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Impact hammer testing on post-tensioned steel

rectangular hollow sections; an investigation into the

“compression-softening” effect
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aDept. of Civil, Structural & Environmental Engineering, Museum Building, Trinity
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Abstract

This paper describes the outcome of steel impact hammer testing on exter-
nally axially loaded steel rectangular hollow sections (RHSs) and compares
the response to that of post-tensioned RHSs. Both the fundamental natural
bending frequency of the beam sections and the corresponding damping ra-
tios have been calculated from the measured dynamic response of the beam to
a series of impact hammer strikes. The purpose of the research is to test the
validity of the “compression-softening” effect for post-tensioned sections, and
to determine on a phenomenological level if an external axial load is dynam-
ically equivalent to a post-tensioning load. The implications of the research
are vast, as currently, some authors suggest that ”compression-softening” is
applicable to pre- and post-tensioned concrete members. The validity of this
argument shall be put to the test in this paper. The fundamental bending
frequencies have been calculated through a signal processing regime followed
by Fast Fourier Transforms (FFTs) and a peak picking algorithm applied
to the dynamic output data obtained from an accelerometer affixed to the
beam sections. The damping ratio has been calculated using the half-power
bandwidth method. The bending frequencies have been calculated repeat-
edly while changing the axial load level and the subsequent changes in both
frequency and damping ratio, with increasing axial load level have been anal-
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ysed to determine if the results are statistically significant.

Keywords: Modal testing, Signal Processing, Fast Fourier transform,
Half-power bandwidth, External Axial Load, Post-tensioning, Euler
buckling, Compression softening, Natural bending frequency, Damping
ratio.

1. Introduction1

The prediction of the change in natural vibration frequencies with vary-2

ing prestress force magnitude for prestressed concrete (PSC) structures is a3

particularly important problem. This problem has implications particularly4

in the field of PSC bridge girders and more recently for post-tensioned con-5

crete wind turbine towers, both of which are structures that are susceptible6

to extreme dynamic excitation. To date, the effect of applied prestressing7

force on the dynamic behaviour of pre- and post- tensioned structures has8

been a widely debated topic [1]. There are currently three distinct arguments9

to be found in the literature;10

1. The natural vibration frequencies (NFs), ωn, of PSC structures tend11

to decrease as the magnitude of the pre-stressing force is increased.12

This is known as the “compression-softening” effect and is based on13

classical Euler-Bernoulli beam theory of an externally axially loaded14

homogeneous beam [2, 3, 4, 5, 6, 7, 8]. It is limited in that it only15

takes into account Kirchoff’s kinematic modelling and is based on small16

deflection theory only. It does not allow for large displacements and17

moderate rotations.18

2. NFs of PSC structures are unaffected by pre-stress force magnitude.19

This argument has been taken to the fore by Hamed & Frostig [9],20

who present a non-linear kinematic model and conclude that the final21

equation of motion for the vibrating beam system is independent of the22

prestress force magnitude, and consequently that the natural vibration23

frequency of PSC structures is not affected by the magnitude of the24

prestressing force.25

3. NFs of PSC structures tends to increase as the magnitude of the pre-26

stressing force is increased. This has found to be the case in numer-27

ous empirical studies, conducted [10, 11, 12] however, a satisfactory28
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mathematical model predicting the increase in NFs with increasing29

pre-stressing force has yet to be formulated, despite some attempts30

[12, 13].31

The importance of this research is widespread. The effect of prestress32

force magnitude on natural frequency of PSC structures has many implica-33

tions, specifically in the PSC bridge industry and for pre-cast, post-tensioned34

concrete wind turbine towers. Prestress force decreases over time due to con-35

crete creep, steel relaxation, anchorage pull in and other factors. Structural36

engineers should thus be able to monitor or estimate changes in the natural37

bending frequency of PSC structures over the course of their design life to38

ensure their safety and serviceability. As a result, prediction of change in39

natural frequency of PSC structures over time is of great importance.40

In order to isolate this problem, a study must first be conducted into41

the validity of the aforementioned “compression-softening” effect. Subse-42

quently, the aim of this paper is to report on the impact hammer testing and43

experimental modal analysis conducted on both externally axially loaded44

steel rectangular hollow sections (RHSs), and their post-tensioned counter-45

parts. The purpose of the research is first to determine under what conditions46

“compression-softening” theory holds true. The assumption that an exter-47

nal axial load is dynamically equivalent to an internal post-tensioning force48

is investigated in this paper. This paper has been adapted and expanded49

from a conference paper previously published by the same authors [14].50

This paper is organised as follows; Section 2 presents a literature review51

of the current arguments used to describe the change in natural bending52

frequency with increasing pre- and post-tensioning force for PSC structures,53

and also outlines the theory behind the “compression-softening” effect. Sec-54

tion 3 describes the experimental set-up in the laboratory, for both static55

and dynamic tests conducted. Section 4 describes the signal processing pro-56

cessed invoked on the obtained data, and the calculation of the fundamental57

bending frequencies and damping ratios for the given beam and load case58

combinations. Section 5 describes the experimental results obtained, and de-59

scribes the observed changes in fundamental natural bending frequency and60

damping ratio with increasing axial load level. Section 6 outlines the main61

conclusions of the paper derived from the experimental results. Appendix A62

outlines the results of statistical analysis on the obtained results, by regress-63

ing both fundamental natural bending frequency and damping ratio on axial64

load level, and determine if the observed changes are statistically significant.65
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2. Literature Review66

