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On a probabilistic approach to synthesize control policies from

example datasets

e hk

Davide Gagliardi', Giovanni Russo ®

*Department of Information and Electrical Engineering and Applied Mathematics, University of Salerno, Italy (e-mail:
giovarussoQunisa.it)

Abstract

This paper is concerned with the design of control policies from example datasets. The case considered is when just a black box
description of the system to be controlled is available and the system is affected by actuation constraints. These constraints
are not necessarily fulfilled by the (possibly, noisy) example data and the system under control is not necessarily the same
as the one from which these data are collected. In this context, we introduce a number of theoretical results to compute a
control policy from example datasets that: (i) makes the behavior of the closed-loop system similar to the one illustrated in
the data; (ii) guarantees compliance with the constraints. We recast the control problem as a finite-horizon optimal control
problem and give an explicit expression for its optimal solution. Moreover, we turn our findings into an algorithmic procedure.
The procedure gives a systematic tool to compute the policy. The effectiveness of our approach is illustrated via a numerical
example, where we use real data collected from test drives to synthesize a control policy for the merging of a car on a highway.

1 Introduction

Model-based control is a key paradigm to design control
systems: the design of platoons, fault tolerant and bio-
chemical systems are just few of the frontier applications
where this approach has been successfully used. Un-
fortunately, detailed mathematical models in the form
of e.g. differential/difference equations, are not always
available and, when available, can be hard to identify.
Hence, a paradigm that is becoming increasingly popu-
lar is to synthesize control policies directly from data,
see e.g. (De Persis and Tesi, 2020; Van Waarde et al.,
2020; Hou and Wang, 2013) and references therein. As
noted in these papers, this approach aims at designing
policies while bypassing the need to devise/identify a
mathematical model and can be useful in applications
where first-principle models cannot be obtained and/or
system identification is too computationally expensive.

* This is an authors’ version of the work that is pub-
lished in Automatica, Vol. 137, 2022. Changes were
made to this version by the publisher prior to pub-
lication. The final version of record is available at
https://doi.org/10.1016/j.automatica.2021.110121
**This publication has emanated from research conducted
with the financial support of Science Foundation Ireland
under Grant number 16/ RC/3872

1 Work done in part while at the School of Electrical and
Electronic Engineering, University College Dublin, Ireland.

An appealing framework to design controllers from data
is that of using example datasets. This learning from
demonstrations approach involves learning actions by
observing an expert (Hanawal et al., 2019; Wabersich
and Zeilinger, 2018; Zhu et al., 2020). In this context,
we consider the key challenge of designing control poli-
cies from noisy example datasets for systems affected by
actuation constraints. Motivated by this, we present 2
a set of technical results to synthesize policies directly
from examples that might not satisfy the actuation con-
straints. Situations where our results are of interest nat-
urally arise in the context of e.g. autonomous urban driv-
ing, where one is often interested in designing policies
from driving examples, while ensuring that the control
(e.g. speed, acceleration) signal fulfills certain proper-
ties with some acceptable/design probability level (Vitus
and Tomlin, 2013). We now survey some related works
on data-driven control and learning from examples.

Data-driven control. As noted in e.g. (De Persis and
Tesi, 2020; Van Waarde et al., 2020), work on data-driven
control can be traced back to (Ziegler and Nichols, 1942)
and their results on the tuning of PID controllers. Re-
cently, driven by the explosion in the amount of avail-
able data, the problem of finding control policies from
datasets has gained increasing attention, see e.g. (Hou
and Xu, 2009). For example, (Van Waarde et al., 2020)

2 An early version of the results presented at the 21st IFAC
World Congress (Gagliardi and Russo, 2020).



studies data-driven control in LTT systems when the
data available are not persistently exciting and where,
therefore, it is impossible to perform subspace identi-
fication. Recent works also include (Tanaskovic et al.,
2017), where a direct data-driven design approach is
introduced for discrete-time stabilizable systems with
Lipschitz nonlinearities and e.g. (Markovsky and Rapis-
arda, 2007; Gongalves da Silva et al., 2019; Baggio et al.,
2019) that consider the problem of designing controllers
for systems that have an underlying linear dynamics.
We also recall here (De Persis and Tesi, 2020) that de-
rives a parametrization of linear feedback systems us-
ing data-dependent linear matrix inequalities. Besides
works on e.g. data-based tuning of PID controllers (Keel
and Bhattacharyya, 2008) other remarkable results have
been obtained by taking inspiration from the rich litera-
ture on Model Predictive Control (MPC). These include
(Rosolia and Borrelli, 2018), where an MPC learning al-
gorithm is introduced for iterative tasks when the sys-
tem dynamics is partially known, (Salvador et al., 2018)
where a data-based predictive control algorithm is pre-
sented for unknown time-invariant systems and (Coul-
son et al., 2019a,b) that, by taking a behavioral systems
perspective, introduce a data-enabled predictive control
algorithm for data generated by LTI systems.

Learning from example datasets. At their roots,
learning from demonstration techniques largely rely on
inverse optimal control (Bryson, 1996). Nowadays, these
techniques, which essentially aim at finding/improving
a policy from an initial demonstration dataset (Bert-
sekas, 2021), are recognized as a convenient framework
to learn parametrized policies from success stories (Ar-
gall et al., 2009) and potential applications include
planning (Englert et al., 2017) and medical prescrip-
tions learning (Xu and Paschalidis, 2019). There is then
no surprise that, over the years, a number of techniques
have been developed to tackle the problem of learn-
ing parametrized control policies from demonstrations,
mainly in the context of Markov Decision Processes. Re-
sults include (Hanawal et al., 2019), where parametrized
policies consistent with data for a Markov decision pro-
cess are learned via regularized logistic regression and
regret bounds are given, (Ratliff et al., 2009), which
leverages a linear programming approach, (Ratliff et al.,
2006) which relies on a maximum margin approach,
(Ziebart et al., 2008) that makes use of the maximum
entropy principle, (Ramachandran and Amir, 2007)
that formalizes the problem via Bayesian statistics and
(Abbeel and Ng, 2004), where rewards are learned by
expressing them as a combination of known features.
We also recall the recent (Edwards et al., 2019), where
an approach based on characterizing causal effects of
latent actions is proposed to tackle imitation learning
problems. A Bayesian approach (Peterka, 1981) to dy-
namical systems is also at the basis of works such as
(Kérny, 1996; Kérny and Guy, 2006; Herzallah, 2015;
Pegueroles and Russo, 2019; Guy et al., 2018; Karny and
Kroupa, 2012) see also (Kappen et al., 2012; Todorov,

2009, 2007) and references therein, which formalize (via
the so-called Kullback-Leibler divergence, see Section
2.1 for the definition) the control problem as the prob-
lem of minimizing a cost that captures the discrepancy
between an ideal probability density function and the
actual probability density function of the system under
control. Further, we recall (Guan et al., 2014), which
also consider these Kullback-Leibler control problems
without constraints. In such a work, by leveraging an
average cost formulation, the probability mass function
for the state transitions is found. Finally, we also recall
(Russo, 2021; Garrabe and Russo, 2022), where policies
are obtained from the minimization of similar costs by
leveraging multiple, specialized, data sources.

