Research Repository UCD

Title

Generalized Random Dot Product graph

Authors(s)

Ng, Tin Lok James, Murphy, Thomas Brendan

Publication date

2019-05

Publication information

Ng, Tin Lok James, and Thomas Brendan Murphy. “Generalized Random Dot Product Graph.”
Elsevier, May 2019. https://doi.org/10.1016/j.spl.2019.01.011.

Publisher

Elsevier

Item record/more
information

http://hdl.handle.net/10197/10709

Publisher's statement

Thisisthe author’s version of awork that was accepted for publication in Statistics and Probability
Letters. Changes resulting from the publishing process, such as peer review, editing, corrections,
structural formatting, and other quality control mechanisms may not be reflected in this document.
Changes may have been made to this work since it was submitted for publication. A definitive
version was subsequently published in Statistics and Probability L etters (148, (2019))
https://doi.org/10.1016/j.spl.2019.01.011

Publisher's version (DOI)

10.1016/j.spl.2019.01.011

Downloaded 2026-05-01 23:35:04

The UCD community has made this article openly available. Please share how this access

benefits you. Your story matters! (@ucd_oa)

© Some rights reserved. For more information


https://twitter.com/intent/tweet?via=ucd_oa&text=Generalized+Random+Dot+Product+graph&url=http%3A%2F%2Fhdl.handle.net%2F10197%2F10709

Generalized Random Dot Product Graph

Tin Lok James Ng, Thomas Brendan Murphy

School of Mathematics and Statistics, University College Dublin

Abstract

The Random Dot Product model for social network was proposed in Nickel
(2007), where asymptotic results such as degree distribution, clustering and
diameter on both dense and sparse cases were derived. Young and Scheinerman
(2007) explored two generalizations of the model in the dense case and obtained
similar asymptotic results. In this paper, we consider a generalization of the
Random Dot Product model and derive its theoretical properties under the
dense, sparse and intermediate cases. In particular, properties such as the size
of the largest component and connectivity can be derived by applying recent
results on_inhomogeneous random graphs (Bollobds et all, 2007, Devroye and
Fraiman, 2014).

1. Introduction

The Random Dot Product model was introduced in Nickel (2007), where each
vertex v in the network is associated with a latent variable x,, drawn from
U?[0, 1], the a*® power (a > 1) of the uniform distribution on [0, 1]. They assume
that the probability two vertices v and u are connected is given by

Ly Loy

P(u~v) =

n2—s ’
where s < 2 and where s = 2 corresponds to the dense case.

We generalize their model by assuming that for each vertex v, the latent variable
z, is drawn from a Beta(a, 3) distribution. It is easy to see that the a** power
of uniform distribution is a special case of the Beta(a, 8) distribution by letting
a =1/a and § = 1. Further, the general form of connection probability

Plu~wv)= s

)

with b € {0,1}, 0 < s < 2, and ¢ > 0 is considered in this paper. We note that
the case s < 0 is uninteresting since the expected number of edges is O(n®*) — 0
as n — oo.
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As will be shown in the next section, real networks can be better characterized
due to the flexibility of Beta distribution. Modeling the latent variable with
other distributions may be studied in the future. An alternative extension of
the random dot product graphs is proposed in O’Connor et al] (2015) where
the identity link is replaced by the logistic link in the connection probability.
Theoretical properties of the the model proposed in (O’Connor et all, 2015) may
be studied using similar methods considered in this paper.

In Section 2, we consider the dense case with P(u ~ v) = z,2, and derive the
clustering coefficient and the expected number of vertices of a certain degree.
We then consider the connectivity under the intermediate case with P(u ~ v) =
clog(n)z,x,/n in Section 3. The sparse case with P(u ~ v) = cx,z,/n?"* with
0 < s <1 is considered in Section 4. In particular, we derive properties related
to giant component and degree distribution for the special case s = 1. Further,
we show that under this regime, the generalized random dot product graph
is asymptotically equivalent to the stochastic version of the model explored in
Chung and Lu (2003). We summarize the cases that we will consider in this
paper in Table é

Table 1: Regimes and Connection Probabilities

Case Parameters Edge Probability
P(u ~v)
Dense s=2,b=0,c=1 TyuTy
Intermediate s=1,b=1,ceR %
Sparse 0<s<1,b=0,ceR Feers

Sparse - Special Case s=1,b=0,ceR

n

2. Dense Case

Let G(n) be a graph on n vertices V(G). Each vertex v € V(G) is associated
with a beta random variable x, ~ Beta(a, ). We assume that conditional on
the latent variables x, and x,, the probability that two vertices u and v are
connected is given by P(u ~ v|z,,x,) = @,x,, where ~ denotes that u and
v are connected. We first have the following result concerning the connection
probability between two nodes.