2.1. Frequency decreases with increasing prestressing force67

Many authors have argued that NFs of PSC structures tends to decrease68

as the magnitude of the pre-stressing force increases [2, 3, 4, 5, 6]. Vari-69

ous mathematical models have been formulated, based on a linear kinematic70

framework (“Kirchhoff’s kinematic model”) highlighting this. It considers71

small deflection theory only and does not take into account large displace-72

ments and moderate rotations about the axis of bending. The “compression-73

softening” equation, as first outlined in [2], is given as;74

ωn =

√(nπ
`

)4 EI
m
−
(nπ
`

)2 N
m

(1)

where ωn is the natural frequency of the beam in radians per unit time, n75

is the mode number, ` is the span length, N is the axial compressive force76

(positive), m is the beam mass per unit length, E is Young’s modulus of77

elasticity and I is the second moment of area, with respect to the centroid78

of the cross section.79

There are arguments suggesting that this “compression-softening” effect80

is not valid for PSC structures. Firstly, the main assumptions in [2, 3, 4, 5, 6]81

take into account an external axial load being applied to a homogeneous82

section. In the case of pre-stressed concrete, neither of these assumptions83

are valid. According to some authors [15, 16, 17], “compression-softening” is84

only applicable to external axial loads and the pre-stressing force cannot be85

considered as such as it is internal to the structure. Furthermore, as pointed86

out by Saiidi et al. [10], concrete is not a homogeneous material and is87

susceptible to cracks, and it was shown experimentally that the application88

of Equation 1 to PSC beams is erroneous.89

Equation 1 is based on Euler buckling theory, which is only applicable90

to homogeneous externally axially loaded beams, such as steel beams. The91

main assumption of applying the “compression-softening” effect is that the92

pre-stressing force in the strand is equivalent to an external axial load of equal93

magnitude applied to the beam ends. This has been refuted by many authors94

who state that the prestressing force is not equivalent to an externally applied95

axial load as it is internal to the structure and as a result cannot cause Euler96

buckling to occur [4, 16, 17, 18]. This shall be investigated at length in this97

paper.98
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2.2. No change in frequency with increasing prestressing force99

Hamed & Frostig [9] presented a rigorous mathematical proof indicat-100

ing that the magnitude of the pre-stressing force does not affect the NFs of101

PSC beams. A non-linear kinematic framework was adopted, in compari-102

son with the aforementioned linear kinematic framework presented in other103

studies [2, 4, 5, 6]. This enabled large displacements and moderate rota-104

tions to be accounted for. It was subsequently mathematically demonstrated105

that the governing equation of motion (vibration equation) for the beam is106

independent of axial force, for bonded and unbonded pre-stressing tendons.107

Dall’Asta & Dezi [19] through mathematical modelling, Kerr [20], through108

mathematical modelling backed up by experimental testing and Dai & Chen109

[8], through a finite element analysis all concluded that there was a change110

in NFs with varying pre-stressing force, however, they suggested that the111

magnitude of the change is negligible and subsequently concur with Hamed112

& Frostig [9] in stating that the magnitude of the pre-stress force has no113

effect on the NFs of PSC structures, within practical ranges of pre-stressing114

force. Other authors [17, 18] also concur with this, however, their respective115

discussions are not backed up by any form of mathematical or experimental116

evidence.117

2.3. Frequency increases with increasing prestressing force118

Experimental evidence is relatively abundant to suggest that the NFs of119

PSC structures actually increases with increasing magnitude of pre-stressing120

force [10, 11, 12, 21, 22, 23, 24]. Experimental modal analysis has been121

conducted on a series of vibration tests, both in-situ and in the laboratory122

indicating that NFs increase with increasing pre-stressing force. Saiidi et al.123

[10], who initially assumed the ”compression softening” argument to hold124

true for PSC beams, suggest the reason behind this is due to the effect of the125

pre-stressing force on the closure of micro-cracks that have been induced in126

the PSC section, and the subsequent increase in stiffness in the section as a127

result. However, this has not been proven conclusively, either experimentally128

or theoretically. Mathematical models have also been formulated indicating129

the increase in NFs with increasing pre-stressing force [12, 13].130

Furthermore, there is significant evidence to suggest that the NFs of PSC131

structures is not only sensitive to the magnitude of the prestressing force132

but is also sensitive to the tendon profile within the section and the tendon133

eccentricity [4, 5, 11]. The tendon profile and eccentricity alters the net134

second moment of area of the cross section, thus directly affecting the bending135
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stiffness and hence NF of the beam section. The models tracking an increase136

in NF with increasing pre-stressing force tend to focus on stiffness alteration,137

