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ON THE MIXED CAUCHY PROBLEM WITH DATA ON SINGULAR
CONICS

PETER EBENFELT AND HERMANN RENDER

1. INTRODUCTION

In this paper, we shall consider the mixed Cauchy problem for holomorphic partial
differential operators of the type

(1) Lu= Qi (D)u—+ Z ao (2) D%

where Qi (D) is a non-trivial homogeneous, constant coefficient partial differential op-
erator of order k, the a,(z) are holomorphic functions in a domain Q C C™ contain-
ing 0, and ky is a natural number < k. We use standard multi-index notation with
a=(a1,....0,) €Ny, o] = a; + ...+ a,, and D denoting the differential operator

o« olel

— o .
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The principal symbol of the partial differential operator L in (1) is the homogeneous
polynomial @y (¢) of degree k.

Let O(U) denote the space of holomorphic functions in U C C™. Clearly, L defines a
continuous linear operator L: O(U) — O(U) for every U C ). In general, this linear
operator is not injective. Indeed, if L has, e.g., constant coefficients, then it is well known
(and easy to prove using the idea of Fischer duality as in [31]; see also [14]) that there
are non-trivial entire solutions of Lu = 0 as long as k > 1 and, hence, L: O(U) — O(U)
is never injective in this case. The surjectivity of L: O(U) — O(U) is more subtle,
even when L has constant coefficients, and depends on the geometry of the domain U.
The reader is referred to [20] for further information about this question (see also [3]).
However, it is an immediate consequence of the classical Cauchy-Kowalevsky theorem
that, for any domain 0 € U C (2, there exists a subdomain 0 € U’ C U such that the
equation Lu = f, for f € O(U), has solutions u € O(U").

The mized Cauchy problem for L (at 0) that we shall consider in this paper consists of
finding large classes of irreducible algebraic hypersurfaces (i.e. codimension one algebraic
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2 PETER EBENFELT AND HERMANN RENDER

subvarieties of C™)
Ty,....T,

containing 0 € C", and multiplicities p, ..., i, such that, for every domain 0 € U C €,
there exists a subdomain 0 € U’ C U with the property that the boundary value problem

Lu=f
(2) {

has a unique solution u € O(U’) for every f,g € O(U). In this case, we shall say that
the mixed Cauchy problem (2) is well posed. The classical Cauchy-Kowalevsky theorem
corresponds to the case of a hyperplane

=T :={(21,...,20) € C": 2y =0}

(so p = 1 and the multiplicity is k) and Qx(D) = D®%0 see e.g. [28], p. 15. By an
analytic change of variables the Cauchy-Kowalewsky theorem can be generalized to the
case of initial conditions on a hypersurface

=T :={z: R(z) =0}

which is non-singular at 0 (i.e. the conormal vector ¢ := (OR/0z)(0) is not 0), and non-
characteristic with respect to L at 0 (i.e. Qx(C) # 0), see [28], p. 22. So in this case, the
Cauchy problem is well posed. However, we shall be interested in the more difficult case
of singular hypersurfaces which is not covered by the Cauchy-Kowalevsky theorem. Our
methods of proof depend on arguments using homogeneous power series in combination
with new decompositions of homogeneous polynomials, known as Fischer decompositions;
for more details we refer the reader to Section 5.

Before stating our main results and discussing previous results along these lines, let us
remark that it suffices to consider only the mixed Cauchy problem with nulldata, i.e.

3) b=’
3 .
(Dﬁu)h—‘] :07 J :177p7 OS |ﬁ‘ </“LJ

since the equation Lu = f has a solution in O(U’) for every f € O(U). For the remainder
of this paper, we shall consider only the problem (3) with nulldata.

