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User-Antenna Selection for Physical-Layer Network
Coding based on Euclidean Distance

Vaibhav Kumar, Student Member, IEEE, Barry Cardiff, Member, IEEE,
and Mark F. Flanagan, Senior Member, IEEE

Abstract—In this paper, we present the error performance
analysis of a multiple-input multiple-output (MIMO) physical-
layer network coding (PNC) system with two different user-
antenna selection (AS) schemes in asymmetric channel conditions.
For the first antenna selection scheme (AS1), where the user-
antenna is selected in order to maximize the overall channel gain
between the user and the relay, we give an explicit analytical
proof that for binary modulations, the system achieves full
diversity order of min(N4, Ng) X Ng in the multiple-access (MA)
phase, where Ny, Ng and Nr denote the number of antennas at
user A, user B and relay R respectively. We present a detailed
investigation of the diversity order for the MIMO-PNC system
with AS1 in the MA phase for any modulation order. A tight
closed-form upper bound on the average SER is also derived for
the special case when Nr = 1, which is valid for any modulation
order. We show that in this case the system fails to achieve
transmit diversity in the MA phase, as the system diversity order
drops to 1 irrespective of the number of transmit antennas at the
user nodes. Additionally, we propose a Euclidean distance (ED)
based user-antenna selection scheme (AS2) which outperforms
the first scheme in terms of error performance. Moreover, by
deriving upper and lower bounds on the diversity order for
the MIMO-PNC system with AS2, we show that this system
enjoys both transmit and receive diversity, achieving full diversity
order of min(N4, Ng) X Ng in the MA phase for any modulation
order. Monte Carlo simulations are provided which confirm the
correctness of the derived analytical results.

I. INTRODUCTION

IRELESS PNC has received a lot of attention among
Wresearchers in recent years due to its inherent desirable
properties of delay reduction, throughput enhancement and
better spectral efficiency. The advantage of PNC can easily be
seen in a two-way relay channel (TWRC), where bidirectional
information exchange takes place in the half-duplex mode
between two users A and B with the help of a relay R. In
a TWRC, PNC requires only two time slots to exchange
the information between the users compared to three time
slots required by traditional network coding [1]. In the first
time slot, also termed the multiple access (MA) phase, both
users A and B simultaneously transmit their data to the
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relay R. Based on its received signal, the relay forms the
maximum-likelihood (ML) estimate of the pair of transmitted
user constellation symbols. This estimate of the pair of user
symbols is then mapped to a network-coded constellation
symbol using the denoise-and-forward (DNF) protocol [2] and
the relay broadcasts this to both users in the next time slot,
called the broadcast (BC) phase. User constellation symbol
pairs which are mapped to the same complex number in the
network-coded constellation are said to form a cluster. Using
its own message transmitted in the previous MA phase, A can
decode the message transmitted from B and vice versa.

Different aspects of PNC relating to communication the-
ory, information theory, wireless networking, finite-field and
infinite-field PNC, as well as synchronization issues and the
use of PNC for passive optical networks were discussed in
[11, [3], [4]. The first software radio based implementation of
PNC was reported in [5], together with a discussion on related
problems and solutions.

A performance comparison among four time slot trans-
mission scheme (non network-coded scheme), three time slot
transmission scheme (network coding scheme) and two time
slot transmission scheme (PNC scheme) for TWRCs in terms
of bit-error rate (BER) and maximum sum-rate was presented
in [6]. Closed-form expressions for a tight upper and lower
bound on the average SER at the relay and tight bounds
on the average end-to-end BER for a PNC system in a
Rayleigh fading channel were presented in [7]. An exact
BER expression for a PNC system operating over a TWRC
exhibiting fading was presented in [8] using Craig’s polar
coordinate form. A general framework for the symbol-error-
rate (SER) performance analysis of PNC systems operating
over AWGN channels was presented in [9]. In [10], a high
signal-to-noise ratio (SNR) analysis for the error performance
at the relay in a PNC system with binary or higher-order
real/complex modulation as well as for real and complex
channel coefficients was presented.

In [11], a linear vector PNC scheme was proposed for an
open-loop spatial MIMO TWRC, where no CSI was available
at the users’ end. An explicit solution for the network coding
(NC) generator matrix to minimize the error probability at
high SNR was proposed, and a novel closed-form expression
for the average SER in Rayleigh fading was also presented.
In [12], a multiuser communication scenario was considered,
where K users simultaneously communicate with a receiver
using space-time coded MIMO with linear PNC. All the user
messages were encoded by the same linear dispersion space-
time code and a novel iterative search algorithm was used



to optimize the space-time coded linear PNC mapping. It was
shown that the system achieves full rate and full diversity while
achieving the maximum coding gain. However, despite the
advantages of the linear MIMO-PNC systems proposed in [11]
and [12], the implementation cost of these systems are high —
all of the antennas from all users are utilized simultaneously
to transmit the data, which require a large number of radio-
frequency (RF) chains. One of the key differences between the
MIMO-PNC systems proposed in [11], [12] and the MIMO-
PNC system proposed in this paper is that we take advantage
of switched diversity (by virtue of user-antenna selection) to
reduce the required number of RF chains - only one antenna
per user is active during transmission. This reduces the overall
cost of the system, while maintaining the full diversity order.

In the case of a fixed network coding (FNC) system, the
network code applied at the relay is always fixed and does not
depend on channel conditions. One of the bottlenecks in the
FNC system limiting the error performance is the existence
of singular fade states [13] that result in the phenomenon
of distance shortening, which will be explained later in this
paper. To solve this problem, a number of adaptive physical-
layer network coding (ANC) schemes have been proposed
[13]-[15], where the relay adaptively selects the network
mapping that offers the best performance based on the channel
conditions. A similar scheme for multiple-input multiple-
output (MIMO) two-way relaying was applied in [16], and it
was shown that the minimum distance between the network-
coded constellation points at the relay becomes zero when all
the rows of the channel matrix belong to a finite number of
subspaces referred to as singular fade subspaces. A compu-
tationally efficient analytical framework to choose the appro-
priate adaptive network codes at the relay for heterogeneous
symmetric PNC was presented in [17]. A detailed introduction
to wireless multi-way relaying using ANC was presented in
[18]. It was shown in [19] that every valid network mapping
can be represented by a Latin square and that this relationship
can be used to obtain network maps with optimized intercluster
distance profiles. It has been shown in [13], [14] that for a 4-
ary modulation scheme in the MA phase, ANC may result
in a 5-ary network map, and therefore a non-standard 5-
ary modulation scheme will be required for the BC phase
under certain channel conditions. Although ANC alleviates
the problem of distance shortening in an efficient way, the
related system complexity increases significantly due to the
required clustering algorithm, and the increased cardinality of
the relay’s transmit constellation may incur a sacrifice in the
reliability in the BC phase.

