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Abstract: Renewable energy-based distributed generators are widely embedded into distribution 
systems for several economical, technical, and environmental tasks. The main concern related to the 
renewable-based distributed generators, especially photovoltaic and wind turbine generators, is the 
continuous variations in their output powers due to variations in solar irradiance and wind speed, 
which leads to uncertainties in the power system. Therefore, the uncertainties of these resources 
should be considered for feasible planning. The main innovation of this paper is that it proposes an 
efficient stochastic framework for the optimal planning of distribution systems with optimal inclu-
sion of renewable-based distributed generators, considering the uncertainties of load demands and 
the output powers of the distributed generators. The proposed stochastic framework depends upon 
the scenario-based method for modeling the uncertainties in distribution systems. In this frame-
work, a multi-objective function is considered for optimal planning, including minimization of the 
expected total power loss, the total system voltage deviation, the total cost, and the total emissions, 
in addition to enhancing the expected total voltage stability. A novel efficient technique known as 
the Equilibrium Optimizer (EO) is actualized to appoint the ratings and locations of renewable-
based distributed generators. The effectiveness of the proposed strategy is applied on an IEEE 69-
bus network and a 94-bus practical distribution system situated in Portugal. The simulations verify 
the feasibility of the framework for optimal power planning. Additionally, the results show that the 
optimal integration of the photovoltaic and wind turbine generators using the proposed method 
leads to a reduction in the expected power losses, voltage deviations, cost, and emission rate and 
enhances the voltage stability by 60.95%, 37.09%, 2.91%, 70.66%, and 48.73%, respectively, in the 69-
bus system, while in the 94-bus system these values are enhanced to be 48.38%, 39.73%, 57.06%, 
76.42%, and 11.99%, respectively. 

Keywords: renewable energy; uncertainties; distributed generators; wind turbine; solar photovol-
taic; equilibrium optimizer; radial distribution system; scenario-based method 
 

1. Introduction 
1.1. Problem Statement 

Uncertainty is essential in the optimal power planning problem of electrical systems, 
and it is a main consideration adding to its complexity, specifically the uncertainties of 
the renewable energy resources (RERs) and load demands. Many research efforts related 
to the optimal integration of Distributed Generators (DGs) are expressed as ideal optimi-
zation problems, and only few have considered uncertainty. The optimal allocation of the 
photovoltaic (PV) and wind turbine (WT) units in power systems and techniques existing 
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in the literature considering the uncertainty of systems have an incredible impact on the 
planning of renewable DGs, and uncertainties effect the load demand and the output 
powers of solar and wind-based DGs in the distribution systems (DSs). The contribution 
and the research gap are referenced in detail. Electric power generation organizations will 
in general utilize (DGs) near the load to convey the electrical power to the consumers for 
technical, economic, and environmental reasons. As of late, integration of the RERs in-
cluding wind and photovoltaic energies have become a favored solution for defeat in-
creasing the load growth as they are sustainable and clean resources. Nonetheless, the 
inclusion of the RERs in the distribution grids face numerous issues due to their intermit-
tency and the fluctuations of the output power, which increases the uncertainties in elec-
trical systems. In this way, the uncertainties in power systems should be taken into con-
sideration for correct planning and the secure operation of power systems. 

1.2. Literature Survey 
The essential purpose of efficient planning in distribution systems is to provide ex-

cellent solutions that guarantee the security, quality, and reliability of power supply to 
clients at the least cost [1]. The cost of power generation from conventional generators is 
expanding quickly because of the increase in fuel costs, although lately the generation cost 
of RERs has diminished. Alongside financial contemplations, another advantage of RERs 
is the eco-friendly power generation from these sources [2]. A stochastic scenario model-
ing of a multistage joint for the distribution systems planning has been utilized to decrease 
the operational and investment costs [3]. Sensible application of DGs can bring numerous 
points of interest, for example, voltage profile improvement, reducing emissions and en-
ergy cost [4–6]. 

Nonetheless, improper placement of DGs may lead to the fluctuations of voltage and 
also system instability because of the uncertain nature of RERs [7,8]. The issue of optimal 
integration of DGs has been explored in the several papers from different points of view. 
The authors in [9] suggested an improved adaptive genetic algorithm for resolving the 
optimal DG allocation problem. In [10], an efficient framework has been suggested for the 
optimal DG allocation problem to reduce the system costs. The authors in [11] offered a 
genetic algorithm along with the Monte Carlo method for solving the optimal DG integra-
tion problem under the uncertainties of RER generation. The cost of energy losses and 
DGs have been considered in the model. In [12], an efficient method has been presented 
for the optimal planning of accommodating the integration of PEV along with renewable 
DGs under uncertainties of the system. In [13], the optimal power planning problem in 
the active distribution system is solved to reduce total cost and emissions using a cuckoo 
search (CS) with optimal integration of WTs and demand response, considering the un-
certainties of the system by the scenario synthesis method. The authors in [14] applied the 
Crisscross Optimization Algorithm and Monte Carlo Simulation for assigning the rating 
and location of DGs in the distribution system for reducing the power losses and the cost. 
Esmaeili et al. presented a multi-objective framework for optimizing the DG allocation 
and reconfiguration of the distribution network using the Big Bang–Big Crunch algorithm 
[15]. In [16], a probabilistic planning method was suggested based on mixed integer non-
linear programming (MINLP) and has been implemented to assign energy loss reduction 
with optimal integration of RERs in a rural distribution system. The author in [17] pro-
posed a stochastic model for optimizing the investment of the DGs under uncertain con-
ditions in distribution networks. Ref. [18] proposed a planning strategy for a hybrid solar-
wind generation MG system with hydrogen energy storage using a novel multi-objective 
optimization algorithm to minimize the following three objective functions: loss of load 
expected, annualized cost of the system, and loss of energy expected. Ref. [19] proposed 
an algorithm for DG allocation planning based on using the probabilistic uncertainty 
modeling method. Several optimization algorithms have been used to determine the best 
size and location of DGs in a radial distribution network (RDN) considering the uncer-
tainties of systems such as Particle Swarm Optimization (PSO) [20], modified sine cosine 
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algorithm [21], Cuckoo Search Algorithm (CA) [22], water cycle algorithm [23], Improved 
Antlion Optimization Algorithm (IALO) [24], Specialized Genetic Algorithm (SGA) [25], 
Ant Colony Optimizer (ACO) [26], Modified Differential Evolution Algorithm (MDEA) 
[27], harmony search algorithm [28], Seeker Optimization Algorithm (SOA) [29], and 
teaching learning-based optimization [30]. 

The Equilibrium Optimizer (EO) is a novel physical-based optimization technique 
which emulates the control volume mass balance models [31]. The EO has been applied 
for solving numerous engineering problems, and in [32] it has been applied for solving 
the economic dispatch of a micro-grid The authors in [33] applied the EO for assigning 
the optimal rating and locations of the renewable-based DGs for loss reduction under un-
certainties of the system. In [34], the EO was implemented for optimizing the structural 
design of vehicle components. The EO was employed for solving the optimal power flow 
problem in an AC/DC network. The solar photovoltaic parameters have been estimated 
using the EO in [35]. 

In this paper, the EO is utilized for deciding the best allocation of the solar and wind 
units for minimization of the expected power losses, the system voltage deviation, the 
total cost, and the total emissions as well as enhancing the expected voltage stability con-
sidering the uncertainties of load demands and solar and wind power generators in an 
IEEE 69-bus network and a 94-bus practical distribution system situated in Portugal. 

1.3. Contribution of Paper 
From the previous survey, the main concern or the problem statement related to the 

optimal planning of distribution systems with the inclusion of optimal RERs is the uncer-
tainties of load demand and the output power of the RERs. Therefore, the planning prob-
lem became more complex and needs an efficient method to be solved. 

This paper contributes to the existing body of knowledge as it solves the optimal 
planning problem in a distribution system for optimal incorporation of DGs using a sce-
nario-based stochastic framework considering the uncertainties of load demands and the 
output powers of RERs. The innovation and contributions of this paper are summarized 
as follows: 
• Proposing an efficient framework for the optimal planning of distribution systems 

considering the uncertainties of load and the output powers of renewable based DGs. 
• The application of scenario-based methods for modeling the uncertainties in the elec-

trical systems. 
• The application of an efficient algorithm, called the EO, for solving the planning 

problem. 
• The developed algorithms are applied for optimal integration of the renewable-based 

DGs for loss reduction, voltage improvements, system voltage deviation, the total 
cost, and the total emissions of the IEEE 69-bus and 94-bus distribution networks. 

• A comparison is presented between the EO and other well know techniques for solv-
ing the planning problem. 

