of the the model proposed in (O’Connor et al., 2015) may11

be studied using similar methods considered in this paper.12

In Section 2, we consider the dense case with P (u ∼ v) = xuxv and derive the13

clustering coefficient and the expected number of vertices of a certain degree.14

We then consider the connectivity under the intermediate case with P (u ∼ v) =15

c log(n)xuxv/n in Section 3. The sparse case with P (u ∼ v) = cxuxv/n
2−s with16

0 ≤ s ≤ 1 is considered in Section 4. In particular, we derive properties related17

to giant component and degree distribution for the special case s = 1. Further,18

we show that under this regime, the generalized random dot product graph19

is asymptotically equivalent to the stochastic version of the model explored in20

Chung and Lu (2003). We summarize the cases that we will consider in this21

paper in Table 1.22

Table 1: Regimes and Connection Probabilities
Case Parameters Edge Probability

P (u ∼ v)

Dense s = 2, b = 0, c = 1 xuxv

Intermediate s = 1, b = 1, c ∈ R c log(n)xuxv

n

Sparse 0 ≤ s ≤ 1, b = 0, c ∈ R cxuxv

n2−s

Sparse - Special Case s = 1, b = 0, c ∈ R cxuxv

n

2. Dense Case23

Let G(n) be a graph on n vertices V (G). Each vertex v ∈ V (G) is associated24

with a beta random variable xv ∼ Beta(α, β). We assume that conditional on25

the latent variables xu and xv, the probability that two vertices u and v are26

connected is given by P (u ∼ v|xu, xv) = xuxv, where ∼ denotes that u and27

v are connected. We first have the following result concerning the connection28

probability between two nodes.29

30

Proposition 2.1. The probability that any two vertices u, v are connected is31

given by32

P (u ∼ v) =
α2

(α+ β)2
.
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Proof.

P (u ∼ v) =

(
Γ(α+ β)

Γ(α)Γ(β)

)2 ∫ 1

0

∫ 1

0

xuxvx
α−1
u (1− xu)

β−1xα−1
v (1− xv)

β−1dxudxv

=

(
Γ(α+ 1)Γ(β)

Γ(α+ β + 1)

)2(
Γ(α+ β)

Γ(α)Γ(β)

)2

.

33

We next assume that n is sufficiently large, and consider the expected number34

of isolated vertices in the graph G(n). Let χ(k) be the number of vertices in35

G(n) with degree k, the following result can be derived.36

37

Proposition 2.2. For sufficiently large n, the expected number of vertices in38

G(n) with degree 0 is given by39

E(χ(0)) ∼ C
Γ(α+ β)

n1−αΓ(β)

where 1 ≤ C ≤ ( α
α+β )

−α.40

Proof. Let d(v) be the degree of vertex v in G(n), and let g(x) denote the density41

of Beta(α, β). We have42

P (d(v) = 0) =

∫ 1

0

· · ·
∫ 1

0

(1− x1y) · · · (1− xn−1y)

g(x1) · · · g(xn−1)g(y)dx1 · · · dxn−1dy

=
Γ(α+ β)

Γ(α)Γ(β)

∫ 1

0

(
1− α

α+ β
y

)n−1

yα−1(1− y)β−1dy.

To derive an upper bound, we have43

P (d(v) = 0) ≤ Γ(α+ β)

Γ(α)Γ(β)

∫ 1

0

(
1− α

α+ β
y

)n−1

yα−1

(
1− α

α+ β
y

)β−1

dy

=
Γ(α+ β)

Γ(α)Γ(β)

∫ 1

0

(
1− α

α+ β
y

)n+β−2

yα−1dy

∼ Γ(α+ β)

Γ(α)Γ(β)

∫ ∞

0

exp

(
− α

α+ β
t

1
α

)
dt

αnα

=
Γ(α+ β)

Γ(α)Γ(β)

1

nα

(
α

α+ β

)−α

Γ(α)
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where ∼ denotes asymptotically equal. In the other direction, we have44

P (d(v) = 0) ≥ Γ(α+ β)

Γ(α)Γ(β)

∫ 1

0

(1− y)n−1yα−1(1− y)β−1dy

∼ Γ(α+ β)

Γ(α)Γ(β)

∫ ∞

0

exp(−t
1
α )

dt

αnα

=
Γ(α+ β)

Γ(α)Γ(β)

Γ(α)

nα
.