In [20], tight upper and lower bounds on the average BER of
a multiple-antenna PNC system were presented, where the AS
scheme based on the maximization of the overall channel gain
between the user and the relay (which we will refer to as AS1
in the rest of this paper) is applied at both user nodes, and the
users employ BPSK modulation. It was stated that for BPSK
modulation, the MIMO-PNC system achieves a diversity order
of min(N4, Ng) X Ng in the MA phase, and an explicit proof
of the diversity order was provided for the special cases of the
MISO-PNC system (N4, Ng > 1, Ng = 1) and the SIMO-PNC
system (N4, Ng = 1, Ng > 1).
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A popular paradigm for antenna selection in the literature is
that based on the ED criterion, where the antenna at the trans-
mitter node is selected such that the minimum ED between
different symbols in the received constellation is maximized.
Such an antenna selection scheme was discussed in [21] for
spatial multiplexing (SMx) systems, in [22] for opportunistic
PNC scheduling and in [23] for spatial modulation (SM).
In [21], a SMx system with .4; transmit antennas, .4, receive
antennas, and a 1 N (AN > N, N > ) multiplexer
was considered, where a low-bandwidth, zero-delay, error-free
feedback path indicated the optimal .4~ of .4; antennas for
transmission, computed using current channel state informa-
tion at the receiver. For the ML receiver, the authors proposed
to choose the subset of transmit antennas which resulted in a
constellation with largest minimum ED. It was shown that
this ED based AS resulted in minimum error rate for the
SMx system based on the ML receiver. In [22], a three-way
wireless communication system was considered, where each
user desires to transmit independent data to other users via a
relay. Since the overall throughput of such a system is limited
by the worst channel, a scheduling system employing PNC
was considered to optimize the overall system throughput. It
was shown that the selection of a user-pair based on the largest
minimum ED between the superposed constellation at the relay
resulted into better overall throughput compared to that of the
channel-norm based user-pair selection and round-robin based
scheduling. In [23], a comprehensive analysis of the transmit
diversity order for the ED based antenna selection scheme in
an SM system (consisting of .4; transmit antennas and ./}
receive antennas) was presented. For each transmission, .45y,
out of _4; transmit antennas were selected in order to achieve
spatial switching gain (SSG). It was proved explicitly that
such an SM system enjoys both transmit and receive diversity,
achieving a diversity order of A (4] — Asp + 1).

It is important to note that the error performance analysis
in the BC phase of the PNC system in a TWRC is similar to a
traditional (non network-coded) point-to-point communication
system and the end-to-end error performance of the PNC
system will be dominated by the error performance in the
MA phase. Therefore, in this paper we analyze the error
performance and the diversity order of the MIMO-PNC system
in the MA phase only. The main contributions of this paper
are summarized as follows:

« We give an explicit analytical proof that the diversity
order of the MIMO-PNC system with binary modulation
and AS1 is equal to min(Ny4, Np) X Ng.

o« We provide a detailed investigation of the error rate
performance and diversity order of the MIMO-PNC sys-
tem with AS1 for any modulation order M. A closed-
form expression for a tight upper bound on the average
SER is derived for the special case when Ng = 1. The
presented diversity analysis confirms that the performance
of the MIMO-PNC system with AS1 degrades severely
for non-binary modulations due to the distance shortening
phenomenon at the relay, and the system fails to achieve
transmit diversity. We give an analytical proof that the
diversity order of such system drops to 1 for the case
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Fig. 1. System model for PNC system with multiple antennas at user and
relay nodes.
when N = 1.

o« We propose an ED based AS scheme (which we will
refer to as AS2 in the rest of this paper) for the MIMO-
PNC system to mitigate the deleterious effects of distance
shortening at the relay. Furthermore, we derive upper
and lower bounds on the diversity order and prove that
the system with AS2 achieves a full diversity order of
min(Ny, Ng) X Ng for any modulation order.

The rest of this paper is organized as follows: In Section
II, we present the system model for the MIMO-PNC system.
In Section III, we introduce the AS1 and AS2 schemes and
give an illustration of the performance superiority of AS2
over AS1. In Section IV, we present a comprehensive error
performance analysis of the MIMO-PNC system with AS1
and also provide a diversity analysis. Section V deals with
the derivation of upper and lower bounds on the diversity
order of the MIMO-PNC system with AS2. In Section VI, we
present extensive simulation and analytical results along with
discussion. Finally, the conclusion is presented in Section VII.

II. SYSTEM MODEL

The system model for the MIMO-PNC system is shown in
Fig. 1 where two users A and B are equipped with Ny > 1
and Np > 1 antennas, respectively, while relay R is equipped
with Ng > 1 antennas. During the MA phase, only one of the
antennas from each user is used for signal transmission, and
the choice of antennas is based on feedback received from the
relay. The channel between user m € {A, B} and the relay R is
modeled as slow Rayleigh fading with perfect CSI available at
R only. We assume that the channel remains constant during
a frame transmission and changes independently from one
frame to another. Hence the channel coefficient between the
i™ antenna of user m and the relay is distributed according
to CN(0, 1). Both users employ the same unit-energy M-ary
constellation X, and AX denotes the difference constellation
set of X, defined as AX £ {Ax = x — x’|x,x" € X}.

