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Accuracy of instantaneous frequencies predicted by the Hilbert-Huang
transform for a bridge subjected to a moving vehicle

M. Casero & A. Gonzalez
University College Dublin, Dublin, Ireland

E. Covian
Universidad de Oviedo, Oviedo, Spain

ABSTRACT: This paper investigates the accuracy of the Hilbert-Huang transform (HHT) in capturing the time-
varying frequencies of a short-span bridge traversed by a vehicle travelling at a constant speed. The bridge and
vehicle are modelled as a simply supported beam and a quarter-car, respectively. The HHT uses empirical mode
decomposition to divide the original signal into mono-component signals, called intrinsic mode functions
(IMFs), where the Hilbert transform can extract instantaneous frequencies (IFs). Each IMF is associated with a
dominant frequency band, although mode mixing is possible. In order to improve the predicted frequencies,
several filters are applied before and after performing the HHT with a threefold purpose: (i) to remove the static
component, (ii) to isolate the first mode of vibration, and (iii) to obtain meaningful and denoised IFs. The
influences of a localized stiffness loss in the bridge, different vehicle speeds, and three signal-to-noise ratios on

the results are discussed.

1 INTRODUCTION

The characterization of the dynamic properties of a
bridge is of significant importance in the monitoring
of structures. Changes in the natural frequencies and
mode shapes (Kim et al. 2003) and damping ratios
(Curadelli et al. 2008) of the structure are often used
as damage detection methods. In order to obtain the
mode shapes of a structure, it is necessary to place
several sensors along the structure; however, one or
two sensors are usually enough to capture the natural
frequencies (Carden & Fanning 2004). Operational
modal analysis aims to obtain the dynamic properties
of the structures under its operational loading, i.e.
when traffic is traversing a bridge.

Vehicle-bridge interaction (VBI) models serve to
analyze how the presence of a vehicle affects the dy-
namic properties of the bridge. Generally, vehicles
are modelled as a combination of masses that interact
with each other and with the bridge via springs. The
mass and stiffness properties of the VBI model com-
bining the vehicle and the bridge differ from those
properties of the bridge alone. Therefore, the VBI
model leads to a variation of the frequencies of vibra-
tion of the bridge while traversed by the vehicle as
demonstrated by Yang et al. (2013), Chang et al.
(2014), Gonzalez et al. (2015) and Gonzalez et al.

(2020) using eigenvalue analysis. Both Yang et al.
(2013) and Chang et al. (2014) model the vehicle as a
sprung mass and derive analytical expressions that re-
late the frequency of the bridge in forced vibration to
the original frequencies of bridge and vehicle. On the
other hand, Gonzalez et al. (2015) conduct analyses
on a 3D model using a 5-axle truck and Gonzéalez et
al. (2020) investigate the impact that the presence of
damage has on the forced frequencies of the bridge.
When using field measurements, the mass and
stiffness matrixes will not be available, and it be-
comes necessary to employ a signal processing tool
in the time-frequency domain that will characterize
the time-varying frequencies of the system. Some of
the most popular signal processing tools are the
Short-time Fourier Transform (STFT), Continuous
Wavelet Transform (CWT) and Hilbert-Huang Trans-
form (HHT). The STFT is an extension of the FFT
that uses a moving window to obtain instantaneous
frequencies and to achieve a time-frequency domain
representation. However, the selection of the window
size may be challenging, since it leads to a trade-off
between the time and frequency resolutions
(Amezquita-Sanchez & Adeli 2016). The CWT s
widely used due to its versatility and computational
efficiency. Cantero & Obrien (2013) test several
mother wavelets for the CWT on the simulated



response of a beam traversed by a sprung mass, to in-
vestigate the variation of the 1% natural frequency
with the position of the vehicle. Their results indicate
that the maximum variation of the frequency happens
when the vehicle is located at midspan, which is the
point of maximal modal amplitude for the 1% mode.
They also find that the magnitude of the frequency
variation is linked to the mass and frequency ratios
between the sprung mass and the beam. Higher mass
ratios and frequency ratios closer to one lead to more
significant frequency variations. Lab experiments
(Cantero et al. 2019) and field tests (Cantero et al.
2017) provide further experimental evidence on the
variation of the forced frequency.

