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Abstract

Methods of Padé approximation are used to analyse a multivariate
Markov transform which has been recently introduced by the authors.
The first main result is a characterization of the rationality of the
Markov transform via Hankel determinants. The second main result
is a cubature formula for a special class of measures.
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1 Introduction

Let o be a non-negative finite measure on a subinterval [a, b] of the real line

R. Then the numbers fab xldo (z) are called the moments of the measure o.
The Markov transform of o is defined for ¢ € C\ [a, b] by the formula

70 = [ o). ()



In the theory of moments Padé approximation of the Markov transform o ({)
is an important tool, see [1], [5], [6] or [18] and section 6. Here Padé approxi-
mation is performed at the point co, so we consider the asymptotic expansion

o0 b 1
7 (0) :Z/ 2ldo (:z;)F for |¢| > R. (2)
=0 %

Let now p be a signed measure x4 on the euclidean space R? with support
in the closed ball B := {z € R?: |z| < R} where |z := /23 + ...+ 27 is
the euclidean distance for x = (z1,...,74) € R% 1In [14] we introduced a
multivariate Markov transform for the measure p by the formula

ico=| S i) for (] > RO eS 3)
7 Rd T(CG—:C)d 7 '

Here ST := {m eRY: |z| = 1} is the unit sphere, and ( is a complex number
with || > R. In the denominator, the expression r ({6 — z) is the analytic
continuation of the function p — |pf — x| defined for p € R with p > R, see
Section 3 for details. The motivation for this definition stems from the work
of N. Aronszajn about polyharmonic functions and the work of L.K. Hua
about harmonic analysis on Lie groups, see [2], [11] or [14]. Following the
analogy with the one-dimensional case, we consider the asymptotic expansion
of the multivariate Markov transform. From the growth behaviour at infinity
of the kernel ¢4~ /r (¢0 — )% it is easily seen that the asymptotic expansion

is of the form

060 =Y £6) Ci (4)

for (| > R and 6 € S% ! where f; : S9! — C are continuous func-
tions. The aim of this paper is to show that methods from Padé approx-
imation can be successfully used for an analysis of the multivariate Markov
transform. Roughly speaking, we shall perform in (4) the classical uni-
variate Padé approximation for each fixed # € S%~! obtaining a Padé pair
(Qu (6,0, Pu (C,)).

Let us describe the results in the paper: In section 2 we shall first review
the basic notions from Padé approximation which are needed in the paper.
In section 3 the asymptotic expansion defined in (4) will be investigated. It
turns out that each coefficient function f; in (4) is a finite sum of spherical
harmonics of degree < [, and each f; is the restriction of a homogeneous
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polynomial Fj (x) of degree [ to the unit sphere. The Hankel determinant
of the multivariate Markov transform i (or a measure p) is defined by the
expression

fo(0)  f1(0) - faa(0)

o) £1(8) - Fana(®)

In section 4 we show that the Hankel determinant H,, (i, ) of a measure p is
the restriction of a homogeneous polynomial of degree n (n — 1) to the unit
sphere. In section 5 we shall prove a Kronecker type theorem: the Hankel
determinants H, (u,0) are zero for all large n if and only if the function
¢ — 11(¢,0) is rational for each § € S?~1. Moreover, this is equivalent to
the rationality of the multivariate Markov transform .

A measure p is called Hankel positive if the Hankel determinants H,, (u, 0)
are strictly positive for all natural numbers n and for all § € S!. In section 6
we prove that for each Hankel positive measure u there exists a non-negative
measure (i, which is equal to u for all polynomials of degree < 2n — 1 and
which has support contained in an algebraic variety. Further we character-
ize Hankel positivity by an extension property of the multivariate Markov
transform.

Finally we need some notations from harmonic analysis. A function Y :
S4=1 — C is called a spherical harmonic of degree k € Ny if there exists
a homogeneous harmonic polynomial P (z) of degree k (in general, with
complex coefficients) such that P (6) = Y (9) for all § € S¢~!. Throughout
the paper we assume that Yy, (), m = 1, ..., ai, is a basis of the set of all
harmonic homogeneous polynomials of degree k which are orthonormal with
respect to scalar product

(f,9)gar = - F(0) g (0)do.

Here a; denotes the dimension of the space of all harmonic homogeneous
polynomials of degree k. By wy we denote the surface area of S

2 Basic facts from Padé Approximation

At first let us recall some basic facts from Padé Approximation (we refer to
[18] for proofs): let f be a holomorphic function for ¢ € C, |¢| > R, of the
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form .
1
1=0

Let n be a natural number. Then there exists a polynomial P, # 0 of degree
< n such that

PO (O=-Qu(Q)=3 f% (6)

where @), is the polynomial part of the series P, (z) f (¢); it is easy to see
that @, has degree < n—1. A pair (P,, Q) is called an n-th Padé pair if P,
and @), are polynomials, P, # 0, deg P, < n and deg @, < n — 1, and they
satisfy (6). An index n is called normal if for any n-th Padé pair (P, @,) the
polynomial ¢ — P, ({) has degree exactly n. Proposition 3.2 in [18] shows
that n is normal if and only if the Hankel determinant

fo i fasr
Ho(f)imdet| I 2 ()
fn—l fn f2n—2

is not zero. If n is normal then the polynomial

fO fl . fn
Pn (C) = det fnfl el e f2n71

has exact degree n and (P,,Q,) is an n-th Padé pair where @, is the poly-
nomial part of P, (z) f (z). For arbitrary n, the rational function

Q)
P, ()

is called the n-th diagonal Padé approximant of f.

