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Abstract

The need to achieve rapid and accurate position control of a system end-point by an actuator working through a flexible system arises frequently, in cases from space structures to disk drive heads, from medical mechanisms to long-arm manipulators, from cranes to special robots. The system’s actuator must then attempt to reconcile two, potentially conflicting, demands: position control and active vibration damping. Somehow each must be achieved while respecting the other’s requirements. Wave-based control is a powerful solution with many advantages over previous techniques. The central idea is to consider the actuator motion as launching mechanical waves into the flexible system while simultaneously absorbing returning waves. This simple, intuitive idea leads to robust, generic, highly efficient, adaptable controllers, allowing rapid and almost vibrationless re-positioning of the remote load (tip mass). This gives a generic, high-performance solution to this important problem that does not depend on an accurate system model or near-ideal actuator behaviour. At first sight wave-based control assumes superposition and therefore linearity. This paper shows that wave-based control is also robust (or can easily be made robust) to non-linear behaviour associated with non-linear elasticity and with large-deflection effects.
1
INTRODUCTION

1.1 Motivation

There are many contexts, from space structures to disk drive heads, from medical mechanisms to long-arm manipulators, from cranes to special robots, in which it is desired to achieve rapid and accurate position control of a load (or system end-point) by an actuator that is separated from the load by an intermediate system which is flexible. While all systems are to some extent flexible, issues related to flexibility become decisive as one tries to design lighter mechanisms, or systems that are more dynamically responsive, or softer, or more energy efficient, or simply long in one dimension.

The system’s actuator must then attempt to reconcile two, potentially conflicting, demands: position control and active vibration damping. Somehow each must be achieved while respecting the other’s requirements. 

Previous approaches [1-18] have included various classical and state feedback control techniques (often using simplified dynamic models); modal control (often considering a rigid-body, or zero frequency mode separately from vibration modes); sliding mode control; input command shaping [6-8]; time-delay filters; optimal control leading to bang-bang control; systems designed to have more easily controllable dynamics [11]; wave-based control [15,16]; and control based on real-virtual system models [17-18]. Each method has special characteristics and drawbacks, discussed in the literature. None is completely satisfactory under all headings. Classical, generic approaches typically have difficulties coping with the special dynamic features of flexible systems, whereas approaches developed specifically for flexible systems usually require a very good model of the system, and frequently assume close-to-ideal actuator response.
1.2 Wave ideas

Wave-based control (WBC) offers a strategy that has many advantages over other methods [19-22]. It exploits generic characteristics of flexible systems and yet it does not require a detailed system model. It is robust to system changes and to actuator limitations. It is applicable to a wide class of systems, allowing rapid and almost vibrationless re-positioning of the system and the load (tip mass). Rather than treating the flexibility as a problem, it works with the flexibility to achieve system control in a natural, intuitive way. The central idea is to consider the actuator motion as launching mechanical waves into the flexible system while simultaneously absorbing returning waves. The term “wave” includes not just oscillatory motion but also any change in the steady-state (or DC) component remaining after the wave has passed through the system. The latter achieves the re-positioning. There is no need therefore to distinguish between transients and steady state, nor between flexible and rigid body motions, and so no subsequent concerns about cross-coupling when these artificially separated motions are later re-combined. The entire manoeuvre is treated by a single strategy in one controlled motion.

[image: image1]
Fig 1 Typical flexible systems, with actuator position, x0(t) or 0(t), controlling tip position, xn(t) or n(t).

Wave-based control focuses on the interface between the actuator and the flexible system. It interprets this interface motion as the superposition of two, notional counter-propagating waves, one entering the flexible system (which then propagates from actuator towards the tip), and the other returning from the flexible system towards the actuator (where it can be reflected or absorbed, partially or totally). As outlined in the references, the control strategy depends on a) understanding, b) measuring and c) controlling the two-way flow of energy and momentum across the boundary. To move the tip from rest to rest the actuator must launch a wave into the flexible system and then absorb it, in such a way that when all the energy and momentum of the motion have been extracted, the system is at the target position. 