1.4. Paper Layout 
The paper is arranged as follows: Section 2 displays the problem formulation includ-

ing the objective function. Section 3 illustrates the uncertainty modeling methods. Section 
4 introduces an overview of the EO technique. Section 5 shows the obtained outcomes, 
while Section 6 lists the paper’s conclusions. 

2. Problem Formulation 
In this study, five objective functions are considered in a multi-objective function. It 

is worth mentioning that in case of modeling or considering the uncertainties in power 
systems, a set of scenarios will be generated. Thus, these scenarios should be considered 
for the efficient solving of planning problems, and each scenario has its expected values 
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as depicted in the following sections. In this work, the considered objective function is a 
multi-objective function comprising five objective functions which can be presented as 
follows: 

2.1. The Objective Functions 
2.1.1. Minimization of the Expected Power Loss (𝐸𝑃௅௢௦௦) 

The expected power losses of the radial distribution network are determined as fol-
lows: 

𝑃௟௢௦௦(௞,௞ାଵ) = 𝑅௞,௞ାଵ ቆ𝑃௞ଶ + 𝑗𝑄௞ଶ|𝑉௞|ଶ ቇ (1) 

where 

𝑃்௢௧௔௟_௅௢௦௦ = ෍ 𝑃௅௢௦௦,௜ே்
௜ୀଵ  (2) 

𝐸𝑇𝑃௅௢௦௦ = ෍ 𝐸𝑃௅௢௦௦,௞ே௦
௞ୀଵ = ෍ 𝜋ௌ,௞ × 𝑃்௢௧௔௟ಽ೚ೞೞ,௞ே௦

௞ୀଵ  (3) 

2.1.2. Minimization of the Expected Voltage Deviations (𝐸TVD) 

The expected summation of the voltage deviations of the radial distribution network 
are given as follows: 

𝐸𝑇𝑉𝐷 =  ෍ 𝐸𝑉𝐷௞ே௦
௞ୀଵ =  ෍ 𝜋ௌ,௞ × 𝑉𝐷௞ே௦

௞ୀଵ  (4) 

where 

𝑉𝐷 =  ෍|𝑉௡ − 1|ே஻
௡ୀଵ  (5) 

2.1.3. Enhancement of the Expected Voltage Stability (𝐸𝑇𝑉SI) 
The expected summation of the voltage stability indices can be expressed as follows: 

𝐸𝑇𝑉𝑆𝐼 =  ෍ 𝐸𝑉𝑆𝐼௞ே௦
௞ୀଵ =  ෍ 𝜋ௌ,௞ × 𝑉𝑆𝐼௞ே௦

௞ୀଵ  (6) 

where  𝑉𝑆𝐼௡ = |𝑉௡|ସ − 4(𝑃௡𝑋௡௠ − 𝑄௡𝑅௡௠)ଶ − 4(𝑃௡𝑋௡௠ + 𝑄௡𝑅௡௠)|𝑉௡|ଶ (7) 
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2.1.4. Minimization of the Expected Total Cost (𝐸𝑇𝐶𝑜st) 
The expected total annual cost (𝐸𝑇𝐶𝑜𝑠𝑡) is considered, which consists of the expected 

annual energy loss cost (𝐸𝐶𝑜𝑠𝑡௟௢௦௦), the expected cost of the electric energy savings from 
the main substation (𝐸𝐶𝑜𝑠𝑡ீ௥௜ௗ), the expected PV units cost (𝐸𝐶𝑜𝑠𝑡௉௏), and the expected 
WT cost (𝐸𝐶𝑜𝑠𝑡ௐ்). It can be represented as follows: 𝐸𝑇𝐶𝑜𝑠𝑡 =  𝐸𝐶𝑜𝑠𝑡௟௢௦௦ + 𝐸𝐶𝑜𝑠𝑡ீ௥௜ௗ  + 𝐸𝐶𝑜𝑠𝑡௉௏  + 𝐸𝐶𝑜𝑠𝑡ௐ் (8) 

The items detailed in Equation (8) are defined as follows: 𝐶𝑜𝑠𝑡ீ௥ ௜ௗ =  8760 × 𝐾ீ௥௜ௗ × 𝑃 ௥௜ௗ (9) 

𝐸𝑇𝐶𝑜𝑠𝑡ீ௥௜ௗ = ෍ 𝐸𝐶𝑜𝑠𝑡ீ௥௜ௗ,௞ே௦
௞ୀଵ = ෍ 𝜋ௌ,௞ × 𝐶𝑜𝑠𝑡ீ௥௜ௗ,௞ே௦

௞ୀଵ  (10) 

𝐶𝑜𝑠𝑡௅௢௦௦ = 8760 × 𝐾௅௢௦௦ × 𝑃்௢௧௔௟_௟௢௦௦ (11) 

𝐸𝑇𝐶𝑜𝑠𝑡௅௢௦௦ = ෍ 𝐸𝐶𝑜𝑠𝑡௅௢௦௦,௞ே௦
௞ୀଵ = ෍ 𝜋ௌ,௞ × 𝐶𝑜𝑠𝑡௅௢௦௦,௞ே௦

௞ୀଵ  (12) 

𝐸𝑇𝐶𝑜𝑠𝑡௪௜௡ௗ = ෍ 𝐸𝐶𝑜𝑠𝑡௪௜௡ௗ,௞ே௦
௞ୀଵ = ෍ 𝜋ௌ,௞ × (𝑎ଵ + 8760 × 𝑏ଵ × 𝑃ௐ்,௞)ே௦

௞ୀଵ  (13) 

𝑎ଵ = 𝐶𝐹 × 𝐶𝑆𝐷𝐺 ௐ் × 𝑃௪௥ (14) 𝑏ଵ = 𝐶𝑜𝑠𝑡_𝑊𝑇ை&ெ +  𝐶𝑜𝑠𝑡_𝑊𝑇ி௨௘௟ (15) 

𝐶𝐹 = 𝜌 × (1 + 𝜌)ே௉ (1 + 𝜌)ே௉ − 1 (16) 

where aଵ is the annual installment of the wind turbine, and bଵ is the annual operation 
and maintenance cost of the wind turbine. 

𝐸𝑇𝐶𝑜𝑠𝑡௉௏ = ෍ 𝐸𝐶𝑜𝑠𝑡௉௏,௞ே௦
௞ୀଵ = ෍ 𝜋ௌ,௞ × (𝑎ଶ + 8760 × 𝑏ଶ × 𝑃௉௏,௞)ே௦

௡ୀଵ  (17) 

𝑎ଶ = 𝐶𝐹 × 𝐶𝑆𝐷𝐺 ௉௏ × 𝑃௦௥ (18) 

𝑏ଶ = 𝐶𝑜𝑠𝑡_𝑃𝑉ை&ெ + 𝐶𝑜𝑠𝑡_𝑃𝑉ி௨௘௟ (19) 

where aଶ is the annual installment of the PV unit, and bଶ is the annual operation and 
maintenance cost of the PV unit. In this paper the cost coefficients of PV are selected to be 𝐶𝑆𝐷𝐺 ௉௏ =  770  USD/kW, 𝐶𝑜𝑠𝑡_𝑃𝑉ை&ெ =  0.01  USD/kWh, 𝐶𝑜𝑠𝑡_𝑃𝑉ி௨௘௟ =  0  USD/kWh, 
and the cost coefficients of the wind are selected to be 𝐶𝑆𝐷𝐺 ௐ் =  4000  USD/kW, 𝐶𝑜𝑠𝑡_𝑊𝑇ை&ெ =  0.01 USD/kWh, 𝐶𝑜𝑠𝑡_𝑊𝑇ி௨௘௟ =  0  USD/kWh [36]. 
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2.1.5. Minimization of the Expected Total Emissions (𝐸𝑇𝐸𝑚𝑖𝑠𝑠𝑖on) 

The expected total annual emissions in kilotons (Kt) can be expressed as follows: 

𝐸𝑇𝐸𝑚𝑖𝑠𝑠𝑖𝑜𝑛 = ෍ 𝐸𝐸𝑚𝑖𝑠𝑠𝑖𝑜𝑛௞ே௦
௞ୀଵ = ෍ 𝜋ௌ,௞ ×ே௦

௡ୀଵ 𝑃 ௥௜ௗ,௞ × 𝐿𝐹 × 𝐸𝑅ீ௥௜ௗ × 8760 (20) 

According to 𝐸𝑅ீ௥௜ௗ, the emission rate of grid values of NOx, CO2, and SO2 are 2.2952 
kg/MWh, 921.25 kg/MWh and 3.5834 kg/MWh, respectively [15]. 

