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THE GOURSAT PROBLEM FOR A GENERALIZED HELMHOLZ
OPERATOR IN R?

PETER EBENFELT AND HERMANN RENDER

1. INTRODUCTION

Let us consider in R? the mixed Cauchy problem

lov]
APy + Z aaa—g =f
(1) (cauchyO0) | <ko Ox

Pl(u—g),

where p is a positive integer, kg is an integer with 0 < kg < 2p—1, A denotes the standard
Laplace operator in R?

the coefficients a, = aq(x,y) as well as the data functions f = f(z,y) and g = g(x,y) are
real-analytic functions near 0, and P = P(x,y) is a homogeneous polynomial of degree
2p. Here, the notation P|(u — g) means that P divides u — ¢ in the ring of germs of
real-analytic functions at 0. For instance, if P(z,y) = L(z,y)?* for some linear function
L(z,y) (which is equivalent to saying that the zero set of P(x,y) consists of a single
line with multiplicity 2p), then (1) with kg = 2p — 1 is a standard Cauchy problem and
the classical Cauchy-Kowalevsky Theorem guarantees that (1) has a unique real-analytic
solution u near 0 for every choice of data functions f and g. In the recent paper [1], the
authors show that if P is elliptic (i.e. the zero set of P(x,y) consists of only the origin),
then (1) with ky = p has a unique solution u for every choice of data functions f and g.
In this paper, we shall consider the case where the zero set of P(x,y) is a union of 2p
distinct lines (in which case (1) may be called a Goursat problem). This case is much
more subtle and leads to a small divisor problem. We shall give a sufficient condition
(which is also necessary in the case p = 1; see Section 7) on the divisor P (see Theorem
1 below) for the homogeneous Goursat problem

APy = f

(2) (goursatpl) {
Pl(u—g)
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2 PETER EBENFELT AND HERMANN RENDER

to have a unique real-analytic solution u for every real-analytic data f and g. We shall also
give a sufficient condition on P (Theorem 3 below) for the perturbed Goursat problem

APu+cu=f

where ¢ = ¢(z,y) is a real-analytic function near 0, to have a unique real-analytic solution
u for every data function f and g.

The conditions on P in Theorems 1 and 3 involve Diophantine properties of a deter-
minant constructed from the geometry of the lines constituting the zero set of P. For
instance, if p = 1, so that P has degree two and its zero set consists of two distinct lines,
then the condition can be phrased in terms of the (acute) angle § = 2w« between the two
lines. The necessary and sufficient condition for the homogeneous Goursat problem

(3) (goursatp?2) {

0 goursatan) { 1"
oursa
° P|(u—g)
to be solvable (Corollary 4) is that
(5) (dioleray) %larflnl_{lof; (lerelg a— ED > 0,

a condition that is satisfied by e.g. all non-Liouville numbers. Our condition for the
perturbed Goursat problem

Au+cu=f

to be solvable (Corollary 5) is more restrictive, namely there exists a constant C' > 0 such
that

(6) (goursat12) {

C
(7) (diophantine — 1) ‘a - ﬁ‘ > —, Vn,m€Zm#0.
m m
We note that every irrational number o that satisfies an integral quadratic equation
(like \/k/l for any integers k and [) satisfies (7) (by Liouville’s Theorem on Diophantine

approximation). We also point out that every irrational, algebraic number satisfies
. . n c,
(8) (diophantine — 2) ’a — —) > —, VYn,m€Z,m#0,
m m#t

for some constant C,, (that depends on p) and every p > 2 by the Thue-Siegel-Roth
Theorem [7]). However, there are algebraic numbers that do not satisfy (7).

We also mention that it follows from our proof that (6) has a unique formal power
series solution for all f and ¢ if and only if « is irrational. Thus, as a consequence of our
results, we conclude that the family of Goursat problems (6), parametrized by the angle
2ma between the two lines in the zero set of P, displays ”chaotic” behavior in that the
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set of parameters for which (6) is solvable is dense as is the set of parameters for which
there is not even a formal solution.