Lets,, € Zy ={0,1,..., M—1} denote the message symbol
at user m, and x, = F(sm) € X denote the corresponding
transmitted constellation symbol, where # denotes the con-
stellation mapping function. The signal vector received at the
relay during the MA phase is

Yy =+VEshaxs++Ephpxp +n, (D

EXAMPLE PNC MAPPING AT T:QE]I;EAIY FOR QPSK CONSTELLATION.
(xa. x5) (sa.s8) | - M,;Azf;A, sB) | = ;{ZR)
(m m) (—1+i —1+i)
> v )\ Ve ) | 00,4, 0 Lsi
(—1—1’ —1—,,)’ (1;1 1;;) 2,2), 3, 3) V2
N2 N3 A\ Na )
() (8- %) lonaol 1
(7 2) (%) | @» 62 v
(5 (5~ ) | 02,00, , N
L) () | e -
(FF) (%) (o] | i
(7\1/;’ 7\1/;)’ (—\l/%i’ 7\1/;‘) (1,2), 2, 1) V2

where n € CNrRX! denotes the noise vector at the relay
whose elements are assumed to be distributed according to
CN(0, Ny), E,;, denotes the energy of the transmitted signal
from user m and h,, = (A1 Ao - hnng|? € CVRX g
the channel coefficient vector of the link between the selected
antenna of user m and the relay antennas (based on the AS
scheme). The relay’s goal is to determine the network-coded
symbol sg £ M(sa,sg), where My : Z3, — Zp is the
PNC mapping, or equivalently to determine the corresponding
constellation symbol xg = F(sg) = M.(xa, xg), where M, :
X? — X represents the “constellation-domain” version of the
PNC mapping. Table I shows an example PNC mapping for
QPSK modulation, where the PNC mapping M; : Zzzvl — Zyp
represents bitwise addition (XOR) in Zy.

The relay will form an estimate of xg, denoted by %g,
as follows. First, the relay computes the ML estimate of the
transmitted symbol pair (x4, xp) € X given by

y — VEahaxa - \/EthBH . @

argmin
(xa,xB)€X?

(%4, XB) =

Having this joint estimate (%4, £5) € X2, the relay calculates
Xr = Mc(%4, Xp). The error performance at the relay will
depend on the minimum distance between the signal points in
different clusters, defined as

dmin(hA, hB)

= min

( min XZH\/EAhA(XA—XA)-F\/EBhB()CB—xg)“, 3)
XA-XB ), XA,XB €

M(xa,xp)#EMc(x)y,Xp)

It is clear from (3) that the value of dn;, depends on the
channel between the users and the relay. In general, when
the values of channel coefficients are such that the distance
between the clusters is significantly reduced, the phenomenon
is called distance shortening.

In the next section, we introduce two different AS schemes
and explain the performance superiority of one over the other
with the help of an example.

III. USER-ANTENNA SELECTION FOR PNC

This section presents two different AS schemes for the
MIMO-PNC system. In the first scheme (AS1), the user-
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Fig. 2. Noise-free received signal constellation (haxa + hpxp) at the relay
using AS1 with Ng = Np = 2,Ngr =1 and E4 = Ep = 1. Markers
of different color/shape close to each other show the distance shortening
phenomenon.

antenna is selected in order to maximize the overall channel
gain between the user and the relay. Hence we define

3m £ max Zlbm,i,jlz, (4)
< m iz

where D, ; ; ~ CN(0, 1) is the channel coefficient between the
i antenna of user m and j antenna of relay R. Since hy, ; is
the channel coefficient between the selected antenna of user
m and j™ antenna of R, we may write

Ngr )
N 5)
J=1

We present the probability density function (PDF) of 3, in the
following proposition.
Proposition 1: The PDF of 3, is given by

Non Ny — 1 ke
e DN P i

! ko, ...,k
k()+k1+---+kNR 0, » N
=N, -1

fGm) =

R

Nr-1 1 kj+1
<[] (—,) 3" exp[=(Nm = ko)sm]- (6)
=0

Proof: See Appendix A.

In contrast to this, in the second scheme (AS2) the user-
antenna of each user is selected such that the minimum ED
between the clusters at the relay is maximized. Let 7 = {(i, j) :
1 <i < Ng 1 < j < Np} be the set which enumerates all
of the possible n = N4 X Np combinations of selecting one
antenna from each user. Among these n combinations, the set
of user-antennas that maximizes the minimum ED between the
clusters is obtained as

2
. VEA)CA VEA)C/
Igp =argmax min _ ||H - A
ED %e[ x,x’EX2 I( VEBXB VEBxB
Me(x)#FMc(x")
(N
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Fig. 3. Noise-free received signal constellation (hg4xa +hpxp) at the relay
using AS2 with No = Np =2, Ngr =1 and E4 = Ep = 1. Markers of
different color/shape are far apart from each other.

where H; = [D4; bp ;1€ CN®2 By = [Dain -.. baing]
bp, = [bsj1 --- bsjNgl’. and Hy,,, = [ha hg] € CNRX2
is the optimal channel matrix.

To understand the performance superiority of AS2 over
AS1, we first consider a simple example of one transmission
slot where the users transmit their messages using QPSK
modulation.

Suppose that N4 = Np = 2, N, = 1 and by =
(1 +1)/V2, ban1 = (1 —0.5))/V2, bp.1.1 = (1 —0.8i)/V2 and
b1 =(1 +0.7i)/\/§. In this case, since |bA,1,1| > |bA,2,1| and
|I)B,1,1| > |I)B,2,1|, AS1 will select the antenna combination
I = (1,1). With this combination the minimum distance
between the clusters at the relay becomes very small, which
can lead to an incorrect ML estimate at the relay. Fig. 2 shows
a plot, for AS1, of the noise-free received signal at the relay,
i.e., haxa + hpxp (here we assume E4 = Ep = 1), together
with the corresponding network-coded symbols, where each
2-tuple in the figure represents (s4, Sp).

In contrast to this, the proposed antenna selection scheme
(AS2) chooses I = Igp = (1,2) as the optimal combina-
tion and the resulting network-coded symbols are shown in
Fig. 3. It is clear that AS2 overcomes the distance shortening
phenomenon. The following section presents the error perfor-
mance analysis and the diversity analysis of the MIMO-PNC
system with AS1.

