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THE FIRST POSITIVE RANK AND CRANK MOMENTS FOR
OVERPARTITIONS

GEORGE ANDREWS, SONG HENG CHAN, BYUNGCHAN KIM, AND ROBERT OSBURN

ABSTRACT. In 2003, Atkin and Garvan initiated the study of rank and crank moments for ordi-
nary partitions. These moments satisfy a strict inequality. We prove that a strict inequality also
holds for the first rank and crank moments of overpartitions and consider a new combinatorial
interpretation in this setting.

1. INTRODUCTION

A partition of a non-negative integer n is a non-increasing sequence of positive integers whose
sum is n. For example, the 5 partitions of 4 are

4,34+41,242,24+1+1,1+1+1+1.

In 1944, Dyson introduced the rank of a partition as the largest part minus the number of
parts [17]. In 1988, the first author and Garvan defined the crank of a partition as either the
largest part, if 1 does not occur as a part, or the difference between the number of parts larger
than the number of 1’s and the number of 1’s, if 1 does occur [4]. These two statistics give a
combinatorial explanation of Ramanujan’s congruences for the partition function modulo 5, 7
and 11. Let N(m,n) denote the number of partitions of n whose rank is m and M (m,n) the
number of partitions of n whose crank is m.

A recent development in the theory of partitions has been the study of rank and crank
moments as initiated by Atkin and Garvan [5]. For & > 1, the kth rank moment Ni(n) and the
kth crank moment My(n) are given by

Ni(n) := Y m"N(m,n) (1.1)
and

My(n) = Z m* M (m,n). (1.2)
meZ
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As N(—=m,n) = N(m,n) [17] and M (—m,n) = M(m,n) [4], we have Ni(n) = My(n) =0 for k
odd. The even moments are of considerable interest as they have been the subject of a number
of works [1, 2, 6, 7, 10, 12, 13, 16, 18, 19, 20, 29]. In particular, Garvan [19] conjectured that

ng(n) > Ngj(n) (1.3)
for all j, n > 1. In [12], (1.3) was proved for fixed j and sufficiently large n. Garvan proved (1.3)
for all j and n via symmetrized rank and crank moments and Bailey pairs [20]. Recently, the
first three authors gave an elementary proof of (1.3) by considering modified versions of (1.1)
and (1.2). Namely, consider the positive rank and crank moments

N (n) = Z mPN (m,n)

and

M/ (n) = Z m*M(m,n).
m=1
In [3], it was proved that

Myt (n) > N (n) (1.4
for all k, n > 1 by a careful study of the decomposition of the generating function for the differ-
ence M, (n) — N, (n). For a discussion concerning the asymptotic behavior of these moments,
see [11]. Inequality (1.4) combined with the fact that Ny;j(n) = 2N2+j (n) and Myj(n) = 2M2J;(n)
imply (1.3).

Our interest in this paper is to consider an analogue of (1.4) for overpartitions. More specif-
ically, we will investigate the first moments for overpartitions and what is counted by the dif-
ference. Recall that an overpartition [27] is a partition in which the first occurrence of each
distinct number may be overlined. For example, the 14 overpartitions of 4 are

4,4,3+1,3+1,3+1,3+1,24+2,2+2,2+1+1,2+1+1,2+1+1,
24+1+1,14+14+14+1,T+1+1+1.

These combinatorial objects have recently played an important role in the construction of weight
3/2 mock modular forms [8], in Rogers-Ramanujan and Gordon type identities [14] and in the
study of Jack superpolynomials in supersymmetry and quantum mechanics [15].