Contributions of this paper

We introduce a framework to design policies from ex-
ample datasets for systems having actuation constraints
and for which just a probabilistic description is known.
With our results, we aim at synthesizing control policies
that make the behavior of the closed loop system simi-
lar (in a sense defined in Section 3.1) to the one seen in
the example data, while still fulfilling the system-specific
actuation constraints. To the best of our knowledge, the
formulation presented here is novel and these are the
first results that, simultaneously: (i) do not require as-
sumptions on the linearity of the underlying stochastic
dynamics that is generating the data; (ii) allow for the
example data to be noisy and collected from a system
that is not necessarily the same as the one that is un-
der control; (iii) do not need the actuation constraints
to be necessarily fulfilled in the example data; (iv) do
not need an a-priori parametrization of the policy. Our
key technical contributions are summarized as follows:

e we recast the control problem as the problem of re-
shaping certain probability density functions that
can be obtained from data. This leads to formulate
a constrained infinite dimensional, finite-horizon,
optimal control problem. The decision variables of
the problem are probability densities and the con-
straints are linear functionals in these densities;

e we introduce a number of theoretical results to
tackle the control problem. Specifically, we prove
that the finite-horizon optimal control problem can
be split into infinite-dimensional sub-problems,
with each of these sub-problems having a probabil-
ity density (i.e. the control policy) as decision vari-
able. After showing that each of the sub-problems
is convex, we solve them explicitly. By leveraging
this, we show that the control problem can be
solved iteratively via a backward recursion. This
leads to an explicit expression of the optimal policy;

e the results are turned into an algorithmic procedure
to compute the optimal control policy;

o we illustrate the effectiveness of the results via a nu-
merical example that involves the use of real data.



The paper is organized as follows. After introducing
some mathematical preliminaries in Section 2, we for-
malize the control problem (Problem 1, in Section 3).
This problem is solved with the technical results pre-
sented in Section 4 (some of the proofs are in the ap-
pendix). Specifically, in this section we first introduce,
and discuss, an auxiliary problem (i.e. Problem 2). With
Lemma 1 we then give an explicit expression for the op-
timal solution of Problem 2 and this result is used itera-
tively to prove Theorem 1, which gives the optimal solu-
tion to Problem 1. We conclude Section 4 by highlight-
ing a connection between our approach and maximum
entropy. The results are turned into an algorithmic pro-
cedure (Section 5) and a numerical example is presented
in Section 6. Concluding remarks are given in Section 7.

2 Mathematical Preliminaries

Sets, as well as operators, are denoted by calligraphic
characters, while vector quantities are denoted in bold.
Random (row) vectors (i.e. a multidimensional random
variables) are denoted by upper-case bold letters and
their realization is denoted by lower-case bold letters.
For example, Z denotes a multi-dimensional random
variable and its realization is denoted by z. The proba-
bility density function (or simply pdf in what follows) of
a continuous Z is denoted by f(z). The support of f(z)
is denoted by S (f) and, analogously, the expectation
of a function h(-) of Z is indicated with E¢[h(Z)] and
defined as Ef[h(Z)] := fs(f) h(z) f(z)dz. For notational

convenience, whenever it is clear from the context, we
omit the domain of integration in the integral. We also
remark here that: (i) whenever we apply the averaging
operator to a given function, we use an upper-case letter
for the function argument as this is a random vector; (ii)
to stress the linearity of certain functionals or operators
with respect to a specific argument, we include that ar-
gument in square brackets. The joint pdf of two (non in-
dependent) random vectors, say Z and Y, is denoted by
f(z,y). The conditional probability density function (or
cpdf in what follows) of Z with respect to Y is denoted
by f (z|y) and, whenever the context is clear, we use the
shorthand notation fz. Finally, given Z C R"= its indi-
cator function is denoted by 1z(z). That is, 1z(z) = 1,
Vz € Z and 0 otherwise. We also make use of the internal
product between tensors, which is denoted by (-, -}, while
A\ B is the set difference between A and B. We indicate
(ordered) countable sets as {wy }x = {wk}zgkl, where
wy, is the generic element belonging to the set and k1, &,
are the indices of the first and last element respectively.

2.1 The Kullback-Leibler divergence

The control problem is stated (see Section 3.1) in terms
of the Kullback-Leibler (KL, (Kullback and Leibler,
1951)) divergence, formalized with the following:

Definition 1 Consider two pdfs, ¢(z) and g(z), with the
former being absolutely continuous with respect to the
latter. Then, the KL-divergence of ¢(z) with respect to

9(z), 1s Dkr (¢(2)|lg(2)) == fS(qﬁ) ¢(z) In (?E;D dz.

Intuitively, Dkr, (¢(2)]|g(z)) is a measure of the prox-
imity of the pair of pdfs, ¢(z) and g(z). We now give a
property of the KL-divergence, also known as chain rule,
used in the proof of Theorem 1.

Property 1 Let Z and Y be two random wectors
and let ¢(y,z) and g(y,z) be two joint pdfs. Then,
the following identity holds: Dy (¢(y,2z)||9(y,2)) =
DL (6(y)ll9(y)) +Eg [Pk (6(2]Y)|| 9(2]Y))].

Proof:the chain rule can be found in e.g. (Cover and
Thomas, 2006) and its proof follows from the definition
of Dk, the conditioning and independence rules for pdfs.
We give a self-contained proof in the appendix. O

3 Formulation of the Control Problem

Let: (i) K = {k}}_;, Ko := KU {0} and T = {t;, :
kE € Ko}; (i) x; € R™ and ux, € R™ Dbe, respec-
tively, the system state and input at time ¢ € T; (ii)
Ay := (xk,u) be the dataset collected from the sys-
tem at time t;, € 7 and AF the dataset collected from
to € T up to time ¢, € T (tx > to). See also (Peterka,
1981), where it is shown that the system behavior can
be described via the joint pdf of the observed dataset,
say f(A™). Moreover, by making the standard assump-
tion that Markov’s property holds (Kérny, 1996), the
chain rule for pdfs leads to the following factorization
for f(A™):

FA™) = T f (xalwn, xk-1) £ (ailxe-1) £ (x0) . (1)

ke

Throughout this work we refer to (1) as the probabilistic
description of the closed loop system, or we simply say
that (1) is our closed loop system.

Remark 1 The cpdf f (xi|uk,Xr—1) describes the sys-
tem behavior at time ti, given the previous state and
the input at time ty. The input is generated by the cpdf
f (ug|xx—1). This is a randomized control policy return-
ing the input given the previous state. Note that the ini-
tial conditions are embedded in the probabilistic system
description through the prior f (Xq).

In the rest of the paper we use the following shorthand
notations: fE = f(xglug,xk—1), f& = f(uplxx_1),

F* o= e fb. fo = f (x0) and f* := f (A"). Hence, (1)
can be compactly written as

o (H fézfé) o @

ke



3.1 The control problem

Our goal is to synthesize, from an example dataset,
say A”, the control pdf/policy, i.e. f, that: (i) makes
the closed loop system similar to the behavior illus-
trated in the dataset; (ii) satisfies the system actua-
tion constraints even if these are not fulfilled by the
examples. We specify the behavior illustrated in the
examples through the reference pdf g (AZ) extracted
from the example dataset. By means of Markov’s prop-
erty and the chain rule for pdfs we have g (A7) =
[Trex 9 (xklug, xp—1) g (ak[xk-1) g (x0). Again, by
setting g% = g(xk|up,xk-1), G5 = g(urlxp-_1),
9" = 3% 3%, 90 = g (x0) and g" := g (A}) we get:

9" = (H éé‘%éﬁ) 90- (3)

kex

The pdf g% is not necessarily the same as the pdf f.
This allows to consider situations of practical interest
where e.g. the system used to collect the example dataset
is not necessarily the same as the system under control 3 .

