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Abstract 
 

An investigation of the branching characteristics of small PMMA single edge notched tensile 
(SENT) specimens is presented. The influence of notch depth and specimen thickness was examined 
and it was found that branching only occurred for thicker specimens and very short notch depths. The 
location at which successful branching occurred was very consistent for a given notch depth. 
Subsequently, however, a statistical variation of branching patterns was observed. 

A series of simulations was then performed to provide further insight into these tests and in 
particular to examine the evolution of the fracture process region ahead of the running crack. A finite 
volume / cohesive zone formulation was used to model micro-crack nucleation and dynamic interaction 
in the process zone. The cohesive strength and fracture resistance were estimated from unnotched 
tensile tests and the application of LEFM to the notch test data. Even though a very simple criterion 
was used to govern the insertion and subsequent behaviour of the cohesive surfaces in the model, many 
of the experimental observations were reproduced, including high frequency oscillations in crack 
velocity, the substantial increase in the fracture surface area due to the formation of subsurface micro-
cracks, and location at which successful branching took place.   

  
 

1. Introduction 
 

Early experimental investigations by researchers such as Schardin [1], Clark and 
Irwin [2], and Congleton and Petch [3] led to the following observations concerning 
the phenomenon of crack branching. Firstly, the velocity of the crack tips after 
bifurcation was very similar to that of the single crack prior to the branching event. 
Secondly, branching appeared to occur at a constant value of stress intensity factor, 
KI, rather than at a critical crack velocity. Finally, it was recognised that branching 
was typically preceded by the formation of small out-of-plane crack-like defects 
ahead of the running crack. Congleton [4] proposed a critical stress intensity factor 
branching criterion based on the interaction between the main crack and these 
‘advance’ micro-cracks. Dally [5] generalized the Congleton model to relate the stress 
intensity factor at the point of branching to the size of the fracture process region at 
the tip of the main crack.  

Further developing this theme, Streit and Finnie [6] suggested that the directional 
stability of a quasi-static crack should be influenced by the state of stress at a finite 
distance ahead of the crack tip in the location where the micro-cracks or voids are 
formed. In this case, not only the singular terms in the stress expansions, but also the 
remote normal stress in the crack propagation direction should be considered. The 
latter is known as the T-stress, and its influence on crack stability is well known [7]. 
This concept was applied to dynamic crack curving by Ramulu and Kobayashi [8]. In 
accordance with previous findings, Ramulu et al. [9] observed that successful 
branching always took place at a constant value of KI,  which was therefore cited as a 
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necessary condition for branching to occur. Under these conditions, multiple off-axis 
secondary cracks were generated and the dynamic curving criterion provided a 
sufficient condition for these secondary cracks to kink simultaneously. Post-branching 
cracks were observed to curve in all reported cases. Earlier work by Kalthoff [10] 
pointed out that attraction or repulsion between the two branches is controlled by the 
ratio KII /KI. Ramulu et al. [9] observed that the photoelastic patterns of running 
branched cracks initially showed strong mixed mode effects but the mode II effect 
weakened as the cracks propagated, and eventually approached KII = 0. 

Following an extensive series of experiments on Homalite-100 using the method of 
caustics and high-speed photography, Ravi-Chandar and Knauss [11] pointed out that 
previously published analytical attempts to establish a necessary condition for 
branching typically compared the states of stress prior to and after the branching 
event. This treatment did not provide a physical mechanism by which crack branching 
was achieved. Instead, they proposed the following crack branching mechanism, 
which is essentially in agreement with the above discussion. When KI becomes 
sufficiently high, voids or other material flaws in the crack tip region start to grow 
themselves into micro-cracks ahead of the main crack front, which effectively 
becomes an ensemble crack front. The course of further crack propagation and its 
branching behaviour is then governed by the details of the interaction of these micro-
cracks, which continuously communicate through stress waves. Most micro-branches 
only extend part way through the thickness of the specimen, and vary in size so that 
the larger ones are most likely to develop into fully-fledged branches, while others are 
arrested as a result of dynamic interaction with the growing ones. This observation 
points to statistical effects in branching, which were indeed evident in their 
experiments. 