IV. AS1: ANTENNA SELECTION BASED ON THE MAXIMUM
OVERALL CHANNEL GAIN

For the error performance analysis of AS1, we use the
union-bound approach given in [13] rather that the approach
given in [20] which applies only for binary modulations.
Using [13, eq. (6)], the average SER for FNC is given by (8),
shown at the beginning of the next page, where E[-] is the
expectation operator (here the expectation is performed with
respect to h 4 and hg) and P{(x;, x2) — (x{, ¥})} denotes the
pairwise error probability, i.e., the probability that the signal
pair (x{,%}) is more likely than (x,%) from the receiver’s



KUMAR et al.: USER-ANTENNA SELECTION FOR PHYSICAL-LAYER NETWORK CODING BASED ON EUCLIDEAN DISTANCE 5

D D)

(xA,xB)EX?  (xa,xp)E(X),x)€X?
Me(xa.xB)EMc (X)), XT)

(xa,xp)eX? xa#x), €X

> B[P{aaxs)o(xh x5) [ ha kY] +

E [P {(xa. x8) = (x}. x) | ha b}

2. 2 E

(xa,xp)€X? xp#xpeX
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B(T)) | E(T)
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perspective. An upper bound on the average SER can be given

by
Pes# 3 3

(xa,xp)€X?  (xa,xB)#(x)y,Xp)€X?
Me(xa.x8)#EMc (X, X7)

x| >0 VEwhmGin =2 ]|

me{A,B}

where Q(-) is the Gaussian Q-function. The Chernoff bound
on the Q-function used in [13] results in a loose upper bound
for the present case and hence we use the Chiani approxima-
tion [24, eq. (14)] instead, yielding (9), shown above.

Now we analyze the three different terms on the right-hand
side of (8) separately as follows:

Case I — When xa # x/, and xp = xp: In this case Axg =0
and hence

“[e(em

NRr
—Ex ) —E|Axal? 2
= —ZhsA = — hail”|, (10
1=€exp (4N0 Il a XA||) XP\ ™ 4N, ]§=1| agl |- (10)
and

-E —E4|Ax
Tomenp (T2 Mhansal?) =exp |24 A'ZIhA,I

Defining ®4 1 = E[Y]/12 and @4, = [‘I‘z]/4, the average
SER arising from the case when x4 # x, and xp = xl; can
be written as

P{(a. X)) 15} S g o5 2, 2,(0a1+042).(11)

(xa,xB)EX? xa#xX, €X

The closed-form expressions for @4 and ®4, is given
by (12) and (13) respectively, shown on the next page. The
derivation of the closed-form expression for ®4 ; is presented
in Appendix B and the closed-form expression for @4, can
be derived in the same fashion.

Case Il — When xp = )c/’4 and xp # xp: In this case
Axs = 0 and hence the average SER arising from the case
when x4 = x/, and xg # xj can be written as

P{<xA,xB)e<xA,xB>}<M2 D (081 +65,).014)

(xa, xB)eXZ xB;tx eX

where Op 1 = E[Y]/12 and ®p > = E[T>]/4. The closed-form
expression for ®p | can be obtained by replacing N4, E4 and
Axs by Np,Ep and Axp, respectively, in (12). The closed-
form expression for ®p, can be obtained in a similar fashion
using (13).

Case III — When x4 # x;‘, xp # xp and M.(xa, xp) #
Mc(x;‘, xl’g): This case is possible only for M > 2, because
for the case of binary modulation (e.g., BPSK), if x4 # xA and
xp # Xp, both (x4, xp) and (x;‘, xp,) will lie in the same cluster
for fixed network coding, i.e., Mc(xa,xp) = Mc(x), xp)
and hence a confusion among these pairs will not cause a
symbol error event. Using (9), E[Y;] for the given case can
be expressed as (15), shown on the next page.

Since it is difficult in general to determine the PDF of
Z}I\i A |hA,th, j|, we consider here the analytically tractable
case where Ng = 1. In this case, E(Y}) is given by (16),
shown on the next page, where 8 = Zhy — £hp is a random
variable uniformly distributed over [—x, ), (a) holds due to
the fact that exp(cosf) is an even function of 6 and the
integration w.r.t 6 is solved using [25, p. 376], where Iy(-) is
the modified Bessel function of the first kind; (b) is obtained
from (a) using the fact that the PDF f(|h,,|), m € {A, B} can
be found by putting Ng = 1 in (6). Then the inner integral
in (b) is solved using [26, p. 306], yielding (c). Furthermore,
Wark, Pp1and Q4 p in (16) are defined as Wa r = 1+M,

4kNo
_ Ep|Axp|* _ [ VEAEB|AxaAxB]|
\PB,Z =1+ 4N, and QAB = 2No
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Nr-1 k +1
_ Ny NA—l Na—1-k 1\"% (NR+S—1)!
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kotki+-+kng ’ ’ R Jj=0 (EAIAxAl + Ny — kO)
=N4s-1 4N,
0 M Na—1 Nacioko Neel gy ke (Ng +5— 1)! 3
A2 =N =D Z Kor . kn (=1) ]_[ il 5 e (13)
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=Na-1 3N0 +Na— Ko
1 2 1 & 2
E[Tl]:E exp (_m”VEAhAAxA"'\/EBhBAxBH ) =E exp _WZ‘VEAhA,ijA+\/EBhB,ijB‘
j=1
Ngr NRr Nr
1
<Elexpi-7a (EAIAxAIZZ |haj P + EplAxp? ) |hp jI* + 2VEAEg |Axalxp] )| IhA,-hB,A) : (15)
j=1 Jj=1 Jj=1

