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Fundamental Limits of Spectrum Sharing for
NOMA-Based Cooperative Relaying Under a Peak
Interference Constraint

Vaibhav Kumar, Student Member, IEEE, Barry Cardiff, Senior Member, IEEE,
and Mark F. Flanagan, Senior Member, IEEE

Abstract—Non-orthogonal multiple access (NOMA) and spec-
trum sharing (SS) are two emerging multiple access technologies
for efficient spectrum utilization in future wireless communi-
cations standards. In this paper, we present the performance
analysis of a NOMA-based cooperative relaying system (CRS)
in an underlay spectrum sharing scenario, considering a peak
interference constraint (PIC), where the peak interference in-
flicted by the secondary (unlicensed) network on the primary-
user (licensed) receiver (PU-Rx) should be less than a prede-
termined threshold. In the proposed system the relay and the
secondary-user receiver (SU-Rx) are equipped with multiple
receive antennas and apply selection combining (SC), where
the antenna with highest instantaneous signal-to-noise ratio
(SNR) is selected, and maximal-ratio combining (MRC), for
signal reception. Closed-form expressions are derived for the
average achievable rate and outage probabilities for SS-based
CRS-NOMA. These results show that for large values of peak
interference power, the SS-based CRS-NOMA outperforms the
CRS with conventional orthogonal multiple access (OMA) in
terms of spectral efficiency. The effect of the interference channel
on the system performance is also discussed, and in particular,
it is shown that the interference channel between the secondary-
user transmitter (SU-Tx) and the PU-Rx has a more severe effect
on the average achievable rate as compared to that between the
relay and the PU-Rx. A close agreement between the analytical
and numerical results confirm the correctness of our rate and
outage analysis.

I. INTRODUCTION

ITH the proliferation of wireless communication tech-
Wnologies, services and applications, one of the major
challenges for the successful implementation of future wire-
less communications standards is that of supporting large-
scale heterogeneous data traffic. NOMA has recently been
recognized as a promising multiple-access technology for
long-term evolution advanced (LTE-A), 5G and beyond-5G
wireless networks [1]-[3]. Many variants of NOMA have been
suggested in the literature, e.g., power-domain NOMA [4],
sparse code multiple access (SCMA), interleave division mul-
tiple access (IDMA), low-density spreading (LDS), pattern
division multiple access (PDMA) [5] and lattice partition
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multiple access (LPMA) [6]. Among all these variants, power-
domain NOMA has gained widespread popularity because of
its implementation-friendly transceiver architecture (we will
refer to power-domain NOMA simply as ‘NOMA’ through-
out this paper). It can accommodate several users within
the same orthogonal resource block (time, frequency and/or
spreading code) via multiplexing them in the power domain at
the transmitter and using successive interference cancellation
(SIC) at the receiver to remove the messages intended for
other users. In the case of NOMA, users with poor channel
conditions have a larger share of transmission power, unlike
the conventional OMA where more power is allocated to users
with strong channel conditions (also known as the water-filling
strategy) [3].

Cognitive radio (CR) is another potential solution to
the spectrum scarcity problem, as it can enhance the ra-
dio spectrum utilization efficiency via SS. The three main
SS paradigms include underlay, overlay and interweave ap-
proaches [7]. In an underlay SS system, secondary/unlicensed
users (SUs) operate in a frequency band originally owned
by a PU such that the interference caused by the SUs on
the primary network is lower than a predefined threshold,
frequently referred to as the interference temperature [8].
Therefore, no limit is directly imposed on the power trans-
mitted from a SU-Tx; it is sufficient that the interference
caused at the PU receiver (PU-Rx) is below the threshold. In
a fading channel, the secondary network may take advantage
of this fact by opportunistically transmitting at high power
when the interference channel between SU-Tx and PU-Rx is
in a deep fade. A closed-form expression for the secondary
channel capacity under a constraint on the (peak or average)
interference inflicted on the PU-Rx was presented in [9] for
different channel models including additive white Gaussian
noise (AWGN), log-normal shadowing, Rayleigh fading and
Nakagami-m fading. The interference from the PU transmit-
ter (PU-Tx) to the SU-Rx, also termed as the primary-to-
secondary interference, was not considered in [9] and hence
the results derived serve as an upper-bound on the average
achievable rate for the secondary network.

A very promising application of NOMA for power-domain
multiplexed transmission using a cooperative relaying system
(CRS-NOMA) was proposed in [10], where the source was
able to deliver two different symbols to the destination in
two time slots with the help of a relay. It was shown in [10]
that CRS-NOMA outperforms the conventional OMA based



decode-and-forward cooperative relaying system in terms of
the average achievable rate in the case of Rayleigh fading
channels. The performance superiority of CRS-NOMA in
Rician fading was shown in [11].

The integration of NOMA into a spectrum sharing system
can further enhance the spectral efficiency of a wireless net-
work. Different models of spectrum sharing NOMA networks,
including underlay NOMA, overlay NOMA and cognitive
NOMA, were discussed in [12], and it was shown that co-
operative relaying can improve reception reliability. As such,
cooperative spectrum sharing NOMA networks have lower
outage probability compared to their non-cooperative coun-
terparts. Interference management, energy efficiency, multi-
carrier cognitive NOMA, cognitive MIMO-NOMA, relay se-
lection/user scheduling, physical-layer security and full-duplex
cognitive NOMA were recognized as some of the future
challenges in the integration of CR and NOMA technologies
in [12]. System design guidelines for full-duplex NOMA in
CR networks was provided in [13], and it was noted that
the performance of half-duplex CR-NOMA systems becomes
strictly restricted because of the co-channel interference and
the interference constraint imposed by the primary network.
A novel secondary NOMA-relay-assisted spectrum sharing
scheme was proposed in [14], where first the quality-of-service
(QoS) of the PU was guaranteed using MRC and then the
sum-rate of the SUs was maximized. In [15], a cooperative
NOMA-based spectrum sharing system was proposed, where
the primary network shared the spectrum with the secondary
network in exchange for a form of cooperation where the
secondary transmitter transmitted the primary user’s message
as well as its own message using NOMA. Using the tools
of stochastic geometry, the outage performance of a NOMA-
based large scale underlay CR with randomly deployed users
was characterized in [16]. The energy efficiency optimization
of a multiuser multiple-input single-output (MISO) NOMA
system using CR-inspired NOMA subject to an individual
QoS constraint for each primary user was discussed in [17].
The outage performance of a two-user decode-and-forward
underlay CR-NOMA system was studied in [18]. It was
assumed in [18] that the transmission from the relay does
not cause any interference to the primary receiver, and also
that there is no interference from the primary transmitter to
the secondary receivers. The outage performance of a similar
system with imperfect channel state information was presented
in [19], where the interference from the relay to the primary
network and the interference from the primary network to the
secondary network was also considered.

In this paper, we analyze the performance of the CRS-
NOMA in an underlay SS scenario, where the power trans-
mitted from the SU-Tx and from the relay are constrained
by placing a limit on the peak interference power received at
the PU-Rx. For clarity of exposition, no other constraint on
the transmit power is imposed. While in practice the transmit
power from the SU-Tx or the relay is limited by hardware
capabilities and other health-related safety considerations, the
rates derived in this paper serve as an upper-bound on the
capacity of the SS-based CRS-NOMA under a peak interfer-
ence power constraint. The main contributions of this paper
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are summarized as follows:

o First, we derive analytical closed-form expressions for
the average achievable sum-rate and outage probability
for the CRS-NOMA in an underlay SS scenario for the
case where all nodes are equipped with a single antenna.

o Next, we derive closed-form expressions for the average
achievable sum-rate and outage probability for the SS-
based CRS-NOMA in a scenario where the relay and
the SU-Rx are equipped with multiple receive antennas.
We consider two different diversity combining schemes
at both relay and destination for signal reception — SC
and MRC. In the case of SC, the closed-form expressions
are represented using elementary functions, whereas for
MRC, the expressions are represented using Meijer’s G-
function, the EGBMGF, the Gauss hypergeometric func-
tion and some elementary functions.