Let N(n,m) denote the number of overpartitions of n whose rank is m and M (n,m) the
number of overpartitions of n whose (first residual) crank is m. Here, Dyson’s rank extends
easily to overpartitions and the first residual crank of an overpartition is obtained by taking the
crank of the subpartition consisting of the non-overlined parts [9]. It is now natural to consider
the rank and crank overpartition moments

Ni(n) = Z mPN(m,n)
meZ
and
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= Z m*M (m,n)

meZ
Via the symmetries N(—m,n) = N(m,n) [25] and M (—m,n) = M(m,n) [9], we have Np(n) =
M} (n) =0 for k odd. Thus, to obtain non-trivial odd moments, we consider

o [—
= Z m*N(m,n
m=1

and

o
= Z m*M(m,n
m=1
The main result in this paper is an analogue of (1.4) for overpartitions in the case k = 1.
Theorem 1.1. For all n > 1, we have
w5+ -
M (n) > N (n). (1.5)

The paper is organized as follows. In Section 2, we prove Theorem 1.1. In Section 3, we give

a combinatorial interpretation of Mf(n) —Wir (n). In Section 4, we conclude with some remarks
regarding future directions.

2. THE PROOF OF THEOREM 1.1

For k > 1, we define the generating functions
and

and compute their explicit expressions for £ = 1. Throughout, we use the standard g-hypergeometric
notation,

(a)n = Hl—aq ),
=1

valid for n € NU {oo}. For convenience, we deﬁn (a;q)0 = 1.

Proposition 2.1. We have

n(n+1)

Rl( n+1 q

— (2.1)

and
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n(n+1)/2
nt14
1) HW' (2.2)

Mi(q) =

Proof. We begin with the generalized Lambert series representation of the two-variable gener-
ating function for Dyson’s rank for overpartitions,

)= Z Z N(m,n)z"q"

n=0meZ
s (71)nqn(n+1)/2

= (20)n(q/2)n
_ (9 )(L—1/2)(=1)"g™
( <1+2Z 1—zq )1 =q*/z) >

q)oo

o (_q o0 n, n? (_ 1_(] m_mn —m mn
— s <1+2;(—1) q —2; 1+q (Zz +Zz ))

(2.3)
For the second and third equalities in (2.3), see the proof of Proposition 3.2 in [25]. Here, we
have used the identity

(1-2)(1 - 1/2)q" 1—q"< > >
-1_ szqmn+zzmqmn
(1 —2zq")(1—q"/2) 1+qm\ == —
for the last equality in (2.3). We now apply the differential operator z% to both sides of (2.3)
to obtain

252 (R(z, Q))

0 1 n
_Q)OO (_ n+ 1 — q m mn 1 — q —-m mn
2 mz +2 mz .
= (o3 G 5 Y
(2.4)
Only the first term on the right side of (2.4) contributes to positive powers of z and so
_ C2(= @)oo = (—1)M g (1 — g™
R = lim mz"
2(_(])00 - (_1)n+1qn2(1 - qn) S mn

= mq 2.5
()0 ; 1+gn mz::l (25)

which is (2.1). In the last equality of (2.5), we applied the identity
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> :
mq™" = —.
— (I—q")

For the two-variable generating function for the first residual crank for overpartitions [9], we
have

(o)
=YY M(mn)z"q" = (~q)=C(z,q) (2.6)
n=0meZ
where C(z, q) is the two-variable generating function for the crank for partitions. Thus, by the
proof of Theorem 1 in [3], we obtain (2.2).

O
We now require the following two lemmas for the proof of Theorem 1.1.
Lemma 2.2. If
io: (_1)n+1qn(n+1)/2
n=1 1= qn
then
e 2 . . .2 . 2
Q)= ¢ (1+2¢ +2¢7 +---+2¢/ 7T +¢").
j=1
Proof. We first note that
[e.@]
ITESWIIES WD NI e LY
j=1 7j=1k=1 j=1k>j k=1 j>k 4
By employing a similar argument, we can also derive that
0 1)/
gt/
1_q2] 1 Z ]__qj ’ (2'8)
j=1
By expanding the summation according to the parity of n, we find that
©  n(n+1)/2 > n(2n+1)
e q
h<q>—z*1_qn Ly
n=1 n=1
B i n(n+1 Z q 1 + q2n (Z & (1 + q2n o i qn(2n+1))
- _ 2 — 2
n=1 1 q" 1 q n=1 1 q"
x 2n—1 0
q 1 +4q")
=Y T + — an Z [ by (2.7) and (2.8)
n=1 n=1 n=1