E(T)) =E {exp (—L |\/E_AhAAxA + \/EhBAxB‘Z)}

VEAEB Cos 9|AXAAXB||hAhB|

/ / / (EA|AxAhA|2) p(—EB leBhBlz)exp(_

No )f(G)f(lhAI)f(IhBI)deIhAIdIhB|

4Ny

4N,
()/ - ( EA|AxAhA|2)/ exp(—
0 4No 0

00 Np
®) ExlAxahal? Np -1
= —_— _1
/0 eXP( N, § / (-1)

=1

EBleBhBlz) [ (VEAEB|AXAAXB|

N |hAhB|)]f(lhA|)f(|hB|)d|hA|d|hB|

® Eg|Axg|? VEAEg|AxaAx
1 [ 2alexp |- 1+ 22D gl o FEAEE AT g ) | rhaDiin
0 4N0 2N0
2
o [ EA|AxAhA|2 & -1 1 VEAER|Axal||Axg|
= 1 b Y h hal)d|h
[ew(- D b e L v ) ) U
2
ey VEAEp |AxaAxp]
A INB oo 2
NA NB k+1-2 -1 EA|AXA| 2N0 2
= —*H=2 k[ 2|k - - kt|hal?| d|h
;;(k)( l )( e AT s rr +hplhal| dlhal
n
Na Np _1)\(k+-2) -1 Na Np -1
NA)(NB)( 1) (lPBl) (NA)( ) (k+1-2) 1
= . (=1 WYar¥si— —QaB| . (16)
; ; ( k l 1+n/k Z;IZ:J 4kl
Solving in the same fashion for E(,), we obtain %‘]%(NA) ( ) (—1)*k+=2)
- - Oup)\
Na Np =t 4(5A’kd3’l T 4kl )

E(">) = Z Z

=1 I=1

!

EakEBR1 — ——Dan
4kl

EalAxal> =

Ep|Axp|?
3kN, > =Bl

=1+ =55

where S, =1+

2
(Z—L‘E;L,W) . Hence, the average SER arising from the

case when xa # x/,, xp # x and Mc(xa, xp) # Mc(x)), x3)
becomes equal to (17), shown at the beginning of the next

and Q4 p =

page, where
Na Ng k+1-2)
Na (=1)
& = ZZ( )( ) aov  ®
1i=1 12 (“PA’](‘PBJ — 4_k’l)

An upper bound on the average SER for the MIMO-PNC
system with AS1 for the special case of N = 1 can be
obtained by putting Ng = 1 in (11) and (14), and then adding
(11), (14) and (17).

1) Diversity Analysis: To determine the diversity order of
the MIMO-PNC system with AS1, we analyze the asymptotic
decay rates of all three terms (i.e., corresponding to the three
cases discussed above) on the right-hand side of (8) separately.
Considering first Case I (xa # x); and xp = x), using (26)
and (28), the PDF of f(34) can be rewritten as

Na-1
NR1~ A

16(%)2

Na3i® " exp(=34)
(Nr = 1)!

fBa)=
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Pe {(.XA, .XB) - (x,A7 x’B)’ MC(xAs -xB) 7& M (x,,q’ x/B)}

Nao Np -
S# Z Z Z Z (NA) (NB) )(k+172) {11_2 (‘{’A,k\PB,l _ 2%Ab

(xaxp)EX? Xa#X, €Xxp#xyeX k=1 I=1

Mc(xa,xp)EMc (xr/\’x,B)
1
“E 2
(xa,xp)eX? xa#x), €X,xp#xpeX
Mc(xa,xB)EMc (x’A’x;g)

& +&).

Note that
(- mf S

I =exp(=34) exp(3a) = Z = l—f,‘

j=0 =0

o : Nr—1 oo oo
_ Z(‘SA)’ S LN (3 3
| ! ! 1’
7=0 J! 1=0 =0 VA ey v I
and therefore
o0 Nr-1 1 NR
(—34) 34 34 N
1-> DA =206
i | ] A
=0 ]! =0 [ NR.
Also we have
. o o (=34 |
31_1)r(r)1+ exp(—34) = 3Alli%+ 1+ Z] il =0(1).
=
Hence for 34 — 0% we have
RV Na-1
160 = ot s+ o ()| ke on
NaNg-1
_ Ny SAA * O(gNANR 1)
(NR — 1)' (NR!)NA 1 A
Note that for the case when x4 # x;‘ and xp = xp

(i.e., Case I), user B can be assumed to be absent (as the
transmission from user B do not cause any error at the relay)
and the PNC system reduces to simple single transmitter —
single receiver setting. Therefore, using [27, Proposition 1],
we can conclude that ® 41 and @4, decay as (Ex/Ny) VaNr
for large values of E4/Ny, and hence the diversity order of
the term arising from Case I is NgsNg. Following the same
argument, ®p | and @p, decay as (Eg/Ny) VeNr for large
values of Eg /Ny, the diversity order of the term arising from
Case II is NgNg.

For Case IIT with Ng = 1, substituting the values of W,
Wp; and Qg4 g into (18), & becomes (where we define Eniy =
min(Ex, Eg))

I [ e e
5 (1 EalAxal? EBleB|2)
4kNy 41Ny
3 % Np (NA)(NB) (_1)(k+l—2)
k=1 I=1 k ! 12 (1 Emin|AxA|2 EminleBlz)
4k Ny 41Ny

-1
(=2 (g0 1 e

w27 (1

: :
g(k, 1) Fum )

where g(k, 1) = |AxA| " lA)ft? 2

Using the b1nom1a1 expansion, & can be rewritten as

1 A& (N (Ng) (=D)k+H2) & o\
412 Z(k)( )g(k 1) Emn £ Z ok, 1) Em

=1

Na Np

= i (ENO )_m B Z 2 (NA)(NB)< D=3 gk )"

m=1 =1 I=1
B—m
00 E . -m E. -1 E.. -1
— Z B—m min <B—l min +0 min ) (19)
— No No No

Similarly, for &, it can be shown that
Emin -
No
where

Nas Np
Bly=7 ZZ (NA)(NB)< 1t (g (ke 1),

|Axal®>  |Axp|?
3k 31

From (17), (19) and (20), it is clear that the average symbol
error probability due to the case when Ng =1, x4 # x/,, xp #
xp and M. (xa, xB) # M. (x;‘, x;;) decays as (Emin/No)~! for
higher values of Ep;n/No.