« We compare the average achievable sum-rate of the SS-
based CRS-NOMA with that of the SS-based CRS-OMA
and show that the former outperforms the latter for large
values of peak interference power at the PU-Rx.

o We also present the asymptotic analysis of the outage
probability for SS-based CRS-NOMA.

The rest of this paper is organized as follows: Section II
describes the system model for SS-based CRS-NOMA. In Sec-
tion III, we present a detailed analysis of the average achiev-
able sum-rate and outage probability of the system considering
that all nodes are equipped with a single antenna. In Sec-
tion IV, we present the analysis for the CRS-NOMA where
the relay and the SU-Rx are equipped with multiple receive
antennas and SC is used for combining the received signals at
the respective nodes. Section V deals with the case when both
relay and SU-Rx are equipped with multiple receive antennas
and MRC is employed for diversity combining. Results and
discussion are presented in Section VI and finally, conclusions
are drawn in Section VIIL.

II. SYSTEM MODEL

Consider an SS-based CRS-NOMA system as shown
in Fig. 1, which consists of a SU-Tx s, a relay r, a SU-Rx
d and a PU-Rx p. The SU-Tx s is equipped with a single
transmit antenna and the PU-Rx p is equipped with a single
receive antenna. The relay r is equipped with N, (> 1) receive
antennas and a single transmit antenna, while the SU-Rx d is
equipped with Ng (> 1) receive antennas. It is assumed that all
nodes are operating in the half-duplex mode and all wireless
links are independent and Rayleigh distributed. The channel
coefficient between the SU-Tx and the i receive antenna of
the relay (1 < i < N,) is denoted by Ay ; and has a mean-
square value Qg, for all i, while that between the SU-Tx and
the j™ antenna of the SU-Rx (1 < j < Ny) is denoted by
hsq,j and has a mean-square value Qg for all j. The channel
coefficient between the transmit antenna of the relay and the
jth antenna of the SU-Rx is denoted by 4,4 ; and has a mean-
square value Q,, for all j. Moreover, the channel coefficient
between the SU-Tx and the PU-Rx is denoted by A, and has
a mean-square value €, while that between the relay and the
PU-Rx is denoted by h,, and has a mean-square value Q,,.
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Fig. 1. System model for CRS-NOMA with underlay spectrum sharing.

Furthermore, it is assumed that the channels between the SU-
Tx and the SU-Rx are on average weaker that those between
the SU-Tx and the relay, i.e., Qsg < Qg

We assume that perfect knowledge of Ay, and h,, are
available at the SU-Tx and the relay, respectively; this helps in
determining the transmit power so that the received interfer-
ence power at the PU-Rx never exceeds the tolerance limit Q.
Also, the knowledge of Q, and Q, is assumed to be available
at the SU-Tx. Moreover, we assume that perfect knowledge
of {hs,;} is available at the relay, and perfect knowledge of
{hsa j} and {h,q 1} is available at the SU-Rx. It is important to
note that these CSI requirements are similar to those assumed
in [9] and [10].

In the CRS-NOMA scheme with spectrum sharing, the SU-
Tx broadcasts +/aj Py(hsp)s1 ++/azPs(hgp)s> to both relay and
SU-Rx, where s; and s are the data-bearing constellation sym-
bols which are multiplexed in the power domain (E{|s;|*} = 1
for i = 1,2). Py(hsp) is the power transmitted from the SU-
Tx and in general is a mapping from the fading coefficient
hsp to the set of non-negative real numbers R, such that
the instantaneous interference at the PU-Rx does not exceed
a predetermined value (interference temperature). Moreover,
a; and ap are power weighting coefficients satisfying the
constraints a; + a; = 1 and a; > ap. After receiving the
signal from the SU-TX, the SU-Rx decodes symbol s; treating
the interference from s, as additional noise, while the relay
first decodes symbol s; and then applies SIC to decode s;.
In the second time slot, the SU-Tx remains silent and only
the relay transmits its estimate of symbol s, denoted as
5>, to the SU-Rx with power P,(h,,) which in general is
a mapping from the fading coefficient s, to R, such that
the instantaneous interference at the primary receiver does
not exceed the predetermined threshold. In this manner, two
different symbols are delivered to the secondary receiver in
two time slots.

In contrast to this, in the conventional OMA with underlay
spectrum sharing scheme, the SU-Tx broadcasts symbol s
with power Pg(hsp) in the first time slot and the relay
retransmits its estimate of symbol s;, denoted by §;, to the
SU-Rx with power P,(h,p) in the second time slot. The SU-
Rx then combines both copies of symbol s; and in this manner
only a single symbol is delivered to the SU-Rx in two time

slots.

III. PERFORMANCE ANALYSIS: SINGLE ANTENNA CASE

In this section we present the average achievable sum-
rate and outage probability analysis for the SS-based CRS-
NOMA under peak interference constraint for the case when
N, = Ng = 1. Note that while the more general case
(N, = 1,N4 = 1) will be considered later, for this special case
the derived expressions for the average achievable rate and
outage probability have a particularly simple form which is
not trivial to deduce from the solution to the general case; thus
it is worthwhile to consider the single antenna case separately.

Here we denote the channel coefficients for s-r, s-d, r-d,
s-p and r-p links by hg,, hsq, hra, hsp and h,p, respectively.
The signal received at the relay (resp. SU-Rx and PU-Rx) in
the first time slot is given by

yse =hse (\/alPs(hSp)sl + \IGZPS(hSp)SZ) + nge,

where £ = r (resp. £ = d and € = p) and, ng, is complex addi-
tive white Gaussian noise (AWGN) with zero mean and unit
variance. The received instantaneous signal-to-interference-
plus-noise ratio (SINR) at the relay for decoding symbol s;
and the received instantaneous SNR for decoding symbol s>
(assuming symbol s; is decoded correctly) are, respectively,

(1) srd 1 s\lsp (2)
Do el D = AgrarPy(hgp),
Vs /lsrazps(hsp)+1 Vs sra2Pg( sp)

where Ay, £ |hg,|2. Similarly, the received instantaneous SINR
at the SU-Rx for decoding symbol s; is given by
ﬂsdalps(hsp)

(d= ",
’s /lsdasz(hsp) +1

where Agq £ |hgy|?. In the next time slot, the relay transmits
its estimate of symbol s,, denoted by $5, to the SU-Rx with
power P,.(h,,). The signal received at the SU-Rx (resp. PU-
Rx) in the second time slot is given by

Yr¢ =hrg\[Pr(hrp)§2 + Nrg,

where ¢ = d (resp. ¢ = p) and n,¢ is complex AWGN with
zero mean and unit variance. The received SNR at the SU-Rx
for decoding symbol s; is given by

/lrdPr(hrp)7

where 1.4 £ |h.q|*. Since the symbol s; should be decoded
correctly at the SU-Rx as well as at the relay for SIC, while
satisfying the interference constraint at the PU-Rx, the average
achievable rate for symbol s; is given by (c.f. [10, Eqn. (8)], [9,
Eqgn. (1), Eqn. (22)])

max

- 51o 1+m1n{ Er), d})
Ps(hsp)>0/sl>|/sr|'/ad 52 " &

X g1(|hsp|)82(|hsr|)g3(|hsd|) d|hsp| dlhsrl dlhsd|» (])
st AspPs(hsy) < O, )

where the maximization in (1) is performed over all pos-
sible transmit power mappings Pg(ss,) > 0 and Q is the

