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Reproducing kernels for polyharmonic polyno-
mials

H. Render

Abstract. The reproducing kernel of the space of all homogeneous polynomi-
als of degree k and polyharmonic order m is computed explicitly, solving a
question of A. Fryant and M.K. Vemuri.
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1. Introduction

Let U be an open set in the euclidean space R%. A function f : U — C is called
polyharmonic of order m if f is 2m-times differentiable and A™ f (z) = 0 for all
x € U, where ) ,
0 0
A= 92 + .t 022
is the Laplace operator and A™ is its m-th iterate. For m = 1 this class of functions
is just the class of all harmonic functions, while for m = 2 the term biharmonic
function is used which is important in elasticity theory. Polyharmonic functions
have been studied by several mathematicians, see e.g. [20], [21], [22], [23], [31], [35],
and classical work is due to E. Almansi [1], M. Nicolesco [33] and N. Aronszajn
[4]. Polyharmonicity is an important tool in several areas of mathematics, e.g. in
approximation theory, radial basis functions and wavelet analysis, see [6], [24], [25],
[26], [28], [32].

In this paper we shall be concerned with a problem posed by A. Fryant and
M.K. Vemuri in [18]. Let P (R?) be the space of all polynomials endowed with the
scalar product

(PQ)p= Y alcada (1.1)

la|<N
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2 H. Render

for polynomials P (z) = >, <y Ca® and Q (z) = >, <y daz®. An alternative
way to define the scalar product (1.1) is the following:

(P.Q)p = {P (ail, (;zd) Q} (0).

Let Py (Rd) be the space of all homogeneous polynomials of degree k. Define the
Hilbert space of all homogeneous polynomials of degree k& which are polyharmonic
of order at most m, so we define

Hy' (RY) :={h € Pp (RY) : A™h =0} .

Let Qi (z) with 7 = 1,..., b’;’m = dimH (Rd) be an orthonormal basis of
H (RY) with respect to the inner product (1.1) and define the reproducing kernel
Z of Hy* (RY) by

i

Zi (2,y) =y Q) (2) Q. (y). (1.2)
j=1

In [18] it was proved that there exists a constant 7% (m), depending only on the
dimension d, the integer m and the degree k, such that

bZ,Tn ' )
Z ‘Qi (x)‘ =~k (m) for all x € 71, (1.3)
j=1

where S91 = {z € R? : |z| = 1} is the unit sphere and |z|* = 22 + ... + 22

for x = (x1,...,24) € R¢. However, the nature of this constant was not further
explored. We shall show that

min{k/2,m—1} a
i B k—2s
Y4 (m) = 2) 258ld(d+2)....(d+2(k—s—1)) 4

s=

where ay, is the dimension of H,1€ (Rd) , the set of all homogeneous harmonic poly-

nomials of degree k, given by

2k+d—-2)(k+d-3)!
k!'(d—2)!

ar = dim Hj, (R?) = , (1.5)
see e.g. [2, p. 450]. Furthermore we shall show that the reproducing kernel Z}"* (z, y)
can be described explicitly:
min{[k/2],m—1
{lk/2] } |$|28 |y‘28 Zk_QS (x,y)

Zi" (#y) = Wi z::O 2osld(d+2) . (dr2(k—s 1))

where Zj, (z,y) is the zonal harmonic of degree k with pole y (for definition see
Section 2). Formula (1.4) allows us to improve a criterion for the convergence of



Reproducing kernels for polyharmonic polynomials 3

the orthogonal series
oo by
> D ansQi (@)
k=0 j=1

which will be presented in Section 3.

2. The reproducing kernel

The inner product defined in (1.1) is an important tool in the theory of spherical
harmonics, see [3], [5], [12], [16], [24], [39]. We note that in [34] and [38] this inner
product is called the Fischer inner product, in honour of the work of E. Fischer
[14]; in [8], [9], [42] it is called the Bombieri inner product, and in [18] the Calderdn
inner product. However, it seems that is a classical tool in invariant theory (see
[13], [36], [40]) and we shall refer to it as the apolar inner product.

