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Abstract.  A macroscopic model of Columnar-to-Equiaxed Transition (CET) formation is 

presented. The growth of a columnar zone and an equiaxed zone are treated separately and 

modeled on a fixed grid. The model uses a columnar Front Tracking (FT) formulation to 

compute the motion of the columnar front and the solidification of the dendritic columnar 

mushy zone. The model for the equiaxed zone calculates the average growth of equiaxed 

grains within the control volumes of undercooled liquid. The proposed model, which 

calculates the average equiaxed growth, is different from previous FT models which 

consider each equiaxed grain envelope separately. A lognormal size distribution model of 

seed particles is used for the equiaxed nucleation in the undercooled liquid zone. After 

nucleation, average equiaxed growth is computed by considering the equiaxed envelopes 

as spherical. The extended volume concept is used to deal with grain impingement. The 

Scheil equation is used to calculate the solid fraction and latent heat release. When the 

equiaxed fraction is great enough, advancement of the columnar front is halted and the 

CET position is determined. CET formation was simulated for directional solidification of 

an aluminium-silicon alloy. The results were compared with a previous FT-CET prediction 

model as well as with experimental data. Agreement was found in both cases. 

 

Introduction 

When columnar and equiaxed zones co-exist in a casting, a distinguishable transition is 

called the Columnar-to-Equiaxed Transition (CET). Over the years much research 

attention has been given to analytical, experimental and computer modelling of CET. 

Recently, Spittle [1] reviewed CET analysis. In other work, McFadden and Browne [2,3] 

presented a Front Tracking (FT) model to predict CET in alloy casting. CET models have 

been proposed at various scales [3-9]. Mechanical blocking [4] or solutal blocking [5] 

mechanisms are mostly used to halt the columnar growth and to define the CET position.  

The model presented here follows the equiaxed heterogeneous nucleation in the liquid 

ahead of growing solid/liquid interface. As an initial development, solutal interactions near 

impingement are not considered. In the present work, a FT model presented by Browne 

and Hunt [10, 11], which was later extended by McFadden and Browne [3], is used to 

compute the growth of the columnar zone.  The proposed model does not track 

crystallographic or microscopic details for each dendrite, thus reducing the computational 

overhead considerably. A model, presented by Jacot et al.[8] has common features with 

this model in terms of growth and impingement of equiaxed grains.  

This volume-averaging approach to equiaxed solidification is being developed here 

because it will facilitate the integration of the effects of convection into the model, at low 

computational overhead, in comparison to the need to track flow between and motion of 

the individual equiaxed grains directly simulated in [3]. The aim of the current contribution 

is verification and validation of the new model of equiaxed nucleation, growth and 

impingement and CET criteria in diffusion-controlled solidification.  



 

The Model 

The FT model is used to simulate the advancement of the columnar zone and the 

development of undercooling in the liquid zone ahead of it. Four different zones can be 

identified (fig.1): solid, columnar mush, equiaxed mush in undercooled liquid, and 

superheated liquid. 

Fig.1  Solid, columnar mush, equiaxed mush in undercooled liquid and superheated liquid. 

 

The heat equation, equation (1) is explicitly solved in a fixed grid and a control volume 

(CV) approach is used for model calculations. 
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Where ρ is the density, K is the thermal conductivity; Cp is specific heat; T and t denote the 

temperature and time, respectively, and E is the source term associated with latent heat 

evolution. 

 

Columnar Zone and Equiaxed Zones. The columnar FT model is presented elsewhere 

[10,11] and not detailed in this contribution. There are two basic requirements [9] for 

formation of an equiaxed zone; those are, the presence of active nuclei ahead of columnar 

front and favourable conditions promoting their growth. The presence of inoculants, 

impurities, or fragmented dendrite arms, and the availability of an undercooled liquid zone 

ahead of the columnar front, satisfy these requirements. Equiaxed nucleation and growth 

are discussed in subsequent sections. 

 

Equiaxed Nucleation. Nucleation begins from available seed particles. Uniform 

distribution of those seeds in undercooled liquid is assumed. Equiaxed crystal nucleation 

depends on the seed particles’ geometry as discussed by Greer et al. [13]. For nucleation 

from an inoculation particle, this barrier to nucleation is overcome at the initiation 

undercooling ∆Ti.. Initiation undercooling is related to the diameter d of the seed particle. 