In a later study, Arakawa and Takahashi [12] attempted to correlate fracture 
surface roughness and the onset of successful branching in brittle polymers with the 
crack speed and the dynamic stress intensity factor. Tests were performed on three 
different materials using a specimen geometry that allowed both acceleration and 
deceleration of the crack tip. The results conclusively showed that, in fact neither 
parameter individually correlated with the experimental observations. However, a 
good correlation existed between the surface roughness and a new parameter, 

  

R
*
!v , 

where R* is related to the dynamic energy release rate and v is the crack velocity. This 
parameter has the dimensions of energy flux per unit crack width per unit time and is 
essentially a measure of the power consumed in the crack tip region. In a further study 
[13], these authors observed that the new parameter, 

  

R
*
!v , accurately predicted the 

onset of branching in the same specimen geometries. 
In an attempt to perform high resolution velocity measurements without interfering 

with the dynamics of the crack tip, Fineberg et al. [14], Sharon et al. [15-18], Hauch 
and Marder [19], and Ivankovic et al. [20-22] used a conductive strip technique to 
determine the velocity of the crack tip. Fineberg et al. [14] reported that when the 
crack velocity in the PMMA specimens exceeded a critical value vc=330

  

± 20 m/sec 
(approx. 0.36 times the Rayleigh wave speed, cR), a dynamic instability was observed. 
Below vc, the velocity increased smoothly and the surface was featureless on scales 
larger than 1 µm. Above vc, a surface pattern was observed, accompanied by high 
frequency velocity fluctuations. The surface profile subsequently developed into a 
coherent, banded structure with a wavelength of the order of 1 mm in the crack 
propagation direction. In PMMA, these patterns initiated within the ‘mist’ region  
where their width was much less than the thickness of the sample. As crack 
propagation proceeded, however, the width of these surface features increased until 
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eventually, within the ‘hackle’ zone, they extended across the entire thickness of the 
sample. These patterns were not smooth undulations along the fracture surface, but 
were discrete bands of jagged cliff-like structures [23]. A similar observation was 
made in earlier investigations by Doll and Weidmann [24], Kusy and Turner [25], and 
Doyle [26]. Further investigation by Sharon et al. [17] confirmed that the surface 
structure was a result of micro-branch formation. As the crack velocity increased, 
these structures increased in height and existed up to the point of macroscopic crack 
branching. It was also found that the apparent dramatic increase of fracture resistance 
with crack length could be accounted for by considering the effective area of the 
subsurface damage [18]. The value of vc, was found to be independent of the sample 
geometry, sample thickness, applied stress, surrounding atmosphere, and acceleration 
rate of the crack [23]. Recent tests performed by Livne et al. [27] on dynamic fracture 
of polyacrylamide gels reproduced many of the features of the previous 
investigations. However, the range of crack tip acceleration rates obtained in these 
tests was an order of magnitude higher than those observed with the more traditional 
materials. It was found that the critical velocity increased systematically with the 
mean acceleration, from 0.34 cR at lower rates to 0.75 cR at high rates, suggesting a 
constant characteristic activation time for the material. 

In this paper, an investigation of the branching characteristics of small PMMA 
single edge notched tensile (SENT) specimens is presented. Of particular interest are 
the experimental conditions under which successful branching occurred as a function 
of notch length and specimen thickness. In an attempt to gain further insight into the 
phenomenon of branching, numerical simulations were performed which accounted 
for the initiation, growth and interaction of micro-cracks in the vicinity of the main 
crack tip. To this end, a cohesive zone methodology was employed together with a 
finite volume formulation, which together provide a simple, robust solution for 
problems of this kind.  

 
 

2. Experimental procedure and test results 
 

2.1. Specimen preparation and preliminary tests 
 
The SENT specimens were manufactured from large PMMA sheets used primarily 

for glazing and commercial purposes. All specimens were produced from the same 
sheet to eliminate batch variations. Sheet thicknesses of both 3 mm and 8 mm were 
used. The relatively small specimen geometry shown in Fig. 1 was used as it was 
sufficiently wide to enable fully branched cracks to develop, whilst being small 
enough to allow accurate simulations to be carried out by the finite volume (FV) 
software. The specimens were cut to size and finished on a milling machine and the 
edges were polished with emery paper. The head of the milling machine was then 
rotated through 45 degrees and notch depths of 0.1 mm, 0.15 mm, 0.5 mm, 1.0 mm, 
1.4 mm and 2.0 mm were machined. An optical profile projector was used to check 
the depth and quality of the notches. Typical notch tip radii of the order of 30 µm 
were observed. 

The upper and lower 30 mm were inserted into the grips of the tensile testing 
machine to provide a gauge length of 63 mm. The Young’s modulus, Poisson’s ratio  
and density of the material were taken as 3.24 GPa, 0.35 and 1190 kg/m3 respectively, 
and so the longitudinal wave speed was 2090 m/sec in this case. Under these 
conditions, a gauge length of 63 mm was sufficient to prevent interaction between 
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reflected waves from the top and bottom of the specimen and the crack tip when the 
latter is travelling at a velocity of the order of 800 m/sec. These very high crack 
velocities have been observed by Ivankovic and Hillmansen for SENT specimens 
containing notch depths of 0.1 mm [20] in which branching had  occurred. The tests 
were carried out at an extension rate of 2 mm/min.  