In what follows, we shall give some equivalent reformulations of the mixed Cauchy
problem that will be more convenient from a technical point of view. Since each I'; is an
irreducible algebraic hypersurface in C* with 0 € I';, there is an irreducible polynomial
R;(z), uniquely determined up to a multiplicative constant and with R;(0) = 0, such that
I'; :={z: Rj(z) = 0}. The condition that

DPulr, =0, 0<|8| < py,

for u € O(€) is equivalent to R.’ dividing u in the ring O(€'), henceforth denoted by
R}’|u. Thus, if we set P := R}"...R,", then the mixed Cauchy problem (3) can be
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equivalently formulated as follows,

Lu=f
4
We shall refer to the polynomial P in (4) as the divisor in the mixed Cauchy problem.
Now, given f € O(U), a function u € O(U’) is a solution to (3) or, equivalently, to (4) if
and only if uw = Pgq, for some ¢ € O(U’), and L(Pq) = f in U’. In particular, the mized
Cauchy problem for the operator L and divisor P is well posed if and only if, for every

domain 0 € U C Q, there is a subdomain 0 € U’ C U such that there exists a unique
solution g € O(U’) to the equation

(5) L(Pq) = [,
for every f € O(U). We shall use this formulation of the mixed Cauchy problem in our
main results, Theorem 2, Theorem 3 and Theorem 17.

Previous results on the mixed Cauchy problem (at 0) includes a theorem by Hérmander
([19], Theorem 9.4.2) in the case where the divisor P(z) is a monomial z” of degree |y| = k,
Qr(D) = D7, and certain sufficiently small perturbations are allowed even in the principal
part of L (i.e. ko in (1) is allowed to be k, but the coefficient a,(z) must be identically
0 and there is a “smallness” requirement for those coefficients a,(z) for which |a| = k).
An early version of this theorem in two dimensions goes back to Goursat (see e.g. [31]).
Another, more recent result is due to the first author, jointly with H. S. Shapiro ([14],
Theorem 3.1.1): There exists a number ky < k depending on @)y such that the mixed
Cauchy problem with divisor P(z) = Q;(z) = Qx(Z) has a unique solution u € U’ for
every f € O(U).

In this paper, we shall prove a result (see Theorem 2) for the mixed Cauchy problem
for differential operators L of the type Qx(¢) = (B(())™ where k = 2m and B(() is a non-
degenerate quadratic form. For the divisor P(z) we only require that it is a homogeneous
polynomial of degree 2m that is B(()-elliptic (see below for the definition). This result
does not contain, nor is it contained in the results from [14] mentioned above. The results
in [14] allow a more general class of principal symbols Qx(¢), but, on the other hand, for
cach Qk(() there is only one divisor P(z) that can be used in the mixed Cauchy problem,
namely Q5 (z). The result in the present paper treats a smaller class of principal symbols,
but for each such principal symbol Qr({) there is a large class of P(z) that may be used
as a divisor. We also give a more precise result in R™ for operators with the iterated
Laplacian as their principal symbol. The additional precision in this theorem concerns
the relation between U’ and U (see Theorem 3).

The paper is organized as follows. The main results are stated in Section 2 and it
is explained how Theorem 2 follows from Theorem 3. Section 3 discusses two examples
as illustrations of our main results. The section after that introduces an integral that
will be used throughout the paper. The Fischer norms are then introduced and some
basic estimates are proved in Section 5. The next section contains further estimates and,
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in particular, the key estimate (Theorem 13) needed to prove Theorem 3. In the last
section, Section 7, we state and prove a general result about mixed Cauchy problems in
R" (Theorem 17), which together with the estimate in Theorem 13 proves Theorem 3.

2. MAIN RESULTS

In order to state our first main result, we need the following definition. Let B(({) be a
nondegenerate quadratic form in C", i.e. B(¢) = ¢*B( for some invertible, symmetric nxn
matrix with complex coefficients. By standard linear algebra, there exists an invertible
n X n matrix A such that B(Ar) is equal to the standard nondegenerate quadratic form
X(7),

(6) X(7) = ZTE.

Let now Py,(2z) be a homogeneous polynomial of degree k := 2p > 2. We shall say that
Py, is B-elliptic if, for some invertible n x n matrix A such that B(A1) = X(7), the
polynomial P,,(A™"z) is real-valued for z € R™ and there is a constant § > 0 such that

(7) Py, (A7'z) > §(B(Az))? = 8|z|*, =€ R™

Here A~ is the transpose of the inverse matrix A~!. For instance, if B({) = 2({) and
Py,(z) is elliptic in the usual sense, i.e. P,(x) is real and satisfies Py,(z) > d|z|* for
x € R", then of course Py, is B-elliptic. However, we point out that P, can be X-elliptic,
even if Py,(x) fails to be elliptic, as is illustrated by the following example.

