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Abstract—This paper addresses the problem of preamble-based
Channel Estimation (CE) in filter bank multi-carrier systems with
offset quadrature amplitude modulation (FBMC-OQAM), a task
that is problematic due to the presence of intrinsic Inter-Carrier
Interference (ICI) and Inter-Symbol Interference (ISI). In this
work, we present a theoretical analysis of the Mean Squared
Error (MSE) of several CE schemes based on the virtual symbol
(VS) approach such as the Interference Cancellation Method
(ICM) and the Interference Approximation Method (IAM). We
also propose and analyze a generalized least squares (GLS) based
CE scheme which is capable of achieving improved performance
by taking into account the correlation properties of the noise and
interference among sub-carriers. Simulation results are presented
which verify the accuracy of the theoretical analysis, and also
demonstrate that the proposed GLS-based estimation method
yields an improvement of almost 3dB in the CE-MSE with respect
to the VS-based approach. Finally it is shown that, for higher-
order modulation schemes, this CE-MSE reduction translates into
significant improvement in the system’s overall bit error rate
(BER) performance with only minor additional complexity.

I. INTRODUCTION

FBMC-OQAM is a multi-carrier waveform which is being

strongly considered as an alternative to cyclic-prefix based

orthogonal frequency division multiplexing (CP-OFDM) for the

upcoming 5G communication standard. The main advantages

of FBMC-OQAM in this context are its increased spectral

efficiency, extremely low out-of-band emissions (OOBE) and

immunity to synchronization errors. It is thus a strong contender

as a future 5G waveform [1].

Accurate and efficient channel estimation (CE) is an es-

sential part of the successful operation of FBMC-OQAM. A

substantial amount of recent research work has concentrated on

the problem of preamble-based channel estimation in FBMC-

OQAM [2], which is complicated due to the intrinsic imaginary

interference (ICI/ISI) experienced by transmitted symbols. The

most widely established CE techniques for FBMC-OQAM

follow a virtual symbol based approach, namely the interfer-

ence approximation method (IAM) [3] and the interference

cancellation method (ICM) [4]. These methods are founded on

the assumption of no interference from the data frame to the

preamble sequence (in fact, only interference from the first-

order symbol neighborhood is considered in the preamble).

However, all of these schemes suffer from severe CE error

floors at high SNR (>20 dB), which is due to the assumptions

of zero data interference on the preamble, local invariance of

the channel in a small frequency-time (FT) neighborhood, and

independence of interference-plus-noise contributions on dif-

ferent sub-carriers [5]. Thus, efficiently addressing the problem

of channel estimation in the presence of data interference on

the preamble, and taking into account the non-independence of

interference-plus-noise contributions on different sub-carriers,

is still an open problem.

This paper presents a theoretical analysis of the CE-MSE

of conventional virtual symbol (VS) based FBMC-OQAM CE

schemes and their GLS-based variants, by taking into account

the interference from the data frame as well the correlation

of noise and interference, aspects which have been generally

ignored in existing works e.g., [5], [6]. It is shown that this

MSE analysis provides performance predictions which are in

very good agreement with results obtained through simulation.

We also propose a novel channel estimation technique based on

the application of generalized least squares (GLS) estimation

[7], [8] which is capable of taking into account the statistical

properties of the interference and noise. It is shown that GLS-

based CE method has almost 3dB improvement in the CE-

MSE floor with respect to conventional VS-based schemes, i.e.,

IAM-R, IAM-C [2] and ICM. We also show that for higher-

order modulation, such lowering of the MSE floor can bring

significant improvement in the system BER. Finally, it is shown

that the performance analysis provides accurate performance

predictions also in the presence of mobility.

Notations: Vectors and matrices are denoted by bold letters.

For a matrix A, [A]i,j denotes its (i, j) entry. Superscripts T
and H denote transpose and conjugate transpose of matrices.

�(x) denotes the real part of a complex number x, while x∗

denotes its complex conjugate. Z denotes the set of integers, E

denotes the expectation operator, and j =
√−1.