The Goursat problem (4) (i.e. (2) with p = 1) can be transformed, by a simple linear
change of coordinates, into a Goursat problem considered by J. Leray in [5]. His main
result is equivalent our Corollary 4. The relationship between the two Goursat problems
and Leray’s work is briefly explained in Section 3 below. Leray’s work was extended
to complex parameters and to higher dimensions by Yoshino in [10] and [11]. Other
related work on mixed Cauchy and Goursat problems include that of Garding [3] (see also
Theorem 9.4.2 in Hormander [4]), Shapiro [8], the first author and Shapiro [2], and the
authors [1]. Our approach to studying the Goursat problem is inspired by ideas from [§]
(see also [2]). The proofs are based on a new estimate for an associated Fischer operator
in the real Fischer norm (Theorem 6). The real Fischer norm was introduced in [6] and
was also used in [1].

This paper is organized as follows. We present our main results in Section 2. In Section
3, we discuss the relation between our results in the case p = 1 and ¢ = 0 and those of Leray
in [5]. An associated Fischer operator, which is used in the proofs of the main results,
is introduced in Section 4 and a crucial estimate is proved for that operator (Theorem
6). The proof of Theorem 1 is also given in that section. The proof of Theorem 3 is
given in the subsequent section. In Section 6, we consider the case p = 2 and present an
explicit family of examples to which Theorem 3 can be applied (see Theorem 8). Finally,
in Section 7, we show that our condition in Corollary 4 is also necessary in this case

(p=1).
2. MAIN RESULTS

(mainresults)

We shall now formulate our results more precisely. We must first introduce some nota-
tion. Let Bg := {(z,y) € R*: 2% + y* < R*} be the open disk of radius R in R? (where
0 < R < c0). We denote by A (Bg) the algebra of all infinitely differentiable functions
f + Bgp — C such that for any compact subset K C Bpr the homogeneous Taylor series
Yo o fm (x,y) converges absolutely and uniformly to f on K; here, f,, is the homoge-
neous polynomial of degree m defined by the Taylor series of f

IR k, 1
k'l'axkﬁy (0)a7y

Note that the functions in A(Bpg) are real-analytic. For a real number a, we shall define
the unimodular complex number

a+1

a—i

9) (A) A= Aa) ==
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As a goes from —oo to oo, A ranges over the unit circle (from 1 to 1 in the negative
direction) and, hence, there is a unique 3 € (0,1) such that A = €™, Note that 3 is
rational precisely when A is a root of unity. For future reference, we observe, using the
fact that 2 arctana = ilog(1l — ia)/(1 + ia), that for a € [0, 00) the acute angle between
the lines y = 0 and © — ay = 0 is 7. Now, let us fix a positive integer p, distinct real
numbers as, as, . . ., agy—1, and write a for the vector a = (ay, ..., ag—1). We shall denote
by P,(z,y) the divisor

(10) (Pa) Py(z,y) ==y I (z — ay).

If the divisor P in (1) is a homogeneous polynomial of degree 2p with 2p distinct lines as
its zero set, then there is no loss of generality in assuming that P is of the form (10), since
the Laplace operator is rotationally invariant. We associate to the vector a a sequence of
2p X 2p matrices { M, 4150, Where

11 1 .1 | |
1A AT L A’{j Ag’tpi ATEP

(11) (Ma) My, = |1 A A3 ... A Ay 0 AT
1 Agpq A3 .0 AL AR AR

Here, A; := A(a;) where A(a;) is given by (9). We shall consider the Goursat problem
APu+cu=f
Pa| (U - g)?

where the coefficient ¢ = ¢(z,y) as well as the data functions f = f(z,y), g = g(z,y)
belong to A(Bg). Our first result concerns the homogenenous problem, i.e. ¢ = 0.

(12) (goursatp) {

Theorem 1. (homodelp) Let p be a positive integer and ay, ..., asy—1 real, distinct,
non-zero numbers. Let A; = A(a;), forj =1,...,2p—1, be the unimodular complex num-
bers given by (9), P,(z,y) the homogeneous polynomial given by (10), and { M pa}oo_,
gwen by (11). If det My, pq # 0 for all integers m > 0, and

(13) (leraycondl) 7 := liminf (det Mm%a)l/m > 0,

then the homogeneous Goursat problem
APy = f
Pol(u—g)

has a unique solution u € A(B.g) for every f,g € A(Bg).