The relationship is given by equation (2), where, ∆SV is the volumetric entropy of fusion 

and γ is the solid-liquid interfacial energy.  
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 The initiation undercooling is the condition required for free growth of the crystal from 

the seed particles [14]. Only one possible nucleation from one seed particle is assumed. 

According to Quested and Greer [14], the size distribution of seed particles follows a 

lognormal distribution, which we use in this model. 

The probabilistic density function P(d) for a lognormal distribution is defined as, 



 
2

2

2

lnln
exp

2

1
)(

d

d
dP       (3) 

 

Where, σ and μ are relevant to the standard deviation and the geometric mean. 

For a given undercooling, the critical diameter for free growth or initiation of the equiaxed 

dendrite is calculated. When that undercooling is reached, all the inoculant particles of 

diameter above critical start to nucleate. In the model, the critical diameter at the local 

temperature is computed at each time step and all inoculants particles above that diameter 

(which have not nucleated previously) are then activated for nucleation. In this way 

nucleation is continued until the control volume is completely occupied by the equiaxed 

envelopes or the columnar front.    

   

Equiaxed Envelope Growth and Impingement. Dendrite tip velocity is calculated 

according to relationship in ref.[15]. A low thermal gradient is assumed and the following 

modified equation is used to calculate dendrite tip velocity, vt at undercooling ∆Tt, 

 
n
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Here, C is the growth coefficient and n is constant. The resultant dendrite tip advancement 

Zt in ∆t time is given by, 
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The hypothetical sphere that wraps around the dendrite tips is defined as the computational 

spherical equiaxed mushy envelope, which contains the interdendritic liquid and the solid 

dendrite. Growth of these hypothetical mushy envelopes is computed as equation (5) 

provides the increment of radius in each time step. 

The average size of all the nucleated envelopes is computed by averaging the diameters of 

newly nucleated envelopes and existing equiaxed mushy envelopes. To consider grain 

impingement, the sum of all envelopes is taken as the extended volume øext. [16]. Hence, 

the net volume fraction of the equiaxed mushy envelops ø, is calculated by.  
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Latent Heat and Solid Fraction. Latent heat release due to equiaxed and columnar 

solidification is incorporated into the model. The contributions to latent heat releases come 

from expansion of mushy envelopes as well as thickening dendrites within each envelope 

as described in refs.[3,10,11].  Assuming no solute back diffusion in the solid phase and 

complete mixing of solute in the liquid phase between dendrite arms, the Scheil 

approximation is used to calculate solid faction, gs. During the eutectic solidification solid 

fraction change is computed by considering the enthalpy, H. Complete solid fraction 

calculation in different temperature intervals is described in equation(7). Here TL, TE, TM, k 

and L are equilibrium liquidus temperature, eutectic temperature, melting temperature of 

pure solvent material, partition coefficient and latent heat liberated for unit mass of the 

alloy, respectively. The Scheil equation gives a reasonable approximation to the 

solidification path between the TL and TE, because a negligible amount of solute leaves the 

envelope during dendritic growth in diffusive conditions[3]. Equation(9) for isothermal 

eutectic freezing follows the conservative enthalpy method as proposed in [17]. gScheil and 

geutectic in eq(7) are  given by eq.(8) and (9), respectively,  
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CET Position. The evolution of equiaxed and columnar solid fraction in each CV is 

separately calculated by coupling the equiaxed model with the columnar growth model. 

When equiaxed grain envelopes fully occupy a CV (equiaxed grain fraction=1.0), 

columnar growth is halted locally and no further growth of the columnar front is allowed. 

A similar halting mechanism with an equiaxed grain fraction of unity was cited previously 

in ref.[18]  

 

Results and Discussion 

Comparisons with a previous model. Numerical simulation using the model is carried 

out for directional solidification of an Al-7wt.%Si alloy. The simulation followed the 

conditions of experiments performed by Gandin [19] and used thermophysical data from 

ref. [15]. The inverse heat transfer technique used to reconstruct the heat flux in the model 

is described in ref. [3]. 