1.3 The non-linear problem

Non-linear behaviour arises in flexible systems, especially when deflections are large. If wave-based control is based on transfer functions and superposition, and both generally assume linearity, the question arises: What will happen with WBC when the system is non-linear? This question was first considered in [24] and is the focus of this paper. 
The types of non-linear behaviour to be considered include those arising from spring hardening and/or softening (i.e. changes in stiffness with extension), and geometric non-linearities usually associated with large angle deflections and bending of components (when “small angle” assumptions no longer apply).
For simplicity, it will be assumed that there is a single actuator, with its own position controller, which is attempting to control the position of the system tip, moving it from rest in one position to rest at a target position. The flexible system has an arbitrary number of flexible components in series, in an open chain, fixed to the actuator at the near end while the far end (the tip or load) is free (unconstrained). The components in series can be lumped, or distributed, or a combination of both.

It is assumed that the initial and final rest strains are equal, so that, when the system comes to rest again, the net displacement of the actuator will equal that of the tip. The latter condition precludes, for example, hysteresis effects in the springs, and gravity effects which cause the end-of manoeuvre gravity strain to differ from that at the beginning. It is further assumed that the actuator position controller has zero steady-state error, so final position accuracy is limited only by the actuator sensor accuracy.

Before considering the non-linear problem and possible ways to address it, wave-based control will be reviewed briefly. Further details can be found in references [19 – 22].
2 
Overview of wave-based control
Whereas waves are routinely considered in distributed systems, to support their use in lumped systems a wave model was developed which consists of a loop of “wave transfer functions” (WTFs) in series, as in Fig.2. The upper branch then models the outwards-going waves, designated Ai(s) in the s-domain, the lower the return waves, Bi(s), the real motion being equivalent to the superposition of these two waves
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or, in the time domain
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following the usual convention of capital letters indicating the Laplace transform of the corresponding time domain variable. 
The vibration of such a system is then seen as the circulation of motion around this loop, with motion B0 re-entering the system via the summing junction to circulate again, thereby maintaining the vibrations. 


[image: image4]
Fig.2 Format of wave model of lumped flexible system. Xi=Ai+Bi
As will be seen, for control purposes most of this wave model is not needed because the focus is on the actuator-system boundary. The model simply provides a way to view the dynamics and to resolve the boundary motion into component waves entering and leaving the flexible system through the actuator. This simplification is suggested in Fig.3, where G1 and H1 of Fig.2 have been set to be equal, and called simply G. 

[image: image5]
Fig.3 Notional wave model at actuator end.

The wave model in Fig.2 or Fig.3 is used to separate the actuator motion, X0, into outgoing and returning notional wave components A0 and B0. Working in the s-domain, the procedure is as follows. 
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Multiplying Eq. (4) by G and rearranging gives
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From (3)
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Thus, if the WTF G is known, or can be modelled, then by taking X0 and X1 as inputs, A0 and B0 can be determined. The control part of Fig.4 implements these equations to evaluate B0 (i.e. b0 in the time domain). 

Figure 4 also shows a simple implementation of WBC, where the actuator input, c, is made up of half the reference input, r, plus the measured return component b0. The ½r component provides the launch wave, a0, while the addition of b0 causes absorption of the returning wave motion.


[image: image10]
Fig.4. One wave-based control arrangement, with (inset) analogue for WTFs, whose input is “actuator” position p1, output mass position p2.

Each WTF G is approximated by a second order system, two of which are therefore needed. The upper G in Fig.3 and Fig.4 models the response that the first mass, m1, would have, to a given actuator motion, if the system extended to infinity to the right, making it a “one-way” system to the right. In this case, motion entering the system from the actuator, after some transient motion in the first mass, would pass through this mass and depart to the right, never to return. In Fig.3, for example, there would be no returning component, b0. The net steady-state (DC) displacement of x1 remaining after this motion would equal that of the actuator, x0.

But the actual system, far from being infinite, is unquestionably finite, possibly even having just one spring and mass. The difference between the output of the upper G (if the system were infinite) and the actual motion of x1, is taken to define b1, a returning wave (or motion component) present in x1. This difference is measured by the rightmost summing junction in Fig.4. This returning motion b1 is then passed through the second WTF G, giving the calculated return wave component, b0. See also Eq. 5. 