(14) (goursatpO0) {
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Remark 2. (rmkmatrix) For future reference, we note the following identity
(15)
A —1 A2—1 ... Azlj_l_l ATﬂ)H—l ATH—Qp—l
Ap—1  A3—1 o AT -1 ApTRYI o1 L AT
(Ma3) det My, pq = det . . . . . . .
Ay =1 A3 =1 0 AL -1 ARTT 1 AR

for kK > p — 1. In particular, for p = 1, we have det M,,,,, = A" — 1.

We mention that e.g. all numbers a4, ..., a9,_; such that A;,..., Ay, are algebraic
and det M, . # 0 for all m satisfy (13) (see [9], Lemma 2.1).

It will follow from our proof of Theorem 3 below that the Goursat problem (12), and
hence in particular (14), has a unique formal solution w if and only if det M,, ,, # 0 for
all integers m > 0. The Diophantine condition (13) is sufficient (and necessary for p = 1;
see Section 7 below) for the formal solution to (14) to converge. For the formal solution
to the general Goursat problem (3) to converge, we need a stronger condition. We have
the following result.

Theorem 3. (helmdelp) Letp be a positive integer and ay, . . ., asy_y real, distinct, non-
zero numbers. Let A; := A(a;), for j =1,...,2p—1, be the unimodular complex numbers
given by (9), P,(x,y) the homogeneous polynomial given by (10), and { My, pa}oe_q given
by (11). If there exists a constant C > 0 such that

C
(16) (leraycond2) det M,,,, > —

mp’

for all natural numbers m > 1 then there exists 0 < r < R such that the Goursat problem
(12) has a unique solution u € A(B,) for every f,g € A(Bg).

In Section 6 below, we give some explicit examples of ay, as, az such that (16) holds for
the corresponding unimodular numbers Aq, As, As.

In the case p = 1, the zero set of P, is the union of the two distinct lines given by
y = 0 and = = ay. By the rotational symmetry of A, we may also assume that a > 0. If
we denote the acute angle between the two lines by 2ra and by § € (0,1/2] the number
such that A := A(a) = €™, then as mentioned in the beginning of this section we have
B = 2a. As noted in Remark 2 above, we have det M,,,, = A™ — 1. The condition
det My, 0 = A™2 — 1 £ 0 is clearly equivalent to « being irrational. Since

n
m+ 2

|A™T? 1| ~ ing 127 (m + 2)3 — 2mn| = 27(m + 2) ing g —
ne ne

Y
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where by Fp ~ F, we mean C'F, < E, < DF)}, for nonzero constants C, D, it is not
difficult to see that Theorems 1 and 3, specialized to the case p = 1, can be formulated
as follows.

Corollary 4. (homodell) Let 'y, T'y be two distinct lines through the origin in R?,
and denote by 0 = 27w« the acute angle between them. Suppose that a is irrational and
satisfies the condition

1/m
(17) (leraycond3) 7 := liminf (inf a— 2‘) > 0.
m— 00 nez m
Then, the homogeneous Goursat problem
18 10) {2077
(18) (goursat10) w=g onT,UT,

has a unique solution uw € A(B.g) for every f,g € A(Bg).

The condition (17) is also necessary for the conclusion of Corollary 4 to hold. This fact
is proved in Section 7 below. As mentioned in the introduction, Corollary 4 is equivalent
to the result of Leray in [5]. A more detailed explanation of this equivalence is given in
Section 3 below.

We conclude this section by reformulating Theorem 3 in the case p = 1.