= g (14 g
—Zl_qn*ZW
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1+qJ q% 1+q
Z i by (2.7)

o l—q] —]
:iq (1+qj)(1—qj)
1—¢J

.
Il
-

qj2(1 + @A +¢ + 40D

e

1

<.
Il

¢+ 2¢ +2¢9 + 42T+ ).

o

<
I
—_

Lemma 2.3.

Pq) = 2h(a?) = D (=1)" g™ (1= 2¢" +2¢7 =+ (~1)" 12" T 4 (1)) L (29)

n=1

Proof. Expanding the right side of (2.9) according to the parity of n and then separating the
positive terms from the negative terms, we find that

oo
Z(_l)nJrlan (1 o 2qn + 2q2n 4t (_1)n712qn27n + (_1)nqn2)

n=1

o0
Zq (2n—1)2 (1 4 2g4n2 4 g8t +_..+2q4n2_6n+2)

n=1

Z (2n—1)? ( -1, qﬁn—3+m+2q4n2—8n+3+q(2n—1)2> (2.10)

+ Z q(2n)2 <2q2n + 2q6n 4t 2q4n2—2n>

n=1
S
_ Z q(2n)2 (1 + 2q4n 4oy 2q4n2—4n + q(2n)2) )

Using Lemma 2.2, we compute a similar expansion for h(q), then compare with (2.10) in order
to see that it suffice to prove

oo
— ZqQ’nz (1 _|_ 2q2n + 2q4n + e + 2q2n2—27’b + q2n2>

n=1

> 2 2 2
_ Zq(Qn—l) (2q2n—1 4 2¢573 4 ... 4 9gin?—8n+3 _|_q(2n—1) )

[e.e]
+Zq(2n)2 (1+2q4n+.__+2q4n2—4n+q(2n)2>_ (2.11)

n=1
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o0
Subtracting Z e (1 + q2”2) from both sides of (2.11) and then dividing by 2, it remains to
n=1

show that
> 2 2
Zan <q2n+q4n+ +q2n —Qn)
n=2
> 2 2 2
_ qun—n <q2n—1+q6n—3+ gt —8n+3> Zq4n ( n g gt —4n). (2.12)
n=2

Define f(n,j) = q2”2+2”j. Substituting f(n, j) into the left side of (2.12) and making a change
of summation index k = n + j, we find that

00 oo n—1 oo 2n—1
S (q +q'" +- 2"2*2”> S )= > fln,k—n)
n=2 n=2 j=1 n=2k=n+1
0o 20—2 oo 2m—1
=N > rma-1-n)+> > f(n,2m—n)
=2 n=l m=2n=m++1

oo o
_ 2 _ 2_ 2 2 2_
_ Z <q4l2 A 4 P22 L S 121+4> +Z <q4l AL ARS8 4l) ’
=2

where in the penultimate equality, we rearranged the order of summation and separated the
terms into odd and even values of k£ via k = 2] — 1 and k = 2m. We see that these are equal to
the right side of (2.12) and this completes the proof.

O
We can now prove Theorem 1.1
Proof of Theorem 1.1. By Proposition 2.1, we have
Mi(q) — Ri(q) = @ (q) — 2h(q) ). (2.13)

Thus, it suffices to prove that the right side of (2.13) has positive power series coefficients for
all positive powers of q. By Lemma 2.3,

h(Q)_2h(q2):Z( n+1qn +2Z n n <qn_q2n+'”+( 1)n 2qn 7n>
n=1
2Zq (2n)? _ io: )n+1q2n
n=1