II. FBMC-OQAM SYSTEM MODEL

A. FBMC-OQAM signal

The discrete-time baseband equivalent of an FBMC-OQAM

signal having M sub-carriers is given by [9]

s(l) =
M−1∑
m=0

+∞∑
n=−∞

am,ngm,n(l) ∀ l ∈ Z , (1)

where the pair (m,n) indexes a frequency-time (FT) resource

element. Centred on each FT point (m,n), a real-valued PAM



symbol am,n modulates gm,n(l), which is a phase, frequency

and time shifted version of a prototype impulse response g(l),
i.e., (assuming M to be even)

gm,n(l) � g

(
l − nM

2

)
ej

2π
M m(l−Lg−1

2 )ejϕm,n (2)

where g is a real linear-phase unit-energy impulse with length

Lg = KM , where K is the time overlapping factor and ϕm,n �
(m+ n)π2 +mnπ. Thus

s(l) =

M−1∑
m=0

+∞∑
n=−∞

am,nj
m+nej2π

ml
M g(l − nM

2
)βm,n (3)

where βm,n � ej2πm(n
2 −KM−1

2M ).

A matched filter receiver attempting to detect symbol ap,q
has response g∗p,q and its output will contain contributions from

each transmitted symbol am,n given by am,nξ
p,q
m,n, where

ξp,qm,n �
∞∑

l=−∞
gm,n(l)g

∗
p,q(l) . (4)

It can be shown that these interference coefficients ξp,qm,n have

a frequency-symmetry property which can be expressed as

ξp,qp−δp,q+δq
= (−1)δq (ξp,qp+δp,q+δq

)∗ ; ∀ p, q, δp, δq ∈ Z. (5)

As per [9], we use a prototype filter designed such that the

following real orthogonality condition is satisfied:

�(ξp,qm,n) = �
( ∞∑

l=−∞
gm,n(l)g

∗
p,q(l)

)
= δm,pδn,q (6)

where δr,s denotes the Kronecker delta function. This condition

causes the matched filter output to contain purely imaginary
intrinsic interference as illustrated in Table I.

B. Reception with time-dispersive channel

This paper is concerned with preamble-based channel es-

timation techniques, and thus the time-dispersive channel is

assumed to be time-invariant for the duration of the preamble

and the first data-bearing symbols. Additionally, under the mild

assumption that the channel delay spread is small compared to

the FMBC symbol duration, we can define a channel vector

h = [h0 h1 · · · hM−1] whose i-th entry hi is the channel gain

in sub-carrier i, and is normalized such that E[|hi|2] = 1. The

output of the (p, q)th matched filter is

yp,q =
∑
m,n

hmξp,qm,nam,n + wp,q

= hpap,q +
∑

(m,n) �=(p,q)

hmξp,qm,nam,n + wp,q (7)

where the summation in (7) represents the intrinsic interference
and wp,q =

∑
l η(l)g

∗
p,q(l) is colored noise affecting the FT

point (p, q), which is a filtered version of the complex AWGN

η(l) ∼ N (0, σ2). wp,q has variance E[|wp,q|2] = σ2 and is

correlated among sub-carriers with covariance E[wp,qw
∗
m,n] =

σ2ξp,qm,n. If h̃ ≈ h is an estimate of the channel vector then, by

TABLE I
NUMERICAL EXAMPLE OF ξp,qm,n , p EVEN, FOR THE PHYDYAS FILTER

[10]. THE ENTRIES MARKED WITH † ARE NEGATED FOR p ODD.

q-3 q-2 q-1 n=q q+1 q+2 q+3

p+2 0 0 0 0 0 0 0
p+1 -j0.0429† -j0.125 -j0.2058† -j0.2393 -j0.2058† -j0.125 -j0.0429†
m=p j0.0668† 0 j0.5644† 1 -j0.5644† 0 -j0.0668†
p-1 -j0.0429† j0.125 -j0.2058† j0.2393 -j0.2058† j0.125 -j0.0429†
p-2 0 0 0 0 0 0 0

Fig. 1. Block preamble arrangement of (a) ICM; (b) IAM-R; and (c) IAM-C
[2]. Here α is any real-valued symbol.

ignoring the interference term, a one-tap zero-forcing equalizer

can be used to estimate the data symbols via

ãp,q � �
(
yp,q

h̃p

)
≈ ap,q. (8)

This paper considers preamble-based approaches which are

used to form the channel estimates h̃ required for the above

equalizer.