Remark 2 Within this paper, a dataset is a sequence of
data. In certain applications one might have access to a
collection of datasets, which can be leveraged to compute
the above pdfs. In e.g. autonomous driving applications
one might run multiple test drives and, in this case, the
pdfs can be computed from the collection of the speed
profiles (i.e. the collection of datasets) obtained from each
test drive. This observation is exploited in Section 6.

The control problem, formalized next, can then be re-
cast as the problem of designing f{} so that f™ (i.e. the
probabilistic description of the closed loop system) ap-
proximates g™ (i.e. the joint pdf extracted from the ex-
ample dataset). This is formally stated as follows:

Problem 1 Let, Vk € K:

(i) n¥ and nF be positive integers;
(i) hﬁ,j ‘U, CR™ — R, j=1,...,nF +nf, be mea-
surable mappings from U C R™ into R;
(i) Hﬁ,j €R,j=1,...,n% +nF, be constants;
(iv) h¥o(u) := 1y, () and HE  :=

3 As noted in (Peterka, 1981) the probabilistic descriptions
are the most general description of a system from the view-
point of an outer observer. These pdfs can be computed from
the available data as e.g. empirical distributions

Find {(fIICJ)*}IC = {f* (up|xp—1)}, such that:

rk * : n||,n
{Qﬁ)}Keam{%EKDKMng)
S.t.: c’fw» f{} =0,Vje&k kek,

k|l <0, vieThkek
(4)

where
iy [F5] =g (b, (U] - HE, ()

k

and where EF = EF U {0} (with EF = {j}]°), IV =
k k

{ ]}Zzi?l are the equality and inequality constraints index

sets at time t), respectively.

Following Definition 1, the cost in (4) is well defined if
f™ is absolutely continuous with respect to g". That is,
as for other control results based on the minimization of
the KL-divergence, the cost is well defined if the former
pdf is 0 whenever the latter pdf is 0. The constraints in
Problem 1 are specific to the system under control and
we do not make any assumption on the fact that the
behavior observed in the example dataset fulfills these
constraints. We make the following remarks:

Remark 3 Since the pdf g5 can be different from f,
we have that gy is not, in general, the optimal solution
to Problem 1. Further, since g{g might not satisfy the
constraints in Problem 1, this pdf might not be feasible
for the problem. The explicit expression for the optimal
solution to Problem 1 is instead given in Theorem 1 and,
as we shall see, it depends on g{g.

Remark 4 The control problem is cast as the problem of
designing f& so that Dy, (f"||g") is minimized, subject
to the constraints. In this sense, the policy is designed
so that f™ approximates g™ while still fulfilling the con-
strains. With Theorem 1 we give an explicit expression

for the optimal solution {(f{‘j) } . The control input,
K

say uy, applied to the system at time-step k is obtained
- *
by sampling from the pdf (f{j) .

As noted in (Pegueroles and Russo, 2019), in the spe-
cial case when in Problem 1 there are no constraints and
the pdfs f™, ¢g" are normal distributions with zero mean,
then the control policy solving the problem has the same
update rules as the Linear Quadratic Regulator. The in-
troduction of the constraints formalized in Problem 1
can be useful in situations of practical interest where the
actuation capabilities of the system are different from
the actuation capabilities of the system used to collect
the example data and/or in situations where the exam-
ple data are collected without necessarily knowing the



specific constraints of the system under control. Also, by
embedding actuation constraints into the problem for-
mulation and by solving the resulting problem, one can
export the policy (by e.g. using it to generate example
datasets) that has been synthesized on a given system
to other systems having different actuation capabilities.

As we shall see, the solution to Problem 1 depends on the
conditional pdf f)k(, i.e. the cpdf describing the behavior
of the system under control, which therefore needs to
be properly estimated. Hence, as for other data-driven
control approaches that rely solely on the available data,
these need to be sufficiently informative. We refer to e.g.
(Van Waarde et al., 2020; De Persis and Tesi, 2020; van
Waarde et al., 2020; Colin et al., 2020) for recent results
on data informativity and to (van Waarde, 2021; Karlin
and Studden, 1966) for results on optimal experimental
design and persistency of excitation.

Remark 5 In Problem 1, the constraints are formal-
ized as expectations and can be equivalently written as
fs(fé) fE h’fw» (u) du= Hﬁ,j' The equality and inequal-
ity constraints, and their number, can change over time.
In Problem 1, n¥ and nf denote, respectively, the num-
ber of equality and inequality constraints at time-step k
(see the definitions of the sets EF and I* in the problem
statement). Finally, the first equality constraint is a nor-
malization constraint on the solution of the problem.

Remark 6 The constraints in (4) can be used to guar-
antee properties on e.g. the moments of the cdpfs (f{’}) ,

i.e. on the optimal solution of the problem (see also Re-
mark 10 and Remark 11). Additionally, we note that
the inequality constraints in (4) can be used to capture
bound constraints of the form P(Ux € U) > 1 — ¢,
where Uy, C Uy, and € > 0. Indeed, note that: P(Uy €
Uy) = fs(f{fr) 1y, (ug) f&duy, = E (17, (Uy)]. Hence,
the constraint P(Uy € Uy) > 1 — € can be written as a
constraint of the form of these in (4). Typically, in works
on safe learning for stochastic systems, see e.g. (McKin-
non and Schoellig, 2019; Nakka et al., 2021), € is a small
constant and hence these types of constraints model the
fact that the probability that the control variable is outside
some (e.g. desired) set Uy, is smaller than some accept-
able e. When e = 0, the constraint amounts at imposing
that P(Uy € Uy,) = 1, thus implying that the pdf f& is
zero outside the set Uy,.

Remark 7 In relation to Remark 6, we also note how
the constraint P(Uyx € Uy) = Ef{} (17, (Up)] >1-¢
is linear, and hence convez, in the decision variable (i.e.
ftkj) even if the indicator function is not convez, see e.q.
(Vitus and Tomlin, 2013). This implies that, in Prob-
lem 1, these constraints can be handled without resort-
ing to bound approximations. These approximations are

typically used in the literature to handle the intrinsic
non-convezity of the constraint arising in problems where
the decision variable is Uy, see e.g. (Vitus and Tom-
lin, 2018; Moser et al., 2017). Note indeed that, while

]E];I;3 []lgk (Uk)} is convez in f[’}, this is not convex in Uy,.

4 Technical Results

We now introduce our main results. The key result be-
hind the algorithm of Section 5 is Theorem 1. The proof
of this theorem, given in this section, makes use of two
technical results (i.e. Lemma 1 and Lemma 2). With our
first result, i.e. Lemma 1, we tackle an auziliary problem
that is iteratively solved within the proof of Theorem 1.
This auxiliary problem is formalized next.

Problem 2 Let:

(i) ne, n; be two positive integers;
(i1) Z be a random vector, withz € Z C R"=;
(iii) g(z) and f(z) be two pdfs having support Z;
(iv) a : Z — R be a mapping from Z into R, which is
integrable under the measure given by f(z);
(v) hj : Z = R, j=1,...,n.+ n, be measurable
mappings from Z into R;
(vi) H; € R, j=1,...,n¢+ ny, be a constant;
(vii) ho(z) :=1z(z) and Hy := 1.