=: A + 2A2 — 2A3 — Ay,
For the sum Aj, note that
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Hence
—Y)oo YY) 1
(—9) Alz( Do 1
(@)oo 2(¢) oo
Similarly, for the sum Ay,
(%) , _ (=00 1

(%) 2% 2

Therefore,

(—fz)oo(A1 4= (9o 1 (=¢:0%)o0 <(—q2;q2)oo B 1) _ (6 1

(@)oo 2@ 2 (o \20¢%0M  2)  2¢¢M)e 2
which has positive power series coefficients for all positive powers of q. Next, we examine Ay — As.
We define g(n, j) = (—1)”+j*1q”2+j”. Then

0 n—1 00
A —Ag = (—1)"q" Y (—1y g = 3 g2’
n=2 Jj=1 n=1
co n—1 00
= Z Z g(n,j) + Z g(2n,2n).
n=2j=1 n=1

We now rearrange the series As — As into several sums. Note that for j > 0 and n > 25 + 2,

9(2n,4j+3) +9(2n+ 1,45 +3) + g2n+ 1,45 + 1) + g(2n + 2,45 + 1)

_ (_1)2n+4j+2q4n2+(4j+3)2n (1 . q4n+4j+4 —q

4n2+(4j+3)2n (1 o 4j+2) (1 _ 47l+4j+4) ,

4542 q4n+8j+6)

=q
and for 7 > 0 and n > 2j + 2,
9(2n+1,45+4) +g(2n+ 2,45 +4) + 9(2n+ 2,45 +2) + 9(2n+ 3,45 +2)

_ (_1)2n+4j+4q(2n+1)2+(4j+4)(2n+1) (1 — gttt

= Ot 204) (1= g¥+3) (1 — ghn+4i+T)
These take care of all the terms except, for all integers n > 0,
g(An+2,4n+ 1)+ g(4n+3,4n+ 1) + g(4n +4,4n + 1) 4+ g(4n + 2,4n + 2)
+g(An+3,4n+2) + g(dn+4,4n +2) + g(4n + 5,4n 4+ 2) + g(4n + 4,4n + 4)
=[g(dn+2,4n+ 1)+ g(dn+3,4n+ 1)+ g(dn+4,4n+ 1) + g(4n + 2,4n + 2)
+g(4n+3,4n 4+ 2) — g(4n + 3,4n + 4)]
+[g(dn +3,4n+4) + g(dn+4,4n +4) + g(4n +4,4n + 2) + g(4n + 5,4n + 2)].
Note that
gdn+2,4n+ 1)+ g(dn+3,4n+1) + g(dn +4,4n+ 1) + g(4n + 2,4n + 2)
+9(4n+3,4n+2) — g(4n + 3,4n + 4)
(A2t 1) (dn42) [1— ql2n+6 4 gnt1d _ pan+2 4 g16n+ _ 2dn+15)

q q

45+3 | q4n+8j+10)

q
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(4n+2)2+(4n+1)(4n+2) (1- 4n+2)(1_ 8n+7)(1_ 12n+6)

=4q q q q

28 Q)1 — ¢ + (1 — q4n+1)(1 _ q12n+6)]
while

gdn+3,4n+4) + g(dn+4,4n +4) + g(4n +4,4n 4+ 2) 4+ g(4n + 5,4n + 2)

(4n+2)2+(4n+1)(4n+2)+24n+15(1 _ 4n+3)(1 . 12n+11)'

=4q q q

These sums show that

(_Q)oo _
@ 274
(

_ —q)oo i i q4n2+(4j+3)2n (1 _ q4j+2) (1 _ q4n+4j+4)
(@)oo =0 n=2j+2

+ (=90 i i q(2n+1)2+(4j+4)(2n+1) (1 - q4j+3) (1 _ q4n+4j+7)
() §=0 n=2j+2

00
+ ((qﬁ;)oo Z q(4n+2)2+(4n+1)(4n+2) |:(1 _ q4n+2)(1 o q8n+7)(1 - q12n+6)
' n=0

+ 281 - g)(1 - q4n) i q8n+7(1 _ q4n+1)(1 _ q12n+6)]