Tn (C) :

3 Asymptotic expansion of the multivariate
Markov transform

Following the exposition in [2, Section 2.2] we show that the multivariate
Markov transform is well-defined. Let us set r (x) := |z|. For p > 0 and
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0 € S and © = (21, ..., 24) we have r? (pf — ) = p* — 2p (0, z) + |z|* where
(0, z) is the usual inner product in R?. We replace p by a complex number ¢
and obtain

(0 —a) = =20 (0 2) + |2 = (C — (0,2))" + |z — [(6, )]

Note that |z|> — |(6, z)|* > 0 for each 8 € S, If we define

a(0,x):=(0,z) + i/ |x|2 — |(6,x>\2

then 72 (C6 — z) = (¢ —a (0, x)) (C — a(Q,x)) . Since |a (8, z)> = |z|* it fol-
lows that r? ({6 — x) # 0 for all |¢| > |z|. Next we see that the function g,

defined by
_r—x) _(, _alx)\ [ a2
90="5 ‘(1 ¢ )(1 ¢ )

for |¢| > |z|, has the property that g (¢) ¢ (—o0,0]: since @ < 1 and
@ < 1 it follows that 1 — @ and 1 — @ are in the right half plane,

i.e. that their real parts are strictly positive, and therefore g (¢) ¢ (—o0,0].
Using the square root function /- defined on C\ (—o0, 0] one can define for
|C| > |z| the analytic function

r2(¢0 — x)
g?

(—

It follows from these facts that the multivariate Markov transform i (¢, ) is
well-defined.

Further we will make use of a real version of the multivariate Markov
transform which we define by (note that we use d instead of d—1 as exponent
in the nominator)

d
[ireal (y) := / deu (z) for y € R? with [y| > R. (8)
rReT(y—x

The real Markov transform [iea (y) is related to 1 (¢,0) in the following
way: using results about harmonicity hulls and Lie norms (see [2, p. 64]) one
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may show that the function y — Jiyea (y) has an holomorphic extension to a
natural set Cr in the complex space C?, and the extension will be denoted by
Trear (2) for complex z € Cg. The set Cp is the set of all z = (21, ...., z3) € C?
such that

:\/|z]2—\/|z]4—\q(z)]2>R 9)

where we have defined |z|” = |z|* +... +|zq4|” and ¢ (2) = 22+ ...+ 22. The set
Cg is connected and open, and it contains all points ¢ -0 with ¢ € C, [(| > R
and 6 € S¥71. The Markov transforms 7i (¢, #) and Jire (2) are related by the
simple formula

Treal (C0) = (R (¢, 0) for all ¢ € C,|¢| > R and 6 € S, (10)

Next we want to describe the asymptotic expansion of the multivariate
Markov transform. Using the Gaufl decomposition of a polynomial (see The-
orem 5.5 in [3], [22], or [13]) it is easy to see that the system

2 Vi (), 5,k € No,m =1, ..., ay,

is a basis of the set of all polynomials. The numbers
Csbom i= 2 Y (x)dp (z), s,k € No,m=1,...,a (11)
R4

are sometimes called the distributed moments, see [12]. For a treatment and
formulation of the multivariate moment problem we refer to [9] and [2]. From
[14] we cite

Theorem 1 Let pu be a signed measure on R? with support in the closed ball
Bg. Then for all || > R and for all § € S™! the following relation holds

=335 B0 [ ey @, 2

s=0 k=0 m=1

For f; defined in (4), a rearrangement of the series (12) in powers ¢+
yields the relation

[5] oua
fl (0) = Ct,l72t,mY272t,m (6) ) (13)

t=0 m=1

B|~
Q

3

where [z] denotes the largest integer n such that n < z.
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Proposition 2 For each | € Ny the coefficient function f; in (4) is a finite
sum of spherical harmonics of degree < 1. Moreover, there exists a homoge-
neous polynomial Fy (x) of degree | such that

F(CO) = C'fi(0) for all@ € ST and ¢ € C.