Find the pdf f*(z) such that:

f*(z) € arg rfr%izr)l L(f(z))

st [f(z)] =0,Vje&, (6
¢ilf(2)] <0,VjeT

where:

L(f(2)) = Dkr (f(2)llg(2)) +/f(Z) a(z) dz, (7)

with
c; [f(2)] ::/f(z) hj(z) dz — Hj, (8)
and & = € U{0}, € = (j}, T o= ()i Ty,

In Lemma 1 we give the optimal solution of Problem 2.
Such a result is used in Theorem 1 to find the solution
to Problem 1. Consider the special case where, in Prob-
lem 1: (i) the function «(-) is constant in Z; (ii) the sup-
port Z is compact and g(z) is uniform. Then, the cost in
Problem 2 becomes L(f(z)) = [ f(z)log f(z)dz. Hence,
in this case, Problem 2 becomes a constrained entropy
maximization problem. See also Remark 14. We con-
sider feasible sets of constraints that satisfy the following
constraint qualification condition (CQC):



Definition 2 Consider the set of linear constraints

The Slater’s CQC (or simply Slater’s condition in what
follows) is said to hold for such a set if there exists a pdf,
say f(z), such that ¢;[f(z)] = 0, Vi € {1,...,n.} and
cj[f(2)] <0,Vje{l,...,m}.

Remark 8 Slater’s condition is also known in the lit-
erature on infinite-dimensional optimization problems
as a regularity condition on the constraint set (Rock-
afeller, 1976; Ben-Tal et al., 1988). For a convez infinite-
dimensional optimization problem, the fulfillment of such
a condition guarantees strong duality (Ben-Tal et al.,
1988).

We make the following:

Assumption 1 The constraints sets in (4) and in (6)
are feasible and satisfy Slater’s condition.

Remark 9 Assumption 1 is widely used in the litera-
ture on e.g. infinite-dimensional optimization (Ben-Tal
et al., 1988; Fan, 1968), divergences optimization and
cross-entropy problems (Singh and Vishnoi, 2014; Bot
et al., 2005). If the problems involve discrete distribu-
tions, then checking feasibility and the Slater’s condition
implies solving (finite dimensional) systems of equalities
and inequalities, see e.g. (Duffin et al., 1956; Fan, 1975;
Hiebert, 1980; Censor and Elfving, 1982). For problems
with continuous variables, an approach to check the con-
dition consists in building an initial pdf for which equal-
ity constraints are satisfied and inequality constraints are
satisfied strictly. This approach has been used in Section
6 to verify the fulfillment of Assumption 1 for our nu-
merical example.

We are now ready to introduce the next result, which
gives a solution to Problem 2.

Lemma 1 Consider Problem 2. Then:

(R1) the problem has a unique solution and this is given
by the pdf

e_{a(z)+2jeza(f*<z>>\{o} A;hj(z)}
f (Z) = g(Z) SRRV

(9)
In (9), A is the Lagrange multiplier associated to

the constraint c; [f(z)] and Z, (f*(2)) is the active
index set defined as

Lo (f)=&U{jel:¢[f]=0}  (10)

In (9) the Lagrange multipliers

A= AT, 17,

Ne+ng

can be computed by solving the optimization problem
A* € arg max LP (X)
s.t.. Aj free, Vj € &, (11)
A >0,Viel
where

LP(A) := —(A\H) — [g(z) e 1Ha@+Nh@)} gy
(12)

(R2) Moreover, the corresponding minimumis L (f*(z)) =

- (1 + 2jeza(r @) N Ha‘)-
Proof: See the appendix. O

Before introducing the next technical result, we make
the following remarks on Lemma 1.

Remark 10 The equality constraints in (8) can be used
to impose parametric prescriptions on the solution. For
example, one could impose that f*(z) has the central mo-
ment of order i equal to some mi,. This is equivalent to
impose that the solution satisfies E ¢ [ZZ] = mb,, which in
turn can be formalized as c; [f(z)] == [ f (z) z' dz—m,.
These types of equality constraints, also arise within the
literature on the approximation of spectral density func-
tions with respect to the KL-divergence under moment
constraints, where linear systems are typically consid-
ered. See e.g. (Georgiou and Lindquist, 2003; Pavon and
Ferrante, 2006; Zhu and Baggio, 2019).

Remark 11 The inequality constraints in (8) can also
be used to assign properties to the solution: with these con-
straints, one could express bounds on the expected value
of any function of Z, say h(Z). For instance, the rectan-
gular bound mQZ <E; [ZQ] < m% can be formalized with
the pair of inequality constraints:

{ca [f(2)] = [ f(2) 2* dz— 3,
e [f(2)]:=— [ f(z) z2° dz+ m3,.

Remark 12 The Lagrange multiplier Ao in (9) can be
expressed as a function of all the other Lagrange multi-
pliers. This can be done by imposing the normalization
constraint, i.e. co [ f*(z)] = 0, on the pdf solving the prob-
lem, i.e. (9). This yields:

@ ey s |
1+ X =1In (/g (z) e { 2iserase @ ion dz) ,



which can also be obtained by imposing the sta-
tionarity condition of the Lagrange dual function
with respect to X\g. Also, the expression for \g above
could be directly embedded in the dual cost func-
tion (12), yielding LP (A\) = = jeeur Nl

In( [g(z) e_{a(z)JijefulAjhj(z)}dz), and thus re-

ducing by one the dimension of the search space of the
dual problem.

We now introduce the following technical result that is
also used in the proof of Theorem 1.

Lemma 2 Let f and g™ be the joint pdfs defined in (2)
and (3), respectively. Then:

Dt (f"|lg") = Prr (FHlg" ™)
+Epus {DKL (f"||g”>] ,
where f* and g" are the conditional pdfs defined as in
Section 3, i.e. f™:= fx f{y and §" = §%¢5-

Proof: The result is obtained from Property 1 (see the
appendix for a proof of this property) by setting Y :=
[X07U17X17---5Un—laxn—1} and Z := [Un,Xn] ([l

The main result behind the algorithm of Section 5, the

proof of which makes use of the above technical results,
is presented next.

Theorem 1 Consider Problem 1. Then:

~ *
(R1) The control policy at time instant ty, (f[k]) , com-

posing {(fﬁ) }K solving the problem is given by

(fk)* o ei{a(uk’xk*l)JijeZak\{o}(Aﬁ,j)*h\lid(uk}}
v REEE |
(13)

where:

e (-, ) is generated via the backward recursion

O (ag, Xp—1) = & (ug, Xp—1)+ 6 (ug, xXp—1), (14)

with
~ o k| <k
Oj(uk, Xp-1) := Dkr (fx”gx) ) (15)
B (g, xp1) = —Ep [Ing (X)),

and terminal conditions 3 (up, xp—1) = 0,

& (up, Xp—1) = Dky, (ffé”ggc);

e 4 () in (15) is defined as
4 (xk-1) = Y (38 (xx-1)),  (16)
JELL*
with
o (-1) = exp {(Mio) + 1}, Aub () = 1,
(17)

and

’3’1’2,3‘ (Xp—1) := eXP{()‘ﬁ,j) Hﬁ,j}a ’3’3;1 (x5) =1,
(18)

Vi€ EFUTF;
o (/\ﬁ’j)* in (13) is the Lagrange multiplier as-

sociated to the constraint cﬁ,j, while T,* is

~ *
the active index set associated to (f{}) . In

particular, the wvector of Lagrange multipliers

(%) = 050" 060 o () T

can be computed solving:

(Aﬁ) € arg max LV (Aﬁ)
AL
s.t.: /\ﬁ,j free, Vj € £F (19)
Ai >0, VjeTh,

where

£P (Aﬁ> = Zjeskuz’“ AﬁyjHllij o

In (f gg 67&)(uk1xk—1)
e*{zy‘eskuzk Aﬁﬂ' h‘)i*j(uk)}duk) ,

with (/\';0)* given by

R
e_{ZjEIak\{U}(AﬁJ)*}Lﬁ,j(uk)} duk> 1
(20)
(R2) Moreover, the corresponding minimum at time ty,
is given by:

B 1=~y 5 (Xe1)]. (21)

where pk denotes the pdf of the state at time ty (i.e.
vk = f (xx)).