or the increase in flexural rigidity, EI, of the section with increasing pre-138

stressing force.139

2.4. Compression Softening140

The “compression-softening” argument was put forward by Tse et al.141

[2]. It is valid for externally axially loaded Euler-Bernoulli beams that are142

susceptible to buckling failure. The theory is based on Euler buckling theory143

and states that the closer a beam gets to its Euler buckling load, Pcr, the144

less stiff the beam becomes in bending, and thus the NFs of the beam are145

decreased. Through the assumption of undamped simple harmonic motion,146

the appropriate boundary conditions, and the appropriate mode shapes of147

vibration for a simply supported beam, it can be shown that the nth natural148

bending frequency of such a beam under axial tension is given as [2];149

ωn =

√(nπ
`

)2 T
m

+
(nπ
`

)4 EI
m

(2)

where T is the axial tensile load. If T = 0, the NF is that of a simply150

supported beam. If EI = 0, the equation is that of a flexible taut string151

where the tension will act as to stiffen the beam, thereby increasing its NF.152

By making the substitution T = −N , and introducing an axial compressive153

load in place of the axial tensile load, Equation 1 is obtained, and is referred154

to in the literature as the “compression-softening” effect. In the case of axial155

tension it is known as the “tension-stiffening” effect, and is analogous to156

the so-called “centrifugal-stiffening” effect seen with rotating wind turbine157

blades.158

Figure 1a shows the percentage change in NF with increasing axial load159

according to Equation 1. The magnitude of the externally applied axial force160

is increased in values of 10% of its Euler buckling load, Pcr, up to Pcr, for161

the first three natural bending modes (n) of the beam. A decrease in NFs is162

observed. In the case where n = 1 and N = Pcr, the NF drops to zero. This163

is a special case of Equation 1, i.e. ωn = 0 for n = 1 and N = Pcr = π2EI
`2

.164

The beam is deemed to have already buckled in its first mode shape and165

therefore, according to Equation 1 is already deemed to be ‘vibrating’ in its166

first mode at a frequency of 0Hz. As pointed out in [10], Equation 1 can be167

written in a dimensionless form;168
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Figure 1: Graphical representation of the ”compression softening” effect

Z = 1− 1

n2
X (3)

where Z is an index showing the sensitivity of the square of the frequency to169

changes in the axial load index. Z = Y/Yo, where Y = [ω2
n/(EI/mL

4)] and170

Yo = (nπ)4. The parameter X is the ratio of the axial load to the buckling171

load and is given by; X = [N/(π2EI/L2
e)]. This indicates that the sensitivity172

of the change in frequency with axial load decreases significantly for higher173

modes of vibration [10], which is represented graphically in Figure 1b.174

Many authors [4, 16, 17, 18] argue that the application of the “compression-175

softening” effect to a PSC beam is erroneous from the outset, for a number176

of different reasons. It has been argued that a prestressing force should be177

considered as an internal force within the system and is not equivalent to an178

externally applied axial load [4]. Deák [17] argues Equation 1 is applicable179

only to an “external axial compressive force that maintains its original line180

of action during the vibration of the member, thus being converted into an181

eccentric force with respect to the axis of the beam.” In essence, the argu-182

ments seem to point in the direction that a prestressing force should not be183

considered to cause the beam to buckle in accordance with Euler buckling184

theory and therefore Equation 1 is not applicable.185
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3. Experimental Set-Up186

3.1. Dynamic Testing187

Figure 2: Case 1; External axial load case.

Dynamic impact hammer testing was conducted on 4No. grade S235188

steel RHSs, with a Youngs Modulus of 205GPa. The properties of the steel189

sections are outlined in Table 1 and Table 2. Figure 2 shows the external190

axial load case (case 1), where dynamic impact hammer testing was carried191

out on 2No. specimens, a RHS 50× 30× 3 (beam 1) and a RHS 120× 60× 3192

(beam 2), respectively. Each section had a different slenderness ratio, as193

outlined in Table 2. The purpose of varying the slenderness ratio was to test194

the validity of Equation 1 for slender members, which are expected to fail,195

in compression, close to an Euler buckling condition, and stocky members,196

which show deviation from classical Euler buckling theory.197

Since Equation 1 is consistent with Euler buckling theory, it was expected198

that the dynamic results for the stocky section would deviate from the com-199

pression softening theory. The test specimen was placed in the small test200

frame and inserted into two pinned connection joints. One pin was fixed di-201

rectly to the frame. The other was attached to a load cell, which was in turn202

connected to a 300 ton loading jack. The jack was mounted on the other side203

of the frame, as shown in Figure 2. A hydraulic hand pump was connected204

to the loading jack to vary the external axial load. Impact hammer testing205

was conducted on the 2No. test specimens at different axial load levels until206

failure had occurred.207
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Table 1: Properties of steel RHS sections tested

Property RHS 50× 30× 3 RHS 120× 60× 3

Beam # Beam 1 Beam 2
m (kg/m) 3.41 8.12
A (cm2) 4.34 10.30
Izz (cm4) 5.94 65.50

Table 2: Properties of experimental cases

Case 1 Case 2

Figure # Figure 2 Figure 3
Span, ` (m) 1.624 1.500
Slenderness Beam 1, λzz1 139 128
Slenderness Beam 2, λzz2 64 59
Beam 1, ω11 (Hz) 36.0 42.2
Beam 2, ω12 (Hz) 77.5 90.9