The STFT and CWT are very similar to each other,
i.e., the signal is assumed to be stationary and a shape
(sinusoidal in the case of STFT or mother wavelet in
the case of CWT) is stretched and scaled to be com-
pared to the original signal at each point in time in
order to establish the frequency content. However, for
a non-stationary signal, the instantaneous frequencies
calculated by STFT and CWT may be smoother than
in reality. In contrast, the HHT is conceptually differ-
ent, given that it is built to deal with non-stationary
signals. The HHT consists of two basic steps. In a first
step, the signal is split into several Intrinsic Mode
Functions (IMFs) through an iterative process using
Empirical Mode Decomposition (EMD). IMFs are
mono-component signals, which allows applying the
Hilbert Transform (HT) to obtain the Instantaneous
Frequencies (IFs) in a second step. Gonzélez & Aied
(2015) use the HHT to successfully identify damage
in non-linear bearings by analyzing the IFs of the sys-
tem.

One of the limitations of the HHT arises precisely
from the incorrect separation of the signal compo-
nents using EMD. Often, two IMFs that should corre-
spond to two distinct modes with completely different
frequencies may show interchanged frequencies. This
phenomenon is called mode-mixing, and there are
several variations of the EMD process in the literature
that intend to mitigate its impact, such as Ensemble
EMD (EEMD) (Torres et al. 2011), Complementary
EEMD (Yeh et al. 2010) or Partly Ensemble EMD
(Zheng et al. 2013). For instance, Aied et al. (2015)
employ EEMD to characterize sudden stiffness
changes of stiffness on a plate model when a 2-axle
vehicle is driving over it.

This paper develops a strategy to improve the ac-
curacy of the HHT in capturing the instantaneous 1%
bridge frequency during forced vibration. Initially,
two moving average filters (MAFs) are applied to the
acceleration response from the bridge to identify its
static component. Gonzalez & Hester (2013) use a
similar approach of a double MAF to obtain the static
component from an acceleration record for damage
detection. This static component is later subtracted
from the original response to obtain an estimation of
the dynamic component. Then, a low-pass filter is

applied to the dynamic component to remove the
higher frequencies and to prevent mode-mixing when
applying the HHT. Finally, a weighted average filter
algorithm (WAFA) is used to smooth the calculated
IFs. The concept is introduced using the theoretical
response of a beam model due to a moving constant
force and then tested using a coupled VBI model.

Section 2 describes the numerical models used for
simulating the response of a bridge crossed by a ve-
hicle. Section 3 shows how the combination of
MAFs, low-pass filter and WAFA can contribute to
improving the instantaneous frequencies predicted by
the HHT in the case of a moving constant force cross-
ing a bridge in healthy or damaged structural condi-
tion. Section 4 expands the analysis to a moving
sprung vehicle interacting with the bridge, allowing
for a range of speeds and signal to noise ratios. Fi-
nally, Section 5 outlines the conclusions and future
lines of research drawn from this work.

2 VEHICLE-BRIDGE INTERACTION MODEL

Figure 1 shows the bridge and vehicle models used in
the simulations. The bridge is modelled as a 15 m
long simply supported beam discretized into 150 Eu-
ler-Bernoulli elements with two degrees of freedom
(vertical displacement and rotation) at each node. The
depth of the beam (d) is 0.6 m, leading to a moment
of inertia per unit breadth of 0.6%/12 = 0.018 m*/m.
The properties of the material are representative of re-
inforced/prestressed concrete: Young’s modulus of
35x108 kN/m?, Poisson’s ratio of 0.15 and density of
2500 kg/m?®. The total mass of the bridge, assuming a
width of 10 m, is 15x10x0.6x2500 = 225 tons. The
first and second natural frequencies are 4.52 and
18.10 Hz, respectively. Bridge damping is typically
low, and it is neglected in the analysis.
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Figure 1. VBI model.