The apolar inner product has the following property: for all polynomials f, g

QD) f,9)p=(/,Q-9)p (2.1)

where Q* (z) is the polynomial obtained by conjugation the coefficients of the
polynomial @, and Q* (D) is the differential operator associated to Q* (z). Equa-
tion (2.1) says that the adjoint of the multiplication operator g — Qg is just the
differential operator Q* (D). In passing, we note that the apolar inner product
has an integral representation:

Fade = 23 [ £ 2o as

where dz is Lebesgue measure on R2?, see [7]. The space of all entire functions
f: C" — C which satisfy

1
2
Il =

2 _ 2
= 1f (2)]P e M dz < 00 (2.2)
is called the Bargmann space F, (also called Fock or Fischer space, sce [34]).
For homogeneous polynomials f, g we define the following well-known inner

product

Fdous = [ 1O 700 (23

where S9! is the unit sphere and df is the rotation-invariant measure on S¢1.
The following result follows from Theorem 5.14 in [5]; the result seems to be due
to U. Kuran [30]:

Theorem 2.1. For homogeneous harmonic polynomials f,g of degree k one has

(fr9)p = d(d+2) . (d+ 2k — 2) —— (£, )gur

Wd—1
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In the following we need some facts from the theory of spherical harmonics.
Let Yy (z),l =1,...,ax be a basis of H}, (R%) which is orthonormal with respect
to the scalar product (2.3). Then

Zy (z,y) = ZYk,l (7) Yi1 (y) (2.4)
=1

is the reproducing kernel of Hj (R?) with respect to (2.3); the function z —
Zy(z,y) is also called the zonal harmonic of degree k with pole y. The addition
theorem says that

2 (o) = 2ol () (2.

=] - Iy]

where Py is a polynomial of degree k with Py, (1) = 1 (see [2, p. 455]) and wg—1
is the surface area of S?~!. The polynomial P} is up to a factor equal to the
ultraspherical polynomial C,gd_z)m (), (see [2, p. 456]). Since Py, (1) = 1 one has
)

)y

Observe that the property Py (1) = 1 also implies that

Py (t) =

Zy (z,7) = % 22" (2.6)

‘We now prove

Theorem 2.2. Let Yy, (z) , l =1,...,ax, be an orthonormal basis of Hj}, (Rd) with

respect to the scalar product (2.3). Then the polynomials |x|** Yy (z) for s,k € Ny
andl =1, ...,ax are orthogonal with respect to the apolar inner product and

wa [l ¥is (@Hi — 2 sld(d42) (A 2(k+s—1)).  (27)

Proof. Let |z]** Yy, and |2]>* Yy, 4, be two basis functions. Without loss of gen-
erality we may assume that s < s;. By property (2.1) we obtain

<|$\2S Yii, [ Yk1,11>F = <AS {|$|23 Yk,l} NPT Yk1,11>

It is well known and it follows by a quick computation that the following formula

» .

A (|:17|25 h) = 92525 +d— 2+ 2degh] - |2[* 2 h (2.8)

holds for any harmonic homogeneous polynomial h. A simple induction argument
shows that for m < 2s

A™ (|x|2$ h) = |27 b (28) e (25 — 2 (m — 1)) - (2.9)

[2s+d—2+2degh]...[2s—2(m —1)+d— 2+ 2degh].
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In particular, for m = s we obtain that A® (|x|25 h) = ds(deg h)-h where ds (deg h)
is the number

2°s!- (2s+d—2+2degh)(2s —2+d—2+2degh)...(d+2degh). (2.10)
Thus we have

<|5U|2€ Yk,l ) ‘I|281 Yk1711>F = ds (k) ' <Yk,l ) |m|251_28 Yk1,l1>F . (211)

If s; > s we can use again (2.1) and we see that

(o Vi [2*** Yera, ) = do (k) - (Air, o722 Vi) =0,

If sy = s,and k # ki or | # Iy, we see from (2.11) that <|x\25 Yig, |z Yk1,l1>F =

0 since Y} ; and Yy, ;, are orthogonal according to Theorem 2.1.

For (s, k,1) = (s1, k1,11) Theorem 2.1 and (2.11) show that wy—_; H\x|2g Yk’lep
is equal to the product of d (d + 2) ... (d + 2k — 2) and ds(k) (so (2.10) for degh =
k). This product is equal to

2°sld (d+2)....(d+2(k+s—1)).
]

Proposition 2.3. The system |x|** Yi_oq; (2) for s = 0,1,...,min {[k/2],m — 1}
and | =1,...,ap—2s 5 an orthogonal basis for H* (Rd) .