2.1.6. The Multi-Objective Function 
In this work, the previous objective functions are considered simultaneously. To con-

sider these objective functions concurrently, the weight approach method is utilized. In 
addition, the objectives should be normalized as follows via division by its base value 
(without PV or WT), which makes the objective function dimensionless and also prevents 
any scaling problems. The augmented objective function can be described as follows: 𝐹 =∝ଵ 𝐹ଵ +∝ଶ 𝐹ଶ +∝ଷ 𝐹ଷ +∝ସ 𝐹ସ +∝ହ 𝐹ହ (21) 

where ∝ଵ, ∝ଶ, ∝ଷ, ∝ସ , and ∝ହ  are weighting factors. The summation of weight factors 
should equal 1 as follows: |∝ଵ| + |∝ଶ| + |∝ଷ| + |∝ସ| + |∝ହ| = 1 (22) 

The normalized objective functions can be formulated as follows: 𝐹ଵ = 𝐸𝑇𝑃௅௢௦௦𝐸𝑇𝑃௅௢௦௦௕௔௦௘ (23) 

𝐹ଷ = 𝐸𝑇𝑉𝐷𝐸𝑇𝑉𝐷௕௔௦௘ (24) 

𝐹ଷ = 1𝐸𝑇𝑉𝑆𝐼 (25) 

𝐹ସ = 𝐸𝑇𝐶𝑜𝑠𝑡𝐸𝑇𝐶𝑜𝑠𝑡௕௔௦௘ (26) 

𝐹ହ = 𝐸𝑇𝐸𝑚𝑖𝑠𝑠𝑖𝑜𝑛𝐸𝑇𝐸𝑚𝑖𝑠𝑠𝑖𝑜𝑛௕௔௦௘ (27) 

2.2. The System Constraints 
The system constraints are categorized as follows: 

2.2.1. Equality Constraints 

𝑃 ௥௜ௗ + ෍ 𝑃௉௏,௜ +ே௉௏
௜ୀଵ ෍ 𝑃ௐ்,௜ேௐ்

௜ୀଵ =   ෍ 𝑃௟௢௦௦,௜ே்
௜ୀଵ + ෍ 𝑃௅,௜ே஻

௜ୀଵ  (28) 

𝑄ீ௥௜ௗ + ෍ 𝑄ௐ்,௜ே்
௜ୀଵ =   ෍ 𝑄௟௢௦௦,௜ே்

௜ୀଵ + ෍ 𝑄௅,௜ே஻
௜ୀଵ  (29) 



Sustainability 2021, 13, 3566 7 of 26 
 

2.2.2. Inequality Constraints 𝑉௠௜௡ ≤ 𝑉௜ ≤ 𝑉௠௔௫ (30) 

෍ 𝑄ௐ்,௜ேௐ்
௜ୀଵ ≤ ෍ 𝑄௅,௜ே஻

௜ୀଵ  (31) 

𝐼௡ ≤ 𝐼௠௔௫,௡  𝑛 =  1,2,3 … , 𝑁𝑇  (32) 

3. Uncertainty Modeling 
In this work, the uncertainties that existed in the power system are considered by 

solving the problem of optimal power planning. The proposed stochastic framework con-
sidered three uncertain parameters including load demand, solar irradiance, and wind 
speed. The continuous probability density functions (PDFs) of wind speed, solar irradi-
ance, and loads are used for representing the uncertainties of these parameters; then, the 
scenario-based method is utilized for generating a set of scenarios from combinations of 
these parameters. The proposed stochastic framework can be depicted as follows: 

3.1. Modeling of Load Demand 
The normal PDF (𝑓ௗ(𝑃ௗ)) is used for uncertainty representation of the load demand, 

which can be described using the following equations [37]: 

𝑓ௗ(𝑃ௗ) = 1𝜎ௗ√2𝜋 𝑒𝑥𝑝 ൤− (𝑃ௗ  − 𝜇ௗ)22𝜎ௗଶ ൨ (33) 

The generated load scenarios and their probabilities obtained from (33) can be ob-
tained as follows [38]: 

𝜋ௗ,௜ = න 1𝜎ௗ√2𝜋 𝑒𝑥𝑝 ൤− (𝑃ௗ  − 𝜇ௗ)22𝜎ௗଶ ൨ 𝑑𝑃ௗ௉೏,೔೘ೌೣ
௉೏,೔೘೔೙  (34) 

𝑃ௗ,௜ = 1𝜏ௗ,௜ න 𝑃ௗ𝜎ௗ√2𝜋 𝑒𝑥𝑝 ൤− (𝑃ௗ  − 𝜇ௗ)22𝜎ௗଶ ൨ 𝑑𝑃ௗ௉೏,೔೘ೌೣ
௉೏,೔೘೔೙  (35) 

In this work, three load scenarios are presented. The load scenarios are obtained by 
dividing the normal PDF into three intervals. Table 1 provides the load scenarios and their 
probabilities when 𝜇ௗ and 𝜎ௗ are 70 and 10 [39]. 

Table 1. The generated scenarios of the uncertain parameters. 

Load Scenario 𝝅𝒅,𝒊 Loading % 
1 0.1587 54.7486 
2 0.6827 70.0000 
3 0.1587 85.2514 

Wind Scenario 𝜋௪௜௡ௗ,௭ Wind Speed (m/s) 
1 0.7902 7.4518  
2 0.1694 13.6153 
3 0.0404 17.7289 

Irradiance Scenario 𝜋ௌ௢௟௔௥,௠ Solar Irradiance (W/m2) 
1 0.1605 416.0627 
2 0.4412 609.1166 
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3 0.3983 790.4621 

3.2. Modeling of Wind Speed 
The Weibull PDFs (𝑓௩(𝑣)) are used to describe the uncertainties of wind speed which 

can be expressed as follows[38]: 

𝑓௩(𝑣) = ൬𝑘𝑐൰ ൬𝑘𝑐൰(௞ିଵ) 𝑒ି(௩/௖)ೖ 0 ≤ 𝑣 < ∞ (36) 

The wind turbine output power can be specified as follows [40,41]: 

𝑃௪(𝑣ఠ)    = ൞  0 𝑓𝑜𝑟 𝑣ఠ < 𝑣ఠ௜ &  𝑣ఠ > 𝑣ఠ௢𝑃௪௥ ൬𝑣ఠ௢ − 𝑣ఠ௜𝑣ఠ௥ − 𝑣ఠ௜൰ 𝑓𝑜𝑟 (𝑣ఠ௜ ≤ 𝑣ఠ ≤ 𝑣ఠ௥)𝑃௪௥ 𝑓𝑜𝑟 (𝑣ఠ௥ < 𝑣ఠ ≤ 𝑣ఠ௢)  (37) 

Additionally, a set of scenarios can be obtained from (36) by dividing the 𝑓௩(𝑣) into 
of a set of wind speed intervals. The generated wind speeds and their probabilities can be 
obtained as follows [42]: 

𝜋௪௜௡ௗ,௭ = න ቌ൬𝑘𝑐൰ ൬𝑘𝑐൰(௞ିଵ) 𝑒ି(௩/௖)೥ቍ 𝑑𝑣௩೥೘ೌೣ
௩೥೘೔೙  (38) 

𝑣௭ = 1𝜋௪௜௡ௗ,௭ න ቌ൬𝑘𝑐൰ ൬𝑘𝑐൰(௭ିଵ) 𝑒ି(௩/௖)೥ቍ 𝑑𝑣௩೥೘ೌೣ
௩೥೘೔೙  (39) 

In this paper, three scenarios of wind speed are generated from the previous equa-
tions. The wind speed scenarios and their probabilities are listed in Table 1 in the case of 
selecting c and k to be 10.0434 and 2.5034, respectively, as given in [38]. 

3.3. Modeling of Solar Irradiance 
The Beta PDF is used to specify the uncertainty of the solar irradiance, which can be 

given as follows [43]: 

𝑓 (𝐺) = ⎩⎨
⎧ Г(𝛼 + 𝛽)Г(𝛼) + Г(𝛽) × 𝐺∝ିଵ× (1 − 𝐺)ఉିଵ0𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  𝐼𝑓 0 ≤ 𝐺 ≤ 1, 0 ≤ 𝛼, 𝛽 (40) 

𝛽 = (1 − 𝜇௦) × ቆ𝜇௦ × (1 + 𝜇௦)𝜎௦ ଶ ቇ − 1 (41) 

𝜎௦  = (1 − 𝜇௦) × ൬ 𝜇௦ × 𝛽(1 − 𝜇௦)൰ − 1 (42) 

The yield power from the PV system can be calculated as follows [44,45]: 

𝑃௦(𝐺)    = ⎩⎪⎨
⎪⎧𝑃௦௥ ቆ 𝐺ଶ𝐺௦௧ௗ × 𝑋௖ ቇ 𝑓𝑜𝑟  0 < 𝐺 ≤ 𝑋௖ 𝑃௦௥ ൬ 𝐺𝐺௦௧ௗ ൰  𝑓𝑜𝑟𝐺 ≥ 𝑋௖   (43) 
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In the previous equation, Gୱ୲ୢ is set to be 1000  W/mଶ, and Xୡ is a certain irradiance 
point is set to be 120 W/mଶ [41]. Three scenarios can be obtained from the previous equa-
tions by dividing the PDF into three intervals. The portability of solar irradiance and its 
corresponding solar irradiance for each scenario are given as follows [42]: 

𝜋ௌ௢௟௔௥,௠ = න 𝑓 (𝐺)𝑑𝐺ீ೘೘ೌೣ
ீ೘೘೔೙  (44) 

𝐺௠ = 1𝜋ௌ௢௟௔௥,௠ න ቆ 𝛤(𝛼 + 𝛽)𝛤(𝛼). 𝛤(𝛽) × (𝐺∝ିଵ) ×  (1 − 𝐺)ఉିଵቇ 𝑑𝐺ீ೘೘೔೙
ீ೘೘೔೙  (45) 

The generated scenarios of the solar irradiance and their probabilities are listed in 
Table 1 in the case of selecting α and β to be 6.38 and 3.43, respectively, as given in [38]. 