The vehicle is modelled using a quarter car, con-
sisting of two masses connected to each other and to
the bridge via springs. One degree of freedom is re-
lated to the upper mass (ms), representing the body of
the vehicle (ms = 9300 kg), and another degree of



freedom is related to the lower mass (my), correspond-
ing to the mass of an axle (my = 700 kg). The ratio of
the vehicle mass to the bridge mass is 0.044. The top
and bottom springs (ks and k) represent the suspen-
sion (ks= 1.8x10% kN/m), and the tire (ki = 10% kN/m)
respectively. The frequencies of the vehicle are 1.30
Hz (body bounce) and 10.22 Hz (axle hop). Vehicle
damping is not considered here.

In Section 3, the interaction between the vehicle
and the bridge is prevented. As a result, the analysis
is similar to a moving point load with a constant mag-
nitude equal to the total weight of the vehicle (i.e., 10
ton). In Section 4, the dynamic interaction between
vehicle and bridge is allowed. The coupled equations
of motion of vehicle and bridge are solved using the
Wilson-Theta method (Gonzalez 2010). The sam-
pling frequency used in the simulations is 1000 Hz.
Unless otherwise specified, the vehicle is assumed to
move at a slow, constant speed of 1 m/s over the
beam.

3 HHT OF THE BRIDGE RESPONSE DUE TO A
MOVING POINT LOAD

3.1 Healthy bridge

Figure 2 shows the total acceleration response at x =
5 m from the left support of the bridge described in
Section 2 due to a moving point load. The total accel-
eration in the figure can be divided into static (as a
result of the static deflection of the bridge) and dy-
namic (as a result of the time-varying inertial forces
of the vehicle and bridge) components.
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Figure 2. Simulated acceleration response of a bridge due to a
moving point load.

This paper proposes a procedure to improve the ac-
curacy of the frequencies predicted by the HHT. The
methodology consists of three stages: (1) pre-pro-
cessing of the original total acceleration to isolate the
mode of vibration of interest before applying the

HHT, (2) processing of the filtered acceleration by the
HHT to obtain the IFs, and (3) post-processing of the
IFs to remove noise.

In stage (1), the static component will be removed
from the total response to extract the dynamic com-
ponent as accurately as possible. For this purpose, a
MAF is applied. Before applying the MAF, the re-
sponse shown in Figure 2 is mirrored using anti-sym-
metric padding to mitigate edge effects (Gonzalez et
al. 2019). The span of the MAF is defined by a num-
ber of points in accordance with the first period of vi-
bration of the bridge. Using the 1% natural frequency,
which can be obtained from the free vibration of the
bridge, the value of the first period of vibration is
0.221 s. Since the sampling frequency is 1000 Hz, the
first period corresponds to 221 points in the simulated
signal. For calculating the new value of each point in
the filtered response, a total of 221 points are selected,
with the point of interest being at the center of the set
of points, and their values are added and divided by
221. The filtered response derived from applying the
MAF is shown in Figure 3(a) using a solid blue line.
The static component due to a moving load is ex-
pected to be triangular, with a maximum at the meas-
urement location. An FFT of the filtered response
provides evidence that the first frequency of the
bridge has not been completely eliminated by apply-
ing the MAF. The power spectrum in Figure 3(b) in-
dicates that although the dominant frequencies con-
centrate now around zero, there is still a small peak at
around 4.5 Hz. A second peak can also be observed at
around 18 Hz, corresponding to the 2" bridge fre-
quency. Thus, a second MAF with the same parame-
ters as the previous MAF (221 points) is applied, ob-
taining the dashed red line in Figure 3(a). The
remaining response does present a clear triangular
shape. Even with the mirroring of the response, edge
effects are unavoidable and will become more rele-
vant as the speed of the vehicle increases.
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Figure 3. (a) Estimated static component of acceleration in Fig-
ure 2 using MAFs; and (b) Power spectrum of the response fil-
tered using one MAF.