Corollary 5. (helmdell) Let 'y, T'y be two distinct lines through the origin in R?, and
denote by 0 = 27« the acute angle between them. Suppose that v satisfies the Diophantine
condition

C
(19) (diophantine) ‘a - ﬁ‘ >—, Vnm€E€Zm#0
ml — m

for some constant C' > 0. Then, for any ¢ € A(BRg), there exists 0 < r < R such that the
Goursat problem

Au+cu=f

(20) (goursatpl0) { w=g onTyUT,

has a unique solution uw € A(B,) for every f,g € A(Bg).
3. LERAY’S GOURSAT PROBLEM

(lerayequiv)
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Consider the homogeneous Goursat problem

0%u FAu=f
(21) (goursat0) 0xdy B

where ) is a real constant. It follows from the general theory of Goursat (or mixed Cauchy)
problems that (21) has a unique real-analytic solution near 0, for all f and g, if |\| > 2
(see Garding [3]; see also Theorem 9.4.2 in Hormander [4]). The case where \ € [—2,2]
is much more subtle, and was analyzed by Leray in [5] (see also the work of Yoshino [10],
[11] for extensions to complex parameters and higher dimensions). For A\ € [—2,2], let
B € [—1/4,1/4] denote the angle such that A = 2sin(273). Leray showed that the unique
solvability of (21) depends on Diophantine properties of 3. For instance, there is a unique
formal power series solution u for every f and ¢ if and only if 3 is irrational. Leray also
gave a necessary and sufficient Diophantine condition on irrational § quaranteeing that
this formal solution u converges for all convergent f and g,

1/m
ﬁ—ﬁ‘ )>O.
m

Let us show that this result, for A € (—2,2), is equivalent to our Corollary 4 above.
Consider the linear change of variables

(22) (dioleray?2) liminf (inf

Z5>m—oo \ n€Z

A2 A
(23) (trans) © — —4/1 — Vi + 5V

As the reader can easily verify, this change of variables leads to the following transforma-
tion for the principal symbol of the operator

(24) )\aj;y +A — A,

Hence, the Goursat problem (21) is transformed into the following
Au = f

(25) (goursat01) { y(x — ay)l(u — g),

where

(26) (b) a:= A2

VI=(/2)2
If we let § = 2ma denote the acute angle between the two lines L, := {y = 0} and
Ly := {x = by} and [ the angle such that \ := 2sin(27/), then we have

1-28
o = .
4
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n )1/771
2"
m

This shows, as mentioned in the introduction, that Leray’s result, with A € (—2,2), is
equivalent to our Corollary 4, with 0 < a < oo.

Clearly, we have

lim inf (inf

Zo>m—oo \ N€Z

n 1/m
g —)) — liminf (mf

m Z>m—oo \ n€Z

4. AN ESTIMATE FOR AN ASSOCIATED FISCHER OPERATOR AND THE PROOF OF
THEOREM 1

(s:est)

Let C|z, y] denote the space of polynomials in z,y with complex coefficients. For each
integer m > 0, we shall let P,, denote the subspace of homogeneous polynomials of degree
m. We endow C[z,y| with the real Fischer inner product

— N _ .1‘2 2
(27) (f.9):= / flz.y)g(a,y)e =T dzdy,
R2
and denote by || - || the corresponding norm (see [6]). We shall fix a positive integer p and
distinct real numbers ay, ..., az,—1 and consider the Fischer operator F,(q) := AP(P,q),

where P, is given by (10). Observe that F, is a linear operator sending P, into P,,.
Our main result in this section is the following, in which the notation introduced above
is used.

Theorem 6. (estimate) Let p be a positive integer and ay, ..., as—1 real, distinct,
non-zero numbers. Let A; == A(a;), for j = 1,...,2p — 1, be the unimodular complex
numbers given by (9) and P,(x,y) the homogeneous polynomial given by (10). Then the
Fischer operator Fy: Pp, — Pp, for m > 0, is a bijection if and only if det M,, . # 0,
where My, pq is given by (11). Moreover, if det M, ,,, # 0, then we have the estimate

(28) |Pa | AP (Fag)ll, Vg € P,

C
q| €
| det M.y, .4
for some C >0 (independent of m).