Proposition 2.1. The probability that any two vertices u, v are connected is
given by

o

P(u~v) = CFYOEk
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Proof.

Plu~v) = (W)Q 01/01 uzez® (1 = 2)P 12971 (1 — 2)P~ L dada,
- (rersen) (rercs)
]

We next assume that n is sufficiently large, and consider the expected number
of isolated vertices in the graph G(n). Let x(k) be the number of vertices in
G(n) with degree k, the following result can be derived.

Proposition 2.2. For sufficiently large n, the expected number of vertices in
G(n) with degree 0 is given by

T'(a+B)

E(x(0)) ~ CW

where 1 < C < (aaTﬁ)

—Qx

Proof. Let d(v) be the degree of vertex v in G(n), and let g(x) denote the density
of Beta(a, 3). We have

P(d(v) =0) = / /1—x1y (1= 1)
- 9(@n-1)g(y)dar -+ donrdy

- ré;“);(g/o <1‘aiﬁy>nlya1“‘y)ﬁldy'

To derive an upper bound, we have

P =0 < fod [ (- a) e (i ) o
- fepe (st v
e )

- N (at5) @
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where ~ denotes asymptotically equal. In the other direction, we have

Pl =0) = ot [as -ty
Lla+8) [ 1, dt
Y T fy P o
_ I'(a+B) T'(a)
T(a)(B) n>
The result is proved by the property E(x(0)) = (n — 1)P(d(v) = 0). O

As in Proposition 2.2.3 of Nickel (2007), the result above can be generalized to
degree k with k < n.

Proposition 2.3. For sufficiently large n, the expected number of vertices in
G(n) with degree k is given by

E@@»~C$§3R@P@+mnia

where 1 < C' < (aaTﬂ)_(’

We now explore the clustering property of the generalized random dot product
graph. The clustering coefficient of a vertex v introduced by Watts and Strogatz
(L1998) is defined as the ratio between the number of triangles connected to v
and the number of triples centered on vertex v.

Proposition 2.4. Conditional on u ~ v, and v ~ w, the probability that uvw
forms a triangle is given by

(a+1)2
Plu~wlu~v,v~w)=——""—"—.
( ‘ ) (a + B8+ 1)2
Proof. We can see that
1 1 1
Plu~v,v ~w,w~u) = / / / 220222 9(24)9(20) (20 ) ATy dvy da.y,
o Jo Jo

- Qa+gﬁ;g+603
and

1 1
Plu~vo~w) = / / 22009 (0)9(20)g(20)dTudzodz,
0 0

ad(a+1)
(a+B+1)(a+B)3
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Thus,

P(u~v,v ~w,w e~ u)

Plu~wlu~vve~w) = =

(a+1)2
(a+B+1)%

We note that the unconditional probability

a? - (a+1)2
(a+p8)? ~ (a+p+1)?

In the special case where a = 1/a and § =1, () shows that

2
1
Plu~wlu ~v,v~w)= (;—:_1)
a

Plu~w)=

= P(u ~ wlu ~v,v~w).

The assumption that ¢ > 1 made in () implies that the quantity
is bounded below by 1/4 and above by 4/9. However, by allowing both «

and 8 to vary, P(u ~ w|u ~ v,v ~ w) can take any value between 0 and
1; thus the generalized model offers greater modeling flexibility. The observed
average clustering coefficient in social networks is often above 0.5 (
) For example, Facebook and Twitter have an average clustering
coefﬁment of 0.6055 and 0.5653, respectively. However, the Wikipedia Talk
network has an average clustering coefficient of 0.0526 lLeskovec et al] lZOlOa,).
Thus, the generalized model achieves a range of values for the average clustering
coefficient which are comparable those found in real work networks.