Before giving the proof we make the following remark:



Remark 13 The policy solving Problem 1, i.e. (f{}) ,

directly depends on g{g. This is the policy extracted from
the examples and a natural choice is to estimate it from
the available data (see also the example in Section 6). In
principle, one could use a g{g that, while not being ez-
tracted from the examples, embeds design preferences that
might be known a-priori. If full knowledge of the system
(and of its constraints) is available, one can build a syn-
thetic joint pdf g™ that embeds the desired design proper-
ties. While our results can be used in this ideal situation,
we remark here that building such synthetic pdf is not
always possible in situations of practical interest where
the example data are collected from a system that is not
the same and/or does not have the same constraints as
the system under control (or the constraints of the sys-
tem under control are not fully known). Finally, another
choice, for pdfs having compact supports, is to set gﬁ
equal to the uniform distribution.

Proof: we prove the result by induction and the proof is
organized in steps. First, in Step 1, we leverage Lemma
2 to show that Problem 1 can be split into sub-problems,
where the optimization sub-problem for the last itera-
tion, i.e. k = n, can be solved independently on the oth-
ers. We then (Step 2) make use of Lemma 1 to find
an explicit solution for the sub-problem at £ = n. Once
this is done, we update the cost of Problem 1 with the
minimum found by solving the sub-problem at k& = n
and show, in Step 3, that the original problem can be
again broken down into sub-problems. This time, the
sub-problem at iteration k = n — 1 can be solved inde-
pendently on the others. We then solve this sub-problem
and note, in Step 4, how for all the remaining time-
steps the structure of the optimization remains the same.
From this, the desired conclusions are drawn.

Before proceeding with the proof note that, for nota-
tional convenience, we use the shorthand notation {C’fl}
to denote the set of constraints of Problem 1 at iteration
k. We also denote by {Cﬁ} « the set of constraints over

K and by {Cﬁ}:;ll the constraints from ¢ up to t,,_1.

Step 1. Note that, following Lemma 2, Problem 1 can
be re-written as

min D, (f"]|g") =
flc

Ul
t.o {Ck
S { U}IC (22)
= min_{Dyr (f7g"?) + B;}

Uohio,

s.t.: {Cfi}z;ll
where:
B! :=minB,, s.t.:C} (23a)

I

and
B, =Esu [DKL (f”||g”)} . (23b)

That is, Problem 1 can be approached by solving first
the optimization of the last iteration of the horizon K
(the term B, in (22)) and then by taking into account
the result from this optimization problem in the opti-
mization up to iteration n — 1.

Step 2. We first observe that, for B,, defined in (23a):
o= s (1) =5 [ (1))

The above expression was obtained by noticing that, by
definition of f™ and g™ (see soon before (2) and (3)),

Dk ( f | g") is a function of the previous state and, to

stress this in the notation, we let A (+) := Dk, (f”Hg")

Hence, B,, can be written as

B, = EP;L(A {DKL (fn”gnﬂ = ]Epgl{l [121 (Xn_l)} )
(24)
and the sub-problem in (23a) becomes:

B = minE .1 {AA (anl):| s.t.: C (25)
5o
Now, note that

min E [121 (Xn_1)] = Epg(*l [A%],

G x

s.t.: C}

(26)

where
A :=minA(x, ;) st C" (27)
I
Also, the equality in (26) was obtained by using the fact
that the expectation operator is linear and the fact that
the decision variable (i.e. f{j) is independent on the pdf
over which the expectation is performed (i.e. p% ).

Following (26), we can obtain B} by solving (27) and

then by averaging A over p?‘(_l. We now focus on solving
problem (27). From (24), we get:

A(Xn—l) = /f{LJ [ln (gg) + &(un7x7l—1)‘| duny
(28a)
6 (un,xn-1) =D, (FRllg%) . (28D)

In turn, (28a) can be compactly written as:

Alxoa) = Dua (Folas) + [ st (an o) du,



where we used the definition of KL-divergence.

Hence, Lemma 1 can be used to solve the optimization
problem in (2~7) Indeed by applying Lemma 1 with: Z =
U, /(2) = f. 9(2) = 35, () = (- Xu1), (@) =
ha (), Hy = Hy o, cil] = ey ;[ Aj = A € =&
T =1", we get the following bolutlon to (27):

—{&(u"”x”*1)+2jeza"\{o}(/\ﬁ.j)*hﬁd(u”)}

1t (X0)

~ * e
(76) =av ,
(29)
where Z," is the active set index associated to ( U) .

In the above pdf, (AL ;)" ,j € & UZ™ are the Lagrange
multipliers at the last 1terat10n k = n. Now, follow-
ing Lemma 1 and Remark 12, the Lagrange multlph—

s
ers (AZ)* = |:( 3,0) a( 3,1) (A ()‘ﬁ,n?+n{‘) :| are
computed by solving

(An)* € arg max LD (A7)
s.t.r Ay ; free, Vj € E7,
AL >0, V) eI

T ~ *
choosing [()\ﬁl)* ey ()\Eﬁnn+n7> } so that (f{by) is

feasible. In the above expression £ (A?) is defined as:

‘CD (Aﬁ) = - Z Aﬁ’JHZJ — ln </ g% efd(“n)xn—l)

jegnuIn

{desﬂurn 37h3] z)}d >
and ()\ﬁ,o) * can be obtained from all the other Lagrange

multipliers by normalizing (29), i.e

—a(up,Xn—1)

()‘ﬁ,o) +1 —hl(fg e
6_{Zjeza \{o}(An )*hﬁ,j(un)} dun>

=In (’AV:}O (anl)) :

Moreover, from Lemma 1, the minimum of the problem
in (27) is given by:

Ay=—|1+ > () HE |

JE€L"

which, using the definitions in (17) and (18), can be

equivalently written as

A== Y (3, (xn-1)) | = —InF (xn_1).
jGIq."
Thus, we get:
B:; =—FE »n-1 [ln;\y (anl)} . (30)

Step 3. Note now that the B} in (30) only depends on
X,—1 and therefore the original problem (22) can be
split, following Lemma 2, as

min {DKL (f" Hign 1)—|—B*}
{76},

s.t.: {Ck nol

(31)
= ml? . {DKL (f"2M1g"™2) + Bi1}
{F6}2
s.t.: {C,’j -
where:
B,y =minB, 1 s.t. cr! (32a)
u
and
By i=Epos Dt (777157 )| + B (32b)

‘We approach the above problem in the same way we used
to solve the problem in (25). We do this by finding a func-

tion, A(xn_g), such that B,,_; = Epn—Q [fl (Xn_g)].
X
Once this is done, we then get