Yrd =

A S1



peak interference power that the PU-Rx can tolerate from
the secondary network; and gi(|hspl), g2(1hs-]) and g3(|hsal)
denote the probability density functions (PDFs) of |/, | A/ |
and |hgq| respectively. Assuming no other limitation on the
power transmitted from the SU-Tx, the optimal transmit power
P;(hsp) which maximizes the achievable rate is given by
Q/Asp. Hence, the average achievable rate for symbol s; is
given by

mm{/lsr sd}
Asp Oa;

= 05/ / / log, |1 +
Sl spl |hsr| ¢ hsql mm{/hr /lvd}Qaz +1

X gl(lhsp|)82(|hsr|)g3(|hsd|)dlhsp| d|hg, | d|hsal
1 0 )
= z[‘/Ologz(l+Qx)fx(x)dx —/010g2(1+Qa2X)fx(x)dx] ,(3)

where X = min{A,, Asa}/Asp and fy () denotes the PDF of
the random variable 7.

Theorem 1. A closed-form expression for the average achiev-
able rate for the symbol s; is given by

Qlog, (%) azQIng( - )
0 - ¢Q;p a0 — ¢Q)p

G, =05 @
£ (1/Q) + (1/Q%4).

Proof: See Appendix A.
Similarly, the average achievable rate for symbol s, is given
by (c.f. [10, Eqn. (9)], [9, Eqn. (1), Eqn. (22)])

= max 0.51o 1+m1n{ (), d})
P (h"’)>0‘/‘ vp |/ rp/ﬂ ‘/ [hral g2 Yaro¥r

where ¢

Pr rp
Xg](lhspl)gQ(lhsrl)g4(|hrp|)g5(|hrd|)d|hsp|d|hsr|d|hrp|
X d|hrd|» (5)
s.t. AgpPs(hsp) <0, (6)
ArpPr(hyp) < 0, (7)

where g4(|h,,|) and gs(|h-4|) denote the PDFs of |A,,| and
|hyql, respectively. Assuming no other limitation on the power
transmitted from the relay, the optimal transmit power Py (k)
which maximizes the achievable rate is given by Q/A,p.
Therefore, the average achievable rate for symbol s, is given

= Asraz Ay
CSZ:/ / / /0510g2(1+min{;a2,/1d}Q)
sp| rpl sp rp

rcil
Xgl(|hsp |)82(|hsr |)g4(|hrp |)g5(|hrd|)d|hsp |d|hsr |d|hrp |d|hrd|

e _ 050 [ 1-F(x)
_5/0 log,(1 + Qx) fy(x)dx = n(2) 1+0x

where Y £ min{As,a2/Asp,Ara/Arp} and Fy (-) denotes the
cumulative distribution function (CDF) of the random variable

W .

srl

dx, (8)

Theorem 2. A closed-form expression for the average achiev-
able rate for the symbol s, is given by (9), shown at the
beginning of the next page.

Proof: See Appendix B.
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Using (4) and (9), the average achievable sum-rate for the
CRS-NOMA system is given as

Csum = Csl + Csz- (10
In theory the system with single antenna (at the relay and SU-
Rx) are special case when the relay and SU-Rx are equipped
with multiple receive antennas, however, the analysis leads
to simple closed-form expressions for the average achievable
sum-rate and outage probability, and these expressions are not
trivial to obtain from the generalized case of multiple antennas.

For the case of OMA, the signal received at the relay (resp.
SU-Rx and PU-RXx) in the first time slot is given by

Vst,oMA =hseq[Ps(hsp)si + nse,

where ¢ = r (resp. £ = d and £ = p). In the second time slot,
the relay transmits its estimate of s;, denoted by §i, to the
SU-Rx. The signal received at the SU-Rx (resp. PU-Rx) in
the second time slot is given by

Yr¢,OMA :hrg\[Pr(hrp)fl + Ny,

where ¢ = d (resp. ¢ = p). Following the same peak
interference constraint as in the case of NOMA, the average
achievable rate for the SS-based CRS-OMA is given by

Coma = 0.5Ez [log,(1 + 0Z)], (11)

zZ = mm{ﬁ",ﬁzz fﬁ and Ey[-] denotes the
expectation with respect to the random variable 7.

Outage probability for CRS-NOMA: We define O as the
outage event for symbol s;, i.e., the event when either the
relay or the SU-Rx fails to decode s; successfully. Hence the
outage probability for symbol s; is given by

where!

a1 0X
Pr(O;)=Pr(Cs, <R;)=Pr |0.5log, (1 + ﬁ)Q(H) < Rl]
0, O pQ,, dx $Q,,0
:P X<® = d = Sp = Sp y
X< O = f X dx /o(1+¢9s,,x)2 I+ 60,0,
(12)

where Cg, is the instantaneous achievable rate for symbol sy,
R, is the target data rate for symbol 51, €] = 22Ri _1 and @, =
m The integration above is solved using (33) and [20,
Eqn. (3.194-1), p. 315]. The system design must ensure that
ai > €1ay, otherwise the outage probability for symbol s will
always be 1 as noted in [21]. Next, we define O, as the outage
event for symbol s,. This outage event can be decomposed
as the union of the following disjoint events: (i) symbol s
cannot be successfully decoded at the relay; (ii) symbol s
is successfully decoded at the relay, but symbol s, cannot
be successfully decoded at the relay; and (iii) both symbols
are successfully decoded at the relay, but symbol s, cannot

'Here we assume that the SU-Rx applies MRC on the two copies of .
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0.5 Qpa Qyr Q |2y Q log, (Frrs

; ) + aZQrvarQlogZ (

rdQ) rdQSPQIng(angrQ)]

Cs, =

(QrdQsp _azgrpgsr)(grdQ _Qrp)(Qsp —arQd,, Q)

9

be successfully decoded at the SU-Rx. Therefore, the outage
probability for the symbol s, may be expressed as

A A A
PI'( LS <®1)+PI‘( LA >0, L
sp Asp s

S

< @2)

Adra &
<

Ay
+Pr|= >0, —j’; if ®; <0,

Pr(Os) = 1,270, 50
Pr (/lsr <®1) + Pr (/lsr Z@], /lrd < 2) ;
Asp Asp Ap O
otherwise
=Faer (©)+ Fa,y (%) - F%;(@)F% (%)

Arp

(13)

where R, is the target data rate for symbol s7, & = 2282 — 1,

0, = i and ® = max(®(,®,). Using (35), the closed-form
expressmn for the outage probability of symbol s, is given by
Q;,0 6Q
PI‘(Oz) _ sp €32rp
Qg + Qsp® 0Q,4 + 629rp
prQrpQ@

- . (14
(er + Qsp®)(QrdQ + QrpEZ) ( )

On the other hand, for the SS-based CRS-OMA system, the
outage probability is given by

PI‘(OOMA) = Pr(Z < 61) .