For the proof of Theorem 6, we shall need the following lemma. To state the lemma,
we observe the well known fact that any homogeneous polynomial f(x,y) of degree m can
be expressed in the following way

(29) (expaninz) f(z,y) = Z fuz"2,
k+l=m

where z = x + iy and zZ = x — iy.
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Lemma 7. (Fischer) Let f(z,y) be a homogeneous polynomial of degree m given by
(29). Then, we have

(30) (normid) [|f]|* =mm! Y |ful®

k+l=m

Proof. As in [6] (see also [1]), we observe that for any homogeneous polynomial f(z,y) of
degree m, we have

(31) (norm1) [[f|* = Loy / £ () s,

where T denotes the unit circle in R?, ds arclength, and I, the integral

& 2
I, = / e " rkdr.
0

A simple substitution argument gives

e 1 [ 1
(32) (intl) Iy = / et dr = —/ e x™dr = —ml.
0 2 Jo 2

Substituting (29) in (31), using the parametrization z = € for T and the identity (32),
yields

(33) orm2) ||f? = st S fuls / eitb+-1-0 gy

k+l=m i+j=m

from which (30) readily follows. O
Proof of Theorem 6. We fix f € P, and consider the equation
(34) (Faisf) F,(q) := AP(P,q) = f,

for ¢ € P,,. Note that ¢ € P,, solves (34) if and only if u = P,q solves the Goursat
problem

APy =f
u(z,0) = u(ay,y) ... ulay_1y,y) = 0.

We shall look for u of the form u = v + w, where w(x,y) = (2* + y?)?s(z,y) for some
s € 'H,, such that

(36) (classic) APw(z,y) = AP((2* +y*)"s(2,y)) = f(z,y)

and v € H,,4 9, satifies

(35) (goursat2) {

APy =10
(37) (goursat3) { v(z,0) = —w(z,0)
v(ay,y) = —w(ay,y), j=1,...2p—1
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It is well known that (36) has a unique solution w(z,y) = (2 + y*)Ps(z,y) (see e.g. [§]
and references therein). Moreover, in view of the results in [1], we have

(38) [wll < Cullf]]

for some constant C; > 0. Thus, to complete the proof of the theorem it suffices to show
that (37) has a solution v € Py, 49, for every f € P, if and only if det M,,,, # 0, and
that, in this case,

C
| det My, .l

for some constant C' > 0. To this end, we shall actually need the exact form of the
solution to (36). Using z = x + iy and z = x — iy, we may write

(40) (id1) w(z,y) = W(z,z) = 2PzP Z sz = Z S PP

We observe that A = 49%/920z. Thus, if we write f(z,y) = >, fuzZ', then (36) is
equivalent to

(39) (goall) [l < 1£1]

Tkl
k+1)...(k+p)(l+1)...(l+p)

Now, we note that every function v(x,y) that satisfies APv = 0 is of the form

VE+I=m.

p—1
(42) (vform) v(z,y) = (Z'u(2) + 2'Uu(2))
=0
where ¢;(z) and v;(z) are holomorphic functions of z and z, respectively. The function v
is a homogeneous polynomial of degree m + 2p if and only if ¢;(2) = b,_1_2™"*~* and
() = 2™ 2Pt for constants b,_1_; and ¢; and ¢ = 0,...,p — 1. Using this notation,
equation (37) is equivalent to finding monomials
(43) (id3) ¢¢(2) = by_12™ P71, Yy(2) = 7",
fort=0,1,...,p— 1, such that
p—1
(44) (getl) (2'¢u(z) + 2y (x)) = =W (z, z)
t=0
and
p—1
(45)  (get2) D (((a; —1)y)' él(a; +1)y) + ((a; +0)y) ¢u((a; — 1)y)) =
=0

—W((a; + 1)y, (a; —i)y), j=1,...,2p—1.
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In (45), we use the fact that ¢, is homogeneous of degree m + 2p — t and we divide the
equation by (a; —)™"?. With A; := A(a;) and A(a) given by (9), the equation becomes