Preliminary tests were performed on both sets of specimens to establish if and 
when branching occurred. Unfortunately, it was found that the 3 mm thick specimens 
failed to exhibit successful branching for any of the notch depths considered. Some 
attempted crack bifurcation was observed for the 0.1 mm notches, but it was 
concluded that the thinner, plane stress specimens were unsuitable for this study. 
Fortunately, successful branching was readily observed for the thicker 8 mm 
specimens containing the smaller notch depths, as described below. This observation 
is somewhat puzzling as the condition for plane strain LEFM requires the specimen 
thickness to exceed 2.5(KIC /! y )

2 , where K
IC

is the fracture toughness and ! y  is the 
yield strength at the temperature of interest. Fracture toughness values typically range 
from 0.7 to 1.4 MPam1/2 and assuming a yield strength at room temperature of the 
order of 100 MPa, this suggests that plain strain conditions should certainly be 
achieved for thicknesses exceeding 0.5 mm. This point remains to be explored. One 
explanation concerns the effects of bending experienced in SENT specimens at longer 
crack lengths. It is certainly possible that the bending component might thwart 
bifurcation in the 3 mm specimens but may have a negligible effect in the 8 mm 
material. 

 
2.2. Static test results for 8 mm thick specimens 
 

Six to eight valid tests were carried out for each notch depth. The variation of 
fracture stress with notch depth is shown in Fig. 2 along with the LEFM prediction 
corresponding to a plane strain fracture toughness of KIC = 0.71 MPam1/2, or 
equivalently, a fracture resistance of GIC = 133 J/m2. Although this is at the lower end 
of the normally quoted range of toughness values for PMMA at room temperature 
[28], it is not particularly surprising as this was an inexpensive, low grade material. In 
addition, tensile tests were performed in accordance with BS ISO 527-1 1996 to 
determine the tensile strength of the material. A mean value of 60 MPa was obtained 
with a standard deviation of 5.5 MPa. 

 
2.3. Branching characteristics of 0.1 mm and 0.15 mm notch depths 
 

Successful macroscopic branching was observed in all six of the 0.1 mm and in 
four out of six of the 0.15 mm notch depths tested, as shown in Figs. 3 and 4. In all 
other cases, the fracture surface was essentially flat, as shown in Fig. 5. In these 
photographs, the specimens were placed on a textured fabric and lit obliquely to 
enhance the contrast of the images. Although there is clearly a large statistical 
variation in the branching patterns, some general observations may be made.  

In many cases, macroscopic branching typically occurs at an angle of 25 degrees to 
the horizontal. See, for example Fig. 3(c) and Figs. 4(a)-(c). In some cases, however, 
larger or smaller angles are observed.  For example, one of the arrested branches in 
Fig. 3(a) is inclined at 45 degrees to the horizontal, whilst the lower fracture surface 
in Fig. 3(f) is approximately horizontal. 
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Another striking feature is the feathery nature of the fracture surfaces. Each 
macroscopic branch is associated with many small cracks along its length 
representing sequential unsuccessful branching attempts. As noted above, this rapid 
increase in fracture surface area accounts for the steep rise in apparent dynamic 
fracture toughness in PMMA at high crack velocities.  

In addition, the majority of the individual cracks are rather straight at this level of 
observation. The successful branches do level off  as they approach the right hand 
face of the specimen, but most of the shorter attempted branches do not exhibit 
substantial curvature.  

The main results are summarized in Tables 1 and 2. Branching distances were 
measured along the fracture surface itself. Clearly, on average, branching occurs 
earlier in the specimens containing the shorter notches. Although the crack velocities 
were not measured in this case, it is of interest to examine the equivalent static stress 
intensity factor at the point of branching for each specimen. For the SENT specimen, 
this takes the form of [28]  

 

  

K
I

= Y! a ,                                                   (1) 
 

where σ is the remote axial tensile stress, a is the crack length, and Y is a function of 
the ratio of the crack length to the specimen width, a/W. The function Y may be 
expressed in the form of a polynomial, as follows: 

 

  

Y = A
n

a

W

! 

" 

# 

$ 
n =0

n =4

%
n

,                                               (2)  

 
where A0 = 1.99, A1 = -0.410, A2 = 18.70, A3 = -38.48, and A4 = 53.85. 

 
As shown in Tables 1 and 2, the mean values of KIb at the point of successful 

branching are in close agreement for these notch depths. Given that the crack 
velocities for these specimens are likely to be very similar, this would concur with the 
previous observations discussed in Section 1 that branching occurs at a critical stress 
intensity factor under these conditions.  