Example 1. Let £ € R and consider the following homogeneous polynomial of degree 4,

(8) P(z) = Pu(z) := (&' + (1 4+ )%z + (&1 + (1 4+ )z — 1262(1 4+ £%)27 2]
+ 4/ 14 €2(1 4 26%) (2125 + 22 2).

The polynomial P(x) is not real for € R™ and, hence, is not elliptic (nor is its real part
elliptic if, say, |£| > 1). However, if we let A be the matrix

(9) A= lf Y 1+ 52

o\ +& i€
then one can check that (A7) = 3(7) and P(A™'z) = a2} + 3. Since P(A™z) is real
and satisfies P(A7'z) > §|x|*, we conclude that P is -elliptic.

We also mention that a homogeneous polynomial Ps,(z) of degree 2p is B-elliptic, for
a given nondegenerate quadratic form B((), if and only if there exists a linear change
of coordinates z = A~'w such that Q9,(0/0z) := (B(9/0z))? in the new coordinates w
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becomes Qo,(0/0w) = AP, where
1 Ac = E —
( O) - 7=1 aw?’

and the polynomial Py,(w) := Py,(A~w) is elliptic in the usual sense.
Our first main result is the following.

Theorem 2. Let B(() be a nondegenerate quadratic form in C" and p an integer > 1.
Let k :=2p, Qk(C) := (B(())?, and consider the holomorphic partial differential operator
L given by (1) with kg = p = k/2. Suppose P(z) = Py(z) is a homogeneous polynomial
of degree k = 2p that is B(()-elliptic. Then, for any domain 0 € U C €, there is a
subdomain 0 € U' C U such that the mized Cauchy problem

L(Pq) = f
has a unique solution ¢ € O(U") for every f € O(U).

In the setting of Theorem 2, as we mentioned above, we may assume, possibly after a
linear change of coordinates, that Qa,(D) = AL and Pyy(x) > d|z|? for z € R". Let A
denote the usual Laplace operator in R”,

(11) A=

Theorem 2 will follow from a result about a mixed Cauchy type problem in R” for partial
differential operators whose principal symbol is the iterated Laplace operator AP. To for-
mulate this result, we must introduce some more notation. Let Br := {x € R" : |z| < R}
be the open unit ball in R™ (where 0 < R < 00). We consider the algebra A (Bpg) of all
infinitely differentiable functions f : B — C such that for any compact subset K C By
the homogeneous Taylor series Y *_, f,, (x) converges absolutely and uniformly to f on
K; here, f,, is the homogeneous polynomial of degree m defined by the Taylor series of f

fuw)= 3 T g

a =!0zo

laj=m

Note that the functions in A(Bpg) are real-analytic. In fact, it is known that A (Bg) is
isomorphic to O(Bg), where B C C™ denotes the Lie ball of radius R

Br = {zecnz|z]2+\/|z|4—\z%+...+z,%|2<R2},

and the isomorphism ¢: (’)(B}) — A (Bg) is simply given by ¢(f) := f|p,. (See [32] for
this result; see also [30], Section 8.) We observe that the isomorphism ¢ commutes with
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differentiation in the following way

) (6"“1”) _ o)

0z% oz

Since any domain 0 € U contains a Lie ball of some radius and every Lie ball contains an
open neighborhood U’ of 0, we conclude, as claimed above, that Theorem 2 indeed is a
consequence of the following result in R™.

Theorem 3. Suppose that Py, () is homogeneous of degree 2p and elliptic, i.e. there
exists 0 > 0 such that Py, (z) > 0 |z[*? for all z € R™. Let 0 < ko < p be an integer, R > 0
a positive number, a,(z) functions in A(Bg) for every multi-index o € N with || < ko,
and
L=AP+ Z aq(x)D".
v <ko

If ko < p then the operator q — L (Ps,q) is a bijection from A(Bg) onto A(Bg). If
ko = k then there exists v > 0 such that the equation L (Py,q) = f has a unique solution
q € A(B,) for every f € A(Bg).

The proof of Theorem 3 hinges on new estimates for a real version of the Fischer norm
(see Theorem 13) that go back to the paper [30] by the second author. Theorem 3 follows
then from a general result (Theorem 17) about real mixed Cauchy type problems. The
latter theorem is analogous to a similar theorem about complex Cauchy problems in [14].