p—1
(46) (get3) > (A" y(y) + Aln(y)) = -W(Ajy,y), j=1,....2p— 1.
t=0
Substituting (41) and (43) in (44) and (46), we obtain the following system of linear
equations for the coefficients by, ...,b,—1,¢0,...,cp1
(47)
-1
p st c) = — Z Tkl
i o k1) (k+p) (D). ()
p—1 m+2p
_ S
(AT+2p ty i —&—Aio) I
(system1) — b ’ k+zz=:m rEk+1)...(k+p)(l+1)...(l+p)
p—1 m—+2p
fklAz 1
Am+2p ty At ) — 4
t:(]( op-1  Op-1-t+ 2p—1cj) k§m4p(k+1)..-(k+p)(l+1)'“(l+p)
If we write d for the column vector of coefficients d = (co, ..., ¢p-1,bo, - .., bp—1)" and e for
the column vector whose (j + 1)th component, j = 0,...,2p — 1, is given by
- Z fklA;‘n+2p
Ph+1).. (k+p)(+1)...(+p)

k+l=m

where we let Ay := 1, then (47) can be written
(48) (matrixeq) M,,,.d = e,

where M, ,, is given by (11). We conclude, as claimed above, that (37) has a unique
solution v € Py, 49, for every f € P, if and only if det M,, ;. # 0.

Let us now suppose that det M,,,, # 0 and write d; for the ith component of d,
i=1,...,2p. Using Cramer’s rule and the fact that |A;| = 1, we conclude from (48) that

(49) (coeffest) |d;| < Cy|det M, 0| Z (k+1)... (k +‘£§l(|l +1)...(l+p)

k-+l=m

By the Cauchy-Schwarz inequality, we conclude that

/2
(50) (coeffest2) |d;| < Cy|det M, ,q " < Z ]fkl|2> Sin,s

k+l=m
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where S,,, denotes the sum

1/2
1
Z (k:+1)2...(k+p)2(l+1)2...(l+p)2) '

k+l=m

(51) (Sm) S, := (

By setting | = m — k, we obtain

Sp=> (H(k +4)%(m —k + j)2>

k=0 \j=1

[m/2+1 / p -1
(52) (Smest) <2 ) <H(k +5)2(m -k + j)2>

j=1

m/2+1 / p -1
=2m™ (H(k‘ + )21+ (5 - k‘)/m)Q)

k=0 \j=1
Now, note that, for j = 1,...,pand k = 0,...,[m/2] + 1, we have (j — k)/m > —3/4

when m > 2 and, hence, (1+ (7 — k)/m)~% < 16. Consequently, we have

[m/2]+1 / p -1 00
32 32 1 C.
2 § : ] [ N2 § : 2
(53) (Smest2) 5, < m2p ( ) ) = m?2p (k+1)% = m2r’

k=0 \j=1 k=0

for some C; > 0 independent of m. Thus, by Lemma 7, we obtain from (50) and (53) the
following estimates for the functions ¢;(z, z) := z'¢;(2), where ¢, is given by (43),

6ell = v/(m + 20)! -1
(54) (estphipsi) < C1Col det My ™'/ (m + 1) ... (m + 2p) || flIm ™"
< Cs| det My, o U1 £l

We obtain a similar estimate for (2, Z) := z'4,(2). These estimates yields (39) since v
is given by (42). This completes the proof of Theorem 6. O

The arguments in the proof above also yield a proof of Theorem 1. We conclude this
section by giving this proof.

Proof of Theorem 1. 1t is well known that to prove Theorem 1 it suffices to show that the
equation

(55) (PDE) A?(Pq) = f
has a unique solution ¢ € A(B,g) for every f € A(Bgr) (see e.g. [1]). As in the proof
of Theorem 6, we shall look for the solution v := P,q in the form u = v + w, where

w(z,y) = (22+y?)Ps(z, y) satisfies (36) and v solves (37). It is well known that w € A(Bg)
(see [8]; see also [1]). Thus, to complete the proof, it suffices to show that v € A(B,r). We
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expand v as a series v = ) v, where the v,, are the homogeneous Taylor polynomials
of degree m of v. Similarly, we expand w = ) w,, and f =)  f,. By homogeneity,
we observe that the homogeneous polynomials v,,, wy,, f, satisfy (37) (with v = vy,
W = Wy, and f = f,,). The fact that v € A(B,g) now follows easily from the definition
(13) of 7, the form (42) of v, and the estimate (54). The details are left to the reader. [