 
2.4. Visual inspection of fracture surfaces 
 

Typical fracture surfaces for each notch depth are shown in Fig. 6. In general, as 
the notch depth increases corresponding to a reduction in the failure stress, the size of 
the mirror region increases and the fracture surface roughness decreases. The mirror 
region always takes the form of a thumbnail shape whose maximum extension is 
summarised in Table 3. For the 0.1 mm notches (Fig. 6(a)), crack propagation appears 
to commence at the lower right hand corner of the image. The initial 0.75 mm of 
featureless fracture surface quickly gives way to the characteristic banded structure 
described above. The ordered bands are then succeeded by a rougher hackled region, 
which subsequently increases in roughness until branching occurs. The behaviour of 
the 0.15 mm notches is similar, with a larger mirror region of 1.0 mm and a slightly 
smoother banded structure. The mirror region associated with the 0.5 mm notches is 2 
mm and the banded structure exists for approximately 8 mm, after which the hackle 
region begins. Here, no branching occurs. The fracture surfaces corresponding to the 
larger notches display the banded structure for  the entire mist region, although the 
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roughness associated with the 2 mm notches (Fig. 6(f)) is visibly less than that 
observed with the other specimens. 

 
2.5. Scanning electron microscopy of fracture surface 
 

The specimen shown in Fig. 7 was chosen to demonstrate the evolution of the 
fracture surface topology in the direction of crack propagation for cases in which 
successful branching occurred. Fig. 8 contains the sequence of scanning electron 
micrographs along the centre of the upper fracture surface from the left (a) to the right 
hand edge (h). As noted above, the mirror region here is semi-circular and extends for 
approximately 0.75 mm. At higher magnifications, the well-reported parabolic marks 
could be seen in this region. The mist region then consists of about seven concentric 
bands for a further 1.5 mm, beyond which the surface becomes disordered and the 
roughness increases steadily until successful branching occurs after about 6.6 mm at 
the right hand side of Fig. 8(b). During the next 13 mm of the branching event (Figs. 
8(c)–(f)), the fracture surface changes its appearance quite dramatically as substantial 
crack curvature occurs. Thereafter, for the final 6 mm (Figs. 8(g)-(h)), the appearance 
of the surface is very similar to the way it was before the branching event, becoming 
smoother as the right hand edge is approached. 
 
2.6. Subsurface damage 
 

A typical specimen containing a 0.1 mm notch was then sectioned along planes 
perpendicular to the initial fracture surface and examined under the SEM  for 
evidence of subsurface damage. The cross-sections chosen were located 1.5 mm, 7 
mm, and 13 mm after the branching event and the resulting micrographs are shown in 
Fig. 9. In the first cross-section, Fig. 9(a), very little damage beneath the primary 
fracture surface was evident. The only visible crack occurred at a depth of 100 µm 
below the surface. In the second cross-section, Fig. 9(b), subsurface damage had 
increased in magnitude and frequency and cracks were observed at depths of over 400 
µm. Finally, after 13 mm of branching, the extent of subsurface damage has increased 
further, with layers of damage occurring up to 2 mm below the fracture surface. Fig. 
9(c) shows one such layer 0.6 mm below the surface. 
 
 
3. Numerical simulations 

 
3.1. Background 
 

 Branching typically takes place at relatively high crack tip velocities. Early 
analytical investigations into the cause of branching, such as that presented by Yoffe 
[29], focussed on the evolution of the asymptotic stress field ahead of a dynamically 
propagating crack. However, whilst there is no doubt that the nature of the stress field 
ahead of a rapidly moving crack must have a considerable role to play, such analyses 
do not adequately predict whether or not branching will occur, and if so, under what 
conditions it will take place. Alternative, energy-based approaches, such as those 
considered by Eshelby [30], and recently by Adda-Bedia [31], examine the conditions 
under which sufficient energy will be available to drive two slower crack tips instead 
of a single fast one. Whilst this must be seen as a necessary condition for branching, a 
key assumption of such analyses is the reduction in the velocity of the two new crack 
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tips immediately after the branching event, which, as mentioned above is not seen in 
practice.  

The failure of these analytical models to adequately explain experimental 
observations lies primarily in the assumption that the dimensions of the fracture 
process region are considered to be negligible in comparison to the crack length and 
that the crack tip simply acts as an energy sink during crack propagation. As noted in 
Section 1, however, the dynamic evolution of the process region ahead of the running 
crack is of fundamental physical importance and plays a key role in determining the 
macroscopic behaviour of the crack. 
 