Proof. Formula (13) shows that f; is a sum of sphercial harmonics of
degree < [. Define a homogeneous polynomial F; of degree [ by

Fy(z) =YY crimaum e Yicoum (z). (14)

By inserting = pf in (14) for positive p we obtain Fj (pf) = p'f; (9) . Since
p — F; (pf) is holomorphic we may replace p by a complex number (. The
proof is finished. m

The coefficient function f; can also be described by Legendre polynomials
Py (t) of degree k and dimension d, for definition see [17]. Clearly (13) and
(11) implies that

[1/2] ap_o¢
f(6) = / S e S Yoo (2) - Vicons (6) dit (1)
S — m=1

The addition theorem for spherical harmonics (see [17]) says that

mi;ykm (2) - Vi (0) = |2|* ay Py (<|i—|@>> :

so one obtains the alternative description

O =S o [ Jol' P (<ﬂe>> dn (@)

=0
We conclude this section with some examples and results illustrating the
definitions.

Example 3 Let o be a finite non-negative measure on an interval |a, b] with

a > 0 and consider the measure 1 = c®@d0, i.e. for every continuous function
f holds

/f(zv)du = /ab [ f 0o (r)do.
7



Then the distributed moments csj.m are zero for all k > 0 since Yy, (6) is
orthogonal to the constant function with respect to the measure dfl. Hence
(12) shows that

~ x N b
MC’Q):;C%*I/@ 2 da<7~):/a o ().

From this we conclude that for all | € Ny and 6 € S}

b
fu (6) = / o () and foss (6) = 0.

A measure p on R? is called rotation invariant if (T~ (B)) = u (B) for
all Borel sets B and for all orthogonal linear maps 7" : R —R?. The follow-
ing result shows that a rotation invariant measure has a Markov transform
7 (¢,0) which does not depend on 6 € S?1. Since the result is not needed
later we omit the proof.

Theorem 4 Let pu be a measure on R with support in Br. Then fi (¢, 0) is
independent of 0 if and only if p is rotation invariant. In that case the mul-
tivariate Markov transform possesses an analytic continuation to the upper
half plane, namely

_ ¢ - 1
1(¢,0)= /@_—Wdﬂ (z) = ;/WIQZ dﬂcgm

for all Im¢ > 0 and 6 € S 1.

4 Multivariate Padé approximation and Han-
kel determinants

We start with the following observation:

Proposition 5 Let H,, (1, 0) be the Hankel determinant defined in (5). Then
there exists a homogeneous polynomial H, (x) of degree n (n — 1) such

H, (¢0) = """V H, (u,0) for all § € S*.



Proof. By Proposition 2 there exists a homogeneous polynomial Fj (z)
of degree [ such that Fj () = ¢'f;(0) . Let us define

FO (ZE) F1 (CL’) Fn—l (l‘)
H, (x) := det Fi () Fy(z) - Fal2)
Foi(z) F,(x) - Fyo(2)

Now we replace x by (6 and we apply the Leibniz formula for determinants to
the matrix A = (a; ), ., defined by a;; = Fi1; (¢0) fori,7 =0,...,n — 1.

i,0=1,...,
Then
ﬁn (CG) = Z Slg?’l (U) F0+0(0) (C@) "'Fn—l—l-a(n—l) (CG) .
o permutation
Note that

0+0(0)+1+0c(l)+...4(n—=1)+0(n—1)=n(n—1).

It is obvious that H,, (z) is a homogeneous polynomial of degree n (n —1).
We can factor out ("™ and we see that H, (C6) = ("™ DH, (u,0). m

In the following it is convenient to introduce the following notation: for
a natural number n define a polynomial P, ((,#) of a univariate variable
of degree < n by

fo(0)  f1(0) -+ fu(0)
Foo1 (0) - oo foner (0)
1 ¢ ceeo(m

P, (¢,0) := det

We shall also write
P (C,0) = po(8) +p1 (0)C + ...+ pn (6) C™. (16)

We define én (¢,0) as the polynomial part of b, (¢,0)u(¢,0), so

Qvn (Cv 0) = pnfogn_l + (pn—lfO + pnfl) Cn_2 +ot (plfO + p2f1 + .+ pnfn—l)
(17)
From the results in section 2 the following is clear:



Theorem 6 If H, (11,0) # 0 then (P, (C,0),Qn (C,0)) is an n-th Padé pair
for the function
- - 1
C— RGO =2 S0
1=0

for |¢] > R where 0 € S¥1 acts as a parameter.

In Example 9 below we shall show that { —— f’n (¢,0) may be the zero
polynomial for certain § € S, so (ﬁn (¢, 0) .On (¢,0)) is not always an n-th
Padé pair. B

The advantage of working with P, (¢, 0) is seen from the following result:

Theorem 7 Let P, (¢,0) and Q, (¢,0) be defined in (15) and (17). Then
there exists a polynomial A, of degree < n?+n and a polynomial B,, of degree
< n?+n—2 such that

¢ Py (C,0) = A, (CO) and €™ Q, (¢, 0) = (B, (CO). (18)

Proof. By Proposition 2 there exists for each | € Ny a homogeneous
polynomial Fj of degree [ such that ¢'f; (8) = F} (€0). Let us multiply each
j-th column in (15), j = 0,...,n, with ("', Let us define d,, to be the sum
of n —1+j for j =0,...,n. It follows that (¢ P, (¢,0) is equal to

o) CMAO) o CrH(0)
¢ e (0) - e O o (0)
gnfll gnc €2n71<’n

Since F; () = ¢ f; (6) we obtain that (%P, (¢,0) is equal to
R (CO) ¢TTRL(CO) e (MTREL (GO)
Fn—l (C@) ce T FQn—l (C@)
gn—ll Cn—lc2 . Cn—1<~=2n