3.4. The Combined Load-Generation Model 
To consider the uncertainties of the load demand, wind speed, and irradiance simul-

taneously, the probabilities of these parameters depicted in (34), (38), and (44) are multi-
plied together according to (46) as follows: 𝜋ௌ = 𝜋ௗ,௜ × 𝜋௪௜௡ௗ,௞ × 𝜋ௌ௢௟௔௥,௠ (46) 

A total of 27 scenarios can be obtained from (46). Table 2 shows the obtained scenar-
ios and the value of the uncertain parameters and their probabilities. 

Table 2. The combined scenarios and their probabilities. 

Scenario Loading % Wind Speed (m/s) Solar Irradiance (W/m2) 𝛑𝐝,𝐢 𝛑𝐒𝐨𝐥𝐚𝐫,𝐦 𝛑𝐰𝐢𝐧𝐝,𝐳 𝛑𝐒 S1 54.7486 7.4518 416.0627 0.1587 0.1605 0.7902 0.0201 S2 54.7486 13.6153 416.0627 0.1587 0.1605 0.1694 0.0043 S3 54.7486 17.7289 416.0627 0.1587 0.1605 0.0404 0.0010 S4 54.7486 7.4518 609.1166 0.1587 0.4412 0.7902 0.0553 S5 54.7486 13.6153 609.1166 0.1587 0.4412 0.1694 0.0119 S6 54.7486 17.7289 609.1166 0.1587 0.4412 0.0404 0.0028 S7 54.7486 7.4518 790.4621 0.1587 0.3983 0.7902 0.0499 S8 54.7486 13.6153 790.4621 0.1587 0.3983 0.1694 0.0107 S9 54.7486 17.7289 790.4621 0.1587 0.3983 0.0404 0.0026 S10 70.0000 7.4518 416.0627 0.6827 0.1605 0.7902 0.0866 S11 70.0000 13.6153 416.0627 0.6827 0.1605 0.1694 0.0186 S12 70.0000 17.7289 416.0627 0.6827 0.1605 0.0404 0.0044 S13 70.0000 7.4518 609.1166 0.6827 0.4412 0.7902 0.2380 S14 70.0000 13.6153 609.1166 0.6827 0.4412 0.1694 0.0510 S15 70.0000 17.7289 609.1166 0.6827 0.4412 0.0404 0.0122 S16 70.0000 7.4518 790.4621 0.6827 0.3983 0.7902 0.2149 S17 70.0000 13.6153 790.4621 0.6827 0.3983 0.1694 0.0461 S18 70.0000 17.7289 790.4621 0.6827 0.3983 0.0404 0.0110 S19 85.2514 7.4518 416.0627 0.1587 0.1605 0.7902 0.0201 S20 85.2514 13.6153 416.0627 0.1587 0.1605 0.1694 0.0043 S21 85.2514 17.7289 416.0627 0.1587 0.1605 0.0404 0.0010 S22 85.2514 7.4518 609.1166 0.1587 0.4412 0.7902 0.0553 S23 85.2514 13.6153 609.1166 0.1587 0.4412 0.1694 0.0119 S24 85.2514 17.7289 609.1166 0.1587 0.4412 0.0404 0.0028 S25 85.2514 7.4518 790.4621 0.1587 0.3983 0.7902 0.0499 S26 85.2514 13.6153 790.4621 0.1587 0.3983 0.1694 0.0107 S27 85.2514 17.7289 790.4621 0.1587 0.3983 0.0404 0.0026 
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4. Equilibrium Optimizer 
The EO is a modern optimizer which simulates models of the control volume mass 

balance to describe the dynamic and equilibrium states. In the EO, the concentrations de-
note the positions or the locations, while the particles represent the search agents of the 
optimizer. The particles update their location randomly around a vector known as equi-
librium candidates. In addition, the generation rate is utilized for boosting the exploration 
and exploitation of the optimizer [31]. The mass balanced equation is described according 
to Equation (47) as follows: 𝑉 𝑑𝑋𝑑𝑡 = 𝐷𝑋௘௤ − 𝑄𝑋 + 𝐺 (47) 

where 𝑉 ௗ௑ௗ௧  describes the rate of mass changing in a volume. X refers to the concentra-
tion, and 𝑉 represents the control volume. 𝑄 denotes the flow rate. G denotes the mass 
generation rate. By integration and manipulation of Equation (47), it is formulated as fol-
lows: 𝑋 =  𝑋௘௤ + ൫𝐶଴ − 𝐶௘௤൯ 𝑒𝑥𝑝ሾ−𝜆(𝑡 − 𝑡଴)ሿ + 𝐺𝜆𝑉  ൫1 − (𝑒𝑥𝑝ሾ−𝜆(𝑡 − 𝑡଴)ሿ )൯ (48) 

where 𝜆 = ቀ஽௏ቁ. 𝑋଴ refers to the initial concentration, and 𝑡଴ is the initial start time. 

The Steps of EO 
Step 1: Initialization 

The initial concentrations are generated randomly according to (49). 𝑋௜௜௡௜௧௜௔௟  = 𝑋௠௜௡ + 𝑟𝑎𝑛𝑑௜ (𝑋௠௔௫ − 𝑋௠௜௡)𝑖 = 1,2, … … 𝑛   (49) 

where 𝑋௠௔௫ is the upper boundary of the control variable, while 𝑋௠௜௡ is its lower limit. 𝑟𝑎𝑛𝑑 is a random value in the range [0,1]. Then, the objective function is evaluated 
for each obtained concentration. 
Step 2: Assignment of the Equilibrium Candidates 

The concentrations will be sorted according to their objective functions. The best four 
concentrations and their average vector represent the equilibrium candidates or the pool 
vector (X୮୭୭୪), which can be expressed using (50) the following:   𝑋௣௢௢௟ =  ൛𝑋ଵ, 𝑋ଶ , 𝑋ଷ, 𝑋ସ , 𝑋௔௩௚ൟ (50) 

where 𝑋௔௩௚ =  𝑋ଵ + 𝑋ଶ  + 𝑋ଷ + 𝑋ସ4  (51) 

Step 3: Updating of the concentrations 
Two vectors (r, 𝜆) are created randomly, and they are used to control the exponential 

factor (F) to update the concentrations according to the following equations: 𝐹 =  𝐿ଵ𝑠𝑖𝑔𝑛(𝑟 − 0.5)ൣ𝑒ିఒ௧ − 1൧   (52) 
where 𝑡 = (1 − 𝑇𝑇ெ௔௫ )( ௅మ ்்ಾೌೣ)  (53) 

where 𝐿ଵ and 𝐿ଶ are constant values, which equal 2 and 1, respectively. These values are 
employed to adjust the exponential factor. 𝑇ெ௔௫ is the maximum number of iterations, 𝑇 refers to the T-th iteration. It should be indicated here that 𝑎ଵ is employed to control 
the exploration process, while aଶ is employed to control the exploitation phase o. Sign (r 
− 0.5) can also control the exploration direction. 
Step 4: Applying the generation rate 
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It worth mentioning here that the generation rate is a robust approach for exploita-
tion enhancement, and it can be defined as follows: 𝐺 =  𝐺଴ 𝑒ି௞(௧ି௧బ)  (54) 
where 𝐺଴ =  𝐺𝐶𝑃  (𝑋௣௢௢௟   −  𝜆𝑋 )  (55) 𝐺𝐶𝑃 = ൜0.5 𝑟ଵ𝑟ଶ ≥ 𝐺𝑃0𝑟ଶ < 𝐺𝑃  (56) 

where 𝑟ଵ and 𝑟ଶ refer to a random value in the range of [0,1]. 𝐺𝑃 is the probability of 
generation, which is utilized to control the participation probability of concentration 
where it is updated by the generation rate. When 𝐺𝑃 = 1, the generation rate will not 
participate in the optimization process, while when 𝐺𝑃  = 0, the generation rate will 
greatly participate in the process. If 𝐺𝑃 = 0, the generation rate offers an admirable bal-
ancing between the exploration and exploitation procedures. According to the mentioned 
steps, the updated equation can be described using Equation (57): 𝑋 =  𝑋௣௢௢௟ + ൫𝑋 − 𝑋௣௢௢௟൯. 𝐹 + 𝐺𝜆𝑉 (1 − 𝐹) (57) 

Step 5: Adding memory saving. 
The obtained solutions or concentration will be compared with the previous solution. 