We note that if Qq,(D) = A in Theorem 2 (as we may assume), then the homogeneous
polynomial Py,(z) = Q3,(x) = |z|* is B-elliptic. Thus, both Theorem 2 and Theorem
3.1.1 in [14] apply to the mixed Cauchy problem for L given by (1) with divisor Py,(z) =
> 2. In this particular situation, the result in [14] is more general: the number kg in (1)
can be chosen to be 3p/2 (see [14], p. 261), whereas in the present paper only kg = p is
allowed. The reason for this is that [14] utilizes the complex Fischer norm, rather than the
real one used in this paper, and when Qa,(D) = AL, Poy(z) = zjz, a stronger estimate
holds for the complex Fischer norm (see Subsection 6.1). The advantage of the real norm,
of course, is that it allows a much more general class of divisors.

3. EXAMPLES AND APPLICATIONS

In this section, we apply Theorem 3 to a couple of explicit examples. Before proceeding,
we should perhaps point out that, in general, the mixed Cauchy problem for L with divisor
P is not well posed, even if P is a homogeneous polynomial of degree k, as is illustrated
by the following simple example.

Example 4. Consider the complex “Laplace operator” in two variables

0? 0?
L=Ac= L 4+ &
922 * 02
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and the homogeneous polynomial P(z) = z;25. Note that ¢ = 1 solves L(Pg) = 0 and,
hence, the uniqueness fails. It is also easy to see that the equation L(Pg) = 1 has no
solution in any neighborhood of the origin.

In [14, Section 5], it is also shown that solvability can fail even when uniqueness holds.
For instance, if we take L to be the complex Laplace operator in C? and

P(z) = (2 4 (20 — 1) = 1) = 22(2] + 25 — 229),

then uniqueness holds in the mixed Cauchy problem at 0 but L(Pq) = f is in general not
solvable.

The problem of deciding for which polynomials P(z) the mixed Cauchy problem L(Pgq)
0, where L is the complex Laplace operator, has ¢ = 0 as its unique solution has been
addressed in e.g. [2], [1].

Example 5. Consider the holomorphic partial differential operator
(12) Lim AL+ ) a(o)- 0+ b,
= aZj

where, for simplicity, the coefficients a;(z) and b(z) are assumed to be entire functions in

C". Let P(z) = >0, zj and note that P(x) > d|z|* for z € R™. Since ko = 1 < 2, it

follows from Theorem 3 and the remarks preceding it that the mixed Cauchy problem
L(Pq) = f

has a unique solution ¢ € (’)(é}) for any f € O(E}) and any R > 0. This illustrates the
fact that if U is a Lie ball, then one can take U’ = U in Theorem 2 provided that kg < p

(and the coefficients are analytic in é;:z)
Example 6. Let [ denote the wave operator in R"® x R,

" 02 0?

and consider the real partial differential operator
(13) L:=0+a(z,t),

where a(z,t) is, say, in A(R"1). Let

n

P(z,t) := Za:? — 12,

Jj=1
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so that {(z,¢): P(z,t) = 0} is the light cone. Observe that the linear change of variables
y = it transforms O into the Laplace operator A in R™™ and P(z,y) := P(z,it) becomes

P(z,y)=> o)+,
j=1

which is clearly elliptic. An application of Theorem 2 and the remark made in Example 5
above (here, kg = 0 < 1 = p) yields (the probably well known result) that the real Cauchy
problem

(14) L(Pq) = f
has a unique solution ¢ in A(Dg) for every f € A(Dg). Here, Dpg is the real domain

Dy e {<x,y> SR xR [z + [y + /(22 + o2 — e 1.0z — g2 < R?},

and A(Dg) denotes the restriction to Dy of functions that are holomorphic in

{(z,w)) eC"xC: |z = +jw]* + \/(|z2| Flw2)? = 22422 —w?) < R2}

We point out that the light cone, which carries the null data in (14), is everywhere
characteristic for the wave operator [J.