The discussion above regarding the asymptotic decay rates
of ®4,1,042,051,0p2,¢1 and & leads to a couple of impor-
tant observations, which are listed below:

-1
& < B (E;;“) +0 (20)

g'(k,1) =

a) The first term in the right-hand side of (8) decays as
(Eo/No)™NaNr for higher values of E,/N, while the
second term decays as (Eg/Ny)~V8Nr for higher values of
Ep/Ny. It is important to recall that for binary modulations
(M = 2) (as in [20]), the third term in the right-hand side
of (8) (which is analyzed in Case III) do not contribute
to the symbol error probability at the relay and hence the
overall system diversity order becomes min(N4, Ng) X Ng.
This completes the proof for the diversity order of the
MIMO-PNC system with BPSK modulation.

b) For the MISO-PNC system (Ng = 1) with AS1 and non-
binary modulations (M > 2), since the first two terms
on the right-hand side of (8) will decay as (E/Np)Na
and (E4/No)~NB, respectively, for higher values of E4/N
and Ep/Ny, respectively, while the third term will decay
as (Emin/No)™! for higher values of Epin/No, the system
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VEaAXY)  VEAAXY 0 0 0 0
0 0 VEaAX)  VEAAXY 0 0
X=| o 0 0 0 VEAAXY  VEAAXQ|. 1)
VEpAxY 0 VEpAxY) 0 VEgAxY) 0
0 VEpAxY 0 VEgAxY 0 VEgAxY
diversity order becomes min(Na, N, 1) = 1, irrespective of  z; xf), xg)), implies that in any of the columns of X, both

the number of antennas at the users.

In case of the MIMO-PNC system with AS1 and non-binary
modulations, since it is difficult in general (as concluded
from (15)) to represent/bound the average SER for Case II1
in a tractable form, we present extensive simulation results
(detailed in Section VI), which confirms that the system fails
to achieve transmit diversity and the system diversity order
drops to Ng.

The following section deals with the derivation of upper and
lower bounds on the average SER of the MIMO-PNC system
with AS2.

V. AS2: ANTENNA SELECTION BASED ON ED METRIC

To analyze the performance of AS2, we follow the approach
adopted in [23] and [28]. In [23] the authors analyzed the
error performance of an ED based antenna selection scheme
for SM. The analysis for PNC differs due to that fact that
for an SM system, only a single antenna is active during
transmission, while for a TWRC with PNC, two antennas (one
from each user) transmit simultaneously. In [28] the authors
used a similar technique to analyze the error performance of
an SMx system with ED based transmit antenna selection.

Given a set of user-antenna indices I = (i, j) € I, the set of
possible transmit vectors for the PNC system can be defined
as C; = {[\/E_Aerl- \/ExBej]T |xa, x5 € S}, where e; and
e; are row vectors of length Ny and Np respectively with
all zero elements apart from a 1 at the i™ and j® position,
respectively. Let z7(xa, xg) = [VEaxae; \/Exgej]T.

1) Lower bound on diversity order:  Defining

ACr = {zl (xl(‘\l),xg)) -2 (xf), xg)) xgl), xg), xi\z),xg) e S,

M, (x;l), xg)) + M. (xf), xg) ) } as the set of difference
vectors corresponding to the codebook Cy, the set of matrices
AD can be defined as

AD = {[x1,X2,...,%Xn]|xk € AC:VEk € {1,2,...,n}}.

Each element in AD will be of size (N4 + Ng) X n where
n = N4 X Ng. Let rpi, be defined as

Fmin = min{rank(X)|X € AD}.

The minimum number of linearly independent columns in
X, i.e. rmin will be min{N4, Ng}. To understand this, consider
an example when N4 = 3 and Np = 2. The structure of each
element in AD is given by (21) at the beginning of the this
page.

Thanks to definition of AC;, in which the condition

M, (xg), xg)) * M. (xf), xg)) ensures that z; (xf;), xg)) *

Axx) and Axg) cannot be zero simultaneously. If Axg) and

Axg) are non-zero, they form a non-zero minor (a diagonal
matrix) and the minimum possible rank of X becomes 2. Now
if Axg) is zero and any one from Axg’) or Ax%Y) is non-zero

B
then also a 2 X 2 non-zero minor can be formed using Axg).
@
B

D .
53) is non-zero and Ax

A similar argument applies when Ax
is zero and a 2 X 2 minor can be formed using Axg) and
Axg” or Axg) with the help of a column swap. In the case
where Axg), Axg) and Axg) are zero, the Axx) values in the
corresponding columns will be non-zero and they will form
three linearly independent columns and the rank of matrix X
will be at least 3. A similar argument is valid for the case when
Ax(2>, Axg) and Axgé) are zero. On the other hand, if all the
Axg) values are zero then the first three rows will be linearly
independent and the rank of X will be 3. Hence the minimum
possible rank of X is 2 i.e., min{ Ny, Np}. It is straightforward
to generalize this argument to the case of an arbitrary number
of antennas at each user.

Let the transmit vectors in the each codebook be denoted as
Cr = {xl(k)|l € {l, 2,,.. .,Mz}} and the optimal set of user-
antennas for any particular channel realization H be Ii-. For
Emin/No > 1, the average pairwise error probability between
any two different transmit vectors indexed by /; and /; in the
codebook Cy+ can be expressed, using the Chernoff bound, as
[23, eq. (4)-(10)]

s

1 Emin/l* —NRTmin
E <—|—
{P(xll - xlz)} ) ( 4nN, )

where 1* = minyeap As(XX ™) and A,(Y) denotes the small-
est non-zero eigenvalue of matrix Y. An upper bound on the
average SER for AS2 at Eyn/No > 1 can therefore be given
as

Pes# 3 3

X7, €Cpx X1, #X, €Cpx
1 1 1 1
M. (JC(AI),X(BI));&MC (xgz),x(BZ))

M E. . /l* —min(Na,Ng)XNgr
_ min
{255 |

Emin/l* —NRTmin
4nN()

(22)

It is clear from (22) that the PNC system with AS2 achieves
a diversity order lower bounded by min(N4, Ng) X Ng for any
modulation order M.