—(q)oo - n n n n n n
+ ((q)) Zq(4 +2)2+(4n+1)(4n+2)+24 +15(1 _q4 +3)(1 _ q12 +11)'
© p=0

For positive integers a, b, ¢ and d with b < ¢ < d, expressions of the form
(J)C):’q“(l —")(1—¢°)
and
(—9)o
(@)oo
(=90

have nonnegative coefficients and so @ (A — A3) has nonnegative power series coefficients.
(_(Z)oo
(@)oo

that the power series expansion of %(h(q) —2h(q?)) has positive coefficients for all ¢, n > 1.

This proves (1.5). O

¢"(1—¢") (1 —q)(1 —q%

Since

(A;—Ay) has positive power series coefficients for all positive powers of ¢, we conclude

Corollary 2.4.

has positive power series coefficients for all ¢" with n > 6.
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Proof. From the proof of Theorem 1.1 and by invoking the elementary identity (—¢)eo =
1/(q; q2)oo, we see that

L . . 1 (_Q;q2)oo_l _1 2 2
o= A = o (3 ) (g P ),

which has positive power series coefficients for all odd positive powers of ¢ (the terms with even

powers of ¢ vanishes). Again, from the proof of Theorem 1.1, it is easy to see that ﬁ(AQ — As)

has nonnegative power series coefficients. Since one of the terms in the corresponding expression

of ﬁ(z‘lg — Ag) is

L ga-@a-¢a-=¢ ]
k

1
(@)oo 1—q~

oo

=1
k#£2,6,8

the coefficients of ¢" for n > 6 in the power series expansion of ﬁ(z‘lz — As) are all positive.
O

3. A COMBINATORIAL INTERPRETATION

In [3], the first three authors defined a new counting function ospt(n) as

ospt(n) = M;"(n) — N{ (n)
and provided its combinatorial interpretation. The function ospt(n) is an interesting companion
of spt(n) in sense of that

spt(n) = My (n) — Ny (n).
Here, spt(n) is the number of smallest parts in the partitions of n [2]. In this section, we discuss
an overpartition analogue of ospt(n) and its combinatorial meaning. Let us define

ospi(n) = M (n) — Ny (n).

Before giving a combinatorial interpretation for ospt(n), we first recall the description of
ospt(n). An even string in the partition A is a sequence of the consecutive parts starting from
some even number 2k 4+ 2 where the length is an odd number greater than or equal to 2k + 1
and 2k + 2 plus the length of the string (the number of consecutive parts) do not appear as a
part. An odd string in A is a sequence of the consecutive parts starting from some odd number
2k + 1 where the length is greater than or equal to 2k 4+ 1 such that the part 2k + 1 appears
exactly once and 2k + 2 plus the length of the string does not appear as a part. By “consecutive
parts”, we allow repeated parts. With these notions in mind, we have the following.

Theorem 3.1. [3, Theorem 4] For all positive integers n,
ospt(n) = Z ST(N),
AFn

where the sum runs over the partitions of n and ST(X) is the number of even and odd strings in
the partition \.
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The function ospt(n) now counts the number of certain strings in the overpartitions of n, but
the difference is that we have a weighted count of strings. We start by defining fi(q) as

o0

filg) = 3 (~1yrHignn /el

n=1
By Proposition 2.1 and exchanging the order of summation, we have

o0

S (I (n) - Ny (n)g" = “ka ) = 2f1(q%)).

n=1

Note that for a fixed k > 1,

((q)) ok (a) + for (@) — 2/(q)

( Q) 2_ — 2_ _ 2_
— (q) e Z q2n Sn+4nk 2k+2(1 _ q2n n)(l _ q4n+2k 2) _ q2n 3n+4nk(1
oo