From the j-th row factor out ("~'=7 for j =0, ...,n — 1 and from the last one
¢" ' Then d, — (n —1) — Z?:_g 7 is equal to n?. Hence we have proved that

det

det

Fo(CO)  Fi(CO) - F(CO)
(" P (¢, 0) = det Fo1(CO) - oo Fyo1 (CH)
1 C2 52"
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It follows that ¢"° P, (C,0) = A, (¢A) where A, (z) is defined as

Fo(z)  Fi(z) Fy (2)
A ()= det | N 'F'Z;H () (19)
1 | |

This formula shows that the degree of A, () is lower or equal than n? + n.

Let us discuss the polynomial part Q, (¢,6). Let us write P, (¢,6) =
po (0) +p1 (0) C+ ... +p, (6) ¢". By formula (15) it is clear that p; (6) can be
defined by the determinant of the matrix in (15) where we have deleted the
j-column and the last row. An analysis analog to the above shows that there
exists a polynomial R; (x) such that R; (¢8) = " ~/p; () . Now formula (17)
shows that

Qn(C,0)=¢"D ¢t £ (0) D14 (0) -

Since (" R (0) proa () = CF U Ry 141 (CA) Fy (CO) one can conclude that
CC” Q. (¢,0) is a polynomial. m

We want to relate the Padé approximation in Theorem 6 to Padé ap-
proximation in the context of polynomials in several real variables. Let F;
be the homogeneous polynomial of degree [ defined in Proposition 2. The
asymptotic expansion

- lz: fi(9) Cl+1 Z Ei (¢ C21+1
—0

and the identity fiyea (C0) = (i ((,0), see (10), yield the asymptotic expan-
sion of the real Markov transform fiye, (y) , namely

[e.o]

//Zreal (y) = Z -Fl (y)

=0

By formula (6), Theorem 6 and 7 we can find polynomials A, (y) and B, (y)
such that

44 (CO) (€. 0) - =< Zfz =

11



for all # € S?! such that the index n is normal, i.e. H, (u,0) # 0. We
multiply this equation by ¢ and write

AL (GO (G.0) = B (69) = € 3 (<)
l=n

Further for the polynomial h(y) = |y|> we have h((A) = (2, so the last
equation implies for real y = pf with |y| > R and H,, (u,6) # 0

o0

A () firear () — |y1” Ba () = Jy|™ > F(y) ﬁ

l=n

Here A,, (y) and B, (y) are subject to the conditions expressed in (18), and
it seems to be rather technical to convert this in direct conditions for A,,, B,,.
We refer to [7] and [8] for multivariate Padé approximation based on
polynomials in several variables.
Now we want to give an example of a measure y such that the polynomial
¢ — P, (¢, 0) (defined in (15)) is the zero polynomial. We recall at first the
following result from [14].

Proposition 8 Let 0 be a measure on R with compact support, g be the

Dirac measure on R at the point 0 and let p = 0 ® 6y be the product measure.
Then the multivariate Markov transform [ is given by

— (+1)t 1
5 ld Sln 2
T MQZ / s (20)

where wy is the area measure of S%.

The last proposition has been used to show that there exists a measure
p with a support contained in an algebraic set such that (z (¢,0) is not a
rational function.

Example 9 Let o be the Lebesque measure on [0,1],
1) and let 1 = o ® do as in Proposition 8. Then f; (1)
this implies that B, ((,1) =0 for alln > 2.

of 2ldo (z) = 1/(1+
=1 orallleNo, and
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5 Rationality of the multivariate Markov trans-
form

Recall that a function f: R? — C is rational if there exist polynomials p ()
and ¢ (z) # 0 with f () = p(z) /q (x) for all x with ¢ (z) # 0.

A theorem of Kronecker (Theorem 3.1 in [18]) says that a necessary and
sufficient condition for a series f (() of a single variable ¢ to be the Laurent
expansion of a rational function is that the Hankel determinants H,, (f) are
zero for all sufficiently large m.