Proof. The polynomial f (z) = |z|** Yy (z) satisfies A™f = 0 if and only if s <
m — 1. Hence |z]** Yi_0s; (), s = 0,1,...,min {[k/2],m — 1} and | = 1, ..., ag_ss,
are homogeneous polynomials of degree k which satisfy A™ f = 0, and by Theorem
2.2 these functions are orthogonal. In order to see that it is basis, let f € H{" (RY).
Then f can be written uniquely in the form f = Z[Sk:/g] |;13|2S hi_2s with harmonic
homogeneous polynomials hy_os of degree k — 2s, see [5]. Formula (2.9) shows
that Am (|(E|2S hk,QS = m,k,s |$|2872m
constant C,, 5. The condition A™ f = 0 implies that the summation in the last
sum ranges only over indices s with s < m — 1. So f is a linear combination of the
above basis functions. O

hp_2s for m < s and for some nonzero

Theorem 2.4. The reproducing kernel ZJ (x,y) for the Hilbert space H}} (Rd)
endowed with the apolar inner product is given by

min{[k/2],m—1} s s
|2 ** y|** Zi—2s (2, 9)

2 (w,y) = wa-1 Z;) 2sld(d+2) .. (d+2(k—s5—1))

(2.12)

Proof. We use formula (1.2) for the system |z|** Yi_os; (z), | = 1, ..., ap_2s, 5 =
0,1,...,min{[k/2],m — 1}, by taking into account the normalization constants
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given in (2.7). This gives

min{[k/2],m—1} ar—_2s

m _ > Yy 25,0 (T ) lyl* Yi—2s1 (v)
Zi" (@,y) = wa—1 Z Z 2sld(d+2) .. (d+2(k—s—1))

Now (2.4) completes the proof. O

Corollary 2.5. The values Z}" (x,x) for |x| = 1 of the reproducing kernel Z}* of
H (RY) are constant equal to

min{[k/2],m—1}

o Af—2s
v (m) = ZO 2osld(d12) o (d+2(h—s—1)) (2.13)

s=

Proof. Insert y = z in formula (2.12) and use (2.6). O

3. Convergence of orthogonal series

Suppose that Q7 (z), j = 1,...,b%™ is an orthonormal basis of H}" (R?) for each
k=0,1,2,...,and let ay ;,j = 1, e bd’m be complex numbers. A. Fryant and M.K.

Vemuri discuss in [18] conditions for the numbers ax ;,5 =1, ..., b’;’m such that the
series

% bs‘m )
=3 Q@) (3.1)

k=0 j=1
converges absolutely and uniformly on compact subsets of the open ball B with
radius R and center 0. It is shown in [18] that the series (3.1) converges compactly
in Bg for

plsm

1/k d
R™'= lim s K d flax|? = 1K
i sup (o ()l ) and. o > lon

By the next Theorem we obtain the more precise description

L1 laxl "
1 _
R = khm sup ( i

improving the upper bound for R~! in [18] by a factor 1/v/2.

Theorem 3.1. Let My, k € Ny, be positive numbers and v% (m) as in (2.13). Then

Uk M\ VE
Ch e k T TH Mk
kl:n;o sup ( vy (m)Mk> =% klingo sup (m) . (3.2)

Proof. Let us define Dy, (d, s) :=d(d+2)....(d+ 2 (k — s — 1)) . From the identity

Dy (d, ) :2’“*53 (;l+1) <;i+(k—s— 1)> (3.3)
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we see that
1

Dyp(d,s)>2F T (k—s—1DI>2F 1l ——
K (d,s) = ( Nz Gt

(3.4)
Observe that the inequality ax_os < ap < 2(k + l)d_2 is obtained from rewriting
the formula (1.5) for aj as

k k k 1
=2 Hliz+1).|—+1)[—+=
ar (k+)<2+) <d_3+)<d_2+2>
for d > 2; for d = 2 it is well known that ay = 2 for all k£ € N. Thus we obtain

m—1 d—1+s d—24+m oo
7,C(m)<zz(k+1) <(k+1) l_
d = sl2k=1k1 =  2k—2f| 5!

s=0 s=0

Now take the square root, multiply the inequality with My, take the k-th root and
then the limes superior. Hence the < in (3.2) is proved.
For the other inequality we estimate '75 (m) below by taking only the sum-
mand for s = 0, so
k Ak
m) > .
v (M) 2 S AT 2 (= 1)

Now (3.3) yields Dy, (d,0) < 2% (d+k)! < 2Fk! (d—i—k)d. Using that ax > 1 we
obtain

1
k
vy (m) > ———.
40m = o (d + k)*
Again, take the square root, multiply the inequality with My, take the k-th root
and then the limes superior. O
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