It is worth mentioning here that the EO is proposed to solve the presented optimal plan-
ning problem, where the main advantages of the Equilibrium Optimizer lie in its ability 
to assign optimal solutions with higher efficiency (i.e., less computational time or fewer 
number of iterations) when compared with other optimization techniques, as well as its 
high simplicity in updating the algorithm structure and its controllability between the ex-
ploitation and exploration phases. Its related disadvantage is that it is very sensitive to its 
selected parameters. Figure 1 describes application of the EO for the solution of the opti-
mal power planning problem. 
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Figure 1. Application of the Equilibrium Optimizer (EO) for the optimal power planning solution. 

5. Results and Discussion 
The optimal power planning problem has been solved by the suggested algorithm 

(EO), and the optimal ratings and placement of wind turbines and solar PV units are as-
signed under the uncertainties of renewable energy and load demand. The objective func-
tion is a multi-objective function which comprises of (1) the expected power loss, (2) the 
expected summation of voltage deviations, (3) the expected voltage stability index, (4) the 
expected cost, and (5) the expected emissions. It should be highlighted here that the value 
of each weight factors in (21) is selected to be 0.2 for all studied cases. The EO algorithm 
is implemented for IEEE 69 and 94-bus systems, and the outcomes are compared with 
those obtained by the Sine Cosine Algorithm (SCA) [46], Particle Swarm Optimizer (PSO) 
[47], and the Anti Lion Algorithm (ALO) [48]. The single line diagram of the IEEE 69 and 
94-bus systems are illustrated in Figures 2 and 3, respectively. The systems data of the 69-
bus and 94-bus systems are given in [49,50], respectively. The system data and the initial 
load flow are provided in Table 3, while the constraints of the system are given in Table 
4. The used parameters of the applied optimization techniques are tabulated in Table 5. It 
should be pointed out that the maximum number of search agents’ and iterations or pop-
ulations of the applied algorithms are selected to be the same for a fair comparison. The 
proposed EO technique as well as the other algorithms have been conducted on a I7-8700 
CPU 3.2GHz and 24 GB RAM PC using MATLAB 2014a. The studied cases are presented 
below. 

  



Sustainability 2021, 13, 3566 13 of 26 
 

Table 3. The specifications of the studied systems and initial load flow solutions. 

Item 69-Bus 94-Bus 
System voltage 12.66 KV 15KV 𝑉௠௜௡ (p.u) 0.90919 @ bus 65 0.84749 @ bus 92 𝑉௠௔௫ (p.u) excluding the slack bus 0.99997 @ bus 2 0.99508 @ bus 2 

Total active load demand (KW) 3801.490 4797.000 
Total reactive load demand (KVAR) 2694.600 2323.900 

Total active loss (KW) 224.975 365.173 
Total reactive loss (KVAR) 102.187 505.785 
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Figure 2. The IEEE 69-bus line diagram. 

Table 4. The system constraints. 

Parameter Value 
Voltage limits 0.90 ≤ V୧ ≤ 1.05 p. u  
PV sizing limits for the 69-bus system  0 ≤ P୔୚ ≤ 3801.490 kW  
WT sizing limits for the 69-bus system 0 ≤ P୛୘ ≤ 3801.490 kW  
Power factor limits 0.65 ≤ PF୧ ≤ 1  
PV sizing limits for the 94-bus system  0 ≤ P୔୚ ≤4797 kW  
WT sizing limits for the 94-bus system 0 ≤ P୛୘ ≤ 4797  kW 

Table 5. The selected parameters of the optimization algorithms. 

Algorithm  Parameter Settings 
EO  𝑇௠௔௫ = 100, Search agents No. = 25, L1 = 2, L2 = 1, GP = 0.5 
PSO  𝑇௠௔௫ = 100, Search agents No. = 25, 
ALO 𝑇௠௔௫ = 100, Search agents No. = 25 
SCA  𝑇௠௔௫ = 100, Search agents No. = 25 
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Figure 3. The IEEE 94-bus line diagram. 

5.1. The IEEE 69-Bus System 
The proposed algorithm is utilized to solve the optimal planning of the 69-bus system 

with optimal integration of RERs considering the uncertainties of the system. Initially, 
without integration of RERs, the total of the expected values of the power losses (𝐸𝑇𝑃௅௢௦௦), 
the total of the expected values of the voltage deviations (𝐸𝑇𝑉𝐷), the total of the expected 
values of the voltage stability index (𝐸𝑇𝑉𝑆𝐼), the expected values of the total cost (𝐸𝑇𝐶𝑜𝑠𝑡), 
and the expected values of the emissions (𝐸𝑇𝐸𝑚𝑖𝑠𝑠𝑖𝑜𝑛) are 144.0507 kW, 1.4014 p.u, 
62.7261 p.u, 2,434,700 USD, and 15.947 × 103 kg/MWh, respectively. As mentioned, in Sec-
tion 3, by combining the load demand, wind speed, and solar irradiance uncertainties, 27 
scenarios have been generated to model the uncertainties of the system as depicted in 
Table 2. By application of the EO, the optimal sites for PV and wind turbine-based DGs 
are at buses number 26 and 62, respectively, while the optimal rating of the PV and wind 
turbine-based DGs are 177.5 kW and 1151 kW, respectively. Table 6 and Figure 4 provide 
the output power of the PV and wind turbine-based DGs for each scenario, as well as the 
corresponding 𝑃௅௢௦௦(MW) , 𝑉𝐷(pu) , 𝑉𝑆𝐼(pu) , 𝐶𝑜𝑠𝑡(USD) , and 𝐸𝑚𝑖𝑠𝑖𝑜𝑛 (kg/MWh).  As 
solar irradiance, wind speed, and load demand have different values in each scenario, the 
yielded result will also be different. At a high probability value which occurred in scenario 
13, according to Table 2 the output power of the wind turbine and PV systems is 394.2 kW 
and 108.4228 kW, respectively. Table 7 provides the expected values for each scenario with 
optimal integration of RERs. According to Table 7, the summation of the expected values 
including 𝐸𝑇𝑃௅௢௦௦, 𝐸𝑇𝑉𝐷, 𝐸𝑇𝑉𝑆𝐼, 𝐸𝑇𝐶𝑜𝑠𝑡 and 𝐸𝑇𝐸𝑚𝑖𝑠𝑠𝑖𝑜𝑛 are enhanced to be 56.2394 
kW, 0.8816 p.u, 64.6087 p.u, 1,248,050 USD, and 4,677.936 × 103 kg/MWh, respectively.  
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Figure 4. The outcomes for each scenario of the IEEE 69-bus system: (a) the photovoltaic (PV) power, (b) the wind turbine 
(WT) power, (c) the voltage deviations, (d) the voltage stability index, (e) the total cost, (f) the total emission rate, (g) the 
power loss, and (h) the probability. 
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Table 6. The output powers of renewable energy resources (RERs), the power losses, Voltage Deviations (VD), Voltage 
Stability Index (VSI), cost, and emission rates for each scenario of IEEE 69-bus system. 