The result is proved by the property E(χ(0)) = (n− 1)P (d(v) = 0).45

As in Proposition 2.2.3 of Nickel (2007), the result above can be generalized to46

degree k with k ≪ n.47

48

Proposition 2.3. For sufficiently large n, the expected number of vertices in49

G(n) with degree k is given by50

E(χ(k)) ∼ C
1

k!

Γ(α+ β)

Γ(α)Γ(β)
Γ(α+ k)

1

n1−α

where 1 ≤ C ≤ ( α
α+β )

−α.51

We now explore the clustering property of the generalized random dot product52

graph. The clustering coefficient of a vertex v introduced by Watts and Strogatz53

(1998) is defined as the ratio between the number of triangles connected to v54

and the number of triples centered on vertex v.55

56

Proposition 2.4. Conditional on u ∼ v, and v ∼ w, the probability that uvw57

forms a triangle is given by58

P (u ∼ w|u ∼ v, v ∼ w) =
(α+ 1)2

(α+ β + 1)2
.

Proof. We can see that59

P (u ∼ v, v ∼ w,w ∼ u) =

∫ 1

0

∫ 1

0

∫ 1

0

x2
ux

2
vx

2
wg(xu)g(xv)g(xw)dxudxvdxw

=

(
(α+ 1)α

(α+ β + 1)(α+ β)

)3

and60

P (u ∼ v, v ∼ w) =

∫ 1

0

∫ 1

0

xux
2
vxwg(xu)g(xv)g(xw)dxudxvdxw

=
α3(α+ 1)

(α+ β + 1)(α+ β)3
.
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Thus,61

P (u ∼ w|u ∼ v, v ∼ w) =
P (u ∼ v, v ∼ w,w ∼ u)

P (u ∼ v, v ∼ w)

=
(α+ 1)2

(α+ β + 1)2
.

62

We note that the unconditional probability

P (u ∼ w) =
α2

(α+ β)2
<

(α+ 1)2

(α+ β + 1)2
= P (u ∼ w|u ∼ v, v ∼ w).

In the special case where α = 1/a and β = 1, Nickel (2007) shows that

P (u ∼ w|u ∼ v, v ∼ w) =

(
a+ 1

2a+ 1

)2

.

The assumption that a ≥ 1 made in Nickel (2007) implies that the quantity63

is bounded below by 1/4 and above by 4/9. However, by allowing both α64

and β to vary, P (u ∼ w|u ∼ v, v ∼ w) can take any value between 0 and65

1; thus the generalized model offers greater modeling flexibility. The observed66

average clustering coefficient in social networks is often above 0.5 (McAuley and67

Leskovec, 2012). For example, Facebook and Twitter have an average clustering68

coefficient of 0.6055 and 0.5653, respectively. However, the Wikipedia Talk69

network has an average clustering coefficient of 0.0526 (Leskovec et al., 2010a,b).70

Thus, the generalized model achieves a range of values for the average clustering71

coefficient which are comparable those found in real work networks.72

3. Intermediate Case73

We briefly consider the intermediate case where two vertices u and v in V (G)74

are connected with probability75

P (u ∼ v|xu, xv) =
cxuxv log(n)

n
=

κ(xu, xv) log(n)

n
,

where κ(x, y) = cxy with c ∈ R. In particular, we explore the connectivity of76

the generalized random dot product graph.77

Define λ(x) =
∫
S
κ(x, y)dµ(y) and λ2(x) =

( ∫
S
κ(x, y)2dµ(y)

)1/2
where µ is78

the probability measure for the Beta(α, β) distribution on S = [0, 1], and let79

λ∗ = ess infx{λ(x)}. The following result is due to Devroye and Fraiman (2014)80

81
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Lemma 3.1. (Devroye and Fraiman (2014) Theorem 1)
If κ is irreducible, continuous a.e. and λ2 ∈ L∞(S, µ) then

lim
n→∞

P (G(n, κ) is connected) =
{
0 if λ∗ < 1

1 if λ∗ > 1
.

By Lemma 3.1, we have the following result concerning the connectivity of the82

generalized random dot product graph.83

84

Proposition 3.2. For all fixed c, α and β, the generalized random dot product85

graph is disconnected a.s.86

Proof. For the generalized random dot product graph we find that87

λ∗ = ess inf
x
{λ(x)}

= ess inf
x

{
cx

α

α+ β

}
= 0

and the result follows from Lemma 3.1.88

4. Sparse Case89

In the sparse case, we assume that the probability that two vertices u and v in90