Figure 3 shows the post-tensioned load case (case 2) where impact ham-208

mer testing was carried out on the same RHSs. The sections were post-209

tensioned using a 15.7mm Freysinnet 7 wire concentric strand. The strand210

was anchored with the appropriate collets either side of 2No. 300 ton loading211

jacks. A load cell and a baseplate were positioned between the jack and the212

end of the steel RHS section, helping to evenly transfer the post-tensioning213

load into the section. 2No. jacks and 2No. load cells were used in order to214

balance the mass under vibration. Multiple load cells ensured an even dis-215

tribution of post-tensioning load throughout the length of the section. The216

post-tensioned section was supported on either side by knife-edge supports217

that were a distance of 1.500m apart. One of the jacks was connected to a218

hydraulic hand pump to transfer a post-tensioning load into the section.219

The Multiple Input, Multiple Output (MIMO) method of dynamic impact220

testing was implemented, in which there were multiple dynamic excitation221

points and multiple instrumentation response points. 5No. equally spaced222

9



Figure 3: Case 2; post-tensioned load case

input locations were used as both input points and response points as shown223

in Figure 4. Strain gauges were placed at each of the response points, labelled224

L1-L5, and an accelerometer was mounted at mid-span on each section, at225

location L3. 10No. strikes of the sledge hammer were applied at each input226

point for each load increment, for repeatability, giving a total of 50 frequency227

data points per axial load level.228

Figure 4: Instrumentation of steel specimens

10

Vikram
Sound Attachment
Sound Clip (115 KB)



3.2. Static Testing229

Static 3 point bending tests were also conducted on both beam 1 and230

beam 2 for the post-tensioned load case (beam 1, case 2 and beam 2, case231

2). The apparatus was set up as outlined in Figure 3 and Figure 4. The232

beams were supported at a span distance of 1.500m by two knife-edge sup-233

ports in the form of equal angle sections. Jacks were placed on either end234

of the respective beams and a 15.7mm diameter Freyssinet post-tensioning235

strand was threaded through the hollow in the respective RHS beams. The236

post-tensioning load level was increased, and at each load increment, a point237

load was applied at midspan by an external reaction frame (Figure 3). The238

corresponding deflection was measured using an LVDT placed at midspan.239

The load-deflection relationship enabled the static flexural rigidity of the240

beams to be calculated at each post-tension load increment using the follow-241

ing deflection equation for a simply supported beam, with a point load at242

midspan;243

δ =
P`3

48EI
(4)

where δ is the midspan deflection of the beam, P is the magnitude of the244

midspan point load, ` is the span length between supports, E is the Young’s245

Modulus of elasticity of the material (in this case S235 steel), and I is the246

second moment of area of the beam about the axis of bending. Rearranging247

Equation 4 allows the effective static flexural rigidity, EIeff to be calculated;248

EIeff =
P`3

48δ
(5)

The corresponding static-equivalent prediction for the nth natural fre-249

quency of the post-tensioned RHS section is then given as;250

ωn =
(nπ
`

)2√EIeff
m

(6)

This has been compared to the values that were obtained dynamically251

and the results are given in Section 5.1.252
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4. Experimental Analysis253

4.1. Calculation of Fundamental Natural Frequency, ω1254

Following collection of the impact hammer data, the raw signal (acceleration-255

time data) was imported into MATLAB [25]. The Fast Fourier Transform256

(FFT) was then performed on the acceleration data in the time domain in257

order to represent the signal in the frequency domain. A peak picking algo-258

rithm was then used to identify the peaks in the frequency domain.259

Figure 5: Signal Processing Procedure

The raw signal contained significant electrical noise. In some cases, a260

zero drift in the accelerometer was observed. Subsequently, the peaks in the261

frequency domain were initially difficult to determine. A signal processing262

algorithm was developed in MATLAB [25] and is outlined in Figure 5. The263

signals were processed to eliminate noise and remove the zero drift. The264

processed acceleration data was then smoothed in the time domain and the265

FFT was recomputed. Finally, the data was smoothed in the frequency266

domain. Following smoothing in the frequency domain, the peak picking267
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algorithm was re-invoked and the peaks were again determined. The search268

bands for the fundamental frequency of each beam were defined as 15-45Hz269

for Beam 1 and 60-85Hz for Beam 2. The raw data and the processed data270

were compared, and following processing, the structural peaks were much271

easier to identify. The peaks in the frequency domain were identified as the272

natural frequencies of the structural system. This algorithm is required to273

deal with the high levels of noise associated with impact hammer testing of274

these types of metallic sections.275
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Figure 6: Signal processing and peak identification; Beam 1 Case 1

Figures 6-9 show typical accelerometer response for each beam and case276

combination. Figures 6a-9a show the accelerometer signals in both the time277

and frequency domain, before the signal was processed to eliminate noise278

(blue) and after signal processing (red). The natural vibration frequencies of279

the respective structural systems are identified as the peaks in the frequency280

domain. The peaks are initially difficult to determine in the unfiltered (blue)281

signals, however, following processing (red) the peaks become readily identi-282

fiable. The zero drift in the signal has been removed, along with the 50Hz283

electrical noise and all of its harmonics, using a high-order notch (bandpass)284

filter. Finally, a high pass filter is invoked, removing all low frequency noise,285

below the expected first natural frequency peak.286

Figures 6b-9b show the processed signal in both the time and the fre-287

quency domain. The scale of the acceleration axis in the time domain of288

each signal is significantly reduced from Figures 6a-9a to Figures 6b-9b, in-289

dicating the extent of of the amplitude attributable to noise components.290
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Figure 7: Signal processing and peak identification; Beam 1 Case 2