Ay = mlnA(xn 2)

f5

st Cnt (33)

and obtain B, _; as B, _;:=E - [A}_,] . To this end
X
we first note that the following identities

Eyni [p (Xn1)] = By

Px

s [Efus o (Xo)l] - (340)

Bt o ()] =Bpps [Egus [p ()] (340)

hold for any function ¢ of X,,_;. Therefore, by means of



(30) and (34a) we obtain, from (32b):

Byy =B [P (715" )] + B

=E,n-2 | Dy (f”’ll\énfl)} + B!
X L
—E,; D (f"‘ll\gn‘l)} —E,-2 []Efn,l [m@(xn_l)]}
=E,ps | D (715" 7) + B [~ Ind (X)) |
L =:A(X,_2)

and the term A (x,_5) can hence be recognized. Now,
following the same reasoning we used to obtain A(x,_1),
we explicitly write A(x,_2) in compact form as

A(xp_2) =
Dict, (F71157 1) +Ejyr [Epgs [= 10y (X)) =
f ]?671 {ln (%:) + o (un,l7 Xn,g)} du,_1,

(35)

where @ (up,—1, Xp—2) = & (Wp—1, Xp—2)+L (Up_1, Xp—2)

and

& (an—1, Xn—2) = DkL (f)ré*l“ﬁ;{l) ;
B (W1, Xn—2) = —Egns [0 (Xp1)]

The last expression we found for A(x,_s) in (35) en-
ables us to use Lemma 1 in order to solve the optimiza-
tion problem in (33). This time, by applying Lemma 1
with Z = Un—17 f(Z) :1 6717 g(Z) = g{ljillv Oé()
L:](Wxn—?)’ hj(z) = hﬁ; (un—l)’ H; = lexl,; ) cj[']
ca [ A = Augt € = EnH T = I, we get the

following solution to (33):

- *
n—1
(75
N n— *on—1
%_1ef{w<un71,xn72>+2161an_1\{0}(Au,_ﬁ) hot(an-1)}

gU BH_()\ZIJl)* )

where Z," ! is the active set index associated to

rn—1
U

obtained from Lemma 1. Namely:

and the Lagrange multipliers can again be

* 1N\ * n—1\%* n— T
« (AT = [(/\3,01) MOV (/\m@n?) }
are the solution to
(Aﬁfl)* € arg max LP (A271)
)\331 free, Vj e &1,
At >0, Vjern?

s.t.:

10

where

L0 (L) = = X cenmsugns Ay HL
([ Gt et xaa)

ei{z_iegn—luln—l AZ;lhz:il(u"Ll)}dunl) ;

° (Aﬁil)* is given by

(Mio) +1=In{[f gy e (etmrxn-2))
e*{zg‘eza"—lx{o} (Azzl)*hz’;l(unil)} dun—l}

=In {;Yﬁ,?)l (Xn—Q)} .
Moreover, from Lemma 1 we also obtain:

B 4

n

~Ejy-2 [zjem,l 47! (XH)}
—Ejrz I (X-2)] -

Step 4. The proof can then be concluded by observing
that, using B}:_; in (31), the optimization can again be
split in sub-problems, with the last sub-problem (i.e. the
sub-problem corresponding to k = n — 2) being inde-
pendent from the others and having the same structure
as the problem we solved at K = n — 1. Hence, the solu-

tion at the generic iteration k, i.e. (flkj) , will have the

same structure as (N{Lfl) , with the functions a(-,-),

B(-,-), @(-) given by (14) - (15) and the Lagrange mul-
tipliers given by (19) - (20). This leads to the expres-
sion in (13) with the minimum given in (21). Finally,
for the last iteration (kK = n) we note from (28b) that
B(um Xp—1) = 0 which, by means of (16), implies that
‘yﬁtl (x,) = 1, V4. This gives the terminal conditions in
(17) and (18). The proof is then completed. O

Finally, we close the section with the following remark:

Remark 14 From the proof of Theorem 1, we get that,

at time-step k, (f{cj) 1s obtained as

(7) & arg min Drcs (113t ) + B [& (Up Xio)]
I

=0, Vjeé&b,

<0, VjeIF

s.t.: c’fw» fE
C’fl,j f{CJ
where @ (-, -) is defined as in Theorem 1. If for the above

problem: (i) @ (-, -) is constant in the first argument; (i)
Q{“j 18 a uniform distribution on a compact support. Then,



its minimizer can also be found via the constrained max-
imum entropy problem:

AN i 7k
(fU) € arg n}gx _]Eff} {ln fu}

s.t.: Cﬁ,j fel =0, Vje&k,
chi|fEl <0, VieIk

5 An algorithm from Theorem 1

Theorem 1 gives an explicit expression for synthesizing
the control policy and we leverage this to turn the re-
sult into an algorithmic procedure. The algorithm intro-
duced here takes as input g (A?), fx := f(z|ur, Tp_1)
and the constraints of Problem 1 (if any). The pdfs, as
further illustrated in the next section, can be obtained

from the data. Given this input, the algorithm outputs
{(fﬁ)*}kelc solving Problem 1. Then, at each k, the
control input, uy, applied to the system is obtained by
sampling from ( f{j) *. The key steps of the proposed al-
gorithm are summarized as pseudo-code in Algorithm 1.

Algorithm 1 Pseudo-code
Inputs:

g (A?), fk and constraints of Problem 1
Output:

{(7) ..
Initialize

ﬁﬁ?l (xn) =1, Vj;
7 (%) = exp [ X2, In (725" (x0))
for k=nto1ldo . o
& (ug, xg—1) <—ff)k(lnf—x dxy;
B (ag, xp_1)  — ffxln (% (x ))dxk,
@ (ug, Xg—1) = & (U, Xp— 1)+5(uk,xk 1);
Compute [( )*, (Aﬁ nk 4k ) } by solving

(19) and (AL 4)" using (20);
Compute the control policy:

solving Problem 1

5 E\*pk
~k ef{w(u’“’xk*1)+2jgzak\{0)(>‘u,j) P,y (9}

" :
(fU) —9Ju 61+(/\ﬁ70)* ’

Prepare variables for the next iteration, k — 1:

Ak o (xk—1) < exp {(AE )" + 1}

Ak (xp—1) < exp{(A\E ) HE } jegbuTF
A (Xg—1) ¢ exp [ZjEIak In (Vu,j (qu))}

end for
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Algorithm 1 is used to compute the control policy for
the example of the next section.

6 Numerical example

We now illustrate the effectiveness of the results via a
numerical example where Algorithm 1 is used to syn-
thesize, from data measured during test drives, a policy
for the merging of a car on a highway. Specifically, we
leverage our results to synthesize a policy that makes
the behavior of the controlled car similar to the behav-
ior seen in the examples (collected through test drives)
while satisfying some desired constraints on the control
variable. We first describe the scenario considered and
the experimental set-up. Then, we describe the data we
collected and the process we used to compute the pdfs
for the algorithm. Finally, we discuss the results.