G(n) are connected is given by91

P (u ∼ v|xu, xv) =
cxuxv

n2−s
, (1)

where 0 ≤ s ≤ 1 and c ∈ R.92

4.1. Special case: s = 193

We first consider the case that the probabiliy two nodes are connected is given94

by95

P (u ∼ v|xu, xv) =
cxuxv

n
=

κ(xu, xv)

n
,

for some fixed c > 0.96

The general model P (u ∼ v|xu, xv) = κ(xu, xv)/n for some symmetric non-97

negative Borel measurable function κ(xu, xv) is considered in Bollobás et al.98

(2007) where many theoretical properties were derived.99
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Let Tκ be the integral operator defined by100

(Tκf)(x) =

∫ 1

0

κ(x, y)f(y)dµ(y)

for any measurable function f such that the integral above is finite or +∞ for101

a.e. x.102

The norm of the operator Tκ is defined by103

||Tκ|| := sup{||Tκf ||2 : f ≥ 0, ||f ||2 ≤ 1}.

We have that ||Tκ|| ≤ ||κ||L2 = (
∫ 1

0

∫ 1

0
κ(x, y)2dµ(x)dµ(y))

1
2 , the Hilbert-Schmidt104

norm.105

In the case of generalized random dot product graph, we derive the following106

properties for κ(xu, xv) = cxuxv.107

108

Lemma 4.1. Under the generalized random dot product graph, the operator109

norm of Tκ can be expressed as110

||Tκ|| = c

(
α

α+ β

)(
α+ 1

α+ β + 1

)
.

Proof. By definition,111

||Tκ|| ≤ ||κ||L2

=

∫ 1

0

∫ 1

0

c2x2y2dµ(x)dµ(y)

= c(E(X2)E(Y 2))
1
2

= cE(X2).

By letting

f(y) =

(
α+ β

α

) 1
2
(
α+ β + 1

α+ 1

) 1
2

y,

we first verify that it has unit norm.112 ∫ 1

0

f(y)2dµ(y) =

∫ 1

0

{(
α+ β

α

) 1
2
(
α+ β + 1

α+ 1

) 1
2

y

}2

dµ(y)

=

(
α+ β

α

)(
α+ β + 1

α+ 1

)
E(Y 2)

= 1.

7



We have113

||Tκf ||22 =

∫ 1

0

{∫ 1

0

cxy

(
α+ β

α

) 1
2
(
α+ β + 1

α+ 1

) 1
2

ydµ(y)

}2

dµ(x)

= c2
∫ 1

0

x2

(
α+ β

α

)(
α+ β + 1

α+ 1

)(∫ 1

0

y2dµ(y)

)2

dµ(x)

= c2
(
α+ β

α

)(
α+ β + 1

α+ 1

)
E(X2)E(Y 2)2

= c2E(Y 2)2.

Hence, with this particular choice of f , we have

||Tκf ||2 = ||κ||L2 = cE(X2) = c

(
α

α+ β

)(
α+ 1

α+ β + 1

)
.

114

We now consider the phase transition of the appearance of the giant component.115

Formally, define Cl(Gn) to be the l-th largest component in the random graph116

Gn. The following results are due to Bollobás et al. (2007).117

Lemma 4.2. (Bollobás et al. (2007) Theorem 3.1)118

If ||Tκ|| ≤ 1, then C1(Gn) = op(n), while if ||Tκ|| > 1, then C1(G) = θ(n) a.s.119

Lemma 4.3. (Bollobás et al. (2007) Theorem 3.2)120

If ||Tκ|| < 1, and supx,y κ(x, y) < ∞, then C1(Gn) = O(log(n)) a.s. If ||Tκ|| >121

1, and either infx,y κ(x, y) > 0 or supx,y κ(x, y) < ∞, then C2(Gn) = O(log(n))122

a.s.123

By application of Lemma 4.2 and Lemma 4.3, we have the following results124

concerning the phase transition of the generalized random dot product graph.125

126

Proposition 4.4. If c ≤ (α+β)(α+β+1)
(α+1)α , C1(Gn) = op(n), while if c > (α+β)(α+β+1)

(α+1)α ,127

C1(G) = θ(n) a.s.128

Proposition 4.5. If c ≤ (α+β)(α+β+1)
(α+1)α , C1(Gn) = O(log(n)) a.s., while if129

c > (α+β)(α+β+1)
(α+1)α , C2(Gn) = O(log(n)) a.s.130

We now investigate the degree of vertices in generalized random dot product131

graph. We let χ(k) be the number of vertices with degree k, and define λ(x) =132 ∫
S
κ(x, y)dµ(y).133

The following result is due to Bollobás et al. (2007).134

135

Lemma 4.6. (Bollobás et al. (2007) Theorem 3.13)
We have for any fixed k,

χ(k)

n
→
∫
S

λ(x)k

k!
e−λ(x)dµ(x)

8



in probability.136

By the Lemma 4.6, we have the following result for the generalized random dot137

product graph.138

139

Proposition 4.7.