3.2. Model description 
 

A finite volume formulation was used to simulate the dynamic fracture of the 
25

  

!63 mm PMMA specimens [21, 22, 32, 33]. Traction free boundary conditions 
were applied to the left and right hand edges of the model, the bottom edge was held 
fixed, whilst the displacement (static analyses) or the velocity (transient analyses) 
were specified along the top edge. A uniform fine grid region was defined, which 
spanned the width of the model and whose height extended an equal distance above 
and below the initial fracture plane. The appropriate height of the fine grid region 
depended on the notch depth, and had to be large enough to contain the evolving 
fracture process zone. For the smallest notches, the height of this region was chosen to 
be 20mm. Within the fine grid region, a square cell size of 20 ! 20 µm was used. 
Outside this region, the height of the cells increased gradually to 0.8 mm at the top 
and bottom of the model. The number of continuum cells in these models exceeded 
1.3 million. Plane strain conditions were assumed. The use of 20 µm cells in the fine 
grid region meant that the 0.15 mm notch could not be modelled exactly. Instead, a 
0.16 mm notch was simulated. 

The analysis procedure may be summarized as follows. At the end of a given time 
step, the tractions across the faces of each continuum cell were evaluated and if the 
failure criterion was satisfied anywhere in the model, cohesive cells were inserted 
between the continuum cells adjacent to this face. The time step was then repeated so 
that a converged solution was obtained for the model containing the recently added  
cohesive cells before proceeding to the next time step. In this investigation, a purely 
tensile failure criterion was assumed. Hence the cohesive cells were inserted if the 
normal traction was greater than or equal to the cohesive strength. 

The cohesive characteristic chosen for this investigation is shown in Fig 10. The 
cohesive strength and the fracture energy were taken as 80 MPa and 133 J/m2, 
respectively. As noted above, failure stresses of up to 65 MPa were observed in the 
unnotched tensile tests. Given the imperfect surface finish of these specimens, it 
seems reasonable to assume a cohesive strength of 80 MPa. The fracture energy was 
determined by the application of LEFM to the SENT data, as shown in Fig. 2. 
Together, these values provided good agreement with the experimental observations, 
as shown below.  

It was shown in a previous investigation that the shape of the cohesive law has a 
profound influence on analyses of this kind [22]. The cohesive law chosen here is 
phenomenological in nature and is based on an inverse procedure whereby the shape 
was adjusted until the dynamic behaviour of the model was in good agreement with 
experimental observation [22]. As in the previous investigation, the cohesive 
behaviour may be summarized as follows. When the normal opening displacement !  
increases monotonically, the normal cohesive traction !  decreases according to the 
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cohesive law in Fig. 10. If, after some opening displacement !" , unloading takes 
place, then the tractions obey a linear unloading relation through the origin. If 
subsequent reloading takes place, the unloading path is reversed until the 
displacement !"  is reached, and subsequently the monotonic cohesive relations are 
followed again. When the critical normal separation is reached, fracture is assumed to 
have taken place and the cell faces are thereafter treated as traction-free surfaces. 
Although subsequent contact of the fracture surfaces is not taken into account, this is 
not considered to be of primary importance in this case. 

The shear traction across the cohesive surfaces is computed as follows. Before the 
cohesive cells are inserted between the faces of the adjacent continuum cells, the 
prevailing shear traction on this plane is noted. Although the initial shear traction 
associated with each cohesive surface will, in general, be different for different cells, 
let this value be denoted as !

o
. After the cohesive cells have been inserted, the shear 

traction corresponding to a given normal traction !  is simply taken to be 

  

! = (" "
coh

) !
o

, where !
coh

 is the cohesive strength of the material. Hence, the shear 
characteristic has the same shape as the normal characteristic. This is essentially the 
same cohesive behaviour as assumed by Camacho and Ortiz [34].  

  
3.3. Static results 

 
In the static phase of the analysis, the model was loaded by applying displacement 

increments to the top face. When the traction across the cell face directly ahead of the 
crack tip reached the cohesive strength, a cohesive cell was inserted between the 
adjacent continuum cells, as described above. This procedure continued until the point 
where unstable crack growth was imminent, when the magnitude of the applied 
incremental displacements was considerably reduced to allow the final stages of 
cohesive zone formation to be accurately modelled. Eventually, the analysis failed to 
converge and the static results were recorded. The predicted values of failure strength 
are compared with the experimental observations in Table 4. Clearly, very good 
agreement exists between the two sets of data. 

 
3.4. Dynamic results 

 
The subsequent rapid crack propagation phase was then simulated for the 0.1, 0.16, 

and 0.5 mm notch depths, and the results are presented below. In each case the top 
face of the model was subjected to the experimental loading rate of 3.3

  

!10-5 m/s  
(or 2 mm/min). Results of particular interest from the transient analysis include the 
occurrence of successful branching as a function of notch depth, the mechanism of 
branch formation, and the increase of the apparent dynamic fracture resistance of the 
material as a result of micro-crack formation in each case. 