Asymptotic behavior of CRS-NOMA
Using (12), for large values of O we have

¢Qsp €] 1

Pr(O) = O(a) — €1az) + PpQqp € T 1+80
1< 1Y
- —l k - — 0 -2 ,
5o 2.1 (ﬁQ) =55 *0(e7)
where 8 £ (a1 — €1a2)/(¢Qsper) and O(-) is the Landau sym-

bol. The above relation holds good for SO > 1. Therefore, it
is clear that for the single-antenna case, the outage probability
for s; decays as Q! for large Q. Similarly, for large values

of O

k
Q,,0 QpBt & QB
Fro (@) = =220 2P Sy (Sl
Asp er +Qsp® erQ k=0 erQ
QpB°
asg tol(e7)

where g7 2 max{ } Hence, Fa.(®) decays as

Asp

Q7! for large Q values. Analogously, it can be shown that
Fa,, (E—Z) decays as Q7! and F.,,. (®)F.,, (2
L \e Asp Trp Q

ar— 61112 az

) decays as

Q7. Therefore, using (13), it is clear that the outage proba-
bility for s, decays as Q™! for large values of Q.

IV. PERFORMANCE ANALYSIS: SELECTION COMBINING

In this section, we generalize the results obtained in the
previous section for the case when N, > 1, N; > 1 and selec-
tion combining (SC), i.e., selection of the antenna with highest
instantaneous SNR, is used for reception at both relay and SU-
Rx. In the first time-slot, the received instantaneous SINR at
the relay for decoding symbol s; and the instantaneous SNR
for decoding symbol s, (assuming the symbol s; is decoded
correctly) are, respectively,

) Osrar Ps(hsp) ©

7sr SC 6vra2P (hvp) + 1 sr, sc = sra2Ps(hsp)a

where i* = argmax, _; .. |hsr ;| and 5, = |hsr’i*|2. Similarly,
the received instantaneous SINR at the SU-Rx for decoding
symbol s in the first time slot is given by

_ 6sdalPs(hsp)
YsdSC = 6sda2ps(hsp) +17

A

where j* = argmax;; ., |hsa,;| and 654 = |hsa j+|*. The
received SNR at the SU-Rx for decoding symbol s, in the

second time slot is given by
Yrd,sc = 6raPr(hyp),

where k* = argmax; .y, |frax| and 6,4 = | i
Following similar arguments as in the previous section, the
average achievable rate for symbol s; using SC is given by

Cysc =0.5 /0 logy(1 + Qx) fix(x) dx

-0.5 /wlogz(l + Qarx) fx(x)dx, (15)
0

where X £ min{s,,0sa}/Asp-

Theorem 3. A closed-form expression for the average achiev-
able rate for symbol s\ using SC is given by

Ny Na

6use-03 3 Yo%)
Qlog, (m ) a0 log, (g;?gs,,)

Q _gk,jQ a2Q _fk,stp

. (16)

where é:k,j = (k/Qg) + (7/Q5a)-

Proof: See Appendix C.
Similarly, the average achievable rate for symbol s, using
SC is given by
Cosc =05 [ lop(1400) fumdx, ()
0

where Y £ min{ds,a2/Asp,0ra/Arp}.



Theorem 4. A closed-form expression for the average achiev-
able rate for symbol sy using SC is given by (18), shown at
the top of the next page.

Proof: See Appendix D.
Using (16) and (18), the average achievable sum-rate for
the CRS-NOMA system using SC is given by

Csum,sc = Cs,.sc + Cs, sc- (19)

With extensive algebraic manipulations, it can be shown that
for N, = N; = 1, (16) and (18) reduces to (4) and (9),
respectively. For the case of SS-based CRS-OMA with SC,
the average achievable rate is given as

Coma,sc = 0.5E7 [log,(1 + Q2Z)],

where Z = min{/l" , /l‘d + “’}

Outage probabzllty for CRS‘NOMA with SC: Similar to the
previous section, we define & as the outage event for symbol
s1. Hence the outage probability for symbol s; using SC is
given by

(20)

0
Pr(ﬁl) = PI‘( 51,5C < Rl) = Pr(X < @]) = fX(x)dx
0
N, N,
4 kai[Na\[Nr ‘fk,jQSPG)l
‘ZZ( D ]( )( k)1+§k,j§zs,,®1’ @D

where Csl,SC is the instantaneous achievable rate for symbol s;
in the SS-based CRS-NOMA using SC. The integration above
is solved using (40) and [20, Eqn. (3.194-1), p. 315]. Next,
we define &, as the outage event for symbol s, using SC,
similar to the previous section. Hence, the outage probability
for symbol s, is given by

PH(0) =F e (O)+ Fayy (—2) Fosr((a)Fo,d(ez) 22)

Using (22) and (42), the closed-form expression for the outage
probability of symbol s, in SS-based CRS-NOMA using SC
is given by (23), shown on the next page.

On the other hand, the outage probability for the SS-based
CRS-OMA with SC is given by

Pr(Ooma) = Pr(Z < €).

Asymptotic behavior of CRS-NOMA with SC
Using (21), for large values of Q,
N, Ng o

k+j+n (Nd n+1 Qper
pr(ﬁl)—ZZZ< D™ ( )( )'f im

k=1 j=1 n=0
Using [20, Eqn. (0.154-3), p. 4], we have

o [Na\ [N,
-1 k+j+n d)( ")
d}_l( : (] k

n+1
n+1 [
(a1

Therefore, it is clear that for the case of SS-based CRS-
NOMA, the outage probability for s; decays as Q~ ™n{Nr.Na}

n+l1

Ny Nag

Pr(0)) = Z Z

=1 j=1 n=min{N,,N,

\pfl

—€a2)Q

oc Q_min{NrsNd}'
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for large Q values. Using a similar identity, it can be shown
that Fy,,),,,(0) decays as QN Fs, 1., (€/Q) decays as
0N and Fy,, 1, (©)Fs, 11, (62/Q) decays as Q~(N+Na) for
large values of Q. Therefore, using (22), it follows that for the
case of SS-based CRS-NOMA, the outage probability for s
decays as Q~™n{Nr-Nal} for large values of Q.

V. PERFORMANCE ANALYSIS: MAXIMAL RATIO
COMBINING

In this section, we analyze the scenario when N, > 1, Ny > 1
and MRC is used for combining the signals at the relay and
the SU-Rx. The received instantaneous SINR at the relay for
decoding symbol s; and the instantaneous SNR for decoding
symbol s, (assuming the symbol s; is decoded correctly) in
the first time slot are, respectively,

Tlsralps(hsp)
nSrQZPS(hsp) + 1’

(0

_ (2)
Ysr,MRC =

Ysr MRC = nsrazPs(hsp),

where 7, = Zi’i’l |hsr,,-|2. Similarly, the received instanta-
neous SINR at the SU-Rx for decoding symbol s in the first
time slot is given by

nsdalpx(hsp)
T]Sdazps(hsp) +1

where nyq = Z;V:"l |hsa, j|2. The received SNR at the SU-Rx
for decoding symbol s; in the second time slot is given by

Ysd,MRC =

Yrd MRC = UrdPr(hrp),
where 7,4 = 22’:"1 |hrd,k|2. The average achievable rate for
symbol s; using MRC is given by
Conive =05 [ Tog(1+ 0)f (1) dx
0

-0.5 /wlogz(l + Qarx)fa (x)dx, (24)
0

where 2~ = min{ny,,Msa}/Asp-

Theorem 5. A closed-form expression for the average achiev-
able rate for symbol s| using MRC is given by (25), shown
on the next page, where T'(:) is the Gamma function and
Gpog (- | +) is Meijer’s G function.

Proof: See Appendix E.
Similarly, the average achievable rate for symbol s, using
MRC is given by

Conire = 0.5 /O log,(1 + Q0 fy ()dx,  (26)

where % £ min{nsra2//lsp, nrd//lrp}-

Theorem 6. A closed-form expression for the average achiev-

able rate for symbol sy using MRC is given by (27), shown

on the next page, where G2 ()L L L L) denotes
P1,41:P2:92:P 3,93

the EGBMGF? [25].