4. A SPECIAL INTEGRAL

Throughout the paper we shall use frequently the following notation:
I, = / e rmdr for m € Np.
0

This integral is well known, and for the even case (see p. 265 in [29] ) we have

2m) =! 1-3-5-...-2m—1
(15) Loy = ﬁ—( m) 972m — ﬁ (2m = 1) < ml,
2 m! 2 2m
while in the odd case a simple substitution argument gives
o 1 [ 1
(16) Loy = / e T2l gy = —/ e Fx"dr = —m!.
0 2 Jo 2

We shall use the following identity.
Proposition 7. For positive integers m,k, j, n,

Lmiajiinot 1 .
(17) 2kl — — (n 4 2m) (n+2m +2) ... (n + 2m + 25k — 2).
Iomin—a 20k
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Proof. First assume that n — 1 is even and write n — 1 = 2[. Then by (15)

12m+2jk+n—1 _ i135<2(m+‘]k+l)—1)
Doman—1 2k 1.3-5-..-(2(m+1)—1)

1
= ﬁ(2m+2l+1)(2m+21+3)...(2m+2l+2jk—1)

1 .
= ﬁ(Zm—i—n)(2m+n+2)...(2m+n—2+23k).
If n — 1 is odd, then write n = 2[. We obtain

(18) Dmiojiin-1  Dmyojesar  (m+jk+1-1)!

Lomyn— Dmiar (m+1—-1)!
On the other hand, the right hand side of (17) for n = 2[ is equal to
(20 4+2m) (2L +2m +2) ... (2l + 2m + 2jk — 2)
27k
which is equal to ({+m)(l+m+1)...(I+m+ jk—1). In view of (18) the proof is
finished. O]

5. BASIC ESTIMATES IN FISCHER TYPE SPACES

Let C [z, ..., z,] be the space of all polynomials in n variables with complex coefficients.
An important inner product on C [z, ..., z,] is the so-called Fischer inner product, or the
apolar inner product, defined by

(P,Q)y = Z alcad,

aeNy

for polynomials P (z) =}, <y ca?® and Q (z) = 3, <y dat®, which has been used by
several authors, see e.g. in chronological order [16], [6], [10], [23], [26], [27], [12], [24], [33],
[31], [7], [11], [15](and the references given there), [36], [13], [8], [9], [34], [35], [17], [22],
and [4]. This inner product has the property that the adjoint map of the differentiation
operator @ (D) is the multiplication operator Mg+, defined by Mg~ (f) = Q* - f; so this
means that

(19) <Q(D)f»g>F:<f7Q*'9>F:<faMQ*g>F

for all polynomials f, g € C [z, ..., x,] where Q* is the polynomial obtained by conjugating
the coefficients. It was already observed by V. Bargmann in 1961 (see [6]) that
(20)
1 —_— 2 2 ]_ — 2
(f,9)p = g/ fx+iy)g@+iy)e ™ Wdedy = — [ f(2)g(z)e 1 dA,
n Rn

™ Cn
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where dz, dy denote the Lebesgue measure on R™ and dA, the Lebesgue measure on
C" = R?". In passing, we note that the Bargmann space JF, (also called Fock or Fischer
space) is defined as the space of all entire functions f : C" — C which satisfy

1 a2
913 = = [ 1r P ar <o
™ cn
In analogy with equation (20), we shall consider the following real version of the Fischer
inner product:

(21) (f.9)pi= [ S @) g(@)eda,

which has been useful for solving the Hayman conjecture for uniqueness sets of poly-
harmonic functions and for solving the Khavinson-Shapiro conjecture for the Dirichlet
problem, see [30]. Note that in (21) we consider a polynomial as a function on the space
R”, while in (20) it is considered as a function on the space C™.

We should point out that the two inner products have some important differences, e.g.
the adjoint map for the multiplication operator My for the inner product (-, ), is not the
differentiation operator but just the operator My-. However, it is a somewhat surprising
fact that the two inner product share many properties as well. As an illustrative example
we begin with the following proposition, part of which will be crucial in the proof of
Theorem 17 below.