Scenario 𝐏𝐰(𝐤𝐖) 𝐏𝟓𝐬(𝐤𝐖) 𝐏𝐋𝐨𝐬𝐬(𝐌𝐖) 𝛑𝐒 𝐕𝐃(𝐩𝐮) 𝐕𝐒𝐈(𝐩𝐮) 𝐂𝐨𝐬𝐭(𝐔𝐒𝐃) 𝐄𝐄𝐦𝐢𝐬𝐢𝐨𝐧  (𝐤𝐠/𝐌𝐖𝐡) S1 394.2 74.0592 48.4097 0.0201 0.8028 64.8894 1,071,600 345.9392 S2 939.9 74.0592 12.7234 0.0043 0.3889 66.4681 1,589,600 723.2575 S3 1151 74.0592 12.7201 0.0010 0.318 67.0724 1,785,600 860.2859 S4 394.2 108.4228 47.6489 0.0553 0.7733 65.0009 1,103,800 368.7346 S5 939.9 108.4228 12.2143 0.0119 0.3597 66.581 1,621,700 745.8896 S6 1151 108.4228 12.2965 0.0028 0.2924 67.1859 1,817,700 882.8625 S7 394.2 140.7023 47.0604 0.0499 0.7456 65.1057 1,133,900 390.0656 S8 939.9 140.7023 11.8596 0.0107 0.3323 66.687 1,651,700 767.0688 S9 1151 140.7023 12.0212 0.0026 0.2684 67.2924 1,847,700 903.9902 S10 394.2 74.0592 66.5655 0.0866 1.0111 64.119 1,090,700 353.3142 S11 939.9 74.0592 18.8061 0.0186 0.5899 65.6923 1,612,500 738.4678 S12 1151 74.0592 14.7628 0.0044 0.4346 66.2941 1,809,800 878.1181 S13 394.2 108.4228 65.433 0.2380 0.9813 64.23 1,123,000 376.3508 S14 939.9 108.4228 17.9418 0.0510 0.5603 65.8046 1,644,700 761.3304 S15 1151 108.4228 13.9894 0.0122 0.4051 66.407 1,842,000 900.9217 S16 394.2 140.7023 64.4987 0.2149 0.9534 64.3342 1,153,200 397.9062 S17 939.9 140.7023 17.2566 0.0461 0.5327 65.9101 1,674,900 782.7241 S18 1151 140.7023 13.3886 0.0110 0.3775 66.513 1,872,100 922.2607 S19 394.2 74.0592 91.9413 0.0201 1.2233 63.3491 1,114,300 361.2603 S20 939.9 74.0592 31.2589 0.0043 0.7942 64.9174 1,640,200 754.8008 S21 1151 74.0592 22.9091 0.0010 0.6363 65.5169 1,838,900 897.2459 S22 394.2 108.4228 90.4229 0.0553 1.1932 63.4595 1,146,700 384.5473 S23 939.9 108.4228 30.0269 0.0119 0.7644 65.0292 1,672,500 777.902 S24 1151 108.4228 21.7739 0.0028 0.6065 65.6292 1,871,200 920.2843 S25 394.2 140.7023 89.1295 0.0499 1.165 63.5631 1,177,100 406.3358 S26 939.9 140.7023 28.9996 0.0107 0.7365 65.1342 1,702,800 799.5178 S27 1151 140.7023 20.8364 0.0026 0.5787 65.7347 1,901,400 941.8418 

Table 7. The expected values for each scenario of IEEE 69-bus system. 

Scenario 𝛑𝐒 𝐄𝐓𝐏𝐋𝐨𝐬𝐬(𝐩𝐮) 𝐄𝐓𝐕𝐃(𝐩𝐮) 𝐄𝐓𝐕𝐒𝐈(𝐩𝐮) 𝐄𝐓𝐂𝐨𝐬𝐭(𝐔𝐒𝐃) 𝐄𝐓𝐄𝐦𝐢𝐬𝐬𝐢𝐨𝐧 (𝐤𝐠/𝐌𝐖𝐡) S1 0.0201 0.973 0.0161 1.3043 21,540 6.9534 S2 0.0043 0.0547 0.0017 0.2858 6840 3.1100 S3 0.0010 0.0127 0.0003 0.0671 1790 0.8603 S4 0.0553 2.635 0.0428 3.5946 61,040 20.3910 S5 0.0119 0.1453 0.0043 0.7923 19,300 8.8761 S6 0.0028 0.0344 0.0008 0.1881 5090 2.4720 S7 0.0499 2.3483 0.0372 3.2488 56,580 19.4643 S8 0.0107 0.1269 0.0036 0.7136 17,670 8.2076 S9 0.0026 0.0313 0.0007 0.175 4800 2.3504 S10 0.0866 5.7646 0.0876 5.5527 94,460 30.5970 S11 0.0186 0.3498 0.011 1.2219 29,990 13.7355 S12 0.0044 0.065 0.0019 0.2917 7960 3.8637 S13 0.2380 15.573 0.2335 15.2867 267,270 89.5715 S14 0.0510 0.915 0.0286 3.356 83,880 38.8278 S15 0.0122 0.1707 0.0049 0.8102 22,470 10.9912 S16 0.2149 13.8608 0.2049 13.8254 247,830 85.5101 
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S17 0.0461 0.7955 0.0246 3.0385 77,210 36.0836 S18 0.0110 0.1473 0.0042 0.7316 20,590 10.1449 S19 0.0201 1.848 0.0246 1.2733 22,400 7.2613 S20 0.0043 0.1344 0.0034 0.2791 7050 3.2456 S21 0.0010 0.0229 0.0006 0.0655 1840 0.8972 S22 0.0553 5.0004 0.066 3.5093 63,410 21.2655 S23 0.0119 0.3573 0.0091 0.7738 19,900 9.2570 S24 0.0028 0.061 0.0017 0.1838 5240 2.5768 S25 0.0499 4.4476 0.0581 3.1718 58,740 20.2762 S26 0.0107 0.3103 0.0079 0.6969 18,220 8.5548 S27 0.0026 0.0542 0.0015 0.1709 4940 2.4488 
Summation 1 56.2394 0.8816 64.6087 1,248,050 467.7936 

In other words, the enhancement in the summation of the expected values with opti-
mal integration of the RERs including ETP୐୭ୱୱ, ETVD, ETVSI, ETCost, and ETEmission 
are 60.95%, 37.09%, 2.91%, 48.73%, and 70.66%, respectively. Figure 5 shows the voltage 
profile for the obtained scenarios. From this figure, it is obvious that the voltage magni-
tudes of all scenarios are within the allowable limits, and there is no violation which oc-
curred. Table 8 shows a comparison of the obtained results by the application of other 
algorithms for the IEEE 69-bus system. Judging from Table 8, the minimum objective func-
tion has been obtained by the application of the EO compared with SCA, ALO, and PSO. 

 
Figure 5. Voltage profile for each scenario of the 69-bus system. 

Table 8. A comparison of the obtained results by the application of the investigated algorithms for the IEEE 69-bus sys-
tem. 

Algorithm Average Best Solution Worst Solution Standard Deviation 
SCA 0.3660 0.3621 0.3851 0.0077 
PSO 0.3934 0.3617 0.4505 0.0290 
ALO 0.3928 0.3636 0.4147 0.0194 
EO 0.3616 0.3609 0.3624 0.0006 

5.2. The IEEE 94-Bus System 
The optimal planning of the 94-bus system with the optimal integration of RERs con-

sidering the uncertainties of the system has been solved by the proposed algorithm. Ini-
tially, without the integration of RERs, the total of the expected values of the power losses 
(ETP୐୭ୱୱ), the total of the expected values of the voltage deviations (ETVD), the total of the 
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expected values of the voltage stability index (ETVSI), the expected values of the total cost 
(ETCost), and the expected values of the emissions (ETEmission) are 204.6913 kW, 7.2162 
p.u, 67.8052 p.u, 3,103,600 USD, and 20,254 × 103 kg/MWh, respectively. As referenced in 
Section 3, by combining load demand, wind speed, and solar irradiance uncertainties, 27 
scenarios have been generated to model the uncertainties of the system as shown in Table 
2. By utilization of the EO, the optimal sites for PV and wind turbine-based DGs are at 
buses number 91 and 23, respectively, while the optimal rating of the PV and wind tur-
bine-based DGs are 107.5 kW and 1261.6 kW, respectively. Table 9 and Figure 6 provide 
the output power of the PV and wind turbine-based DGs for each scenario, as well as the 
corresponding 𝑃௅௢௦௦(MW) , 𝑉𝐷(pu) , 𝑉𝑆𝐼(pu) , Cost(USD) , and 𝐸𝑚𝑖𝑠𝑖𝑜𝑛 (kg/MWh).  As 
solar irradiance, wind speed, and load demand have different values in each scenario, the 
yielded result will also be different. At a high probability value which occurred in scenario 
13 according to Table 2, the output power of the wind turbine and PV systems are 432.2 
kW and 65.1755 kW, respectively. 

Table 9. The output powers of RERs, the power losses, Voltage Deviations (VD), Voltage Stability Index (VSI), 
cost, and emission rates for each scenario of the IEEE 94-bus system. 