2n2+n)(1 4n+2k)‘

—dq - q
n=1
Now we define Ag(n) (resp. Bi(n)) to be the number of overpartitions of n counted by the first
(resp. second) sum. By noting that

M2 —3n+dnk =1+ (2k —2) + 24 (2k —2) + -+ (2n — 1) + (2k — 2) + 2n + (2k — 2),
we define an odd string starting from 2k — 1 in an overpartition as

(1) 2k — 1,2k, ...,2¢ + 2k — 3 appears at least once, i.e. there are 2¢ — 1 consecutive parts
starting from 2k — 1.
(2) There is no other part of size 2¢2 — ¢ and 4¢ + 2k — 2.

Similarly, we define an even string starting from 2k in an overpartition as

(1) 2k—1,2k,...,20+2k—2 appears at least once, i.e. there are 2¢ consecutive parts starting
from 2k — 1.
(2) There is no other part of size 2¢2 + ¢ and 4/ + 2k.

As with the ospt(n) function, Ag(n) is now the number of odd strings starting from 2k — 1
along the overpartitions of n, and By(n) is the number of even strings starting from 2k — 1 along
the overpartitions of n. Then we have

00 oo [(nt+1)/2]

S (MY (n) = Ny (n)g" = S (Ak(n) = Br(n))g" =Y ospt(n)q"
n=1

n=1 n=1 k=1
We have thus proven the following.
Theorem 3.2. For all positive integers n, we have
ospt(n) = ST,(n) — STe(n),

where ST,(n) (resp. STe(n)) is the number of odd (resp. even) strings along the overpartitions
of n.

Let us illustrate the above discussion for n = 5. From Table 1, we see that ST,(5) = 8 and
STe(5) = 4, so ospt(5) = 4. This matches with MT(S) =24 and W;r(&')) = 20.
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Overpartitions of 5 | The number of odd strings | The number of even strings
5 1 0
4+1 1 0
3+2 1 0
342 1 0
3+1 +1 1 0
3+1+1 1 0
24+2+1 1 1
242+1 1 1
2414141 0 1
2+1+14+1 0 1

TABLE 1. The number of strings in the overpartitions of 5.

4. CONCLUDING REMARKS

We have numerically observed that

My (n) > Ny (n) (4.1)

for all k, n > 1. Inequality (4.1) and the fact that Noj(n) = QN;j (n) and Ma;(n) = QM;](n)
implies that a complete analogue of (1.3) should hold, namely

M3j(n) > Naj(n) (4.2)

for all j, n > 1. Motivated by our present work, Jennings-Shaffer [24] has proven (4.2) using the
Bailey pair techniques from [20]. See also [21] for the case k = 1. It would still be interesting to
see if the techniques in [3] can be used to prove (4.1) (and thus (4.2)) and discover a combinatorial

meaning for H; (n)— N;(n) Moreover, there is an inequality of note which has a similar flavor
to (1.3). If we consider the rank moment

N2i(n) := Z m*N2(m,n)
meZ

where N2(m,n) is the number of overpartitions of n with Ma-rank m [26], then Mao [28] has
proven that

Ngj(n) > mgj(n) (4.3)
for all 7 > 1, n > 2. Another proof of (4.3) using the similarly defined positive rank moment

W: (n) can be found in [23]. Tt is still not known what N; (n) —mz(n) counts. While proving
Corollary 2.4 and Theorem 3.2, we observed the following. First, it appears that for all integers
m > 3.

——(h(g) —mh(q™)) (4.4)
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has positive power series coeflicients for all positive powers of q. Second, numerical computations
suggest that
Ax(n) = Bi(n) (4.5)

for all n, £ > 1. Finally, asymptotic methods reveal that the inequalities (4.1) and (4.5), and
the positivity of the coefficients of (4.4) are valid for large enough integers n [22, 30]. However,
it is still desirable to find g-theoretic or combinatorial proofs of these result, which shows that
these conjectures are true for all positive integers. We leave these questions to the interested
reader.
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