For the Figures shown, the reduction in amplitude is between ×500, for Fig-291

ure 8 and ×2250, for Figure 6. The peaks are identified in Figures 6b-9b292

as the yellow points. The first 20 peaks in the range of 0-1000Hz have been293

identified.294
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Figure 8: Signal processing and peak identification; Beam 2 Case 1

4.2. Calculation of Damping Ratio, ξ295

The damping ratio, ξ of the beams were calculated for each axial load296

level using the half-power bandwidth method, as outlined by Clough & Pen-297
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Figure 9: Signal processing and peak identification; Beam 2 Case 2

zien [26], Chopra [27] and Wu [28]. As outlined by Wu [28], the half-power298

bandwidth method enables evaluation of damping from forced vibration tests299

without knowing the applied force, and is thus used in vibration and modal300

testing. By assuming that the damping ratio ξ is small and that the fre-301

quency at maximum amplitude is approximately equal to the undamped302

fundamental frequency ω1, the classical result relating the damping ratio to303

the half-power bandwidth can be written as;304

ξ =
ωb − ωa

2ω1

(7)

where ωa and ωb are the half-power frequencies (i.e. the frequencies of the305

function at Max. Amplitude/
√

2). As pointed out by Wu [28], the classi-306

cal result is only valid for damping ratio less than 0.1, and is not a good307

prediction for ξ > 0.1.308

An example of the calculation of the damping ratio in accordance by the309

half-power bandwidth method is shown in Figure 10.310

5. Experimental Results311

Both the fundamental frequencies, ω1 and the respective damping ratios312

ξ have been calculated for increasing axial load levels, and the results are313

presented in this section. The fundamental frequencies have been identified314

as the main peak in the expected range. The damping ratios have been315
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Figure 10: Half-power bandwidth method of calculation of damping ratio, ξ

calculated in accordance with the half-power bandwidth method.316

5.1. Fundamental Bending Frequencies, ω1317

Figure 11 shows the peaks in the frequency domain for each axial load318

level and for each impact hammer test conducted. There are 50 iterations319

of the impact response signals at each axial load level. The relative modal320

amplitude is displayed on the vertical axis, while the horizontal plane con-321

sists of the frequency axis (Hz) and the axial load level (kN). The size of the322

data point is directly related to the relative modal amplitude. The modal323

amplitude has been normalised by dividing by its maximum value, expressed324

as â(ω)
max(â(ω))

. The relative participation of each mode to the overall dynamic325

response of the beams can be compared in these graphs. For example, for326

both post-tensioned beams (beam 1, case 2, Figure 11b & beam 2, case 2,327

Figure 11d) it can be seen that the overall response of the beam is quite328

complex and contains a significant proportion due to many modes. In com-329

parison, for the externally axially load case (beam 1, case 1, Figure 11a &330

beam 2, case 1, Figure 11c), the dominance of the first mode is more readily331

identifiable. This is exceptionally clear for beam 2, case 1 in Figure 11c,332

where the dominance of the first mode of vibration is evident.333

Comparing Figure 11 to Figure 12 leads to an interesting observation.334

When the total response of the structural system is complex, with com-335

ponents that can be attributed to many different modes, as can be seen336

in Figures 11b and 11d, and to a lesser extent, Figure 11a, the scatter in337
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|â
(ω
)|

Frequency, ωn, (Hz)
Axial Load, N (kN)

(b) Beam 1, Case 2

0

50

100

150

200
0

200

400

600

800

1000

0

0.5

1

Frequency Domain representation for each axial load level

|â
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Figure 11: Graph of peaks in frequency, load and relative modal amplitude,
3D-space

the prediction of the first natural frequency is very high, as can be seen in338

Figures 12b, 12d and 12a and indicated by the standard deviation in the339

data. However, in the case where the response of the structural system is340

significantly dominated by the fundamental frequency, as in Figure 11c, the341

standard deviation is significantly decreased and the prediction of the first342

natural frequency is very precise, with an extremely low standard deviation,343

as shown in Figure 12c. It should be noted that for lower values of axial344

load, the response is slightly more complex for Beam 2, Case 1 (Figure 12c),345

with many modes contributing to the response. Consequently, we see a much346

higher scatter in the prediction of the fundamental frequency and a smaller347
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standard deviation.348
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Figure 12: Observed changes in ω1 with N for different steel beams