 The damage evolution in the fine grid region of each model is shown in Fig. 11. 
The corresponding crack speed histories are shown in Fig. 12. For clarity of 
presentation, the simulated crack speed histories in Figs. 12(a)-(c) were smoothed 
using a 0.075 µs time-window. In Fig. 12(d), the same data is presented, but here the 
high frequency oscillations have been smoothed out using a 1.0 µs time-window, and 
the mean velocities may be compared more easily. For each notch depth, the crack 
growth is characterised by a period of initial acceleration up to a mean terminal 
velocity below the Rayleigh wave speed. During the initial period of propagation, the 
crack is confined to its original plane and the fracture surface in this region is flat with 
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no visual subsurface damage. Thereafter, the extent of the subsurface damage 
increases and the crack speed exhibits characteristic high frequency oscillations. The 
rate of the initial acceleration clearly decreases as the notch depth increases, as 
observed experimentally by Ivankovic and Hillmansen [20]. The 0.1 mm and 0.16 
mm notches are predicted to reach a similar mean terminal velocity of about 820 
m/sec, whilst the 0.5 mm notch is predicted to propagate at a slightly lower value of 
760 m/sec. It should be noted that while the former value agrees well with previous 
experimental measurements [20], the terminal velocity of the longer notch is 
overestimated by about 50%. This might be attributed to the fact that the current 
analysis is two dimensional and fails to capture the fully three dimensional evolution 
of the fracture process. 

Perhaps the most striking observation about Fig. 11 is that successful branching is 
only predicted for the 0.1 and 0.16 mm notches. No branching is predicted for the 0.5 
mm notch, in agreement with the experimental investigation. In addition, the 
comparison presented in Table 5 shows that the predicted branching location lies 
within the experimental range for both notch depths. Indeed the general appearance of 
the predicted branching patterns is quite similar in form to the experimental 
photographs. Compare, for example, Fig. 11(b) and Fig. 4(b) for the 0.15 mm notch, 
and Fig. 11(c) and Fig. 3(c) for the 0.1 mm notch. One obvious difference is the 
overestimation of the branching angles, as discussed below. 

It is also of interest to observe the evolution of the fracture surface area as a 
function of notch depth. The formation of micro-cracks and successful branches both 
contribute to the increase in actual fracture surface area and hence the effective 
dynamic fracture resistance of the material. As shown in Fig. 13, the final fracture 
surface area is approximately twice the cross-sectional area of the specimen in the 
case of the 0.5 mm notches, corresponding to the modest formation of micro-branches 
and subsurface damage shown in Fig. 11(a). This rises to a factor of seven for the 0.16 
mm notches, and a remarkable factor of 12 for the 0.1 mm notches. 

Finally, the mechanism of macroscopic branch formation may be examined in 
more detail. Fig. 14 shows the typical sequence of events leading to successful 
branching. Here, the field of view is 1 mm by 1 mm ahead of the rapidly propagating 
crack tip. Of course it must be emphasised that the specific results shown in this 
figure are mesh dependent. Micro-crack formation is only possible along horizontal or 
vertical planes and a relatively coarse cell size of 20 µm has been employed. 
Nonetheless, similar overall behaviour would be expected with a finer, unstructured 
mesh. 

Firstly, the size of the fracture process region grows laterally while the main crack 
extends along the original horizontal plane (Fig. 14(a)-(b)). Then, the plane of 
propagation changes slightly and 10 micro-cracks are formed on planes normal to the 
main propagation direction. In addition, another micro-crack forms on a horizontal 
plane above and 160 microns ahead of the main crack tip. This will prove to be the 
seed crack for the branch formation (Fig. 14(c)). The process region continues to 
evolve, and a total of 23 lateral micro-cracks on vertical planes have formed, while 
the horizontal seed crack grows at an inclined angle, here approximately 45 degrees 
(Fig. 14(d)). The upper and lower branches are now fully established and continue to 
grow. The main horizontal crack effectively arrests and a new coplanar horizontal 
crack opens up approximately 160 microns ahead of the original tip and propagates 
forwards and backwards, leading to coalescence at the branching point (Fig. 14(e)-
(f)). 
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3.5. Discussion 

 
Comparing Figs. 3 and 4 to Fig. 11, it can be seen that the overall branching angles 

are overestimated in the finite volume simulations. It is likely that a more rigorous 
mixed-mode analysis would lead to increased crack curvature, as discussed in Section 
1. Also, it should be emphasised that the shape of the cohesive law has a great effect 
on the simulation results. This is to be expected, of course, as the traction-separation 
law reflects the microscopic processes that are taking place during failure of the 
material and is typically dependent on the structure of the material as well as the rate 
of separation, the degree of constraint and the temperature at which the cohesive law 
is determined. 