Scenario 𝐏𝐰(𝐤𝐖) 𝐏𝐬(𝐤𝐖) 𝐏𝐋𝐨𝐬𝐬(𝐌𝐖) 𝛑𝐒 𝐕𝐃(𝐩𝐮) 𝐕𝐒𝐈(𝐩𝐮) 𝐂𝐨𝐬𝐭(𝐔𝐒𝐃) 𝐄𝐄𝐦𝐢𝐬𝐬𝐢𝐨𝐧 (𝐤𝐠/𝐌𝐖𝐡) S1 432.2 44.5187 74.0228 0.0201 4.1453 77.6061 1,144,200 355.6937 S2 1030.5 44.5187 52.827 0.0043 1.5785 86.8996 1,706,500 757.7621 S3 1262 44.5187 62.2786 0.0010 1.2001 90.5301 1,918,400 901.8688 S4 432.2 65.1755 72.9507 0.0553 4.0964 77.7732 1,163,700 369.7955 S5 1030.5 65.1755 52.801 0.0119 1.5339 87.0723 1,725,600 771.1849 S6 1262 65.1755 62.5802 0.0028 1.207 90.705 1,937,500 915.0791 S7 432.2 84.5794 72.0738 0.0499 4.0507 77.9294 1,182,000 382.9575 S8 1030.5 84.5794 52.8868 0.0107 1.5015 87.2339 1,743,600 783.7222 S9 1262 84.5794 62.9677 0.0026 1.2138 90.8688 1,955,400 927.4206 S10 432.2 44.5187 112.9715 0.0866 4.987 74.7688 1,179,600 367.2078 S11 1030.5 44.5187 75.2483 0.0186 2.3577 83.974 1,747,100 780.0024 S12 1262 44.5187 79.4775 0.0044 1.453 87.5682 1,960,700 927.4984 S13 432.2 65.1755 111.2094 0.2380 4.9359 74.9366 1,199,300 381.7574 S14 1030.5 65.1755 74.644 0.0510 2.3114 84.1472 1,766,400 793.8006 S15 1262 65.1755 79.2327 0.0122 1.4557 87.7437 1,979,900 941.0633 S16 432.2 84.5794 109.6941 0.2149 4.8884 75.0935 1,217,800 395.3338 S17 1030.5 84.5794 74.1937 0.0461 2.2683 84.3093 1,784,600 806.6858 S18 1262 84.5794 79.1134 0.0110 1.4596 87.9079 1,998,000 953.7337 S19 432.2 44.5187 166.2304 0.0201 5.8647 71.9096 1,224,200 380.0133 S20 1030.5 44.5187 110.2486 0.0043 3.1668 81.0279 1,797,400 804.6575 S21 1262 44.5187 108.7544 0.0010 2.1969 84.586 2,012,800 955.8679 S22 432.2 65.1755 163.7147 0.0553 5.8113 72.0782 1,244,100 395.052 S23 1030.5 65.1755 109.0211 0.0119 3.1187 81.2017 1,817,000 818.8602 S24 1262 65.1755 107.9232 0.0028 2.1504 84.762 2,032,300 969.8134 S25 432.2 84.5794 161.5027 0.0499 5.7616 72.2358 1,262,900 409.0805 S26 1030.5 84.5794 107.9934 0.0107 3.0738 81.3643 1,835,300 832.1201 S27 1262 84.5794 107.2602 0.0026 2.107 84.9267 2,050,500 982.8367 
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Figure 6. The outcomes for each scenario of the 94-bus system: (a) the PV power, (b) the WT power, (c) the voltage devia-
tions, (d) the voltage stability index, (e) the total cost, (f) the total emission rate, (g) the power loss, and (h) the probability. 

Table 10 provides the expected values for each scenario with the optimal integration 
of RERs. According to Table 10, the summation of the expected values including 𝐸𝑇𝑃௅௢௦௦, 𝐸𝑇𝑉𝐷 , 𝐸𝑇𝑉𝑆𝐼 , 𝐸𝑇𝐶𝑜𝑠𝑡, and 𝐸𝑇𝐸𝑚𝑖𝑠𝑠𝑖𝑜𝑛 are enhanced to be 105.6493 kW, 4.3489 p.u, 
77.0479 p.u, 1,332,680 USD, and 4774.689 × 103 kg/MWh, respectively. In other words, the 
enhancement in the summation of the expected values with optimal integration of the 
RERs including 𝐸𝑃௅௢௦௦, 𝐸𝑉𝐷, 𝐸𝑇𝑉𝑆𝐼, 𝐸𝑇𝐶𝑜𝑠𝑡, and EEmission are 48.38 , 39.73%, 11.99%, 
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57.06%, and 76.42%, respectively. Figure 7 shows the voltage profile for the obtained sce-
narios. 

Table 10. The expected values for each scenario of the 94-bus system. 

Scenario 𝛑𝐒 𝐄𝐓𝐏𝐋𝐨𝐬𝐬 (𝐤𝐖)  𝐄𝐓𝐕𝐃(𝐩𝐮) 𝐄𝐓𝐕𝐒𝐈(𝐩𝐮) 𝐄𝐓𝐂𝐨𝐬𝐭(𝐔𝐒𝐃) 𝐄𝐓𝐄𝐦𝐢𝐬𝐬𝐢𝐨𝐧 (𝐤𝐠/𝐌𝐖𝐡) S1 0.0201 1.4879 0.0833 1.5599 23,000 71,494 S2 0.0043 0.2272 0.0068 0.3737 7340 32,584 S3 0.0010 0.0623 0.0012 0.0905 1920 9019 S4 0.0553 4.0342 0.2265 4.3009 64,350 204,497 S5 0.0119 0.6283 0.0183 1.0362 20,540 91,771 S6 0.0028 0.1752 0.0034 0.254 5430 25,622 S7 0.0499 3.5965 0.2021 3.8887 58,980 191,096 S8 0.0107 0.5659 0.0161 0.9334 18,660 83,858 S9 0.0026 0.1637 0.0032 0.2363 5080 24,113 S10 0.0866 9.7833 0.4319 6.475 102,150 318,002 S11 0.0186 1.3996 0.0439 1.5619 3,2500 145,080 S12 0.0044 0.3497 0.0064 0.3853 8630 40,810 S13 0.2380 26.4678 1.1748 17.8349 285,440 908,583 S14 0.0510 3.8068 0.1179 4.2915 90,090 404,838 S15 0.0122 0.9666 0.0178 1.0705 24,160 114,810 S16 0.2149 23.5733 1.0505 16.1376 261,710 849,572 S17 0.0461 3.4203 0.1046 3.8867 82,270 371,882 S18 0.0110 0.8702 0.0161 0.967 21,980 104,911 S19 0.0201 3.3412 0.1179 1.4454 24,610 76,383 S20 0.0043 0.4741 0.0136 0.3484 7730 34,600 S21 0.0010 0.1088 0.0022 0.0846 2010 9559 S22 0.0553 9.0534 0.3214 3.9859 68,800 218,464 S23 0.0119 1.2974 0.0371 0.9663 21,620 97,444 S24 0.0028 0.3022 0.006 0.2373 5690 27,155 S25 0.0499 8.059 0.2875 3.6046 63,020 204,131 S26 0.0107 1.1555 0.0329 0.8706 19,640 89,037 S27 0.0026 0.2789 0.0055 0.2208 5330 25,554 
Summation 1 105.6493 4.3489 77.0479 1,332,680 4,774,869 

 
Figure 7. Voltage profile for each scenario of the 94-bus system. 
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From this figure, it is obvious that the voltage magnitudes of all scenarios are within 
the allowable limits, and no violation occurred. Table 11 shows a comparison of the ob-
tained results by the application of other algorithms for the 94-bus system. Judging from 
Table 11, the minimum objective function has been obtained by the application of the EO 
compared with SCA, ALO, and PSO. 

Table 11. A comparison of the obtained results by the application of the investigated algorithms on the 94-bus system. 
Algorithm Average Best Solution Worst Solution SD 

SCA 0.3546 0.3543 0.3562 0.0005 
PSO 0.3738 0.3621 0.4141 0.0160 
ALO 0.3898 0.3544 0.4879 0.0424 
EO 0.3543 0.3535 0.3564 0.0008 

6. Conclusions 
In this paper, the optimal planning for distribution systems has been solved using an 

efficient stochastic framework by assigning the optimal sites and sizes of solar PV and 
wind turbine-based DGs under uncertainties of load demands, wind speeds, and solar 
radiation. The proposed framework is based on application of the Equilibrium Optimizer 
(EO) and the scenario-based method for reducing the expected power loss, the expected 
system voltage deviations, the expected total cost, the expected total emissions, and max-
imizing the expected voltage stability. The EO has been applied for solving the allocation 
problem of solar PV and wind turbine-based DGs, while the scenario-based method was 
utilized to represent the combination the uncertainties of load demands, wind speeds, and 
solar radiation. The proposed technique has been implemented on an IEEE 69-bus and 94-
bus practical distribution system located in Portugal, and the obtained results were com-
pared with those obtained by SCA, PSO, and ALO. The obtain results verified the follow-
ing: 
- The effectiveness of the proposed framework for solving the optimal planning prob-

lem for distribution systems. 
- The superiority of the EO for assigning the optimal placement and sizes of the DGs 

compared to SCA, PSO, and ALO techniques. 
- The inclusion of solar PV and wind turbine-based DGs using the proposed method 

in the IEEE 69-bus system can reduce the expected power losses, voltage deviations, 
cost, and emissions rate and enhance the voltage stability compared to the base case 
by 60.95%, 37.09%, 2.91%, 70.66%, and 48.73%, respectively. 