3. Intermediate Case

We briefly consider the intermediate case where two vertices u and v in V(G)
are connected with probability

P(u ~ v|zy,z,) = €Ty Ty log(n) _ K (L, Ty) log(n)7
n n

where k(z,y) = cxy with ¢ € R. In particular, we explore the connectivity of
the generalized random dot product graph.

1/2
Define A(z) = [¢r(x,y)du(y) and Ay(x (fs k(w,y)2du( )) where p is
the probablhty measure for the Beta(a 5) distribution on S = [0.1], and let
A« = essinf{\(z)}. The following result is due to lDevroye and Fralmanl (}2014]
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Lemma 3.1. (Devroye and Fraiman (2014) Theorem 1)
If k is irreducible, continuous a.e. and Ay € L™ (S, 1) then

lim P(G(n,k) is connected) =

n—roo

0 ifr <1
1 ifd>1"

By Lemma @, we have the following result concerning the connectivity of the
generalized random dot product graph.

Proposition 3.2. For all fized ¢, a and 3, the generalized random dot product
graph is disconnected a.s.

Proof. For the generalized random dot product graph we find that

A = essinf{\(x)}
= essinf {cw e }
= n .
= 0
and the result follows from Lemma @ O

4. Sparse Case

In the sparse case, we assume that the probability that two vertices v and v in
G(n) are connected is given by

CT,T
P(u ~ 0|y, z,) = ﬁ, (1)

where 0 < s <1 andce€R.

4.1. Special case: s =1

We first consider the case that the probabiliy two nodes are connected is given
by

Plu e vf zy) = S = M),

for some fixed ¢ > 0.

The general model P(u ~ v|Zy,x,) = K(xy,2,)/n for some symmetric non-
negative Borel measurable function k(z,,,) is considered in Bollobds et al
(2007) where many theoretical properties were derived.
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Let T, be the integral operator defined by

1
T = [ ren win)
for any measurable function f such that the integral above is finite or +oco for

a.e. I.

The norm of the operator T}, is defined by
Tl := sup{||Txfll2 : £ = 0, [[f]]2 <1}

We have that ||T,|| < ||&l|r2 = fo fo z,y)2dp(z)du(y))?, the Hilbert-Schmidt

norm.
In the case of generalized random dot product graph, we derive the following

properties for k(zy, Ty) = CTyTy.

Lemma 4.1. Under the generalized random dot product graph, the operator
norm of Ty, can be expressed as

o a+1
ITKI|=C<Q+5> (a+ﬂ+1)'

Proof. By definition,

Tl < IIKIILZ

I
\
\

<

()

&

1:

§

By letting

= (222 (22211)",
we first verify that it has unit norm.
1 1 1 1 2
9 _ a+B8\2 [fa++1)2
/Of(y)du(y) = /(){( " ) ( P ) y}du(y)

(50) () o
= 1
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We have

T, £112

[ e (aﬁ)é (= 1)%ydu<y>}2du<x>

2

CQAIJZZ (azﬂ> (OLZ_{;A) </01y2du(y)> dp(x)

= & (O‘Zﬁ> (aZle)E(XQ)E(YQ)Q

= FE(Y?>

Hence, with this particular choice of f, we have

||Tnf||2=||f<o||m=cE(X2):c< a )( a+1 )

a+p a+pB+1

O

We now consider the phase transition of the appearance of the giant component.
Formally, define C;(G,,) to be the I-th largest component in the random graph
G,,. The following results are due to Bollobés et al! (2007).

Lemma 4.2. (Bollobés et al) (2007) Theorem 3.1)

If ||T.|) <1, then C1(Gr) = op(n). while if ||Tx|| > 1, then C1(G) = 6(n) a.s.
Lemma 4.3. (Bollobés et all (2007) Theorem 3.2)

If||T:l| < 1, and sup, , k(z,y) < oo, then C1(G,) = O(log(n)) a.s. If ||Tx|| >
L, and either inf, , k(z,y) > 0 or sup, , k(x,y) < oo, then C2(G,) = O(log(n))
a.s.

By application of Lemma @ and Lemma @, we have the following results
concerning the phase transition of the generalized random dot product graph.

Proposition 4.4. Ifc < W, C1(Gr) = op(n), while ifc > %,
C1(G) =0(n) a.s.