Proof: See Appendix F.

2Efficient MATHEMATICA® implementations of EGBMGF are given
in [22, TABLE II] and [23]; and a MATLAB® implementation is given in [24].
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aZer 10g2 (HZQarQ)

aZerQ kap

N, N,
Cs,.5c = 0.50 Z(—l)kl( L )
=1

N, Ny

()

KR} Qp log, (jQrp )

Qr
rd 10g2 ( jQ‘i?)
rdQ ]Qrp

]aZQrpgsr logZ (HZQQ” )

Q-Qrd
+ (- 1)’”’( )( ) . . . (18)
Z Z J (erdQsp - ]aZQrstr)(QQrd - ]Qrp) (erdQSp - ]aZQrstr)(QZQer - stp)
N EDERQ,0 &Ny (1 e, &8 (N (Ng (D kj Qs R, per®
Pr(0) = Z —_—+ —_—— — ) . . (23)
Qg + stp® - 0Q,q + ]€2Qrp =1 =1 k J (er + kQ‘YIJ@)(QrdQ + ]QVPEZ)
_ 23(_Q |1-No=v, 1,1 23 ( @0 |1-N,—v, 1, 1
c 0.5 log, (e) e {6 (i | e ) - (e | )
MRC =U.J10g,(€e
; N rvoal 4 TG+ D, o7
_ 23(_ 0 |1-Ng-u, 1,1 2,3 ( @Q |1-Ng-u, 1, 1
1 N’I{Gm(mp ff”l,o) Gy, (;:223,, 1‘{“1,0)}
r(Ng)QNe = F(H+1)Ql;r¢N"+”
(25)
_ _0.5log,(e)Ny 53 azger I-N,, 0.510g2(e)NdG rdQ‘l Na. 1.1 0.5logy(e) (@, Qg \N
SMETTTN, ) 33 1,0) " T(Ng+1) 10 ) T(NAOT(Na) \ QraQsp
Gl 11212 1-N,-Na | 1, 1| ~Na. 1-Na | QazQg, 295 Qrp 0.51og,(e) [ QpQra \7
1122220 vy Lol oo Nl Qg T QpQa | T(NGT(N,) \ 294,91,
Gl 11212 1-N;=Ng 1,1|—N,,1Nr 0Q,q0 QraQ%p
p122220 oy, Lol o -n 1 Tq,, ’—aZerQrp .
(27)
Using (25) and (27), the average achievable sum-rate for Pr(0,) = 'I.\r(("))"‘F e (2) -F M@)F n,d( )

the SS-based CRS-NOMA using MRC is given by

CsumMre = Cs; MrC + Cs, MRC- (28)
For the case of CRS-OMA with MRC, the average achievable

rate is given as

Coma-mrc = 0.5E [log,(1 +Q2)], (29)

where 2 £ min {r, Ted o drd
Asp’ Asp Ap

Outage probability for CRS-NOMA with MRC:

Similar to the previous cases, we define O; as the outage
event for symbol s; in SS-based CRS-NOMA using MRC.
Hence the outage probability for symbol s is given by

(S]]

Pr(@)l) = Pr(Csl,MRC < Rl) = Pr(% < @1) = fgg(x)dx
0

Substituting the expression for fg (x) from (51) into the
equation above and solving the integral using [20, Eqn. (3.194-
1), p. 315], the outage probability for symbol s; in CRS-
NOMA using MRC is given by (30), shown on the next
page, where (x), 2 I'(x + n)/T'(x) denotes the Pochhammer
symbol. Next, we define O, as the outage event for symbol s,
using MRC, similar to the previous cases. Hence, the outage
probability for symbol s, is given by

Using (54), the analytical expression for the outage probabil-
ity of symbol s, for SS-based CRS-NOMA using MRC is
represented by (31), shown on the next page.

On the other hand, the outage probability for the SS-based
CRS-OMA with MRC is given by

PI‘(@OMA) = Pl‘(gp < 61).

Asymptotic behavior of CRS-NOMA with MRC

Using the series expansion of the Gauss hypergeometric
function [26, Eqn. (15.2.1). p. 384],

Ng-1 oo (V+ ])NVQNr+V ll\lr+V
= ()l )Q “ nZO QY (N +v)(a1 — € a)Nr 7 QNrty
(=1)y"(N, + V)n(Qsp¢€1)
nl(a — e1a2)" Q"
= [L v +0 (Q_(Nr+]))
Qsr(ar — €1@2)Q '

Therefore, it is clear that 77 decays as Q™ for large values
of Q. Using similar arguments, it can be shown that 7
in (30) decays as Q™N< for large values of Q. Hence, it is
straightforward to conclude that the outage probability for s
in CRS-NOMA with MRC decays as Q=™ {Nr-Na} for large
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Na~1 1)N +v
Pr(Oy) = o )QN Z( +1)NrQ o )2F1(Nr+v+1,N,+v;N,+v+1;—Qsp¢®1)
r Sr VO
Ti
-1 ( )Nd+[1
o F (Na+ p+ LNg+ @ Na + p+ 15-Q,601) . (30
F(N )Qi\]; ;(ﬂ ) dQ{YIr(Nd-" )2 1( dtH d+T U, Ng + U sp¢ 1) (30)
T2
0Q N, oYe) €Qr Ng —€Qr
PT(OZ):(QSP) ZFI(Nr+1sNr§Nr+1; Qsp) (ngz) 2F1(Nd+1,Nd;Nd+1;—QZQdP)

0Q,,\"" (&Q,,
er QQrd

Na _G)Qsp _€ZQrp
2F1 Nr + l,Nr;Nr + 1; Q— 2F1 Nd + l,Nd;Nd + I;QT . (31)

ST

Cium: Theory
é\ 61l O Csum: Numerical
} - ~ y
§ Cs,: Theory

: Numerical
: Theory
: Numerical

Average achievable rate

0 5 10 15 20 25 30 35
Peak interference power (Q) in dB

Fig. 2. Comparison of the average achievable rate for the SS-based CRS with
N, =Ng=1.

values of Q. Similarly, using the series expansion of the Gauss
hypergeometric functions in (31), it can be shown that the
outage probability for s, in CRS-NOMA with MRC decays
as Q~™M{Nr.Na} for Jarge values of Q.

VI. RESULTS AND DISCUSSION

In this section, we present the analytical and numerical®
results for the average achievable rate and outage probability
for the spectrum sharing based cooperative relaying system.
We consider the SS-based CRS system where Q4 = 1, Qg =
Qrg =10 and Qg = Q,, = 5.5 (unless otherwise stated). For
all NOMA based systems, we consider Ry = R, = 1 bps/Hz.

The necessary constraint a; > €;a, (as noted in Section III)
implies a possible range 0 < a; < 27281, Therefore the opti-
mization of a; was performed using a one-dimensional search
over the M-element discrete set a, € {&,2¢,3¢,...,Me},
where M is a positive integer and & = 272K /(M + 1). In
this paper, we consider M = 24 (¢ = 0.01). All results for
NOMA-based systems presented in this section will be for
the optimized power allocation.

Fig. 2 shows a comparison of the average achievable rate
for the SS-based CRS with N, = Ny = 1. It is clear from

3For our numerical results, we do not realize the actual scenario, but rather
generate the random variables and then evaluate the average achievable rate.