We have now the following analogue for the multivariate Markov trans-
form:

Theorem 10 Let p1 be a measure with support in Br. Then the following
statements are equivalent:

a) For each § € S the function ¢ — 1i(,0) is rational.

b) There existsn € N such that H,, (1,0) =0 for allm > n and 0 € S

¢) There exists n € N such that for each 6 € S*! the function ¢ — 1 (¢, 0)
is rational of degree < n.

d) There exist polynomials P (x) and Q (x) such that for all § € S*! and
for all |{| > R )

. Q (¢h
P(H) #0 and 7 (C.0) = Chg). 1)

Proof. Assume a) and let d () be the degree of the rational function
¢ — 11(¢,0) for § € S (recall that the degree of a rational function f =
p/q with relatively prime polynomials is defined as max {degp,degq}, see
[18, p. 38]). By Kronecker’s theorem (cf. [18, p. 46]) it follows that the
Padé approximant 7, (¢,6) is equal to (¢, 6) for all indices n > d (#) and
H, (11,0) = 0 for all n > d(0). It follows that S! is the union of the
following sets

A=, {0 € S Hyy, (1, 0) = 0}

for n € N. Moreover A, is closed by continuity of 6 — H, (u,0). By
Baire’s category theorem there exists an index n such that A, contains
an interior point. Hence there exists 6, € S? ! and a neighborhood U
of 0y such that H,, (u,0) = 0 for all # € U and for all m > n. Since
"V HL (u,6) = H, (CA) by Proposition 5 we see that the polynomial H,
vanishes in a neighborhood of 6, € R?. Thus I:Tn (x) is the zero polynomial
and H,, (u,0) = 0 for # € S~ and for all m > n. Hence we have proved b).

13



The implication b) — ¢) follows from Kronecker’s theorem. The implica-
tion is ¢) — a) is trivial.

Clearly d) implies a), and it suffices to show that b) implies d). Now
suppose that Hy, (u,0) = 0 for all m > n and that H, (p,6) is not the zero
function. Let N, be the set of all § € S¥~! such that H, (u,0) # 0, so n is
a normal index for each § € N,,. Clearly N,, is an open non-empty set. Let
m > n be arbitrary. By Proposition 3.3 in [18, p. 45] 7, (¢,0) = 7, ((,0)
for all @ € N,, and this implies 7, (¢,0) = 11 (¢, 0) for all || > R and 6§ € N,,.
Let P, (¢,0) and Q,, (¢, 6) as in the last section. Since the index n is normal
for O € N, it is clear that (P, (¢,0),Qn (¢,6)) is an n-th Padé pair and we
infer

Fu(GO)1(C.0) = Qu(C.0). (22)
By Theorem 7 there exist polynomials A (z), B (z) such that

A(CO) = (P, (¢,0) and (B (¢0) = (" Qn (¢, 0)

for all ¢ and # € S?~!. So we have for all y = pf with p > R and 6 € N,, that

A(Y) - fireal (y) = |yI* B (y) (23)

where [iyea is defined in (8). Since fiyea (v), and obviously A (y) and B (y),
are real-analytic for all y € RY, |y| > R , the equality (23), valid on an open
subset of R?\ Bg, holds for all y € R?, |y| > R as well. Moreover Ji,e, has an
holomorphic continuation for all z € C% with L_ (z) > R where L_ is defined
in (9). So we obtain

A(2) fiveal (2) = (27 + ...+ 27) B(2) forall z € C*, L_(2) > R. (24)

Suppose now that A contains an irreducible factor g which has a zero z, € C?
with L_ (29) > R. By continuity of L_ there exists a neighborhood U of z
with L_ (z) > R for all 2 € U. Equation (24) shows that U N g~' {0} C
B71{0} (recalling that 22 + ... + 22 # 0 for all z € C¢ with L_(2) > R).
It follows that g must divide B, see [23, p. 26]. Inductively, we can factor
out each irreducible factor of A which has zero 2y € C? with L_ (z9) > R.
Finally we obtain polynomials A; (z) and Bj (z) such that

Ay (2) flreat (2) = (27 + ... + 23) By (2) for all z € C? with L_ (2) > R,

and Ay (z) # 0 for all L_ (29) > R. The proof is accomplished. m
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6 A cubature formula

Let o be a measure with finite moments on R and support in [—R, R] and
consider the functional

T(w)=— [ w(Q)F()d (25)

2mi Jr y

where T'p, (t) = Rye' for t € [0,27] for any R; > R. For a polynomial
u(C) = ug + w1 + ... + u,p ("™ we have
m R
T =Y fi= [ u@)do), (20)
1=0 -
where f; := ff a'do () are the coefficients in the asymptotic expansion of &
given in (2).

We shall make use of the following classical fact (see e.g. [18]): Let
(Qn, P,) be the n-th Padé pair of the Markov transform & ({) of a non-
negative measure o with support in the interval [a, b]. If n is normal (so the
Hankel determinant H, (o) is not zero) then the zeros zy,...,x, of P, are

real and simple and lie in the interval (a,b); moreover there exist positive
coefficients a, ..., a;, such that the discrete measure

On =010z, + oo + 0y,

is identical to o on the subspace of all polynomials p (z) of degree < 2n — 1
and we have o = Q,, (xx) /P! (xy) for k = 1,...,n. For any polynomial u (x)
Cauchy’s theorem yields

1 Qn(Q) .. ~ ("
9 FR1U(O P Q) d(—kz:;aku(xk)—/a u (z) doy,. (27)

Combining this with (26) we obtain the following formula

2n—1

1 n
s |, OB = (23)

valid for any polynomial u of degree < 2n — 1.
Let P (Rd) be the set of all polynomials in d variables.
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Definition 11 A functional T : P (]Rd) — C 1s positive definite if
T (u*u) >0

for allu e P (]Rd) where u* 1s the polynomial obtained from uw by conjugating
the coefficients.