2) Upper bound on diversity order: The average pair-
wise error probability i.e., the probability that the signal
pair ¥ = (VEAXs VEpXp) is more likely than x =
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= = (Bwin/No)™* o N N .~ P,
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Fig. 4. Average SER performance comparison for the two AS schemes in
MISO case (Ng = 1) in symmetric channels (E4 /Ny = Ep /Ny = Emin/No)-

(VEaxa, VEpxp) from the receiver’s perspective can be given
as

12 H, -9
E{P X)}=E<— ———|df
{Plx—5)} 7r,/0 cxp ( 4Ny sin? 6

As defined earlier, the possible channel matrices are

Hi=[bay bp1]
H>=[b42 bp1]

Hy,=[ban, Y5.ng]

In general, H; = [ba s bpyl, with 1 <i <n, 1 <<
Na, 1 < < Ng, Bag =[bas1 -+ bacngl’ and bp, =

(bBy,1 - bay, ~nglT. The diversity order with optimal user-
antenna combination is written as
logP(x — X
d= min | lim 22PE>%) (23)
x,X#x | No—0 log No

For a signal pair (x, ¥) that satisfies x4 # ¥4 and xg = ¥p,
it follows from (23) that
logP(x — X)

d< li
= Noo log Ny

N0—>0

Furthermore,

“HIED (x — f)nz

IA

max [H(x - %)|
1<i<n

VEa |xa — %al? | nax HbA,;HZ

<

Na Ngr
< VEA |xa - Zal? Z Z |ha il
=1 k=1

Using the arguments in [28, Section III-i], it follows that
d < No X Ng. 24)

Similarly, for the signal pair (x, ¥) that satisfies x4 = ¥4 and
Xxp # Xp, the diversity order can be upper bound by

d < Np X Ng. 25)

=== (Bin/No) ™"
~—~UB(21,2)
~—UB(2,1L3) |~ 5 : .
——AS1(2,1,2)| '~ W SN TS
108 ]——AS1 (2, 1, 3) N RN e e
——UB(3,1,2) N <
——-UB (3, 1,3) R
10 o AS1
= ASl1
—2—AS2
——AS2
(Emin/No
106 AS2 (2,1
—>—AS2 (3, 1,
= = (Bmin/No ~

107 I I I I |
0 5 10 15 20 25 27

Emin/NU (dB)

Average SER

)

(3,1, 2)
(3,1, 3) N
(2,1, 2)
(3, 1,2

5

2
3
2
,2
-2
3
3
3

) N
)

Fig. 5. Average SER performance comparison for the two AS schemes in
MISO case (Ngr = 1) in asymmetric channels, where E 4 /No = (Emin/No) +
5 dB and Eg /Ny = Emin/Np.

Using (24) and (25), the upper bound on the diversity order
for MIMO-PNC with AS2 can be given by min(N4, Ng) X Ng
for any modulation order M.

Since both upper and lower bounds on the diversity order
for MIMO-PNC with AS2 are equal, we may conclude that
the exact diversity order for the MIMO-PNC system is equal
to min(Na, Ng) X Ng for any modulation order M.

VI. RESULTS AND DISCUSSION

In this section, we present a performance comparison of the
two AS schemes discussed in the previous sections.

A. Simulation setup

For all Monte Carlo simulations, our setup is as follows.
We generate random QPSK symbols x4, xp € X, and then
compute xg = M. (x4, xp) using the PNC mapping shown
in Table I. Next, we generate i.i.d. random samples of b, ; ; ~
CN(0,1) for every m € {A,B},1 < i < Ny, 1 < j < Ng.
For AS1, the index of the optimal user-antenna is given
by i, = argmax; .y Z]]\;Rl [Dom., j|2, whereas for AS2, the
indices of the optimal user-antennas are obtained using (7).
The noise vector n € CV&X! is then generated whose elements
are independent and complex Gaussian with zero mean and
variance Ny, and given E4 and Ep we obtain the signal vector
received at the relay as shown in (1). Finally, we compute the
relay’s ML estimate of the transmitted symbol pair (%4, £5)
using (2), and this is used to obtain the estimated network-
coded symbol, denoted by £r = M.(%4, Xp). The average
SER is measured by counting the number of error events, i.e.,
Xr # xR, and dividing by the number of symbols transmitted.

B. Discussion

In Fig. 4, the SER performance for the two AS schemes
is shown for the case when Ng = 1 with different num-
ber of antennas at the users in symmetric channels (i.e.,
Es/Ny = Eg/Ny = Eunin/No). In the figure legend, ‘UB’
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Fig. 6. Average SER performance comparison for the two AS schemes in
MIMO case (Ng > 1) with symmetric channels, where E4 /Ny = Eg /Ny =
Emin/ No).

denotes the upper bound on the average SER for AS1 (as
derived in Section IV) and the numbers in parentheses denote
(Na, Ng, Np). The plots marked ‘UB’ have been drawn by
substituting Ng = 1 in (11) and (14), and then adding (11),
(14) and (17), whereas the plots for AS1 and AS2 have been
drawn using the Monte Carlo simulations (as described in the
previous subsection). It is clear from the figure that for AS1
(where the user-antenna is selected based on the maximization
of the overall channel gain between the user and the relay),
the system diversity order becomes equal to 1 irrespective of
the number of antennas at the users’ end, as for higher values
of Epin/No the SER curve becomes parallel to (Epin/No)™! in
each case as was proved in Section IV. It is also worth noting
that the derived closed-form expression for the upper bound
on the SER is very tight for ASI.

In contrast to this, the PNC system with AS2 (where the user
antenna is selected based on the ED metric) outperforms the
one with AS1 while achieving a higher diversity order. For the
case when Ngy = Np =2 and N4 = 3, Np = 2, the average SER
in the PNC system with AS2 decays more rapidly as compared
to AS1 and becomes parallel to (Epin/No)~ ™"Na-Ne)xNr =
(Emm/NO)‘2 for higher values of E.;,/Nog as was proved in
Section V. Similarly, for the case when Ny = Np = 3 the
average SER for AS1 decays as (Emin/No)~' while for AS2
the average SER decays as (Emin/No)™> at higher values of
Emin / N 0-

Fig. 5 shows the average SER performance comparison
of the two AS schemes in asymmetric channels with dif-
ferent number of user antennas and Ng = 1. In this case
EA/NO = (Emin/NO) +5 dB (and thus EB/NO = min/N0)~
Similar to the previous results, the diversity order achieved by
the MISO-PNC system for asymmetric channels with AS1 is
1, while the system with AS2 achieves the full diversity order
of min(Na, Ng) (recall that here Ng = 1).