The second G in Fig.4 is also a one-way, quasi-infinite, motion-transmitting system, but going leftwards. Its output is seen to contribute to the actuator motion in Fig.4 because of the positive feedback. Now, if the launch wave component a0 = ½r is held steady at a given value, the effect of adding the b0 component to the motion of x0 is to cause active vibration absorption of the flexible system and to bring it to rest. This can be seen by considering the two components, a1 and b1 of the motion x1. Because a0 is steady, a1 will also become steady with time. The remaining b1 component causes the actuator to have a second component B0 = G.B1, which will continually dampen the b1 component of x1, until it also becomes steady, with the same net final displacement b0 = b1. 
Seen in the wave model of Fig.2, adding a measured b0 to the actuator motion x0 cancels the return wave and simulates opening the wave model loop to allow oscillatory motion to leave the system, in general leaving behind a net displacement.
Furthermore, the final value of b0 will equal the final value of a0, so that each will be half the total net displacement of the system. One way to see this is by noting that the gain around the entire loop in Fig.2, from A0 to B0, is unity at steady-state. (The same result can be obtained by applying the final value theorem to Eq.5). So the displacement left behind by the passing wave is twice the final value of a0.
So, to move the system to a new target position, r, the actuator launches a net displacement of half the target displacement, and then, in absorbing the returning wave, the actuator moves the second half of the target displacement while bringing the system to rest, ending up with x0=x1=xn=r= a0 + b0.
For WBC neither a perfect evaluation of G, nor of its transform to the time domain, is needed. The important dynamic and stead-state features can be simulated very well by relatively simple, low-order models (See [21,22] for the case of the uniform system.) Very good control results are obtained even by the simple, second order systems of Fig.4, setting 
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where  can be set as √(k1/m1), corresponding to the first spring stiffness, k1, and first mass, m1. The precise value of  is not critical. In effect, the dynamics of a system extending to infinity are modelled by a viscous damper of half the critical value.

[image: image12]Fig.5. WBC of a laterally slewing system.  The two WTFs G are evaluated using two identical models based on the system shown (inset). 
Similarly, for laterally flexing or slewing systems, the same technique applies. The two identical WTFs are now modelled as laterally rotating systems corresponding to the beginning of the real system, but terminated in a rotational damper, as shown in Fig.5. Again, these WTF models can be evaluated by any numerical modelling software, giving real-time evaluation of the approximations to the WTFs G. The exact values of the model parameters are not critical.

The robustness of the strategy to imperfections in resolving outgoing and returning waves, or in absorbing the returning wave, can be accounted for as follows. If say 95% of the return wave is absorbed, the 5% not absorbed simply re-enters the system, propagates to the end and back, and 95% of this remaining 5% is then absorbed the second time around, and so on. (This argument ignores finer dynamic issues such as dispersion, but the broad contention is still valid.) Thus, unless the system is very long, it quickly reaches steady-state, even with imperfect wave measurements or with an actuator which is far from ideal.
3
Non-linear behaviour
3.1 Not a problem except at the actuator
The discussion so far seems to imply that the flexible system must be linear, for example in the way superposition and transfer functions have been invoked. It transpires however that for WBC to work as described so far, linearity is necessary only in the first spring. In other words, provided the elastic interface between the actuator and the first mass is linear, non-linear springs throughout the rest of the system do not pose problems, and neither do large system deflections. WBC implementations, such as shown in Figs.4 and 5, or its variations, such as wave-echo control of [21], will still work very well.
The reason is that all measurement and control are carried out at the actuator-system interface. Equations (3) to (6) (which clearly do invoke superposition) are concerned only with X0, X1 and the spring between them. What happens to the right of X1 is not of concern to the control system, provided the generic assumptions outlined above are met (and, in particular, that the final steady state stresses and strains have returned to their initial values). Even if there are elastic or geometric non-linearities in other parts, the B0 component of X0’s motion will still dampen the vibrations, and the final value of B0 will still equal that of A0, and, at steady state, the gain of all the WTFs in Fig.2 going around the entire loop will again be unity. (In fact it is sufficient that X1/X0 have a steady-state value of unity).
Such robustness to non-linear behaviour has been confirmed in extensive numerical simulation and on experimental rigs. 
On the other hand, if the first, interface spring does indeed behave in a non-linear manner, then small errors will arise in applying WBC as described above. Figure 6 shows simulation results for a rest-to-rest manoeuvre of single mass-spring system, where the force in the spring is given by k1(x1-x0) in the linear case and k1(x1-x0)+k2(x1-x0)3 in the non-linear case The non-linear system shows a steady-state error in the final position. Although the errors are small, even for highly non-linear springs, their presence is still a concern. 
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Fig.6. Rest to rest manoeuvres performed using WBC with linear and non-linear springs. k1 =1N/m, k2 = 0.5 N/m, m1 = 1kg
3.2 Solution by dynamically adjusting the WTFs