Definition 12 A measure i on R? with support in the closed ball By is
called Hankel-positive if the Hankel determinants are strictly positive, i.e.

H, (11,0) > 0 for alln € N, € S

Obviously, an equivalent formulation for Hankel positivity is the require-
ment that
(f1(8)),_o, s strictly positive definite

for each § € S, This means that for each § € S¥* and for all (g, ..., z,) €

R (g, ..., 2n) # 0
Z Z fi+j (0) TiTj > 0.

i=0 j=0

The following result is needed in the next theorem:

Proposition 13 Let P, (C,0) be defined in (15). If the Hankel determinant
0 — H, (u,0) has no zeros then there exists Ry > 0 such that

P, (C,0) #£0 for all € S™', ¢ € C with |¢| > R;. (29)

Proof. By assumption H, (u1,0) # 0 for all § € S%1, so it follows that
¢ — P, ((,0) defined in (15) is a polynomial of degree exactly n. Let us
write

Po(C,0) =po(8) +p1 (0)C+ ... +pa (8) C™.

Then p, (6) # 0 for all § € S™! and p, is continuous. A straighforward
estimate now shows that there exists R, > 0 such that P, (¢,0) # 0 for all
|| > R, and for all # € S¢!. =

The following is an analog of (26) for the multivariate Markov transform,
for the proof we refer to [14].
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Proposition 14 Let i be a measure on R with support in Br and let Ry >
R. Then for any u € P (R?)

(u) == 2md/FR /S w(CO) T ge)dgde—/wu(x)dmx). (30)

The following result is an extension of the Gaul quadrature formula to
the multivariate setting. It can be seen as a solution of the truncated moment
problem for the class of Hankel-positive measures. We refer to [4] and [9] for
a description of the multivariate moment problem.

Theorem 15 Let p be a Hankel-positive measure with support in Bpg. Let
P, (¢,0) and Qy, (C,0) be defined in (15) and (17), and let Ry > R so large
such that (29) holds. Then the functional T,, : P (Rd) — C, defined by

. Qn (¢,0)
T, (u) : mwd/ /Sdl <o) =057 e df (31)

n Y

for allu € P (]Rd) , 18 positive definite and for each polynomial u (x) of degree
<2n-—1

T, (u) = /u(x) du (z) .

Moreover there exists a non-negative measure i, with support in an algebraic
bounded set in R? such that

T, (u) = / u () dp (1)

for any polynomial w.

Proof. 1. Since (29) holds for Ry > R the expression (31) is well defined.
Moreover (Q, (¢,6), P, (¢,0)) is an n-th Padé pair since H, (u,0) # 0 for all
6 € S™! by Hankel positivity.

2. Suppose that u is a function of the form

u () = ug (0) + ... + ugp_y (0) "1 (32)

with continuous functions wy, ..., ug,—1. By (28) we have
2n—1

@60 4~ 3w (0) 11 0). (33)

1
o (C@) (C 9) lzo

271
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Integration over S9! gives

2n—1

- Z /Sd 1 do. (34)

3. Let u be a polynomial. Proposition 14 shows that

[ut@)dn) 2W/Sdl/m W(COFC.O . (35)

If u has degree < 2n — 1 then for each § € S! the function ¢ — u (¢) is
a polynomial of degree < 2n — 1, so wu is of the form (32). Insert (4) in (35)
and integrate over I'g, to obtain

2n—1

/u( de/Sdl do. (36)

Comparing (34) with (36) we conclude that T), (u) is equal to [ u(z)du ()
for any polynomial of degree < 2n — 1.

4. Let us discuss the question of positive definiteness of T,,. Let R (z) be a
real-valued polynomial. We have to show that T}, (R?) > 0. By the euclidean
algorithm applied to the polynomials ¢ — R ((f) and ( — P, (¢0) for each
fixed 0, there exist a polynomial ¢ — d((,0), and a polynomial ¢ — ¢ ((,0)
of degree < n, such that

R(CO) = d(C.6) Pa(C.0) +e(C.0).
Write e (,0) = e (0) + ... + e,_1 () ¢"'. Then
(RO = (C.0) (B (C.0)) +24(C.0)e(C.0) By (C.0) +€(C.6).

Multiply the last equation with @n (¢,0)/ P, (¢, 0) and integrate with respect
to ¢ over I'p,. Then

. L Qn(¢,0) Nge = L [ 2 Qn (¢, %),
0= | BT =g [ o Tt o)
Since ¢ — e* ((, 9) is a polynomial of degree < 2n — 1, (33) yields
1 Qu(6.0) ,
b(o) = 5 /F . €2 (¢, 0 £ B 9 ]”Z:O@k 0) frvi (0).  (38)

18



Integrate the last equation with respect to S*~! and use the definition of 7,
in order to obtain

2 1 —
T (7) - [ (3 O e )

Since (f;), is strictly positive definite we know that ZZ?:IO ex (0) e (0) fra (6) >
0 for each 6 € S*"!, in particular T, (R?) > 0.