8-

—+—NOMA: Q,, = 9, =55
- % -OMA: Q,, = Q,, =55

~

—+—NOMA: Q,, =5.5,Q,, =15
- % -OMA: Q,;, =55,Q, =15
6 1—e—NOMA: Q,, = 1.5,Q,, =5.5
- ©-0MA: Q, =15,Q,, =55
5 |—A—NOMA: Q,, = 1.5,Q,, = 1.5
- A-OMA: Q,=159Q,=15

w

)

Average achievable rate (bps/Hz)
S

‘ ‘ ‘ ‘ ‘ ‘ ‘
0 5 10 15 20 25 30 35
Peak interference power (@) in dB

Fig. 3. Effect of the interference channels on the average achievable rate for
the SS-based CRS.

(bps/Hz)

e C()MA sc N = Ny =4 (num)
N, = N; =2 (num)

i, = Ny = 2 (th)

Nd =2 (num)

O Camnre
5 - QMxxu MRC
””0‘” C()l\lA.}lH(‘ s

Average achievable rate

\ \ |
10 15 20 25 30 35
Peak interference power (Q) in dB

Fig. 4. Comparison of average achievable rate for SS-based CRS using SC
and MRC for Qg, = Q) =5.5.

the figure that for small values of peak interference power
constraint Q, the SS-based CRS-OMA gives higher achievable
rate, but for large values of Q, the SS-based CRS-NOMA
outperforms its OMA-based counterpart and achieves higher
spectral efficiency. This is due to the fact that for small values
of O, the average transmit power from the SU-Tx and the relay
is small, and for small transmit SNR, the average achievable
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>

=

2 B

E 108] O N, =N =1 (sim)

SHR B N, = Ny =1 (th) o
= ¢ SC: N, =3,N; =2 (sim)

g 10*|——SC: N, = 3,N; = 2 (th)

=

=]

o

-5
10 OMA: N, = N; = 1
O OMA (SC): N, = 3,N; =2
106 OMA (MRC): N, =3, N; =2
.......... Q*;
1077 .......... Q | ‘ ‘ o]
0 5 10 15 20 25 30 35

Q (in dB)

Fig. 5. Outage probability of symbol s; for the SS-based CRS.

sum-rate of CRS-NOMA is less than the average achievable
rate of CRS-OMA as shown in [10, Fig. 1].

Fig. 3 shows the effect of the mean-square value of the
interference links (i.e., ,, and €,.,) on the average achievable
rate. The figures shows that when the interference links are
weaker (in terms of mean-square value) the CRS achieves
higher spectral efficiency. Moreover, it is clear from the figure
that when the S-P link is weaker as compared to the R-P
link (i.e., Qg = 1.5 and Q,, = 5.5), the achievable rate of
the CRS is comparatively higher than for the case when the
former is stronger (i.e., s, = 5.5 and Q,, = 1.5). This means
that the S-P interference channel has a more severe effect on
the overall achievable rate of the CRS. This is due to the fact
that when the interference channel between the SU-Tx and
the PU-Rx is strong (i.e., £, is large), the average power
transmitted from the SU-Tx is small which adversely effects
the achievable rate of both s; and s, while for the case when
the interference channel between the relay and the PU-Rx is
strong (i.e., Q,, is large) the average power transmitted from
the relay is small which affects the achievable rate of symbol
s only.

Fig. 4 shows the average achievable rate for the SS-based
CRS using selection combining and maximal-ratio combining
for different values of N, and Ny. It is evident from the figure
that with an increase in the number of antennas at the relay
and at the SU-Rx, the average achievable rate increases for
both NOMA and OMA systems. Also, it is important to note
that with this increase in the number of antennas, the threshold
value of Q at which the CRS-NOMA outperforms its OMA-
based counterpart becomes lower. Moreover, it is evident from
the figure that CRS with MRC achieves significantly higher
spectral efficiency as compared to that of CRS with SC for
both NOMA and OMA systems.

Figs. 5 and 6 show the outage probabilities for SS-based
CRS for s; and s;, respectively (in the case of SS-based
CRS-OMA, both these figures show the outage probability of
s; with a target data rate of 1 bps/Hz). It is evident from
the figures that the outage probability for SS-based CRS-
NOMA decreases significantly with an increase in the number
of antennas at the relay and at the SU-Rx. Also, it can be

: N, = 3,N; =2 (sim)
10— SC: N, = 3, N, =2 (th)

% MRC: N, =3,N; =2 (sim)
5|— — —MRC: N, =3, N; = 2 (th) .,

Outage probability

105
OMA: N, =N;=1 | "= :
O OMA (SC): N, =3,N; =2
106 OMA (MRC): N, =3,N; =2
---------- Q) *
I Q | ‘ ‘ .,
0 5 10 15 20 25 30 35

Q@ (in dB)

Fig. 6. Outage probability of symbol s, for the SS-based CRS.

noted from the figures that the outage probability of both
the symbols with MRC is significantly lower than that with
SC. These figures also confirm that for large values of Q,
the outage probabilities decay as Q™ ™n{Nr.-Na}  ag proved
analytically in the previous sections. The outage probability for
the NOMA-based system is worse than that of the OMA-based
system, because of the existence of co-channel interference
and a higher target data rate requirement in the case of
CRS-NOMA*. Also it is important to note that the outage
probability of symbol s; is higher than that of symbol s;
for SS-based CRS-NOMA. This happens because the outage
probability of s; is dominated by the links between SU-Tx
and SU-Rx, which are the weakest (on average).

VII. CONCLUSION

In this paper, we provided a comprehensive average achiev-
able sum-rate and outage probability analysis of a NOMA-
based cooperative relaying system with underlay spectrum
sharing considering a peak interference constraint in Rayleigh
fading. We considered scenarios where the relay and the
secondary receiver are equipped with multiple receive anten-
nas and where both apply selection combining/maximal-ratio
combining for signal reception. We also derived simplified
analytical expressions for the special case when there is
a single receive antenna at both relay and secondary-user
receiver. Our results show that the optimal power allocation for
maximizing the achievable sum-rate of CRS-NOMA depends
on the target data rate requirement. It was shown that for
higher values of peak interference power Q, the spectrum shar-
ing system based on CRS-NOMA outperforms the spectrum
sharing system based on conventional CRS-OMA, achieving
higher spectral efficiency, for both SC and MRC schemes.
Results also indicate that the interference channel between
the secondary-user transmitter and the primary-user receiver
has a more severe effect on the spectral efficiency of the
secondary network as compared to that between the relay to

4Note that in the case of CRS-NOMA, two symbols were transmitted in
the first time slot with target data rate of 1 bps/Hz for each, whereas in the
case of CRS-OMA, only a single symbol was transmitted in the first time slot
with a target data rate of 1 bps/Hz.



the primary-user receiver interference channel. For a better
insight into system behavior, we also presented the asymptotic
(in the peak interference power) outage behavior for the SS-
based CRS-NOMA. Our results also indicate that significant
capacity gains can be achieved when the interference channel
between the secondary-user transmitter/relay to primary-user
receiver is in a deep fade.

APPENDIX A
PROOF OF THEOREM 1

Since |h;|,i € {sr,sd,rd,sp,rp} is Rayleigh distributed, the
PDF and the CDF of A; = |h;|? are, respectively, given by

—exp(Q ) Fy, (x)—l—exp(Q )

Therefore, the PDF of min{A,, A5} is given by>
Jmin {2y 450} (%) =fa,, [ =Fa ()] + fa,,()[1-Fa,, (x)]
=¢eXP(_¢x)’

where ¢ = (1/Qg) + (1/Qs4). The PDF of X =
min{A,,, Asq}/Asp is therefore given by

S (x) = (32)

fx(o) = /O Yot ey 50 fa, (Pl

I e 1 98y,
_QSP </Oy P [ (¢X+QSP) y] dy - (1 + ¢Qspx)2 .