III. PREAMBLE-BASED CHANNEL ESTIMATION

A. Virtual symbol approach

Fig. 1 shows the preamble symbol arrangements of IAM,

IAM-R and IAM-C, where α is a real-valued preamble symbol.

For such a preamble structure, a simple method to estimate

the channel is to assume that for each sub-carrier p, the sub-

carrier gain hp is constant over the immediate sub-carrier

neighborhood and that the interference contribution from the

data portion is insignificant. Accordingly

yp,q ≈ hp

∑
(m,n)∈Θp,q

ξp,qm,nam,n + wp,q � hpcp,q + wp,q (9)

where Θp,q � {(m,n) : |p−m| ≤ 1, |q − n| ≤ 1}. For sim-

plicity we define yp � yp,1 and cp � cp,1, leading to the

channel estimate

h̃p � yp
cp

≈ hp (10)

Using (5) and Table I, formulae for cp for each of the three

schemes can be computed as per Table II.



TABLE II
VIRTUAL SYMBOL AND MSE FOR VARIOUS PREAMBLE STRUCTURES

Scheme
cp,q �

∑
(m,n)∈Θp,q

ξp,qm,nam,n |cp|
MSE floor (relative to
ICM), from (17)

ICM cp=ap,1 |α| 0dB

IAM-R cp=ap,1
(
1± 2ξp,1p+1,1

)
≈ 1.11|α| -0.9dB

IAM-C cp=ap,1
(
1± j2ξp,1p+1,1

)
≈ 1.48|α| -3.4dB

B. Proposed Generalized Least Squares Based Estimation

We propose a new estimation algorithm for h̃p that involves

taking two frequency-consecutive received samples, i.e., yp =

[yp yp+1]
T

, and expressing these as two weighted observations

of hp perturbed by additive correlated noise; this can be solved

using a generalized least squares (GLS) approach. The received

observation vector can be expressed as

yp = cphp + Ip +wp (11)

where cp � [cp cp+1]
T

is a vector of virtual symbols as defined

in Section III-A. Ip and wp � [wp,1 wp+1,1]
T

are the vectors

of interference and noise respectively affecting the observation

vector yp. Note that Ip contains contributions from random data

symbols; these are assumed to have zero mean and variance σ2
a.

Furthermore, we note that the two elements of Ip are correlated

as they both depend on the same data symbols, and the two

elements of wp also correlated; hence the need for GLS as

opposed to the ordinary least squares (OLS) algorithm. Denote

by |hp|2Ω the covariance matrix of Ip +wp. Then, assuming

the use of the PHYDYAS prototype filter1, using Table I and

the symmetry condition (5) we obtain

[Ω]1,1 = σ2
a{|ξp,1p,4 |2 + 2|ξp,1p+1,3|2 + 2|ξp,1p+1,4|2 + η−1}

[Ω]1,2 = σ2
a{ξp,1p,4ξ

∗p+1,1
p,4 + ξp,1p+1,4ξ

∗p+1,1
p+1,4 + ξp,1p+1,1η

−1}
[Ω]2,2 = [Ω]1,1 and [Ω]2,1 = [Ω]

∗
1,2

where η � |hp|2σ2
a

σ2 is a measure of the receiver’s instantaneous

signal-to-noise ratio2. The GLS estimate is then given by

h̃p = gT
p yp =

(
cHp Ω−1cp

)−1
cHp Ω-1yp . (12)

Note that η depends on hp, meaning that Ω (and hence gp)

cannot be computed exactly without prior knowledge of hp. For

this reason, we replace η by3
E [η] =

σ2
a

σ2 in the GLS estimator

to obtain

h̃p = ĝT
p yp where ĝp � gp|

η=
σ2
a

σ2

(13)

Note that h̃p is simply a fixed linear combination of the two

elements of yp and is thus easily implemented. Also note

1The covariance matrix can be easily derived in a similar manner for any
other prototype filter.