Once the static component of the response has been
identified, it is subtracted from the original response
in Figure 2, so that only an estimation of the dynamic
component remains. Then, an eighth-order low-pass
Butterworth filter with a cut-off frequency of 6 Hz is
applied to the estimated dynamic component to elim-
inate high frequencies that are of no interest and a po-
tential source of mode mixing.

In stage (2), EMD is applied to obtain the IMFs
from the estimated dynamic component associated
with the main mode of vibration. In order to mitigate
the edge effects, the approach proposed by Wang &
Ji (2018) is applied here. As part of the EMD process,
the upper and lower envelopes of the signal must be
calculated through spline interpolation. However,
given the impossibility of calculating local minima or
maxima at the ends of the signal, it is possible that the
spline fitting results in large swings of the envelopes,
i.e. the upper envelope crossing over the lower enve-
lope. In order to avoid this problem, Wang & Ji pro-
pose a linear interpolation approach for the end of the
signal based on the last two local minima or maxima.
Finally, the HT is applied leading to the IFs in Figure
4(b). For comparison purposes, the HHT is also tested
on the original response (Figure 4(a)). Given that
there is no interaction taking place between vehicle
and bridge, the 1% bridge frequency should remain in-
variable and it is represented by a horizontal dashed
black line in Figure 4. The horizontal axis is given in
terms of vehicle position on the bridge, x, with respect
to the left support (Figure 1), to facilitate comparisons
when the speed of the vehicle is modified in subse-
guent analyses.
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Figure 4. Instantaneous frequencies of the: (a) original response,
and (b) dynamic component with a low-pass filter.

In stage (3), the results from Figure 4 are further
improved by applying a WAFA to the IFs as recom-
mended by Niu et al. (2012). Equation 1 defines the
amplitudes associated with each IF as the weights to
compute a weighted average of each IF over a number
of points.

IF (k) =
S/ 17000
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where 1F (k) = weighted average value of IF(k); k =
index of IF being averaged; A(k) = amplitude associ-
ated to IF(k); m = maximum number of IFs used to
calculate the weighted average value; and N = total
number of IFs.

It must be noted that IF (k) is a piecewise function.
When k represents an IF close to the edge, the number
of points between the beginning/end of the signal and



the index k is less than half the value of m minus one.
In those cases, the weighted average is computed us-
ing a number of points smaller than m, as reflected by
the first and third sub-functions in Equation (1). For
instance, if k = 1, the weighted average is computed
based only on IF(1) and the next (m-1)/2 points, i.e. a
total of m/2 points.

As was the case with the MAF applied to obtain the
static component, the selection of the window length
is an important parameter here. A window size of m
= 225 samples is chosen based on the expected fre-
quency. The resulting IFs are shown in Figure 5, with
the horizontal dashed line representing the 1% fre-
quency.
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Figure 5. Instantaneous frequencies after applying WAFA to the
IFs in Figure 4(b).

Table 1 contains the root mean square errors
(RMSE) of the predicted IFs for three segments of the
bridge span. RMSE is calculated as per Equation 2.

n

2
RMSE = J n (P0ug-1r0) o

where IF(K)eig = frequency obtained from eigenvalue
analysis; and n = number of points over which RMSE
is calculated.

In this case, the subtraction of the static component
does not have a significant effect on accuracy, but the
application of the low-pass filter considerably re-
duces the error in the predicted frequency. This is es-
pecially noticeable near the left support where the
edge effects have a significant effect on the non-fil-
tered responses. When applying WAFA in post-pro-
cessing of the dynamic filtered, edge effects are still
present and remain a challenge, but the prediction of
the frequency is highly accurate in the central part of
the bridge. Edge effects may be reduced to some ex-
tent by further increasing the window length of the
WAFA but at the cost of losing accuracy in the central
part of the bridge.

Table 1. RMSE (Hz) of the predicted frequencies
without interaction between bridge and vehicle.