5. PROOF OF THEOREM 3

Proof of Theorem 3. We fix a = (ay, . ..,as_1) as in the theorem. For brevity, we denote
P, simply by P. To prove Theorem 3, it suffices to show that there is 0 < r < R such
that the equation

(56) (PDE1) (A? +¢)(Pq) = f

has a unique solution ¢ € A(B,) for every f € A(Bg). We shall look for the solution
u = Pqasaseriesu =Y U, =2 Pqy o, where the u,, are the homogeneous Taylor
polynomials of degree m of u. To this end, we expand, similarly, both f and ¢ as Taylor
series f =Y fnand c=) cy,. The equation (55) then implies

(57) (basic0) A7(Pg;) = f;, j=0,1,....2p— 1,
and, for each m > 2p,

m—2p

(58) (basicl) AP(Pgy,) = fm — Y Cmk-2pPa-
k=0

Since the Fischer operator F' = F,, given by F(q) = AP(Pgq), is bijective : P,, — Py, for
every m (by Theorem 6), we can solve, uniquely, (57) and (58) inductively for ¢,,. This
gives us a unique formal power series solution u = ) u,, with u,, = Pg¢y_2,. It remains
to prove that there is 7 > 0 such that this series converges to a function in A(B,). For
this, we observe that Theorem 6 and the assumption (16) implies the following estimate

m—2p
(59)  (basic2) [[umisp| < Cm”|A(Pgyn)| < Cm” (Ilfmll + ) Hcm—k—2puk+2pll>
k=0

To prove that u € A(B,), we must show (see Proposition 16 in [1]) that for every 0 < p < r
there is a constant B > 0 such that

(60) (ind) [Jur]| < Bp V!

for every k > 0. Let us pick p < 0 < R. In view of Proposition 16 in [1], we may assume
that there are constants D and F such that

(61) (assump) max|ey (0)] < Do, || fill < Bp VAL,
S

for all £ > 0. We shall prove (60) by induction. Thus, assume that (60) holds for all
k< m+2p—1. We shall prove that (60) holds also for & = m + 2p, provided that m
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is large enough. By using (61), the induction hypothesis, and Proposition 8 in [1] (see
also Proposition 7 in that paper), we conclude from (59) the following estimate, for some
constant F' > 0,

(62)
m—2p
ltmzpll <Cr? (Ep‘mwﬂ! + Y For [k 2p 4 1) (m 1>m]1/2||uk+2p||>
k=0
m—2p
<Cmt! (Ep_m\/ m! + Z BFU_(m_k_Qp)p_(k+2p)Vm!>
k=0
=Bp~ ")/ (m + 2p)! Ty,
where
2p m—2p m—k—2
T, :=Cm? P <E/B +FY (3) p)
(63) \/(m+1)(m+2) 0 \O

. P 1
= om V(m+1)...(m+2p) (E/B—i_Fl—P/U).

Since p < r, we can make T, < 1 for all m by requiring 0 < r < R small enough (and
keeping o < R fixed). This proves Theorem 3. O

6. EXAMPLES OF SOLVABLE GOURSAT PROBLEMS FOR A? + ¢

(ex)
In this section, we shall consider the following one-parameter family of Goursat prob-
lems

ANu+cu=f

(64) (goursat22) { Bl(u—g)

where P;(z,y), for t > 0, denotes the divisor

(65) (Pt) Py(z,y) = zy(z — ty)(z —y/t).

Recall that A = A(t) denotes the unimodular number given by (9) (with a = t). Let
us denote by 3 = 3(t) the number 8 € (0,2n) such that A = ¢**#. We shall prove the
following result.

Theorem 8. (helmdel2) Lett > 0 and § := ((t) as defined above. Suppose that [3
satisfies the Diophantine condition

C
(66) (diophantine2) ’@ _ ﬁ’ > — Yn,meZ,m#0,
m m
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for some constant C' > 0. Then, for any ¢ € A(BR), there exists 0 < r < R such that the
Goursat problem (64) has a unique solution u € A(B,) for every f,g € A(BRg).

Theorem 8 is a direct consequence of Theorem 3, with p = 2, and the following propo-
sition.