It will now be shown that, when the first spring is non-linear, a relatively simple modification to WBC completely eliminates the residual error. It requires knowing only the characteristics of the non-linearity in the first spring. The non linearity might be specified, for example, by a force-extension relationship. As has been seen, two WTF models (or analogues of G(s) in the time domain) are used to resolve the interface motion into component waves. Each of these has a spring element, the stiffness of which corresponds to the first spring element in the real system. The strategy is to modify the stiffness of each of these analogues, dynamically, so that at every instant their incremental stiffness values are made equal to those of the first spring in the real system at that instant estimated by the feedback positions and the non-linear spring model.
As will be seen, this simple strategy eliminates any associated error. WBC can again work perfectly, just as if the system were linear.

The reason it works can be understood as follows. It is true that WBC has been described and developed using transfer functions and superposition which are implicitly linear operations. The actual implementation however uses only time-domain analogues (such as those shown in Fig.4 and Fig.5), the dynamics of which now share an identical non-linearity with the real system at every instant. No (other) transfer functions are involved or invoked. Furthermore, the control configuration, also shown in these figures, ensures that the sum of the (non-linear) component motions also corresponds to the actual system motion (with all its non-linearities). Thus, the superposed motions must be correct, automatically. Non-linear superposition has been correctly modelled and measured.
Mathematically, in Eqs.(3) and (4) the two G terms should no longer be considered as transfer functions properly speaking but rather as operators which are non-linear and time-varying. But Eqs.(3) and (4) still apply perfectly, and are implemented, for example, by the summing junctions in Figs.4 and 5. The evaluation of the two G operators, corresponding to outwards and returning waves, fully takes into account the non-linear behaviour. The mutual interference, which arises between counter-propagating waves sharing a non-linear medium, is modelled by the fact that each analogue of G experiences the effects of the presence of the other wave, through the dynamically updated changes in the apparent stiffness.
Figure 7 shows a rest-to-rest manoeuvre of a single mass-spring system with a target displacement of 1 m, with the same non-linear (hardening) spring as used in Fig.6. Dynamically adjusted WTFs (DAWTFs) were used and the steady-state error is eliminated.
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Fig.7. A typical response of a single degree of freedom non-linear flexible system using DAWTFs to calculate the component waves.
The same dynamic adjustment strategy could be used to model the interaction between all the WTFs around the loop in Fig.2 corresponding to all points in the real system where non-linearities arise. But as noted, for control purposes, only the interface needs to be modelled, measured and so controlled, so there is no need to model the rest of the system.
For the slewing system in Fig.5, modelled by rigid links connected by revolute joints and torsional springs, no small angle assumptions are needed. In the real system, as in the analogues of G, the angular displacements can be arbitrarily large, even up to multiple revolutions, without violating any assumptions in the modelling and control strategy. So in this case, even for arbitrarily large deflections, only elastic non-linearities in the torsional springs are of potential concern, and these can be treated exactly as described above.
The case of non-linearity due to bending of links will be considered in the results section below.

3.3 Solution by simplifying the definition of the interface motion wave components
While the solution described above works very well, an alternative solution is now presented. Since the waves are notional and are not uniquely defined, it is possible to modify the definition and measurement of the actuator launch and absorb waves in a way which eliminates the need for WTFs.