Response 0-15m 3-12m 6-9m
Original 2.415 0.014 0.014
Dynamic 2.415 0.014 0.014
Dynamic filtered 0.809 0.011 0.009
Dynamic filtered +WAFA 0.242 0.001 0.001

3.2 Damaged bridge

The stiffness loss due to a crack is modelled following
Sinha et al. (2002), who assume that there is a linear
variation of stiffness from the location of the crack
(maximal stiffness loss) to a distance equal to 1.5d at
both sides of the crack (zero stiffness loss), where d
represents the depth of the beam. A crack with a depth
equal to 0.12 m is adopted. The crack is located at x
= 9 m, thus elements between x = 8.1 m and x = 9.9
m are affected by the crack

The same methodology as before is then repeated
for the acceleration response of the vehicle passing
over the damaged bridge. The static component is
subtracted from the total response and higher fre-
quency components are removed using a low-pass fil-
ter with a cut-off frequency of 6 Hz. Figure 6 shows
the IFs that are obtained following the application of
the WAFA, together with the IFs corresponding to the
healthy bridge. The first frequencies of vibration of
the healthy and damaged bridges are represented by
horizontal dashed and dotted lines respectively.
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Figure 6. Comparison of instantaneous frequencies associated
with healthy and damaged bridges.

It can be seen that the HHT is able to capture the
permanent change in frequency due to the presence of
damage as the IFs oscillate now around the new 1%
bridge frequency (4.35 Hz). The difference in first
frequencies of vibration between damaged and
healthy bridges is 0.17 Hz, i.e., a 3.79% decrease. A
more challenging scenario is presented in Section 4
when the HHT is used to capture the slight and



gradual variations of frequency caused by the move-
ment of a vehicle along the bridge.

4 HHT OF THE BRIDGE RESPONSE DUE TO A
QUARTER-CAR MODEL

In the previous section, the moving point load model
neglects the interaction between the vehicle and the
bridge. Hence there is no possible variation in the 1%
frequency of the bridge. If the simulations were re-
peated using the sprung vehicle model of Section 2, a
variation in the predicted IFs could be expected. The
evolution of the frequency of the bridge with the po-
sition of the vehicle can be obtained from the eigen-
value analysis of the VBI model. For each potential
location of the vehicle, the varying global stiffness
matrix can be computed and, together with the global
mass matrix, allow obtaining the frequency of the sys-
tem associated with the 1% mode of vibration of the
bridge. Figure 7 shows both the frequency values ob-
tained from eigenvalue analysis (dashed line) and the
IFs (continuous line) obtained from applying the
three-stage HHT procedure described in Section 3.1
to the acceleration response due to the quarter-car.
There is a difference of 0.016 Hz between the maxi-
mum eigen-frequency and the 1% bridge frequency in
free vibration, which represents a maximum change
in forced frequency of only 0.35% that is challenging
to capture.
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Figure 7. Instantaneous forced frequencies from coupled VBI
system due to a vehicle travelling at 1 m/s.

As reported in the literature, the IFs in forced vi-
bration have a gradual evolution, leading to a maxi-
mal variation with respect to the 1% bridge frequency
when the vehicle is located at midspan. Both the
eigen-frequencies and the IFs resemble this pattern in
Figure 7. Edge effects arising from the application of
the HHT lead to a poor prediction of frequencies in
the intervals x e [0,1] and x € [14,15]. Nonetheless, the

RMSE for frequencies betweenx =1 mandx =14 m
is 0.001 Hz.

4.1 Impact of vehicle speed

The speed of the vehicle has been kept at a low value
(1 m/s) to obtain a long response that is beneficial to-
wards predicting frequencies with high-resolution. In
this section, speed is gradually increased to test the
accuracy of the HHT with shorter responses. Figure 8
shows the instantaneous frequencies obtained for
speeds of 2 m/s, 4 m/s, 6 m/s and 8 m/s. The frequen-
cies from the eigenvalue analysis are also shown as a
thick dashed black line for reference purposes. It can
be seen how a higher speed amplifies the negative
edge effects and causes a loss of accuracy in the pre-
dicted frequencies. The most inaccurate results are
obtained for 8 m/s, when the response in forced vibra-
tion is only 1.875 s long.