In order to analyse the significance of the changes observed in the esti-349

mation of the natural frequency of the sections with increasing axial load, a350

linear regression analysis was applied to each beam and load case combina-351

tion. The results are presented in Appendix A, Figure A.1 in conjunction352

with Table A.1. It should be pointed out to begin with that the purpose of353

this regression analysis is not for interpolation, extrapolation or prediction354

of any values of fundamental frequency based on axial load level, but rather355

as a tool to analyse the statistical significance of the changes observed in the356

data. Table A.1 shows the regression parameters and the results of statistical357

t-tests charting whether the linear regression intercept and slope parameters358

18



are statistically significantly different from zero or not for each beam and load359

case combination. A significance level of α = 0.05 has been chosen for the360

tests. In each beam/load case combination a statistically significant change361

in fundamental frequency with increasing axial load level has been observed.362

For beam 1, case 1, a statistically significant decreasing trend is observed,363

indicating that the natural frequency of an externally axially loaded slender364

steel section will decrease with increasing external axial load. For beam 1,365

case 2, a statistically significant decreasing trend is again observed, however366

the rate of change (magnitude of the regression slope parameter) is not as367

large as that for beam 1, case 1. This indicates that the rate of change of368

frequency with increasing axial load level is different for an external axial369

load (case 1) than it is for the post-tensioned load case (case 2). This can be370

seen clearly in Figure 13.371
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(b) Beam 1, Case 2

Figure 13: Means of dynamic test results plotted with static 3 point bending
data and Equation 1

For beam 2, case 1 a statistically significant increasing trend is observed,372

indicating that for an externally axially loaded stocky section, the natural373

bending frequency increases with increasing external axial force. However,374

it is questionable whether a linear fit is correct in this case, as, from Fig-375

ure 12c and A.1c, a non-linear second order, or possibly an asymptotic trend376

is identifiable. For beam 2, case 2, again a statistically significant decreasing377

trend in natural bending frequency with increasing axial load level is ob-378

served, however the magnitude of the regression slope parameter is less than379

for both beam 1 - load case combinations.380
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Figure 13 compares the prediction of the change in fundamental bending381

frequency of the beam sections according to “compression-softening” theory382

(Equation 1) (red) to the means of the dynamic results for the external axial383

load case (load case 1 - green), the post-tensioned load case (load case 2 -384

black), and the results of the static-equivalent frequency of the post-tensioned385

load case (load case 2 - blue). Figure 13a shows the results for beam 1, RHS386

50×30×3, with a slenderness ratio of between 128 and 139, depending on the387

load case, as outlined in Table 2. It can be seen from Figure 13a that the ex-388

ternal axial load case shows some good agreement in terms of the decreasing389

trend in fundamental bending frequency with increasing external axial load.390

The green line and the red line are almost parallel. The frequency of the391

external axial load case has been shifted down however, and this may be at-392

tributed to lack of ideal conditions. The entire structural system consists of a393

frame and loading jack, which would act as to lower the bending frequencies.394

Buckling was reported at an external axial load of 40kN. The predicted failure395

load in accordance with EC3 is 35.4kN. Buckling occurred when the section396

was loaded axially to 40kN and the beam was struck laterally with the impact397

hammer during dynamic testing. As a result, it was impossible to obtain an398

estimation of the natural frequency at this load level. However, the trend is399

still observable up to this point. The black line indicates the change in the400

mean of the frequencies due to an increasing post-tensioning load, that is in-401

duced in the section by the way of a post-tensioning strand threaded through402

the beam hollow and jacking against either end of the beam to elongate the403

strand. It can be seen from Figure 13a that the post-tension load case (case404

2) does not follow the same trend as either the external axial load case (green)405

or that predicted by “compression-softening” theory (Equation 1). However,406

it does follow a very similar trend to the static prediction of the frequency due407

to 3-point bending tests, as described in Section 3.2. A downwards shift to408

the dynamic measurement of the fundamental frequency is again observable.409

It can be concluded that, for slender sections, that are expected to behave in410

good agreement with Euler buckling theory, that “compression-softening” is411

indeed valid for externally axially loaded members. However, Equation 1 is412

not applicable to post-tensioned structures. In this case, a slight decreasing413

trend in the fundamental frequency is observable, however it is not of the414

same rate as predicted by Equation 1. It can be concluded, that for slender415

member, a post-tensioned load is not dynamically equivalent to an external416

axial load. Figure 13b, shows the results for beam 2, RHS 120×60×3. It has417

a slenderness ratio of approximately 60, as outlined in Table 2, and, accord-418
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ing to code-based approaches, such as Eurocode 3 (EC3) [29], is expected419

to deviate from Euler buckling theory as a result. It can be seen that both420

the external axial load case (green) and the post-tensioned load case (black)421

deviate greatly from the trend expected in accordance with Equation 1. The422

static 3-point bending prediction of the frequency follows a similar decreasing423

trend, as predicted by Equation 1, however, an initial increase is observed,424

with seating load, as in Figure 13a. There is also a downward shift in the425

3-point bending prediction of the frequency from Equation 1, which again426

can be attributed to the lack of ideal conditions, and the effect of the weight427

of the jacks on the beam response. In summary, it can be concluded that428

stocky sections, with low and medium slenderness ratios do not follow the429

trend predicted by “compression-softening” theory, neither for the external430

axial load case (load case 1) or for the post-tensioned load case (load case431

2). It was found, as expected that “compression-softening” is only valid for432

externally axially loaded slender members (with a slenderness ratio greater433

than approximately 120) that behave in accordance with Euler buckling the-434

ory.435

Figure A.2, Appendix A, shows a Normal probability paper for the mea-436

sured values of the fundamental frequencies of each of the four beam and437

load case combinations. From visual inspection of the plots, it may be con-438

sidered that both post-tensioned load cases (Figures A.2b and A.2d) are in439

fact visually consistent with what would be expected from data Normality,440

including the deviation in the tails of the plot, i.e. the extreme values. Data441