2It can easily be shown that Ω depends only on the parity of p; thus, only
the details regarding two different matrices Ω need be stored at the receiver
(for p = 0 and for p = 1).

3Note that at high SNR, the effect of this replacement becomes negligible,
as the term η−1 tends to zero.

that the proposed channel estimation technique can easily be

extended to the case of more than two adjacent sub-carriers,

although the use of such an extension is restricted to channels

having low frequency selectivity.

IV. MSE ANALYSIS OF CHANNEL ESTIMATION

TECHNIQUES

All of the channel estimation schemes presented above

have in common two principal assumptions: a) the channel is

locally constant4; and b) distant symbols contribute negligible

interference. The second of these assumptions is weak and leads

to a floor in the channel estimation MSE. In this section, we

theoretically analyze the normalized mean squared error (MSE)

in order to enable performance comparison; this is defined as

MSE � E

⎡
⎣
∣∣∣∣∣ h̃p − hp

hp

∣∣∣∣∣
2
⎤
⎦ . (14)

Note that for an unbiased estimator MSE = Var
[
h̃p

hp

]
.

a) Virtual symbol method: From (9) and (10) for ICM

and IAM-R/C, we have

yp = hpcp + hp

p+1∑
m=p−1

4∑
n=3

ξp,1m,nam,n + wp,1 (15)

and so

h̃p − hp

hp
=

yp
hpcp

− 1 =
1

cp

{
p+1∑

m=p−1

4∑
n=3

ξp,1m,nam,n + wp,1

}
.

(16)

The am,n for n ≥ 3 are uncorrelated, real-valued, zero-

mean, random data symbols with variance σ2
a. Taking the

expectation with respect to these data symbols we find that

E

[
h̃p−hp

hp

]
= 0, implying that the estimator is unbiased. The

normalized variance (or MSE) is given by

MSEVS =
σ2
a

|cp|2
{

p+1∑
m=p−1

4∑
n=3

|ξp,1m,n|2 +
σ2

σ2
a

}
. (17)

From this expression, we see that in the limit as σ2 → 0 (i.e.,

in high-SNR conditions), there remains an estimator MSE floor

that is inversely proportional to the squared magnitude of the

virtual symbol cp. Note that, as per Table II (which is computed

based on the PHYDYAS filters), this squared magnitude is

largest for the IAM-C method, which is why IAM-C has the

lowest MSE floor when using the virtual symbol method.

b) GLS Estimation Method: Noting that a GLS estimator

is unbiased, using (13) we may derive the MSE of the proposed

GLS-based estimator as

MSEGLS = Var

[
h̃p

hp

]
=

1

|hp|2 ĝ
H
p E

[
ypy

H
p

]
ĝp

= ĝH
p Ωĝp. (18)

4In very highly frequency selective channels, the “locally constant channel”
assumption also becomes a limiting factor.
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Fig. 2. MSE of different CE techniques using (a) ITU Indoor A channel model and (b) ITU Vehicular A channel model. BER performance curve using no
mobility condition for ITU Indoor A channel model with (c) 4-QAM data symbols and (d) 16-QAM data symbols. (e) BER with mobility of 5km/hr with
16-QAM data symbols for ITU Indoor A channel model and (f) BER with mobility of 5km/hr with 16-QAM data symbols for ITU Vehicular A channel model.

Grouping those parts of ĝp that are scalars, we obtain

MSEGLS =
1∣∣∣cHp Ω̂−1cp

∣∣∣2 c
H
p Ω̂−1Ω

(
cHp Ω̂−1

)H

≈ 1∣∣∣cHp Ω̂−1cp

∣∣∣2 c
H
p Ω̂−1cp =

(
cHp Ω̂−1cp

)−1

(19)

where Ω̂ � Ω|
η=

σ2
a

σ2

, and we have used the approximation

Ω̂−1Ω ≈ I.