The behaviour of the model is essentially in agreement with a recent discussion by 
Broberg [35] on the significance of morphology changes of the process region ahead 
of a rapidly propagating mode I crack. In this paper, it is noted that in the vicinity of 
the dynamic crack tip, the normal stress on planes perpendicular to the direction of 
crack growth is larger than the opening stress along the crack plane. This is predicted 
to lead to a significant lateral expansion of the process region, with the formation of 
micro-separations in directions other than that of the main crack. 
 
 
4. Conclusions 
 

The simulations proved very useful in providing insight into the mechanism of 
branch formation, which was fully in accordance with previous experimental 
investigations. It was confirmed that the evolving morphology of the expanding 
fracture process region plays a fundamental role in determining the macroscopic 
behaviour of the running crack. Successful branching appears to take place when 
micro-cracks form a sufficient distance from the main crack tip to allow their 
subsequent propagation to take place as opposed to being arrested by the arrival of an 
unloading wave from the main crack.  
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Table 1 
Experimental observations for the specimens containing 0.1 mm notches.  

 Failure Stress 
(σ) (MPa) 

Attempted 
Branching 

(mm) 

Successful 
Branching (ab) 

(mm) 

  

K
Ib

= Y! a
b

 
(MPa m1/2) 

 37.9 3.0 6.8 8.7 
 42.0 2.7 4.6 6.8 
 34.4 3.6 8.5 10.2 
 32.0 3.3 5.8 6.3 
 36.1 2.5 6.9 8.4 
 32.8 3.2 7.0 7.8 

Mean 35.9 3.1 6.6 8.0 
Std. Dev. 3.4 0.4 1.2 1.3 

 
 

Table 2 
Experimental observations for the specimens containing 0.15 mm notches.  

 Failure Stress 
(σ) (MPa) 

Attempted 
Branching 

(mm) 

Successful 
Branching (ab) 

(mm) 

  

K
Ib

= Y! a
b

 
(MPa m1/2) 

 32.2 4.9 9.0 10.3 
 33.4 4.3 6.5 7.3 
 31.1 3.8 6.3 6.6 
 29.4 3.8 6.9 6.8 

Mean 31.6 4.2 7.2 7.8 
Std. Dev. 1.5 0.5 1.1 1.5 

 
 
 

Table 3 
Average length of the mirror region as a function of notch depth. 

Notch Depth (mm) 0.1 0.15 0.5 1.0 1.4 2.0 
Mirror region (mm) 0.75 1.0 2.0 2.5 4.0 4.25 

 
 

Table 4 
Comparison of numerical predictions and experimental observations for SENT tests. Mean 
experimental values are quoted with the standard deviation shown in brackets. 

Notch Depth (mm) Experimental Stress (MPa) Predicted Stress (MPa) 
0.1 35.8  (3.7) 35.0 

0.15 30.2 (3.5) 28.8 * 
0.5 16.0  (2.0) 17.1 

* Simulation was for 0.16 mm notch 
 

 
Table 5 
Crack lengths at which successful branching occurred.  

Notch Depth (mm) Experimental Range (mm) Predicted Value (mm) 
0.1 4.6 to 8.5 5.6 

0.15 6.3 to 9.0 8.6 
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Fig. 1. Overall dimensions of SENT specimens. The upper and lower 30 mm were inserted into the 
grips of the tensile testing machine, resulting in a gauge length of 63 mm. 

 
 

 

 
 

Fig. 2. Static results of SENT tests for 8 mm thick specimens. The vertical error bars show ranges of 
experimental values for each notch size. Curve shows LEFM prediction for KIC = 0.71 MPam1/2, or 
equivalently, GIC = 133 J/m2. 
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(a)                                              (b)                                              (c) 
 

   
 

 (d)                                              (e)                                              (f) 
 

Fig. 3. Branching patterns in specimens containing the 0.1 mm notches. Successful branching occurred 
in all of the 8 mm thick specimens tested. The size of the images is 25 by 20 mm in each case. 
 
 
 

   
 

(a)                                              (b)                                              (c) 
 

  
 

     (d)                                                (e) 
 

Fig. 4. Branching patterns in specimens containing the 0.15 mm notches. Successful branching 
occurred in four out of six specimens tested (a) to (d). An unsuccessful branching attempt is shown in 
(e). The size of the images is 25 by 20 mm in each case. 
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(a)                                              (b)                                              (c) 
 

 
 

(d) 
 

Fig. 5. Macroscopically planar fracture surfaces for the specimens containing the (a) 2.0 mm, (b) 1.4 mm, 
(c) 1.0 mm, and (d) 0.5 mm notches.  
 