normality must be rejected for both external axial load cases (Figures A.2a442

and A.2c).443

5.2. Damping Ratio, ξ444

In this section, the results relating to the calculation of the damping445

ratio are discussed. The damping ratio, ξ, was calculated from the half-446

power bandwidth method, as outlined in Section 4.2. Figure 14 shows the447

calculated values of the damping ratio at each axial load level, for each of the448

four beam and load cases. In most cases, the estimated damping ratios are449

found to have been in the expected range of 0− 5% damping, however, there450

are some large overestimations of the damping ratio, especially for beam 1,451

case 2 (Figure 14b), where, especially for zero post-tensioning force, extreme452

overestimation of the damping is reported, e.g. some estimations of ξ >453

60%. This inaccuracy may be attributed to the relative mass of the jacks454

on either end of the beam in comparison to the mass of the beam itself, and455
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the contribution of the vibration of the jacks to the overall vibration of the456

structural system, leading to extreme overestimation of the damping ratio.457

As pointed out by Wu [28], the half-power bandwidth method is only valid458

for 0 < ξ < 0.1 and all data outside of this range must be considered as459

outliers.460

In all beam and load case combinations, a general decreasing trend in461

damping ratio, ξ with increasing axial load level, N is observable. Again, as462

with Figure 12c, Figure 14c displays a very precise measurement of ξ for an463

external axial load of 20kN upwards. This is attributed to the fact that the464

structural response of the beam was dominated by the fundamental bending465

mode, as is observable in Figure 11, specifically in Figure 11c.466
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Figure 14: Observed changes in ξ with N for different steel beams

22



Figure A.3 shows a linear regression analysis by regressing the measured467

damping ratio, ξ on the axial load level, N . When analysed in conjunction468

with Table A.2, this indicates that there is a statistically significant decreas-469

ing trend in estimation of the damping ratio with increasing axial load level.470

Figure A.4 shows the Normal Probability Papers of the measured damping471

ratio for each of the four beam and load case combinations. Using the visual472

method, normality must be rejected for all four beam and load cases.473

5.3. Beam Failure Conditions474

Table 3: Failure conditions of RHS sections

Property RHS 50× 30× 3 RHS 120× 60× 3

Beam # Beam 1 Beam 2
Nb,Rdyy (kN) 35.4 187.5
PCRyy (kN) 46.7 514.7
Nc,Rd (kN) 97.1 230.5
Failure Reported (kN) 40 260

The failure conditions for each of the four beam and load case combina-475

tions were very different. Table 3 charts the failure load of the external axially476

loaded sections, and compares the values to what is predicted in accordance477

with EC3 [29] (Nb,Rdyy), what is predicted from Euler buckling theory (PCRyy)478

and what is predicted from crushing of the member, in accordance with EC3479

[29] (Nc,Rd). Figure 15 shows the beam failure conditions in the laboratory.480

The slender section, beam 1 - RHS 50×30×3, as shown in Figure 15a, failed481

in a manner consistent with what is predicted by Euler buckling theory at a482

load of 40 kN, which is 11.5% greater than the EC3 design load of 35.4kN,483

and 14% less than the critical load predicted by Euler buckling theory. The484

stocky section, beam 2 - RHS 120× 60× 3, as shown in Figure 15a, failed in485

a local manner, close to the support at a value of 260kN. Interestingly, this486

value is approximately 13% greater than the design crushing load in accor-487

dance with EC3 [29]. However, as expected, for a stocky section, it is well488

below (approx. 45%) of the predicted Euler buckling critical load of 514.7kN.489

No failure condition was reached for the slender post-tensioned section490

(i.e. beam 1, case 2). In the case of the post-tensioned stocky section, a491
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(a) Beam 1, Case 1; Failure reported at
40kN

(b) Beam 2, Case 1; Failure reported at
260kN

(c) Beam 2 Case 2; Failure reported at
160kN PT load & 6kN PL

Figure 15: Failure conditions of RHS sections

plastic hinge formed at midspan at an axial load of 140kN, combined with492

a midspan point load of 6kN. This can be seen in Figure 15c. The section,493

in accordance with EC3 [29], is designed to resist a midspan point load of494

12.42kN, therefore, at a post-tension load of 140kN, a 50% reduction in load495

carrying capacity was observed.496

6. Summary & Conclusions497

The above results have been obtained after gathering and analysing 1750498

different dynamic response measurements, including the cases of slender and499

stocky sections that have been both post-tensioned and externally axially500

loaded. The volume of data collected enabled a statistical analysis of the501
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results for a combination of beam and load cases to be conducted. The main502