6. Let A, be the polynomial defined in Theorem 7 such that A, ((f) =
P, (). Note that A, has real coefficients. It follows that for any poly-
nomial u

1 . - i
iwg /Sdl - ¢ u(¢O) Qn (¢, 0)d¢ df =0

T, (Ayu) = o

since ¢ — ¢"u (C0) Q,, (¢, 0) is a polynomial. The polynomial ¢ — P, (6)
has only zeros in the interval (—R, R), so it follows that P, (pf) # 0 for all
p > R. Hence A, (pf) # 0 for all p > R, so the zero set of y — A, (y) is
contained in the ball Bp.

7. The existence of a representation measure pu, follows from Theorem
16 below, cf. [19] (applied to m = 2 and f; = A,, and fy = —A,,). The proof
is finished. m

Theorem 16 (Schmiidgen) Let G : P (R?) — C be a positive definite
functional and let f1, ..., f,n be polynomials with real coefficients such that the
set

K = {xeRd:fj (z) >0 forall j =1,2,...,m}

1s compact. Then there exists a measure p with support in K representing &
if and only iof
S (fjy-fiopp) 20 (39)

for all pairwise different j1,...,js € {1,...,m} and for allp € P (Rd) :
It is not difficult to see that a rotation invariant measure with non-

algebraic support is Hankel-positive, cf. Theorem 4. Now we give a different
class of examples:
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Proposition 17 Let wg,w; : [0,00) — R be bounded continuous functions
with compact support such that |wy (r)| < wq (r) for all v > 0, and wy # 0.
Assume that the measure p has the density du = w (r,9) rdrdd where

w (r,9) = wp (r) + wy (r) cos
for allr > 0,9 € [0,2n]. Then u is Hankel-positive.

Proof. Note that the assumption |w; (r)| < wq (1) for all r > 0 assures
that

w (r,9) = wo (r) + wy (r) cosv >0 (40)

for all r > 0,9 € [0,27]. Let us write § = ¢ with 9 € [0,27). Note that

Yo () = 1/v2m and Yy () = —=coskd and Yy, (0) = \#sin kY, k € N,

provides an orthonormal basis of spherical harmonics. Then

/Rd |2 Yy () dp = \/ﬂ/ / (r,9) rdrdd = \/_/ P25+l (1) dr,

and

1 o) 2
2> Y1, (z)dp = ﬁ/ / r® . rcost - w (r, ) rdrdd
o Jo
= \/E/ 2520, (1) dr,
0

while all other distributed moments c; ., are zero. By Theorem 1 we obtain
the Markov transform:

=1 & cos v
v 2s 1 25+2
) = Z 25+l /0 ret Z (2542 / Twy (r) dr.

So fas (¢) = [T r® T wy (r) dr and fosiq (%) = cosd [° r*T 2w, (r) dr.
Extend the function wo to an odd function w3 on R\ {0}, so define
w34 (=) := —wq (r) for r > 0, and extend w; to an even function ws¥, so
ws¥ (—r) = wy (r) for r > 0. Define a function Gy : R — R by

Gy (r) =1+ [wy® (r) + wi" (r) cos Y] .

Note that Gy (r) > 0 for all r > 0 by condition (40). Moreover Gy (—r) =
rwo (1) — rw;y (r) cos¥ > 0 for » > 0 again by (40). Hence Gy (r) > 0 for all
r € R. A straightforward calcuation shows that

fi (6“9) = %/_Oo rt Gy (r) rdr

Rd
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for all [ € Ny. This shows that ( fi (em))leNO is a positive definite sequence.
If the sequence is not strictly positive definite then there exists a polynomial
p(r) # 0 such that

% / (p(r)* Gy (r)rdr = 0.
Since Gy (r) is continuous on R\ {0} this implies that Gy (r) = 0 for all
r # 0. Then 0 = Gy (r) + Gy (=) = 2rw (r) for all r > 0, a contradiction
to our assumption wy # 0 =

In Theorem 4 we have seen that the Markov transform i ((,6) of a ro-
tation invariant measure has the property that ¢ —— 1 ((,6) posseses an
analytic continuation to the upper half plane. Next we show that the same
is true for Hankel-positive measures.