 

Fig. 2  Comparison of FT model predictions [3] of McFadden and Browne (A) with current 

predictions (B)  

 

No input seed data was available from the experiments, so 100 uniformly distributed seeds 

were used in the simulation as per McFadden and Browne [3]. The simulation result was 

compared with the predictions of the FT-CET model of McFadden and Browne [3]. Fig.2 

shows this comparison. Figure 2.A shows the result from [3], where the columnar zone is 

shown in grey and the equiaxed grains are in white. Figure 2.B shows the results from the 

current model, where the volume fraction of equiaxed grains is shown in grey scale. In Fig 

2.B the extreme right side is fully equiaxed while left side is fully columnar. Judging by 

the grey scale, the transition zone is started around 10cm from the left edge and at 13 to 

14cm it becomes fully equiaxed. According to the macrographs obtained from the 

McFadden and Browne’s model simulation (Fig. 2.A), equiaxed grains were formed at 



10cm from left edge of the mould. But, such grains are elongated until a distance of 13-

14cm. From that point onwards it is possible to observe equiaxed grains with near-equal 

height to width ratio. Both models used exactly the same conditions and same 

thermophysical data. Notably, both used the same FT model to track the advancement of 

the columnar front. Therefore the new deterministic equiaxed model shows reasonable 

agreement with the FT equiaxed model [3]. This current model has been verified against a 

previous model.   

 

Comparisons with the experimental results. The predictions in ref. [3] showed good 

agreement with the CET position, but not with the observed equiaxed grain size. Therefore, 

the number of the uniformly distributed seed particles was increased to 750, which gives 

the close match for grain size of reported experimental results [5]. The simulation was 

repeated. Then, the fully equiaxed zone started at a distance of 12cm from the left edge 

(Fig. 3.A). The CET results are in reasonable agreements with the CET position of the 

experiment [19]; 11.8 cm from the bottom of the mould, which is the chill-end of the 

experimental set up, shown as the left-hand side here. According to the experiments [19] 

no columnar grains are visible beyond 11.8 cm from chill-end. 

 
Fig. 3  Simulation results with 750 uniformly distributed seeds 

 

The average equiaxed grain diameter is calculated by using average equiaxed grain 

densities, which are predicted from the simulation (table1). The agreement between 

predicted average equiaxed grain diameter and experimental data (5mm avg. diameter, as 

given in [5] for Al-7%Si alloy; half space - Rf  = 2.5 mm) is also good.  

 

Table 1. Simulated grain density and diameter of the equiaxed zone 

 

 

 

 

 

According to the simulation results it is possible to see moderate fraction of equiaxed 

grains even at the columnar region. Even though the exact experimental data is not 

available, a very low amount of equiaxed grains are visible close to the bottom of the 

mould in the Al-7%Si micrograph in ref. [19]. That experiment was carried out without 

purposely added inoculants. In such conditions, very low initial seed density is expected in 

the melt. Later, when columnar dendrites grow further into the undercooled melt, the 

nucleation seed density could be increased by provision of additional nucleation sites to the 

melt to represent possible phenomena such as dendrite tip re-melting and fragmentation 

[20] etc.. But the current model simulation is performed with a constant and uniform 

distribution of seeds throughout the melt, which may be accurate for grain-refined 

Distance [cm]  from left edge 12-13 13-14 14-15 15-16 16-17 

Grain Density  [ /cm
2 
] 5.213 5.223 5.232 5.241 5.249 

Grain Diameter [mm] 4.94 4.94 4.93 4.93 4.93 



experiments. It is possible that the imposed seed density matches the experimental one at a 

distance of more then 12 cm from chill-end, as solidification progresses. But because the 

starting computational seed density is higher than in reality, in the simulation we have 

excessive equiaxed nucleation potential at early stages (close to the chill-end) of  

solidification. This could be the main reason for prediction of higher equiaxed grain 

fraction in the material solidified at initial stage of the solidification process. 

 

Conclusion 

The macroscopic CET model is described. The new model is different from previous FT 

stochastic models and is computationally efficient when convection effects are integrated 

[21]. This deterministic model predicts the columnar and equiaxed grain fractions with 

average equiaxed grain size. Reasonable agreement was found between the model 

simulations and the experimental results.  
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