Scenario description and experimental set-up.
The scenario we considered is schematically illustrated
in Figure 1, where a car is merging onto a highway. The

Entering
car

X(t) = d(t)- djun
vit), at)

Emergency lane

Fig. 1. The scenario considered in Section 6: the light-blue
vehicle is trying to merge on a highway.

stretch of road where our experiments took place is out-
side University College Dublin (UCD) and the highway
is Stillorgan Road in Dublin 4 (see Figure 2). Data were
collected from a Toyota Prius using an OBD2 connection
with a smartphone running the Android apps Hybrid
Assistant and its reporting tool Hybrid Reporter®. We
collected the car GPS position and its longitudinal speed
using the hardware-in-the-loop architecture of (Griggs
et al., 2019). The apps on the smartphone provided raw
data in a .txt file with each line reporting the quan-
tities measured at a given time instant (the sampling
period was of approximately 0.25s). Data were imported
in Matlab and the car position was localized by cross-
referencing these data with the road information from
OpenStreetMap (OpenStreetMap contributors, 2017).

Collecting the data. We performed 100 test drives. In
each of the tests, data were collected within a 300 meters
observation window starting 200 m before the junction
(i.e. after the UCD entrance). The raw data were pro-
cessed to obtain the speed, acceleration and jerk profiles

* See http://hybridassistant.blogspot.com/
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Fig. 2. Area for the experiments: map view (from Google
maps) and OpenStreetMap representation.

of the car as a function of the distance traveled within
the observation window (see left panels in Figure 3). Fol-
lowing the notation introduced in Section 3 (see also Re-
mark 2) the sequence of data collected from each test
drive is a dataset. For notational convenience, we sim-
ply term the collection of these 100 datasets as complete
dataset in what follows. The vertical line in each panel
highlights the physical location of the junction of Figure
2. From the complete dataset we extracted a subset of
profiles that would serve as examples. In particular, we
selected the profiles with the lowest root mean square
(RMS) value for the jerk, which is typically associated
to a comfortable driving style, see e.g. (Bae et al., 2019).
We used as example driving profiles, those having a RMS
value for the jerk of at most 0.16. This gave the sub-
set of 20 driving profiles (i.e. a collection of 20 datasets)
shown in the right panels of Figure 3. We simply term
the collection of these 20 datasets as example dataset.

Computing the pdfs. We let x; be the position of
the car at the k-th time-step (i.e. x; = di) and ug
be its longitudinal speed (i.e. up = wvy). Following
(Deng et al., 2019), we computed the joint probability
density functions as empirical distributions to obtain
f(xg—1,ur) and g(xx_1,u;) from the complete and the
example dataset respectively (see Figure 4). Follow-
ing the same process, we also obtained f(xg,Xx_1,U)
and g(xy,Xk—1,u;) and conditioned these joint pdfs to
get f(xklxp-1,ur) = f(Xk,Xp—1,ux)/ f(Xk-1, ;) and
g(xk|xk,1~, ur) = 9(Xk, Xk—1,0%)/9(Xg—1, ug). We then
assumed f& and g, two inputs to Algorithm 1, to be
normal distributions and estimated their parameters via
least squares. This yielded f)k( ~N (acxk_l + beuy, 03)7
gy~ N(aexk_l +beuk,ag) with a. = 0.9820, b, =
0.2591 5, 02 = 2.6118 m? and a, = 0.9811, b, = 0.2723 s,
02 = 1.7622m?. Finally, g{g was obtained from the em-

pirical pdfs as §&; = g (xg—1,ux)/([ 9 (Xk—1, ur) duy).

Remark 15 The Gaussian assumption for fx and %
is inspired by (Nguyen et al., 2017; Moser et al., 2015).
These works considered the problem of making short term
predictions of vehicles’ trajectories. See also references
therein and our concluding remarks in Section 7.
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Fig. 3. Left panels: driving profiles from the complete dataset
of 100 trips. Right panels: the subset of 20 profiles used as
examples. Acceleration and jerk computed from the data.
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Fig. 4. Heat-maps for f(xrx—1,ur) (top panel) and

g(Xk—1,ur) (bottom panel).

Synthesis of the control policy. Given this set-up,
we used Algorithm 1 to solve Problem 1 and hence to
synthesize from the examples a control policy allowing
the car to merge on the highway. When synthesizing the
control policy, we imposed, at each k, the following set



of constraints:

chy [F6] =0, je{01,2), (362)
where:

cho [F5] = gy [ (U] - HE, (36b)

cho [Fb] =Ep 0] - HE (360)

Cﬁ,2 [lekj} = E"@ [Ulg] - Hﬁ,za (36d)
with:

Hio=1, (36¢)

Hyg i =Eg [Uy], (36f)

Hby =4 (g [UF) B2, ([Uk]) + B2, (U] (360)

At each k, the fulfillment of the first constraint, corre-
sponding to j = 0, guarantees that the solution to the
problem is a pdf (this is the normalization constraint).
Instead, the fulfillment of the other two constraints in
(36) guarantees that, at each k: (i) the expected value of
the control variable of the closed loop system is the same
as the one seen in the example dataset (constraint cor-
responding to j = 1); and (ii) the variance of the control
variable of the closed loop system is 4 times the variance
of the control variable seen in the example dataset (con-
straint corresponding to j = 2). Making the variance
of the control variable of the closed loop system larger
than the control variable from the example dataset cor-
responds in accounting for a reduced liability on the ex-
ample dataset, allowing the closed loop system to depart
from the behavior seen in the examples. Moreover, we
note that the constraints in (36) satisfy Assumption 1.
Indeed any pdf with the first two moments satisfying the
constraints fulfills the assumption. We used Algorithm
1 to compute the solution to Problem 1 and approxi-
mated these pdfs via the Maximum Entropy Principle.
This resulted into the truncated Gaussians of Figure 5.
In such a figure, it is clearly shown how these pdfs have
higher variance than the corresponding g{g extracted
from the examples. In the figure, for clarity, f]{“j is also
represented as a truncated Gaussian that has the same
mean and variance as the pdf extracted from the data.
At each time-step, the control input, ug, applied to the
car was obtained by sampling from the pdfs of Figure
5 (in green). In particular, by sampling the uy’s as the
mean value of the random variable generated by these
pdfs, we obtained the speed profile for the controlled car
illustrated in Figure 6.

7 Conclusions

We considered the problem of synthesizing control poli-
cies from noisy example datasets for systems affected by
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2
v, [kmv/h]

Fig. 5. The pdfs §%; (in red) together with the pdfs obtained
from Algorithm 1 (green). For the sake of clarity in the fig-
ure, the pdfs are not shown for each iteration (the policies
shown here are representative for all the other time-steps).
The continuous line on the speed /distance plane denotes the
expectation of the pdfs/policies, while the dashed lines rep-
resent the confidence interval corresponding to the standard
deviation from the examples (red) and from Algorithm 1
(green). These are shown for each time-step. Colors online.