Theorem 18 Let i be a finite measure on R with support in Br. If u is
Hankel-positive then for each 6 € St the function ¢ — [i((,0) posseses
an analytic continuation to the upper half plane such that

Impi (¢,0) <0 for all Im¢ > 0,0 € ST

Proof. Suppose that the sequence (f; ()),_, . is strictly positive defi-
nite. By the solution of the Hamburger moment problem (p. 65 in [18]) there
exists a finite non-negative measure oy on R such that (¢, 0) = [ édae (t).
Hence ¢ —— 11 ((,0) extends to the upper half plane for ¢ and the condition
Im 72(¢,0) < 0 for all Im¢ > 0 and # € S? ! follows from this integral
representation. m

Note that the measure oy in the last proof has the property that its
support set is infinite since (f;(0)),_,  is strictly positive definite. If we
know that Imfi(¢,0) < 0 for all § € S*! and for all Im¢ > 0 then the
function gy defined by go (¢) := (¢, 0) is in the Nevanlinna class (see [1])
and the coefficients of the Laurent expansion are exactly the numbers f; (6) .
Hence we can conclude that the sequence (f; (0)), is positive definite for each
6 € S¥'. Note that Hankel positivity means that the sequence (f; (6)), is
strictly positive definite for each 6 € S4!.

Let us remark that in [15] we have introduced a different method for
approximating a large class of signed measures, the so-called pseudo-positive
measures.

21



References

1]

[11]

[12]

N.I. Akhiezer, The problem of moments and some related questions in
analysis, Oliver & Boyd, Edinburgh, 1965.(Transl. from Russian ed.
Moscow 1961).

N. Aronszajn, T.M. Creese, L.J. Lipkin, Polyharmonic functions,
Clarendon Press, Oxford 1983.

S. Axler, P. Bourdon, W. Ramey, Harmonic Function Theory, Springer,
New York 1992.

Ch. Berg, J.P.R. Christensen, P. Ressel, Harmonic Analysis on Semi-
groups, Springer Verlag, New York 1984.

C. Brezinski, Padé-Type Approximation and General Orthogonal Poly-
nomials, Birkhauser-Verlag, Basel 1980.

C. Brezinski, History of Continued Fraction and Padé Approximants,
Springer-Verlag, Berlin 1991.

A. Cuyt, A comparison of some multivariate Padé approximants, SIAM
J. Math. Anal. 14 (1983), 195-202.

A. Cuyt, K. Driver, D. Lubinsky, Kronecker type theorems, normality
and continuity of the Padé operator, Numer. Math. 73 (1996), 311-327.

B. Fuglede, The multidimensional moment problem, FEzxpo. Math. 1
(1983) 47-65.

A.A. Gonchar, E.A. Rakhmanov, V.N. Sorokin, On Hermite-Padé ap-
prozimants for systems of functions of Markov type, (Russian) Mat. Sb.
188 (1997), no. 5, 33-58; translation in Sb. Math. 188 (1997) 671-696.

L.K. Hua, Harmonic Analysis of functions of several complex variables
in the classical domains, Amer. Math. Soc., Providence, Rhode Island,
1963.

O. Kounchev, Extremal problems for the distributed moment problem.
In: Potential theory (Prague, 1987), Plenum, New York, 1988, pp. 187—
195,

22



[13]

[14]

[15]

[16]

[19]

[20]

[21]

[22]

[23]

lan

O. Kounchev, Multivariate Polysplines. Applications to Numerical and
Wavelet Analysis, Academic Press 2000.

O. Kounchev, H. Render, Polyharmonicity and algebraic support of mea-
sures, to appear in Hiroshima Math. Journal, Vol. 37 (2007).

O. Kounchev, H. Render, The moment problem for pseudo-positive func-
tionals and a new method for approximating multivariate integrals. Sub-
mitted.

O. Kounchev, H. Render, Holomorphic Continuation via Laplace-Fourier
series, to appear in the Proceedings of the Third International Confer-
ence on Complexr Analysis and Dynamical Systems, Nahariya, Israel,
2006.

C. Miiller, Spherical Harmonics, Lecture Notes in Mathematics, 7,
Springer 1966.

E.M. Nikishin, V.N. Sorokin, Rational Approximations and Orthogonal-
ity. Transl. of Math. Monogrpahs, Vol. 92, Amer. Math. Soc., 1991.

K. Schmiidgen, The K-moment problem for compact semi-algebraic sets,
Math. Ann. 289 (1991), 203-206.

B. Simon, The classical Moment Problem as a Self-Adjoint Finite Dif-
ference Operator, Advances in Mathematics 137 (1998) 82-203.

S. L. Sobolev, Cubature Formulas and Modern Analysis: An introduc-
tion, Gordon and Breach Science Publishers, Montreux, 1992; Russian
Edition, Nauka, Moscow, 1974.

E.M. Stein, G. Weiss, Introduction to Fourier Analysis on FEuclidean
spaces, Princeton University Press, 1971.

R.J. Walker, Algebraic Curves, Springer Verlag, New York 1950.

1. Ognyan Kounchev, Institute of Mathematics and Informatics, Bulgar-
Academy of Sciences, 8 Acad. G. Bonchev Str., 1113 Sofia, Bulgaria;
e—mail: kounchev@math.bas.bg, kounchev@math.uni—duisburg.de

2. Hermann Render, Departamento de Matematicas y Computation, Uni-

versidad de la Rioja, Edificio Vives, Luis de Ulloa, s/n. 26004 Logrofio, Spain;
e-mail: render@gmzx.de; hermann.render@unirioja.es

23