conclusions derived from this broad study are as follows;503

1. An externally axially loaded slender section displays good agreement504

with the “compression-softening” effect, as the obtained results have505

shown. A post-tensioned slender section deviates from what is ex-506

pected from “compression-softening” theory, however, does display a507

decreasing trend in fundamental bending frequency, ω1 with increasing508

post-tensioning load.509

2. An externally axially loaded stocky section does not follow the trend510

predicted by “compression-softening” theory. A statistically signif-511

icant increasing trend in ω1 is observed with increasing axial load512

level. A post-tensioned stocky section also deviates from “compression-513

softening” theory, however a statistically significant decreasing trend514

was observed.515

3. Post-tension load is phenomenologically different to an external axial516

load and is not equivalent to an external axial load.517

4. A post-tensioning load does not cause Euler buckling to occur.518

5. “Compression-softening” is not valid for pre- or post-tensioned struc-519

tures, therefore the use of Equation 1 is erroneous for post-tensioned520

concrete structures.521

6. In all cases, a decrease in damping ratio, ξ is observed with increasing522

axial load level.523

7. The precision of prediction of the fundamental frequency is related to524

the complexity of dynamic response of the signal, and the proportion525

of dynamic response attributed to the fundamental mode.526

The main implications of the results are that the “compression-softening”527

equation must be eliminated from discussion of all forms of post-tensioned528

structures, as the effect of an external axial load and a post-tensioning load on529

the dynamics of post-tensioned structures are different on a phenomenological530

level.531
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Further research is required to determine exactly how the fundamental532

frequency of pre- and post-tensioned concrete structures changes with in-533

creasing post-tensioning force, however, based on the above results, the fun-534

damental frequency of pre- and post-tensioned concrete structures are not535

predicted to behave in accordance with “compression-softening” theory.536
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Appendix A.544

The statistical significance of the regression slope and intercept parame-545

ters for regressing both fundamental bending frequencies, ω1 and Damping546

Ratios, ξ on applied axial load for all beam and load case combinations are547

given in Table A.1 and Table A.2. Statistical t-tests have been carried out548

to determine if the regression slope and intercept parameters are statistically549

significantly different from zero, or not.550

Linear regression lines have been fitted to the data and the results are551

observed in Figures A.1 and A.3. The Normality of both the fundamen-552

tal bending frequency and the damping ratios have been tested by plotting553

the results on a Normal Probability Paper, and the results are displayed in554

Figures A.2 and A.4.555

Appendix A.1. Fundamental Bending Frequencies, ω1556

Table A.1 shows the calculated linear regression intercept parameter (α0),557

and slope parameter (α1) when regressing ω1 on N for all four permutations558

of beam and load cases. The corresponding linear regression equations are559

obtained by substituting into the following formula;560

ω1 = α0 + α1N (A.1)
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Table A.1: Statistical analysis on regression parameters for ω1 on N

B/C Reg. P. Value SE t-value t-crit. p 95% CI

B1 C1 α0,11 28.7612 0.5574 51.5969 1.9720 0.0000 (27.6620,29.8605)
α1,11 -0.3236 0.0308 -10.5204 1.9720 0.0000 (-0.3842,-0.2629)

B1 C2 α0,12 27.6906 0.3709 74.6608 1.9643 0.0000 (26.9621,28.4192)
α1,12 -0.0477 0.0130 -3.6845 1.9643 0.0003 (-0.0732,-0.0223)

B2 C1 α0,21 71.3579 0.2682 266.0298 1.9644 0.0000 (70.8310,71.8848)
α1,21 0.0084 0.0023 3.5894 1.9644 0.0004 (0.0038,0.0130)

B2 C2 α0,22 75.6530 0.3855 196.2659 1.9647 0.0000 (74.8956,76.4103)
α1,22 -0.0239 0.0037 -6.5195 1.9647 0.0000 (-0.0311,-0.0167)

Appendix A.2. Damping Ratios, ξ561

Table A.2 shows the calculated linear regression intercept parameter (β0),562

and slope parameter (β1) when regressing ξ1 on N for all four permutations563

of beam and load cases. The corresponding linear regression equations are564

obtained by substituting into the following formula;565

ξ1 = β0 + β1N (A.2)

Table A.2: Statistical analysis on regression parameters for ξ1 on N

B/C Reg. P. Value SE t-value t-crit. p 95% CI

B1 C1 β0,11 0.0458 0.0032 14.2186 1.9720 0.0000 (0.0395,0.0522)
β1,11 -0.0010 0.0002 -5.3699 1.9720 0.0000 (-0.0013,-0.0006)

B1 C2 β0,12 0.1371 0.0062 22.1801 1.9643 0.0000 (0.1249,0.1492)
β1,12 -0.0021 0.0002 -9.8760 1.9643 0.0000 (-0.0026,-0.0017)

B2 C1 β0,21 0.0344 0.0010 35.8787 1.9644 0.0000 (0.0325,0.0363)
β1,21 -0.0002 0.0000 -19.4633 1.9644 0.0004 (-0.0002,-0.0001)

B2 C2 β0,22 0.0714 0.0017 41.2609 1.9647 0.0000 (0.0680,0.0748)
β1,22 -0.0004 0.0000 -24.6953 1.9647 0.0000 (-0.0004,-0.0004)
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Figure A.1: Regression analysis; ω1 vs. N for different steel beams
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Figure A.2: Normal Probability Plots of Fundamental Bending Frequency,
ω1 for each beam/load case combination
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Figure A.3: Regression analysis; ξ vs. N for different steel beams
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Figure A.4: Normal Probability Plots of Damping Ratio, ξ for each
beam/load case combination
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