Although the flexible system being considered is lumped, one can approximate it as if it were distributed, specifically at the interface with the actuator. Formally, one can imagine inserting a short piece of distributed, uniform flexible material between the actuator and the first spring, of length l, cross sectional area A, density  and Young’s Modulus E. Within this continuous sys​tem, the classical wave equation applies. D’Alembert’s general solution has two, superposed waveforms propa​gating in opposite directions, each with speed, c = √(E/). Taking force as the wave variable, these two waveforms can be expressed as f+(x–ct), f–(x+ct). Asso​ciated with each wave is a medium velocity waveform given by f, where Z=A√(E), a wave impedance. Choosing reference directions consistent with the rest of the analysis, the total force, f, at any point is the sum of these components, and the total medium velocity, v, is proportional to the difference, or
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The component waves in terms of the total quantities is then
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for the forces, and these divided by Z for the component velocities.

If l is sufficiently short and each waveform is sufficiently smooth, each wave component will have an approximately uniform instantaneous value across l. The right hand boundary condition is determined by the spring force, f, and the left hand boundary by the motion of the actuator, v0=v. Using these values in Eqs(10, 11), dividing by Z, rearranging and integrating with respect to time, one gets the outwards and returning wave components of the actuator position as
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Finally, to relate the distributed parameters to those of the lumped system, one can set an equivalent spring constant keq = AE/l, and an equivalent mass, meq= A l, making Zeq = √(meq.keq). One can then make the equivalent stiffness and mass those of the first spring and mass of the system – a natural choice, if slightly arbitrary. 
This new “wave impedance” definition of the wave components satisfies all essential requirements for WBC, as follows.


a) The equivalent of Eq.(3) still applies because clearly
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b) For rest-to-rest motion, the force integrals must be zero, so the final value of b0 must equal that of a0, and each will be half of x0. Interestingly, this is true regardless of the value of Z.


c) The b0 component of the actuator input x0 is again acting as an active vibration absorber. This is seen by differentiating Eq.13 with respect to time, so that x0 acquires a velocity component which is proportional to f/Z, with Z acting as a viscous damping coefficient.

For present purposes, the merit of the wave-impedance approach is that it no longer involves WTFs, not even at the interface. The time integral of the interface force can be measured regardless of any non-linearities. So in theory and in practice, no difficulties arise associated with elastic or geometric non-linearities. 
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Fig.8. A typical response of a single degree of freedom non-linear flexible system using the wave impedance method to calculate the component waves.
The price to be paid for this advantage is a very small degradation in the transient performance. All other features of WBC are retained, including active vibration damping, zero steady-state error, and overall robustness (to actuator limitations, system changes, and modelling errors). Figure 8 shows a typical response.

Figure 9 shows the block diagram of the standard WBC (above) and the force-impedance control arrangement (below). The actuator dynamics, Actr(s), do not have to be ideal in either case, as the measurement of X0 comes after the actuator. Also there can be reasonable actuator dynamic loading (not shown) by the system dynamics, Msys(s), without significant performance penalty. For non-linear WBC, the two G(s) should be DAWTFs.

[image: image23]
Fig.9. Block diagram of WBC (above) and force-impedance control (below).
4.
results
The extension of WBC to non-linear systems as described above was first tested thoroughly on numerical models, of increasing complexity, undergoing increasingly demanding manoeuvres. Springs were given strongly non-linear characteris​tics, modelled for example as cubic or trigonometric functions driven well into non-linear ranges. Fur​thermore the actuators were given first and second order dynamic responses, as well as undergoing dynamic loading effects due to the flexible system load. In all cases, for rest-to-rest manoeuvres, the modified WBC gave zero steady-state errors, as well as rapid transient and settling times.
4.1 Experimental nonlinear system
In addition extensive experimental work was also under​taken. The special rig is described in detail in [23]. It con​sists of a very light and flexible arm, driven by a DC motor, which is used to position a lumped mass by rotation through a target angle in the horizontal plane. The mass is attached to the rod tip by a bearing which allows free rotation, so that the mass acts as a point inertial load without rotational inertia effects, as shown in Fig. 10.
[image: image24.png]