The integral above is solved using [20, Eqn. (3.351-3), p. 340].
Using (33), the first integral in (3) can be solved as

(33)

[¢)
“In(1 + Qx)dx _210& (m,) )
1+ ¢-Qspx)2 0- ¢Qsp
The integration above is solved using [20, Eqn. (4.291-17)].
Similarly, the second integral in (3) can be solved by replacing
QO in (34) with a>Q. Hence, using (3) and (34), the closed-

form expression for the average achievable rate for symbol s;
in SS-based CRS-NOMA system reduces to (4).

h= 10g2(€)¢9sp A (34)

APPENDIX B
PROOF OF THEOREM 2

Using (32) and a transformation of random variables, we
have

X

e (i)~ o ()
az Lor a a Qg P a2 Qg -

f/lsraz(x) =

Hence,

Frovanjan, (x) = /0 Ve a2 ey () dy

1 a/"DC ( x 1 ) ] d
=— exp |-
aZerQSp 0 YR a €y Qsp o

azerQSp .
T @ + Q) (using [20, 3.351-3, p. 340])
ST sp

+

5Given two random variables U and <V with PDFs fi;(x) and fy(x)
respectively, and CDFs Fq;(x) and Fq(x) respectively, the PDF of W =
min{U, V} is given by fy (x) = f;(x)[1 — Fy(x)] + fiy[1 — Fqy(x)] and the
CDF of ‘W is given by Fay(x) = Fqy(x) + Fy(x) — Fqy(x)Fy(x).
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and

Froamy@= [ (dr = —2" )
/lsraz//lsp x) = 0 f/lsra2//lsp - azgsr"'Qspx.

The integration above is solved using [20, Eqn. (3.194-1)].
Similarly, the CDF of 4,4/A,, can be expressed by replacing
arQd, and Qg, in (35) with Q,; and Q,,, respectively.
Therefore, we have

1= Fy(x) =1- Fﬁsr“z(x) F/lnl(x)*'F‘rd(x)Fﬂsraz (x)

Arp Arp
_ Qg Qg
(aZer + Qspx)(gzrd + Qrpx) ’

Using (8) and (36), the average achievable rate for symbol s,
is given as
_ii / 0.51log,(e) Q as Qg Qg dx
im .

(a2 Qg + Qspx)(grd + Qrpx)(l +0x)
Solving the integral above using partial fractions, (37) reduces
to (9); this completes the proof.

(36)

37

A—o0

APPENDIX C
PROOF OF THEOREM 3

The CDF and PDF of §5 (maximum of exponentially-
distributed independent random variables) are, respectively,

F(ssr(x)=1—Z( v () e (5

1[N\ k —kx
Jour (x) :;(_l)k l( k )Q_ e ( Q. ) -

The CDF and PDF of 6,4 can be represented by replacing
N, and Qg,, respectively, by Ny and Qgg4, respectively, in
both (38) and (39). The PDF of min{8,,,8,4} is given by

(38)

N, Ng

Fonin{o,, 6.} (X)= ZZ( 1)"“( )(A]/.")fk,jexp(—fk,ﬂ),

min {6sr Osd }
Asp

where & ; = (k/Qgr)+(j/Qsa). The PDF of X =
is therefore given by

fr(x) = / Yoo 000y (50 froy () dy

. iNZ( )(N)U)_f /yexp[ (gQL) y] dy

k=1 =1 Qsp
r Na Dk+I 1 -2
—ZZ( )(Nd)—( ) e (fk,jx+Q ) . (40)
sp Sp

k=1j=1

The integral above is solved using [20, Eqn. (3.351-3), p. 340].
Now, the first integral in (15) can be solved as

I 2 log(e) [ 1n(1+ Q) ()

Ny Na k+j 0 -2
_ Ng ( 1) ]gk N ) 1
ZZ( )( ; )—ln(Z)QSp /ln(l +Qx)(§k,jx+ Qsp) dx

k=1j=1

S0 o )

k=1j=1 é:k,j sp

(41)
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The integration above is solved using [20, Eqn. (4.291-
17), p. 556]. Similarly, the second integral in (15) can be
solved by replacing Q in (41) by a>Q. Using (15) and (41),
the closed-form expression for the average achievable rate for
symbol 5| in the CRS-NOMA system with SC reduces to (16);
this completes the proof.

APPENDIX D
PROOF OF THEOREM 4

Using (39) and a transformation of random variables, the
PDF of §,-a; is given by
—kx
aZer '

fou () M ke
f5o ay(x) = %2):2 (1\]7;)( 1)1k exp

=1 QZQSV

The PDF of 6,,a2/Asp is given by

Fooranias, () = /0 Voo () fa, () dy

S N TN
= k QZerQsp Oy P a2 sy QSP T
_i(zv,) (—1yk ( kx 1 )‘2
A k| 629 Q5p \2Qyr T Qgp)

The integration above is solved using [20, Eqn. (3.351-
3), p. 340]. Using [20, Eqn. (3.194-1), p. 315], the CDF of
Osraz/Asp is given by

N k-1
* N\ (=D*TkQy,x
FM(X)=/ fdsraz(t)df:Z(k)—sp.
/l.\‘p 0 /lsp

(42)
= azer + kQSp)C

Similarly, the CDF of 6,4/6,, can be expressed by replacing
Ny, axQ, and Q) in (42) by Ny, Q.4 and Q,p, respectively.

Osra2 Ora

Therefore, for YV = min{ =2 2 } we have
sp rp

1-Fy(x)=1- Ftswaz (x) = Fs,4 + quruz (x)F&,d (x)

Asp rp Asp
_1 i( ) (—1)* 1k Qyp x Z(Nd)( 1y~ ljgr,,x
Ak axQ +kQpx £ Qra+ jQrpx
+§:§dl( )(Nd (—1F T & jQup Dy x
=1j=1 (aZQs,+stpx)(Qrd+]Qrpx)

(43)

Using (17), the average achievable rate for symbol s, using
SC is given by

_ 1 r>
Cusc =3 [10g1+09 ()=

Now we define the integral I3 as

®° 1 kQgpx
I é‘/ ( P ) dx
0o 1+0x\axQ, +kQpx

0.50
In(2) Jo

“1-Fy)
1+0x

dx. (44)

® 1 aZer
= 1 - dx
o 1+0x Qg + kQpx
1 . A a Qg dx
= dx —lim
o 1+0x A—oo Jo  (a2Q + kQgpx)(1 + Ox)
“ 1 Qx‘r Q\‘r
=/ dy— —25 1n(“2 : Q). (45)
o 1+0x Q-0 — kQg)p, kQg)p,

The integration above is solved using partial fractions. Simi-
larly,

[ e e
14 = " X
o 1+0x\Qq+jQpx
© 1 Q, Q,

=/ dx - < 1n( : dQ), (46)

0 I+ Qx Qra'Q - ]Qrp ]Qrp
and
7 0 I+ Qx (azﬁsr + kapx)(Qrd +]Qrpx)

ol +Ox (GZjQrpQYr - erdep)(Qrd + jQrpx)
aZJQrPQ

+
(erdQsp aZ]Qrstr)(QZer +kQ px)
/oo L k02 Qspln(g Q)
= X+ .
ol +0x (erdQsp —az ]QrstrXQrdQ_]Qrp)

@30y, In (42:20)
+ . . )
(erdQSp - aZJQrstr)(QZerQ - kQSp)

Moreover, we also have

S f)-Eer

N, N-d

K+ Ny © dx B
t2, 2, J( )(1)/0 fvox

k=1 j=1

(48)

Using (44) — (48), the closed-form expression for the average
achievable rate of symbol s, using SC reduces to (18); this
completes the proof.