80 -

v, [kmvh]

0 50 100 150 200 250 300
dy.q [m]

Fig. 6. In green: speed profile from (flkj) . The bold line is
the average speed profile and the shaded areas represent the
confidence intervals corresponding to the standard deviation.
For comparison, the corresponding speed profile from the
example dataset is also shown in red. As expected, the bold
red line overlaps with the bold green line. Colors online.

actuation constraints. To tackle this problem, we intro-
duced a number of technical results to explicitly compute
the policy directly from certain pdfs obtained from the
data and in compliance with the constraints. The opti-
mal policy obtained with our results allows to approxi-
mate the behavior seen in the examples, while simultane-
ously fulfilling the system-specific actuation constraints.
The results were also turned into an algorithmic pro-
cedure and their effectiveness was illustrated via a use-
case. The use-case involved the synthesis, from measured
data collected during test drives, of a control policy al-
lowing a car to merge on a highway. We are currently



investigating whether our methodology can be extended
to consider other divergences (Basseville, 2013) rather
than the KL-divergence in the cost of Problem 1. Our
future work will be aimed at extending the results pre-
sented in this paper by considering: (i) the introduction
of chance constraints on the state variable; (ii) cost func-
tionals that do not only aim at tracking the behavior
in the examples but also minimize additional costs; (iii)
the use of concepts from data informativity and opti-
mal experimental design to obtain sufficiently informa-
tive data for the framework developed here. Finally, we
will explore the possibility of devising automated fitting
procedures to extract suitable pdfs from the data in or-
der to enable an end-to-end pipeline for our results.
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A Appendix: proofs of the technical results

A.1 Proof of Property 1

To prove this result we start from the definition of KL-
divergence. In particular:

Dk (¢ (y,2) g (y

://¢<zly) {«zﬁ y)In

(1)
e oo 5] ey

(2)

¢ (y)
9(y)

} dy dz

For the term (1) in the above expression we may con-
tinue as follows: [ [ ¢ (zly) [(;5 (y)In ¢(y)} dydz =

)
Jo(ly) da[[ o) &8dy| = Dt (@ (3)1lg (¥),

where we used Fubini’s theorem, the fact that the term
on the first line in square brackets is independent on Z
and the fact that [ ¢ (z]y) dz = 1. By using again Fu-
bini’s theorem, for the term (2) in the above expression

instead we have: [ [¢(y)|¢(z]y)ln géz\lzi] dzdy =

Ey [Pk (¢(2|Y)|| g(z|Y))], thus proving the result. O

= [ [otwn i) e
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A.2  Proof of Lemma 1

The proof is organized in 3 steps. In Step 1 we show
that the optimization problem in (6) is a convex opti-
mization problem (COP) and we then devise its aug-
mented Lagrangian. In Step 2 we explicit the Karush-
Kuhn-Tucker (KKT) conditions and verify that these are
satisfied by the solution in (9). Recall that, for a COP,
KKT conditions are necessary and sufficient(Boyd and
Vandenberghe, 2004, Chapter 5). Finally, in Step 3, we
compute the minimum of the cost function correspond-
ing to the optimal solution.

Step 1. We start with observing that the cost func-
tion L (f(z )) 1n ( can be conveniently rewrit-
ten as L(f [1(f(2)) dz, with [(f(z)) =

f(z) {ln (fgzg) + a(z )] Clearly7 L(-) is twice differen-

tiable and we now prove that it is also a strictly convex
functional in f. We do this by showing that its second
variation is positive definite on the space of integrable
functions and we explicit the first and the second varia-
tion of L (f(z)), i.e. SL(f,0f) and §2L(f,5f), in terms
of the first and second derivative of [ (f(z)) with respect
to f(z) (i.e. al(f 2) and 2. ;gz)),
puting §L(f, 6f) we get 0L (f,0f) = [ 2L 5t dz,
with al(f(z =1In f(z) + (a(z) + 1 — Ing(2)). Thlb leads
to the followmg expression for the second variation of

L(f,8f)

22(1.60) = [ o (W) 57 da

respectively). By com-

(A1)

To show convexity of £ it then suffices to observe that,
since f(z) is non-negative on its support, then the
quantity under the integral in (A.1) is positive. In turn,
this implies that 02L£ (f,5f) is strictly positive for any
measurable, non-zero variation ¢ f (see also (Kirk, 2004,
Chapter 4) for a detailed discussion). Hence, in order to
conclude that the problem in (6) is a COP, it suffices
to observe that the constraints in (8) are linear in f(z).
The augmented Lagrangian of the COP in (6) is:

> e lf(z)]

JEEWUT

Laug (f(z),X) ==L (f(z)) + ) (A.Z)

where X == [Ao, A1, -+, An.n,]T is the column vector
stacking all the Lagrange multipliers.

Step 2. We showed that the problem in (6) is a COP
and hence the KKT conditions are necessary and suf-
ficient optimality conditions. That is, in order to be a
unique minimizer of the problem, the candidate func-
tion f(z) must satisfy the conditions made explicit in
Table A.1. We now impose the stationarity condition
(see Table A.1) and first note that the augmented La-
grangian (A.2) can be written as: Laug (f(2),A) =



Primal feasibility: ¢; [f(z)] =0, Vi€ &
¢ [f(2)] <0, vjiel
Dual feasibility: Aj >0, Vjel
Complementary slackness:  Xjc; [f(z)] =0, Viel
Stationarity: 0Laug (f,0f,A) =0, Vof
Table A.1
KKT conditions for the problem in (6).
J 1) [ (L8) + a(@)] da+ A, [ f(2) b () da—H),
Hence:
Laug (f fl A)dz — (N H), (A.3)

where the quantity under the integral is given by
[(f(2),3) = f(2) [n(52) +a(z) + (A h(z)]. By
computing the first variation of (A.3) with respect
to 8f we obtain 6Laug (f,0f,X) = [2ULEN 51 dg,
and thus, by imposing the stationarity condition (i.e.
0Laug (f,6£,X) = 0, V8 ), we get 2UFDAL — . That

RN = 1w () + a(z) + (Ah(z) +1 =0,
from which it immediately follows that all the optimal

solution candidates must be of the form

is,

Fr(2,X) = g(z)e” rordn@y, (A4)

In the above expression, the notation f* (z,\) was in-
troduced to stress that the optimal solution candidate
is a function of the Lagrange multipliers. These can be
found by solving the following dual problem

A" € arg max LP (X)
A; free , Vj € &,
A >0, VjeT

s.tb.: (A.5)

choosing A* so that f* (z, A*) is primal feasible (see
(Ben-Tal et al., 1988)). In the problem, £P (X) is the
Lagrange dual function £ (X) f(i%t;o['a“g (f(z),A).

Note that the vector A* must satisfy the dual feasibil-
ity condition. Now, Assumption 1 implies strong dual-
ity (see Remark 8) and hence the complementary slack-
ness condition (see Table A.1) is also fulfilled. Addition-
ally, Laug (f(2),A) is strictly convex in f(z) and hence

(1 Laug (F(2).A) = Loug ( F* (2,0 ,,\). Thus:

L’D()\)zﬁaug(f (z, ), /f (z,\)dz — (A, H

7/9(2) 67{1+a<z> (A=)} g (X H).
(A.6)

)
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Note now that the last equivalence gives (12) in
the statement of the lemma and hence the problem
n (11). Moreover, the complementary slackness con-
dition on the pair of optimizers f*(z), \* implies,
for a COP, that there is no duality gap. That is,
LP(X*) = L(f*(z)). In turn, this means that the
Lagrange multipliers associated to inactive inequality
constraints must be equal to 0, while all the Lagrange
multipliers associated to active inequality constraints
must be non-negative. Therefore, the optimal solution

of the COP in (6) is given by f*(z,A*) = f*(z) =
7{1+a(z)+z Aohj (z)}

z J .
g(z)e € La (7 (=) , which was ob-

tained by taking into account that only the Lagrange
multipliers associated to the active constraints are non-
zero. The above expression is equal to (9) where we
highlighted the role of A\g as a normalization constant.
This concludes the proof of (R1).

Step 3. Finally, since there is no duality gap, the
minimum value of the primal problem (i.e. the COP
in (6)) can be obtained from (A.6). This leads to

£(f7@) = = (14 Sjez,(s-(an A Hi ) and thus com-
pletes the proof. O
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