χ(k)

n
→
∫ 1

0

(cx α
α+β )

k

k!
e−cx α

α+β xα−1(1− x)β−1dx

in probability.140

Proof. We have141

λ(x) =

∫ 1

0

cxydµ(y)

= cx
α

α+ β

and the result follows by Lemma 4.6.142

4.2. Asymptotic Equivalence of Random Graphs143

In this section, we show that when the connection probability between two144

nodes u and v is given by cxuxv/n
2−s with s < 1, the generalized random145

dot product graph is asymptotically equivalent to the stochastic version of146

the Chung-Lu model (Chung and Lu, 2003). Janson (2010) investigated the147

asymptotic behavior between two random graphs, and proved conditions un-148

der which the asymptotic equivalence holds. Formally, two random graphs149

G(n, p(u ∼ v)) and G(n, p
′
(u ∼ v)) defined on the same probability space are150

said to be asymptotically equivalent, i.e., G(n, p(u ∼ v)) ∼= G(n, p
′
(u ∼ v)), if151

P (G(n, p(u ∼ v)) ̸= G(n, p
′
(u ∼ v))) → 0, as n → ∞. The following result is152

due to Janson (2010).153

154

Lemma 4.8. (Janson (2010) Corollary 2.12)155

Let, for each n, p = {puv} and p
′
= {p′

uv} be random matrices of edge proba-156

bilities. If157

∑
u<v

(puv − p
′

uv)
2

puv
= op(1),

then G(n, p) ∼= G(n, p
′
)158

We consider the stochastic version of the Chung-Lu model investigated in Chung
and Lu (2003), and show that it is asymptotically equivalent to the generalized
random dot product graph model under certain constructions. Chung-Lu model

9



assumes a given expected degree sequence w = (w1, w2, · · · , wn) in a random
graph G(n), and the probability puv of having an edge between u and v is

puv = P (u ∼ v) =
wuwv∑

k wk
.

Instead of assuming the expected degree sequence w is given, as in the case of159

Chung-Lu model, we assume that for each vertex v in G(n), xv ∼ Beta(α, β),160

and let161

wv =
xv

n1−s

α

α+ β
.

Under the construction above, the probability two vertices u and v are connected162

is given by163

p
′

uv = P
′
(u ∼ v) =

wuwv∑
k wk

=
xun

s−1 α
α+βxvn

s−1 α
α+β∑

k xkns−1 α
α+β

=
xuxv

α
α+β

n2−s 1
n

∑
k xk

To show that the stochastic version of the Chung-Lu model is asymptotically164

equivalent to the generalized random dot product graph, we need the following165

result from Durrett (2010).166

Lemma 4.9 (Durrett (2010) Theorem 2.5.8). Let X1, X2, · · · be i.i.d. with167

E|Xk|p < ∞, where 1 < p < 2. We have168

1

n

∑
k

xk = E(x1) + o(n
1
p−1)

a.s.169

By Lemma 4.8 and Lemma 4.9, we have the following result concerning asymp-170

totic equivalence between the generalized random dot product graph and the171

stochastic Chung-Lu model.172

173

Proposition 4.10. If s < 1, the generalized random dot product graph G(n, p(u ∼174

v)) is asymptotically equivalent to the stochastic Chung-Lu model G(n, p
′
(u ∼175

v)).176

10



Proof. Let ϵ > 0, we have177

P

{∑
u<v

(puv − p
′

uv)
2

puv
> ϵ

}
= P

{∑
u<v

xuxv

n2−s

(
1−

α
α+β

1
n

∑
k xk

)2

> ϵ

}

≤
E

{∑
u<v

xuxv

n2−s

(
1−

α
α+β

1
n

∑
k xk

)2}
ϵ

≤ ns

2ϵ
E

xuxv

(
o(n

1
p−1)

α
α+β + o(n

1
p−1)

)2


→ 0

if s < 2− 2/p where p ∈ (1, 2). Hence, the result follows.178

5. Conclusion179

In this paper, we have generalized the random dot product graph proposed in180

Nickel (2007), derived various theoretical properties of the model under different181

sparsity regimes, and proved that the proposed model is asymptotically equiva-182

lent to a stochastic version of the Chung-Lu model (Chung and Lu, 2003).183
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