Fig. 6 shows the average SER performance for the two
AS schemes in the MIMO-PNC setting (Ng > 1) for sym-
metric channels. It is clear from the figure that the aver-
age SER for the MIMO-PNC system with AS1 decays as
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Fig. 7. Average SER performance comparison for the two AS schemes

in MIMO case (Ng > 1) with asymmetric channels, where E5 /Ny =
(Emin/No) +5 dB and Ep /Ny = Emin/No).

(Emin/NO)‘2 for higher values of Ep,/No when (N4, Ng, Ng)
is (2,2,2), (2,2,3) or (3,2,3), and it is clear that the system
fails to achieve transmit diversity — the diversity order of the
system depends only on the number of antennas at the relay.
On the other hand, for the MIMO-PNC system with AS2,
the average SER decays as (Emin/No)™ for higher values of
Emin/No when (Na, Ng, Np) is (2,2,2) or (2,2,3). Similarly,
the average SER decays as (Epin/No)™® for higher values of
Enin/No when (Na, Ng, Np) is (3,2,3). Therefore, it is clear
from Fig. 6, that in case of MIMO-PNC, the diversity order
is equal to Ng with AS1 and min(Na, Ng) X Ng with AS2
resulting in the performance superiority of AS2.

Fig. 7 shows the average SER performance comparison of
the two AS schemes in asymmetric channels with different
number of user antennas in the MIMO-PNC setting (i.e.,
Ngr > 1). In this case, E4o/Ny = (Enin/No) +5 dB (and thus
Ep/Ny = Emin/No). Similar to the previous results for the
MIMO-PNC system in symmetric channels, the diversity order
achieved by the MIMO-PNC system with AS1 for asymmetric
channels is 2 (= Ng) for the case when (N, Ng,Npg) is
(2,2,2), (3,2,2) or (3,2,3). On the other hand, the diversity
order achieved by the MIMO-PNC system with AS2 is 4 for
the case when (Nga, Ng, Np) is (2,2,2) or (3,2,2), while the
system achieves a diversity order of 6 when (Na, Ng, Np) is
(3,2,3). Hence, it is clear that the MIMO-PNC system with
AS2 achieves full diversity order of min(Na, Ng) X Ng and
therefore outperforms the MIMO-PNC system with ASI1 in
asymmetric channels also.

VII. CONCLUSION

In this paper, we analyzed the error performance of a
MIMO-PNC system with fixed network coding under two
different user-antenna selection schemes in an asymmetric
scenario, where the users may have different number of
antennas and different average SNR to the relay, this anal-
ysis being valid for any modulation order M. A detailed
investigation of the error performance and the diversity order
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was presented. It was shown analytically that for the first
antenna selection scheme (AS1), where each user-antenna is
selected to maximize the overall channel gain between the user
and the relay, the MIMO-PNC system achieves full diversity
order of min(Na, Ng) X Nr for binary modulations. For non-
binary modulations, a closed-form expression for a tight upper
bound on the average SER was derived for the special case
Nr = 1, and diversity analysis confirmed that the system
fails to achieve transmit diversity. Simulation results show that
the derived upper bound is tight and that for Ng > 1 the
system fails to achieve transmit diversity, as the diversity order
of the system remains equal to Ng. To overcome the afore-
mentioned problems, a Euclidean distance based user-antenna
selection scheme (AS2) was proposed which outperforms the
first scheme in terms of error performance. Upper and lower
bounds on the resulting average SER were derived, and it was
shown that the MIMO-PNC system with AS2 achieves both
transmit and receive diversity, resulting in a full diversity order
of min(Na, Ng) X Ng. This new user-antenna selection scheme
allows the MIMO-PNC system to avoid the harmful effect
of singular fade states without any need for adaptive network
codes or nonstandard constellation design, reducing the overall
system complexity.

APPENDIX A
PROOF OF PROPOSITION 1

Since by,;; ~ CN(0, 1), the magnitude of b, ; ; is Rayleigh
distributed. Defining w,,; = Zﬁ.\i 8 D, iI% then wy; ~

Ga(Ng, 1). Therefore the PDF! of wWm,; can be written as,

1
fwm,i(T) = TNR_I

(Vo) exp(—7).

For Ng > 0, the cumulative distribution function (CDF) is a
special case of that of an Erlang distribution, i.e.,

Ne=1 _j
2
Fanps(7) = 1 = exp(=1) ZO i
i — vNr 2
Using (5), 3m = Z]-:l |, j|7, we have
d d Nest |
fin(T) = e BFMW(T) =7 1 —exp(-71) Z
N1
NR 1 - NR 1 .
=N4 [1—exp(— T)Z 1—exp( T)Z— (26)
X ES)

'We use a more accurate probabilistic notation here: for a random variable
A, we denote the CDF by Fa(r) = Pr(A < 7) and the PDF by fA(r) =

d
—F .
e A7)

Using the multinomial theorem,

DY PR
ko, ...,k
k()+k]+---+kNR 0, » PNR

=Ny—1

% = )(—1>Nm”<°

Ngr-1 ki
X g (F) 78exp [-(Ny — 1 = ko)7], (27)

Nr -
where s = Zj:’f) Jkj+1. Moreover,

1
x - Ngr-1
2T e -1
Using (26), (27) and (28), the closed-form expression for f(3,,)
becomes equal to (6).

exp(-1). (28)

APPENDIX B
DERIVATION OF THE CLOSED-FORM EXPRESSION FOR O 4 |

For 34 = ZJALR] ’hA,j|2, (10) can be rewritten as
EalAxal?
v, = _Ealaxal
| exp( B
°° Ea|Ax
—arni= [ en(-20E ) . 09
0 4Ny

Substituting the expression (6) for f(34) into (29) yields

1k ) L Na= ) Cpymaiona
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Nr-1 j+1 ) 2
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n ( ) / Ny [_( AlAx4l
0 4Ny
+ Na — ko |3a| d3a
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The integration above is solved using [29, p. 322] to ob-
tain (12).
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