 
 

  
 

(a)                                                                         (b) 
 

  
 

(c)                                                                         (d) 
 

  
 

(e)                                                                         (f) 
 

Fig.6. Visual appearance of fracture surfaces for the specimens containing the (a) 0.1 mm, (b) 0.15 mm, 
(c) 0.5 mm, (d) 1.0 mm, (e) 1.4 mm, and (f) 2.0 mm notches. Note the increase in size of the mirror 
region with increasing notch depth (arrows show the mirror-mist transition). 
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Fig.7. Scanning electron micrographs in Fig. 8 traverse the upper fracture surface of this specimen 
containing a 0.1 mm notch. 
 

 

   
 

(a)                                                    (b)                                                    (c) 
 

   
 

(d)                                                    (e)                                                    (f) 
 

  
 

(g)                                         (h) 
 

Fig.8. Scanning electron micrographs of upper fracture surface of specimen containing 0.1 mm notch 
(shown in Fig. 7). The size of each image is 3.25 by 2.55 mm. (a) Crack initiation: mirror-mist 
transition. (b) Branching occurs towards the end of this image. (c) – (e) During branching event. 
Significant crack curvature experienced. (f) Approaching the end of crack curvature. (g) – (h) 
Roughness similar to that immediately prior to branching during the last 5 mm of crack growth, 
becoming much smoother during the final 0.5 mm. 
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(a)                                                                   (b) 
 

 
 

(c) 
 

Fig.9. Scanning electron micrographs of subsurface damage associated with 0.1 mm notch. (a) 1.5 mm 
after successful branching,  damage occurs 0.1 mm below main fracture surface. (b) 7 mm after 
branching, depth of damage increases to 0.4 mm. (c) 12.5 mm after branching, damage is observed 0.6 
mm below the surface (this very fine subsurface crack has been enhanced for clarity). 
 
 
 
 
 

 
 

Fig. 10. Assumed cohesive characteristic. The area under the traction-separation curve, G=133 J/m2. 
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(a) 

 
(b) 

 
(c) 

 
Fig. 11. Crack path and damage evolution for (a) 0.5 mm, (b) 0.16 mm, and (c) 0.1 mm notches.  The 
sizes of the images in (b) and (c) are 25 by 20 mm, while that of (a) is 25 by 4 mm. Unfortunately, the 
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restriction in the use of colour, coupled with the relatively large amount of information contained in 
these images makes detailed visual analysis difficult. However, colour images will be included in the 
online version of this paper where the colour of a given cohesive cell represents its degree of 
separation. 

 
 
 
 
 
 
 

 
 

(a)                                                                      (b) 
 

 
 

(c)                                                                        (d) 
 

Fig. 12. Corresponding crack velocity histories for the (a) 0.5 mm, (b) 0.16 mm, and (c) 0.1 mm notches. 
The Rayleigh wave speed of 930 m/s in PMMA is also shown. Note that artificially high velocities are 
computed when micro-cracks open up ahead of the main crack tip. (d) Shows the same data but here 
additional smoothing has been performed to enable the mean velocities to be compared. After branching 
takes place, there is no longer a single crack tip in the case of  the shorter notches. In these cases the crack 
extension is defined as the furthest distance travelled by either crack. This would then be comparable to 
the output from the conductive coating experimental technique for velocity measurement, commonly used 
in practice.  
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Fig. 13. The evolution of fracture surface area in the case of (a) 0.5 mm, (b) 0.16 mm, and (c) 0.1 mm 
notch depths.  The surface area is expressed in terms of the cross-sectional area of the specimen, Ao. 



20 
 

 
 

  
(a)                                                                   (b) 

 

  
(c)                                                                   (d) 

  
(e)                                                                   (f) 

 
Fig. 14. The development of a typical macroscopic branch. Due to colour restrictions, it is neither 
possible to show the degree of separation of the cohesive cells nor their status (whether they are being 
pulled apart or undergoing elastic unloading). These will be shown in the online version of the paper. 
Instead, cohesive cells that are not fully separated are shown in grey, while fully separated cells are 
shown in black. Note that only the micro-cracks that form far enough away from the main crack tip 
subsequently grow into a macroscopic branch, while those close to the main crack tip unload and do 
not propagate further. As seen in (f), these cracks then effectively grow backwards and coalesce with 
the main crack tip. Size of windows: 1 mm by 1 mm. 
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