V. SIMULATION RESULTS AND DISCUSSION

In this section, a simulation study is conducted to compare

the performance of different preamble-based channel estimation

techniques in terms of CE-MSE and BER, for a low and a

medium frequency selective channel model (ITU Indoor A and

ITU Vehicular A [11]), along with scenarios of no-mobility and

mobility at a velocity of 5km/h. The transmitted signal consists

of M = 1024 sub-carriers of 15kHz bandwidth each. The PHY-

DYAS prototype filter [10] with an overlapping factor of K = 4
is considered. For the case of mobility, the reference frequency

is taken to be 2.4 GHz for the calculation of the Doppler spread,

with a Jakes Doppler spectrum assumed. Channel tracking over



the FBMC frame for each data symbol is done through linear

interpolation of estimates. Each FBMC frame consists of 64

OQAM data symbols, along with 3 preamble OQAM symbols

of which the first and third are symbols of nulls and the middle

symbol consist of α = 1 (Fig. 1). The OQAM symbols are

either derived from 4-QAM or 16-QAM Gray coded symbols

normalized such that σ2
a = 1. For each SNR or Eb/N0 value,

either a minimum of 3000 frames are transmitted or at least

105 bit errors are collected. Data symbols are estimated using

the estimated channel coefficients through the equalizer in (8).

For the non-time-varying scenario (referred to as “no-

mobility” in Fig. 2), CE-MSE for a low (Indoor A) and medium

(Vehicular A) frequency selective channel model is shown in

Fig. 2(a) and (b) respectively, along with a comparison with

the theoretical CE-MSE for each channel estimation scheme.

From these results, it can be seen that the proposed GLS-

based estimation method outperforms the corresponding VS-

based schemes, in each case (i.e., ICM, IAM-R/C) exhibiting

almost 3dB better CE-MSE than the VS-based counterpart. In

Fig. 2(b), simulation results show a slight deviation from the

theoretical values when frequency selectivity is increased (i.e.,

when we move from ITU Vehicular A to ITU Indoor A) using

GLS-based estimation, but it also shows that the assumption

of frequency selectivity still holds good even for a medium

frequency selective channel. The BER result in Fig. 2(c) shows

that the original ICM and IAM-R/C schemes exhibit similar

performance to the GLS-based estimation scheme for a wide

range of Eb/N0 when 4QAM modulation is used, but the GLS-

based scheme shows a clear BER gain when higher-order QAM

(16-QAM) is employed, as is evident in Fig. 2(d), Fig. 2(e) and

Fig. 2(f). This is because, while lower-order modulation (i.e.,

2-PAM or 4-QAM) are sensitive to phase errors only, higher-

order QAM is sensitive to both phase and amplitude errors;

thus, the improvement in CE-MSE afforded by GLS-based CE

is harnessed by higher-order QAM. From this we may conclude

that GLS-based CE scheme is a better option if higher-order

QAM is used, consequently making it better for high data rate

FBMC-OQAM applications.

Finally, Fig. 2(e) and Fig. 2(f) further verify the robustness

of the GLS-based method, which shows a clear BER gain over

conventional CE schemes in conditions of mobility. Together

these results prove the effectiveness of the GLS-based CE

method for FBMC-OQAM transmission, and demonstrate that

the GLS-based approach yields a clear CE-MSE and BER

advantage for high data rate FBMC-OQAM in various chan-

nel/mobility scenarios.

VI. CONCLUSION

In this paper, the problem of efficient preamble-based chan-

nel estimation in FBMC-OQAM systems was revisited, and

in particular the problem of alleviating the severe channel

estimation error floors in the high-SNR region caused by

ICI/ISI suffered by the transmitted symbols. A theoretical

analysis of CE-MSE was presented for various conventional

VS-based CE schemes such as IAM and ICM, which were

shown to agree well with simulation results. We also proposed

and analyzed a generalized least squares (GLS) based CE

scheme capable of taking into account the correlation of noise

and interference among sub-carriers. This scheme was shown to

exhibit a CE-MSE improvement of almost 3 dB with respect

to the corresponding virtual symbol based approach. Finally,

for higher-order modulation schemes, it was shown that such

lowering of CE-MSE results in a significant improvement in the

system’s bit error rate (BER) performance. This improvement

was achieved with only minor complexity increase.
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