Proposition 4.5. If ¢ < %, C1(G,) = O(log(n)) a.s., while if

¢ > LAt | Cy(G) = O(log(n)) a.s.

We now investigate the degree of vertices in generalized random dot product
graph. We let x(k) be the number of vertices with degree k, and define A(z) =

Js 5@, y)du(y).
The following result is due to Bollobés et al) (2007)).

Lemma 4.6. (Bollobés et al) (2007) Theorem 3.13)
We have for any fized k,

X(k)%/)‘(x)kek(z)du(x)
s

n k!
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in probability.

By the Lemma @, we have the following result for the generalized random dot
product graph.

Proposition 4.7.

1 _a \k
x(k) %/ (cr5tp) e s (1 — )P da
n 0 k'

in probability.

Proof. We have

and the result follows by Lemma @ O

4.2. Asymptotic Equivalence of Random Graphs

In this section, we show that when the connection probability between two
nodes u and v is given by cx,z,/n?>~° with s < 1, the generalized random
dot product graph is asymptotically equivalent to the stochastic version of
the Chung-Lu model (Chung and Lu, 2003). YJanson (2010) investigated the
asymptotic behavior between two random graphs, and proved conditions un-
der which the asymptotic equivalence holds. Formally, two random graphs
G(n,p(u ~ v)) and G(n,p (u ~ v)) defined on the same probability space are
said to be asymptotically equivalent, i.e., G(n,p(u ~ v)) = G(n,pl (u ~v)), if
P(G(n,p(u ~ v)) # G(n,p (u ~ v))) = 0, as n — co. The following result is
due to Janson (2010).

Lemma 4.8. (Janson (2010) Corollary 2.12)
Let, for each n, p = {puv} and p = {p,,} be random matrices of edge proba-
bilities. If

" \2
Puv _puv
E ( ) = OP(1)7
u<v pu?)
then G(n,p) = G(n,pl)

We consider the stochastic version of the Chung-Lu model investigated in Chung
and Lu (2003), and show that it is asymptotically equivalent to the generalized
random dot product graph model under certain constructions. Chung-Lu model
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assumes a given expected degree sequence w = (wy,wa, - ,wy,) in a random
graph G(n), and the probability p,, of having an edge between u and v is

Wo, Wy

Dok Wk

Puv = Plu ~v) =

Instead of assuming the expected degree sequence w is given, as in the case of
Chung-Lu model, we assume that for each vertex v in G(n), x, ~ Beta(«, ),
and let

Ty a

nl=sa+ B

Wy =

Under the construction above, the probability two vertices v and v are connected
is given by

’ ’ Wq, W
puU:P(uNU) = Zu’llj}k
k

s—1_« s—1_«
LuT a+p Lol a+p

-1 «
PP ey
Tulv g

nQ—S% Dok Tk

To show that the stochastic version of the Chung-Lu model is asymptotically
equivalent to the generalized random dot product graph, we need the following
result from Durrett (2010).

Lemma 4.9 (Durrett (2010) Theorem 2.5.8). Let X1, Xo,--- be i.i.d. with
E|Xg|P < oo, where 1 < p < 2. We have

bt
k

a.s.

By Lemma @ and Lemma @, we have the following result concerning asymp-
totic equivalence between the generalized random dot product graph and the
stochastic Chung-Lu model.

Proposition 4.10. Ifs < 1, the generalized random dot product graph G(n, p(u ~
v)) is asymptotically equivalent to the stochastic Chung-Lu model G(n,p (u ~

v)).

10
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Proof. Let € > 0, we have

’ I 2
(Puv — Puy)” Ty Ty 4B
plyermls o plynn (o F1
o 2

u<<v

IN

IN
w‘zm
&
8
g
S
VRS
\Q
>
I
Q 3
S —
D= ~—
—_
~—
1)

— 0

if s <2 —2/p where p € (1,2). Hence, the result follows. O

5. Conclusion

In this paper, we have generalized the random dot product graph proposed in
Nickel (2007)), derived various theoretical properties of the model under different
sparsity regimes, and proved that the proposed model is asymptotically equiva-
lent to a stochastic version of the Chung-Lu model (Chung and Lu, 2003).
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