- The inclusion of solar PV and wind turbine-based DGs using the proposed method 
in a 94-bus system can reduce the expected power losses, voltage deviations, cost, 
and emissions rate and enhance the voltage stability compared to the base case by 
48.38%, 39.73%, 57.06%, 76.42%, and 11.99%, respectively. 
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Nomenclature 
Acronyms  
DGs Distributed Generators  
DSs Distribution Systems 
PV Photovoltaic 
WT Wind Turbine 
RERs Renewable Energy Resources  
PDF Probability Distribution Function 
RDN  Radial Distribution Network 
EO Equilibrium Optimizer  
SCA Sine Cosine Algorithm 
ALO Ant-Lion Optimizer  
PSO Particle Swarm Optimization 
IAGA Improved Adaptive Genetic Algorithm 
MFO Moth Flame Optimization 
GA Genetic-Algorithm 
GA-MCS Genetic-Algorithm with Monte Carlo simulation 
CSA Cuckoo Search Algorithm 
CSO-MCS Crisscross Optimization Algorithm and Monte Carlo Simulation 
IALO Improved Antlion Optimization Algorithm 
SGA Specialized Genetic Algorithm 
ACO Ant Colony Optimizer 
MDEA Modified Differential Evolution Algorithm 
SOA Seeker Optimization Algorithm 
Indices and Sets  𝑃௟௢௦௦ Loss power 𝑃்௢௧௔௟_௅௢௦௦ The total active power loss 𝐸𝑇𝑃௅௢௦௦ Expected Total Loss Power 𝑅௞,௞ାଵ The resistance of the line between buses 𝑘  and  𝑘 + 1, 𝑃௞ Real power 𝑄௞ Reactive powers 𝑃௅ The active load demand 𝑄௅ The reactive load demand 𝑉௞ Nominal voltage 𝐸𝑃௅௢௦௦,௞ Expected power loss for scenario k 𝐸𝑇𝑃௅௢௦௦ Expected total power loss 𝑉𝐷 Voltage Deviations 𝐸𝑉𝐷௞ Expected voltage deviation for scenario k 𝐸𝑇𝑉𝐷 Expected total voltage deviation 

VSI Voltage Stability Index 𝐸𝑉𝑆𝐼௞ Expected Voltage Stability Index for scenario k 𝐸𝑇𝑉𝑆𝐼 Expected total Voltage Stability Index 𝐸𝐸𝑚𝑖𝑠𝑠𝑖𝑜𝑛௞ Expected emission for scenario k 𝐸𝑇𝐸𝑚𝑖𝑠𝑠𝑖𝑜𝑛 Expected total emission 𝑁𝐵 Number of buses 
Kt Kilotons 𝑃𝐹 Power Factor 𝐸𝐶𝑜𝑠𝑡ீ௥௜ௗ,௞ Expected cost grid for scenario k 
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𝐸𝑇𝐶𝑜𝑠𝑡ீ௥௜ௗ Expected total cost grid 𝐸𝐶𝑜𝑠𝑡௅௢௦௦,௞ Expected cost loss  for scenario k 𝐸𝑇𝐶𝑜𝑠𝑡௅௢௦௦ Expected total cost loss 𝐸𝐶𝑜𝑠𝑡௪௜௡ௗ,௞ Expected cost wind for scenario k 𝐸𝑇𝐶𝑜𝑠𝑡௪௜௡ௗ Expected total cost wind 𝐸𝐶𝑜𝑠𝑡௉௏,௞ Expected cost solar  for scenario k 𝐸𝑇𝐶𝑜𝑠𝑡௉௏ Expected total cost solar 𝑇𝑉𝑆𝐼 Total Voltage Stability Index 𝐸𝑇𝑉𝑆𝐼 Expected Total Voltage Stability Index 𝐸𝑇𝐶𝑜𝑠𝑡 The expected total annual cost 𝐸𝐶𝑜𝑠𝑡௟௢௦௦ The expected annual energy loss cost 𝐶𝑜𝑠𝑡ீ௥௜ௗ Cost of the power injection at substation 𝐸𝐶𝑜𝑠𝑡ீ௥௜ௗ The expected cost of the power injection at substation 𝐸𝐶𝑜𝑠𝑡௉௏ The expected PV units cost 𝑃 ௥௜ௗ Power of the grid 𝐾ீ௥௜ௗ Cost of electricity in USD/kW h 𝐶𝑜𝑠𝑡௅௢௦௦ Cost of the losses 𝐾௅௢௦௦ The energy loss cost 𝑃்௢௧௔௟_௟௢௦௦ The total power losses 𝐸𝐶𝑜𝑠𝑡௅௢௦௦ The expected loss cost 𝜋ௌ The Combined probabilities 𝜋ௗ,௜ The portability of load demand of i-th interval 𝜋௪௜௡ௗ,௭ The probability of the wind speed of z-th interval 𝜋ௌ௢௟௔௥,௠ The probability of the solar  irradiance of m-th interval 𝐸𝐶𝑜𝑠𝑡௪௜௡ௗ The expected WT cost 𝐶𝐹 The capital recovery factor 𝑃௪௥ Rated output power of the WT 𝐸𝐶𝑜𝑠𝑡௉௏ The expected PV cost CSDG ୔୚ Installation cost of the PV 𝑃௦௥ The rated power of PV unit 𝑃௦ The output power of PV unit 𝑃௪௥ The rated power of WT 𝑃௪ The output power of WT 𝐶𝑜𝑠𝑡_𝑃𝑉ை&ெ Operation and maintenance costs of the PV unit CSDG ୵୧୬ୢ Installation cost of the WT 𝐶𝑜𝑠𝑡_𝑊𝑇ை&ெ Operation and maintenance costs of the WT 𝐸𝑅Grid The emission rate of grid 𝐿𝐹 Load factor 𝐸𝑇𝑃௅௢௦௦௕௔௦௘ Expected Total power loss of base case 𝐸𝑇𝑉𝐷௕௔௦௘ Expected voltage deviation of base case 𝐸𝑇𝐶𝑜𝑠𝑡௕௔௦௘ Expected total cost  of base case 𝐸𝑇𝐸𝑚𝑖𝑠𝑠𝑖𝑜𝑛௕௔௦௘ Expected emission rate of base case 𝑓ௗ The normal PDF of load demand 𝑓௩ The Weibull PDF of wind speed fୋ The Beta PDF of solar irradiance 𝑣ఠ௜ The cut in wind speed of WT 𝑣ఠ௥ The rated wind speed of WT 𝑣ఠ௢ The cut out wind speed of WT 𝑘, 𝑐  
Shape and scale parameters of 
Weibull function 𝜎ௗ The standard deviation of the load demand 
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𝜇ௗ The mean deviation of the load demand ∝ଵ, ∝ଶ, ∝ଷ, ∝ସ, ∝ହ 
The weight factors 𝜌 Rate of interest on DG capital investment 𝑇௠௔௫ Number of iterations 𝑁𝑃 Lifetime of the PV unit or the WT 𝑁𝑇 Number of branches  𝐼௠௔௫ Maximum Allowable current in branches  𝑄ௐ் Injected reactive power by wind turbine  𝑁𝑊𝑇 Number of wind turbine  𝑉௠௜௡ Minimum allowable voltage limit 𝑉௠௔௫ Maximum  allowable voltage limit 𝑄ீ௥௜ௗ Reactive power injected at slack bus  𝑁𝑃𝑉 Number of PV units  𝑃ௗ,௜௠௔௫ The maximum limit of the selected interval i 𝑃ௗ,௜௠௜௡ The minimum limit of the selected interval i 𝑣௭௠௔௫ The ending  point of wind speed’s interval at z-th scenario 𝑣௭௠௜௡ The starting point of wind speed’s interval at z-th scenario 𝐺௠௠௔௫ The ending point of solar irradiance’s interval at m-th scenario 𝐺௠௠௜௡ The starting point of solar irradiance’s interval at m-th scenario 

Parameters and 
Constants 

 G Solar Irradiance 𝑋௖ A certain irradiance point 𝐺ௌ்஽ Standard environment solar irradiance (1000 W/m2) 𝑉௡ Voltage of the n-th bus Г Gamma function 
α, β Parameters of the beta PDF 𝜇௦ Mean deviation of the solar irradiance for each time segment 
Variables and 
Functions 

 𝐹 Multi-objective function 𝑓ଵ The objective function representing the normalized active total 
power losses 𝑓ଶ The objective function representing the normalized total voltage 
deviations 𝑓ଷ The objective function representing the normalized voltage stability 
index 𝑓ସ The objective function representing the normalized total cost 𝑓ହ The objective function representing the normalized total emission 
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