Fig.10. Model of the experimental flexible rig, plan view.
These dynamic features allow the flexible part of the system to be treated as having one degree of freedom, with a single mass and a single spring. But this implies strong geometric non-linearities when the deflections are significant. The system can be modelled [23] by the following equations of motion 
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where m and t are the motor and tip angles as shown in Fig. 9, t is the distance from motor to tip, and  and  are determined experimentally. In the particular laboratory rig, the values obtained were
	α
	β
	ξ
	γ

	8.7907
	0.5139
	0.0458
	0.4462


A sensor system, consisting of a pair of strain gauges at the base of the flexible arm, next to the motor, in a half-bridge configuration, provides the beam deflection measurement, which is related to the inertial force on the beam due to the payload dynamics, which in turn gives the feedback signal used for control.

4.2 Experimental results
The wave-based the control schemes described in sections 3.2 and 3.3 were applied to this system and the responses of the tip mass to a step input are shown in Fig.11. Both methods achieve fast rest-to-rest manoeuvre times while also eliminating the small steady state error which occurred when the non-linear behaviour was not allowed for. 
The method utilising DAWTFs is able to achieve faster rise times than the wave impedance method, but it also overshoots the target position for step input before settling quickly.
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Fig.11. Comparison of the two methods presented.
This overshoot can be reduced by using inputs with less steep slopes (or by tuning the values in the DAWTFs). Figure 12 shows the tip mass displacements for a series of varying input ramp slopes.
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Fig.12. Response of the DAWTF method for varying ramp input slope values.
The wave impedance method produces a slower more damped response. Its response can also be tuned by varying the impedance value, Z, in the controller, as shown in Fig. 13, allowing a classic trade off between rise time and settling time. This also illustrates the non critical nature of the impedance value in the wave impedance method: the controller always delivers a settled response exactly at target.
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 Fig.13. Tip mass response for varying impedance values.
Similarly the response can be tuned using the DAWTF method, by varying the mass m in the G analogues. This tuning feature demonstrates the robustness of both methods to errors in the wave modelling aspects. Furthermore, it is easy to tune either controller, say, to keep the overshoot within any required limit while maximizing the speed of response, or to achieve a critically damped response.
Which control method to adopt will depend both on the application and on the information available from the system. If the force close to the actuator is available, the wave impedance method is simple to implement. If position information is available and the non-linear characteristics of the spring are known, the DAWTF implementation could then be adopted.
Figure 14 shows experimental results using wave impedance control. The experimental results correlate extremely well with the simulation results.
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Fig.14. Comparison between simulation and experimental results using the wave impedance method. 
5.
Discussion & Conclusions

Wave-based control easily moves a load on a flexible system from rest to rest at a new, target position, rapidly, yet with small or zero residual vibration, small or zero overshoot and zero steady-state error. The strategy is robust, applies to a wide variety of problems, requires little system modelling or information, involves little computational overhead, and is very tolerant of limitations in the actuator dynamics. Sensing requirements are also very modest, and are local to the actuator.

The interface between the actuator and the flexible system is seen as a wave gateway, controlled and managed by the actuator’s motion. Energy and momentum enter and leave the flexible system through this gateway. Motion propagates in two directions within the system, from actuator to end-mass, and back again. Rest-to-rest motion corresponds to getting the energy and mo​mentum into, and then out of, the system in just the right way to ensure that the entire system comes to rest at the target.
In modelling, measuring and controlling this two-way boundary flow, WBC seems to assume linearity. This paper has shown that 
a) provided the actuator-system interface is linear, strongly non-linear elastic and geometric effects in other parts of the system do not interfere with traditional WBC, and
b) when the non-linearity is at the actuator-system interface, WBC can easily be adapted to cope, either by i) incorporating the non-linear characteristics into the wave measuring subsystems, or by ii) changing the definition of the waves. 
For b), i) the only requirement is that the non-linear spring characteristic be known. Solution b) ii) leads to a modest degradation in the transient response, but otherwise delivers all the major benefits of WBC.
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