Proposition 9. (matrixcomp) Lett >0, a = (a1, as,a3) := (0,t,1/t), and let M, ,,
be the matriz defined by (11) with p = 2. If B = [(t) satisfies

C
(67) (diophantine3) ‘ﬂ — 2‘ >—, VYn,m€Z,m#0,
m mt
for some constant C' > 0, then
D
(68) (detAk) |d€‘t Mm,p,a| Z W,

for some D > 0.

Proof. Tt is easy to check that the unimodular numbers (A;, A3, A3) that correspond to
the vector a is (—1, A, B), where AB = —1 and, in view of the discussion preceding
Corollary 4,

C/

mm—1

(69) (Am —1) [A" — 1] >

(Of course, A is given by (9), but only the above two facts will be needed in the proof.)
To prove the proposition, it suffices, in view of Remark 2, to show that |N,,| > C'/m?*~2
where
—2 (=)™ l-1 (-1 -1
(70) (newmatrix) N,, := M,, 40, =det [ A—1 A™'1-1 Am —1
B—-1 B™!-1 B™—1

We obtain, since AB = —1,

—2 (=)™t -1 (=)™ -1

A™N,, = det A-1 Amt 1 Am—1
_Am—l — Am A(_l)m—l —Am (_1)m — Am
If m is even, then
-2 -2 0
A"™N,, = det A-1 Aml 1 Am -1

—AmTL_Am A — A™ 1 — A™

A straightforward calculation shows that

(71) (even) A™ Ny = 4A(A™ — 1)(A™ 2 —1).
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If m is odd, then

-2 0 -2
A™N,, = det A-1 At 1 A™ -1
—AmTL—Am A Am 1 — AT

This time we get

(72) (odd) A™Ny; = —2(A™ 1 — 1)2(A? +1).
The conclusion |N,,| > C"/m?~2 follows easily from (71) and (72). This completes the
proof of the proposition. [l

7. DIVERGENCE OF FORMAL SOLUTIONS WHEN p =1 AND 7 = 0.

(nec)

We now show that, for p = 1 and irrational angles o between the two lines I'; and I'y,
the formal solution u to (18), with f convergent and g = 0, need not converge when 7,
given by (13), is zero. Using the notation and setup in the proof of Theorem 6, let us
choose f such that for each m we have, for k +1 =m,

. o [ k=0
(73) "7 Y0, k>o.

Note that f € A(Bg). Let us consider the Goursat problem (18) with ¢ = 0. By following
the argument in the proof of Theorem 6 above, we conclude that the formal solution is of
the form u = v+w, where w is the formal solution to (36) and v(z, y) is the formal solution
to (37). Hence, v is of the form v(z,y) = ¢(z) + ¥ (2). It is well known that the solution
w to (36) converges to a function in A(Bg) (see [8]; see also [1]). Thus, the solution u to
the Goursat problem converges if and only if the two power series ¢(z) = > b,z and
Y(z) = >, cmzZ™ converge. With p = 1, it is easy to solve the system of equations (47)
for b,, and ¢,, explicitly and we obtain

1 A-1

) om = A= Ay 2R 2 — 1)

(A similar identity holds, of course, for ¢,.) The radius of convergence of the series

P(z) =D, bpz™ is
(75) Rliminf [1 — A™Y/™ =0,

m—00

proving the assertion above that the solution u does not converge. We conclude this paper
by giving an example of a number 3 in A = ¢?™ such that 7 = 0.
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Example 10. Let us define

(76) Bi= i 1077k,
k=1

where py is defined recursively by p; = 1 and pgi1 = pr + k 10P%. Note that, for every IV,
the rational number

N
L L\
rnN = kZlO k= 10p~
=1

satisfies

2

|B - TNl < 10PN+1°

Consider the subsequence my := 10PY and note that

10PN 2
A" — 1)< C inf ¢|6- <2 -
D€Ly q 10P~+1 1QPN+1-PN
Thus, we have
|AmN _ 1’1/mN < C _ C R O’

— 10®N+1—pN)/10PN 10N

which shows that 7 = liminf; o |A* — 1|'/F = 0.

[1]
2]
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