6 m/s
8 m/s

10 1

LN

x (m)

Figure 8. Instantaneous forced frequencies from coupled VBI
system due to vehicle travelling at 2, 4, 6 and 8 m/s.

In spite of the inaccuracies near the supports, Table
2 shows that the RMSE is kept at reasonable low val-
ues for the central segment of the bridge, i.e., between
x=6and x=9m.

Table 2. RMSE (Hz) of the predicted frequencies for
the coupled VBI system using different speeds of the
quarter-car.

Speed 0-15m 3-12m 6-9m
1m/s 0.164 0.001 0.001
2m/s 0.180 0.001 0.001
4 mfs 0.251 0.003 0.001
6 m/s 0.272 0.006 0.003
8 m/s 0.605 0.006 0.005

4.2 Impact of noise

An additive Gaussian noise model is used to contam-
inate the acceleration response with low, moderate



and high noise levels. The level of noise is character-
ized by the signal-to-noise ratio (SNR), which is de-
fined as the ratio of the standard deviation of the clean
acceleration response (os) to the standard deviation of
the noise (on). Therefore, a high value of SNR implies
a low amount of noise and vice-versa. Equation 3 is
used to simulate a measured signal by adding noise to
the theoretical response.

{ay} = {as} + oy - (NO,D} = {a} + = (N(O, DY (3)

SNR

where {ay} = vector containing the noisy acceleration,
{as}= vector containing the theoretical acceleration
response; and {N(0,1)} = vector containing values
randomly sampled from a standard normal distribu-
tion with zero mean and unit standard deviation.

Figure 9 shows the IFs obtained from applying the
HHT to the theoretical response at 1 m/s corrupted
with SNRs of 20, 10 and 5, representing relative er-
rors in the measurements of 5%, 10% and 20% re-
spectively. Although the prediction of the frequency
becomes more inaccurate as noise increases, the
method proves to be quite robust, even for relatively
high levels of noise.
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Figure 9. Instantaneous forced frequencies from the response of
a coupled VBI system due to vehicle travelling at 1 m/s, cor-
rupted with three signal-to-noise ratios.

Table 3 summarizes the RMSEs for each level of
noise. The random nature of noise leads to a surpris-
ingly lower RMSE for the moderate level of noise
(SNR = 10) when considering the whole length of the
bridge, i.e. including areas close to the supports.

Table 3. RMSE (Hz) of the predicted frequencies for
different levels of noise.

SNR 0-15m 3-12m 6-9m
Noise-free 0.164 0.001 0.001
20 0.163 0.002 0.002
10 0.094 0.005 0.005
5 0.164 0.013 0.012

5 CONCLUSIONS

A methodology has been proposed to improve the ac-
curacy of the HHT in estimating the 1% frequency of
a short-span bridge in forced vibration. Prior to the
implementation of the HHT, a moving average filter
has been used to extract the static component from the
original response. The static component has been sub-
tracted from the original response to obtain the dy-
namic component of the response. A low-pass filter
has then served to remove frequency components
above the 1% bridge frequency. Finally, the accuracy
of the IFs by the HTT associated with this low-fre-
quency dynamic component has been enhanced via a
weighted average frequency algorithm.

The HHT, in combination with the filters proposed
above, has been able to quantify the change in forced
frequency due to a localized stiffness loss. When the
interaction between the bridge and a moving vehicle
was allowed, the methodology has accurately cap-
tured the small changes in the forced frequency of the
bridge derived from the different positions of the ve-
hicle, except near the supports. Edge effects make un-
feasible the accurate prediction of frequencies near
the supports and its negative influence has grown
more significant as the response became shorter. As a
result, an increase in speed has shortened the portion
of the bridge over which the HHT is able to provide
reliable values of IFs. In the central portion of the
bridge and away from the supports (i.e., from 1/5 to
4/5 of the span), the methodology has dealt with low
to moderate levels of noise successfully. Future re-
search is needed to improve the prediction of frequen-
cies for locations of the vehicle near the supports and
higher speeds of the vehicle.
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