APPENDIX E
PROOF OF THEOREM 5

Since |hgi|,Vi € {1,2,...,N,} is a Rayleigh distributed
random variable, 75, will be Gamma distributed. Therefore,

N, -1 _

Jier (X) = m exp (Q_sr) , (49)
A\ NS x W

Fy,, (x)=1-exp (er) ,;) al (er) . (50)

Similarly, the expression for f, ,(x) and F, ,(x) can be
represented by replacing N, and Qg,, respectively, by Ny and
Qg4, respectively in both (49) and (50). Therefore,

Jmin{ns, . md}(x)=fnw(x)[ - md(x)]Jrfn,d(x)[l— Fy,, (1]
_ exp(—¢x) Nl L exp(=¢x) Na+p-l
F(Nr)er ‘Zﬂ) V!Q:d F(Nd)Q sd /;)



Using a transformation of random variables yields

For(x) = /0 Yoo et 5 f1e, () dy

Ndz_l N, +v-1 /ooN 1
+v
= yr exp[—(¢x+ )y]dy
ZHr(N)QLr Q1 Jo Qsp
Nyl Ng+pu-1 o0
X N+ 1
+ /y “Hexp —(¢X+ )y]dy
AT (N Qo o
_ Ni_:l N EID(N, + v + 1) (¢x N )(NrWH)
=5 TNDT(r + DO, Q4 Qyp
SR N TNy £t 1) (¢ + )_(NMH) (51)
X .
TN (e + DQNIOE, Q) Qp

The integration above is solved using [20, Eqn. (3.351-
3), p 340]. Substituting the expression for fg-(x) from (51)
into (24), and using [27, Eqn. (11)], the first integral in (24)
can be solved as

o2 0stop) [ 612 (ox|l}) (o

Ne! T(N, +v+1)

; T(N)D(v + DQNT QY O, pNr v+

oo 1 —(Np+v+1) 12
N,+v-1
X xr X+ Gy (Q ’ ) X
A ( Qsp¢)

+N"‘ T(Ng+pu+1)
£ T(N)T(u+ DQN 0,0

o) 1 —(Nd+,u+l)
x/ xNatr-l (x + )
0 Py

Ng-1 G“( Q

¢Qs‘p
=0.5log,(e)
’ VZ=0 T(N)T(v + DO QY Nt

=0.5log,(e)

Sp ¢Nd +u+1

G%(Qx(i:é)dxl

1-Ny-v, 1, 1 )

1, 1,0

_ 2,3 o
Neol G33(¢Qw

20 TN (i + 1)QN Q) Nt

1-Ng-u, 1, 1
I, 1,0

. (52)

The integration above is solved using [20, Eqn. (7.811-
5), p. 852]. Similarly, the second integral in (24) can be
solved by replacing Q in (52) with a;Q. Therefore, using (24)
and (52), the analytical expression for the average achievable
rate of symbol s; in the SS-based CRS-NOMA using MRC
reduces to (25).

APPENDIX F
PROOF OF THEOREM 6

Using (49) and a transformation of random variables, we
have

| X N1 —x
sr (-x = sr (_) = & ( ) .
Jigrar(x) a I a F(Nr)Qévr’ aé\’r P ar Qg
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Therefore,

(o)

Srsraz/ag, (X) = Yfnerar(¥X) fa,, (v)dy

er—l /*00 er exp [_ ( X + 1 )y} dy
F(N )er aN’ Qsp 0 a Qg Qsp
Nrﬂsragflﬁ\; XVl

_(QZer + Slspx)Nr+l .

(53)

The integration above is solved using [20, Eqn. (3.351-
3), p.340]. Using (53), we have

x tNr—l

dr
(a2er + Qspl‘)Nr_'—1

Fnsrag//ls,, (x) = NrerQZinpr

Qupx\ ™ N, + 1NN + 1 (54)
= + i Ny +
aZer 2 " Zerx
where ,Fi(-,-;+;-) is the Gauss hypergeometric function and

the integration above is solved using [20, Eqn. (3.194-
1), p. 315]. The PDF of 1,4/ A, can be expressed by replacing
Ny, aQq, and Qg),, tespectively, in (53) by Ng,Q,4 and Q,,
respectively. The CDF of 7,4/ A,,, can be expressed in a similar
fashion using (54). Therefore, the PDF of % can be obtained
as (55), given at the beginning of the next page. Using (26)
and (55), we have

Cs,Mre = 0.5logy(e) [I7 + Is — Iy — o], (56)
where
I A/wl (14 ) e oraa g 2
L n(l +
! 0 * (a2Qy, "'Qspx)Nr_'—1 !
(N, +1
_ Nl /G”(Qx) )Nr—l (x+—“2g”)( Vo
Qsp Jo Qs
Nr aZerQ ’1 Nr,
7
1"(N+1)G ( , 1,0 7

The integration above is solved using [20, Eqn. (7.811-
5), p. 852]. Similarly,

Nd rdQ{\;ded 1
Iy £ In(1 + dx
’ /o (400G, 0, b
Na rdQ 1-Ng, 1, 1
G273 ‘ .
F(Nd+1) 1,

(58)

er+Nd—1

( Zer + QSPX)NFH

-Q,
Qrdp x) dx.

N, Qa0 QN
Iy = / In(1 + Qx)
0

Na
Qrd

X 2F1 (Nd+ I,Nd;Nd+ 1;
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S (X) =fasrariag, O = Fyyapa,, O1+ fo,a/a,, O = Fy,a0/a,, (%))

Ne Qg QN xNr =l Ny Q, QN xNa!

N, _
N, Qr ar QL QN xNrNa~1

P

:(QZer + Qspx)Nr+1 (Qrq + Qrpx)Nd+1 -

a

N,
Q, (@ Qy, + Qg px)Nr+l

NerdQ%IQAI‘\g er+Nd—1

-Qp
2FI{Ng+1,Ng; Ng+1; X
Qrd

N, AN,
o) "QG(Qpa + Qrpx)Nd+1

-Qy,
> Fi[N,+1,N,; N +1; x|. (55)
aZer

Using [27, Eqns. (11), (17)] and [28], Iy can be represented
as

N, AN )
P NrQsp Qrpl Nr+Na-1;1.2 L1
0= QN‘I NVQer_, 1F X 22 Qx 1,0
rd Cl2 ST (Nr + ) (Nd) 0
Qepx |-N, Q -Na, 1-N,
Gril[=2=" " Goa | S8 0 dx
M\ apQgr| 0 “\ Qg 0, ~Na
B 1 (amr,,gsr )Nd
L(NT(Ng) \ QraQsp
<Gl 111, 211,2 I-N,=Ng |1, 1| ~Na, 1-Na | QarQsr @2Q5rQrp
1,1:2,22,2\ |_pn, 1,0 0, -Ng Qsp ' QSPQ”d .

(59)
The integration above is solved using [23, Eqn. (9)]. Similarly,

Ny Qg QNaNr - peo
o= == [ a1+ 0
a, Qg" 0

Ny +Ng-1

(Qrd + Qrpx)Nd+1

-Qp
X oF |Nr+1,N,;N, +1; x| dx
azidsr

1 Qspgrd Nr
" T(Na)T(Ny) (azﬂsrﬂrp)
1,2 (1=Nr=Na | 1, 1| =Ny, 1-N;
( 1-N, 1,0‘ 0, -N,

Qrp ’ a2er Qrp
(60)

Using (26) and (56)-(60), the analytical expression for the
average achievable rate of symbol s, in the SS-based CRS-
NOMA using MRC reduces to (27); this completes the proof.
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