Proposition 8. Let k and n be positive integers. Let S*™=! denote the unit sphere in R"
and ¥*"71 the unit sphere in C* = R?". Let P, be a homogeneous polynomial of degree
k in n variables, My := maxgegn-1 |P(0)|, and Mc := max,exen-1 |Py(n)|. Then, for any
homogeneous polynomial f,, of degree m in n variables,

-[2m+2k 2n—1 ]2m+2k’+n—1
(22)  |[Pefmllp < Moy | == fnll s 1Sl < Mag | == 1| fonll -
Igm+2n_1 12m+n—1

In particular, for fized k and n, there are constants Cy, > 0 and Dy, > 0 such that

(23) [[Prfmllp < ConMer/ (L+m)* (| fnllp s (1 Prfmll,p < DrnMen/ (1 +m)* || finll, p -

Proof. Let us consider first the norm ||-||, . By introducing polar coordinates, it is easy
to see that for a homogeneous polynomial of degree m

nmm=mmmﬁzgm4/ £ (0 db.

§n—1
Applied to Py f,, this gives

IPnlle = Fanincs [ 1P(O) £ (O dB.
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Then
I _
2 2m+42k+n—1 2
1P fnllyp < —F——"—=Mg || finll -
2m+4n—1
This proves the second inequality in (22). From Proposition 7, it is easy to see that

Lo iokin—
S2mi2hin=l o (4 k402 — 1))

]2m+n—1
Clearly, for fixed £ and n, there exists a constant Dy, ,, such that the second inequality in
(23) holds.

For the computation of the norm ||-|| -, we note that

T / o ()2 .

y2n—1
Then
1 _
2 2m+2k+2n—1 2
1Pefmllp < —F———Mc* || funll-
2m+2n—1
This proves the first inequality in (22). The first inequality in (23) follows easily from
Proposition 7 as above. U

As a second example, also used in the proof of Theorem 17, we consider estimates of
the derivative of homogeneous polynomials:

Proposition 9. Let a € N¢ be a multi-index and D® be the corresponding differential
operator. Then

1D fll o < Vmlol || full - and D il e < /@) || fll
for any homogeneous polynomaial f,, of degree m.

Proof. By a simple induction argument, it is sufficient to prove the statement for the
differential operator D; := 52-. In case of ||| » we repeat (for convenience of the reader)
J

the argument already given in [21] (or see [13, p. 256]): By Euler’s formula one has

Z Zijfm = mfm

J=1

Taking the Fischer inner product with f,,, and using that multiplication by z; is adjoint
to D; one obtains

2 2
> D fulle = m full -
j=1

In particular,

1D; finll - < V|| finll -
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Note that the previous argument does not apply to the norm |-||, . since D; is not
the adjoint of z;. However, a simple argument using partial integration shows that for
j=1,..,nand f,g € Clxy,...,x,]

0 0
(0}, (P s),, =2 o

Replace f by % f, and sum up, then

8 " 0
s S (), 25 o),

Jj=1

For a homogeneous polynomial f,, of degree m Euler’s formula yields

(24) (Afm, fm) =2m <fmafm>rF

rF

Hence it suffices to show that (A f,,, fm),» > 0, which will be done in the next proposition.
[l

Proposition 10. For any homogeneous polynomial f,, of degree m

(Afms fm)p =0 and (Afm, fm),p >0

Proof. The identity for (-,-)r is trivial since Af is polynomial of degree m — 2 and ho-
mogeneous polynomials of different degree are always orthogonal for the Fischer inner
product. It is an elementary fact that, for a homogeneous harmonic polynomial h (x), the
following formula holds

(25) A (Jz[* h(z)) = 2525 —2+2degh +n] - [2[* 1 (2).

For the inequality for the real inner product (-,-),r, we consider the Gauf decomposition
of f,,: there exist homogeneous harmonic polynomials h,, o, of degree m — 2s such that
f = SN 12 hyas with N = [m/2], see e.g. [5], p. 76. Then, according to (25),
A (|$|2S hm_23> = ¢, |:zc|2572 Ry —25, With

cs =25 (2s —2+n+2degh,,_25) > 0.
Thus

N N
Afma fm = Z ch <|x|2s_2 hm—2sa |x|2j hm_2j>rF

s=0 j=0

Furthermore,

<’.§U|2S 2 m—2s» |x’2j hm72j>TF = I2m+n3/gv . hm725 (6) hmfgj (9) d@
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Since deg hy,—2s — deghpm—o; = 2(j —5), we see that (hy_os, hm—2j) » = 0 for s # j.
Hence there is only a contribution in (5) for s = j, and we obtain
N

<Afm’ fm>TF - Z Cs <’JI|2S_2 hm—257 |x’28 hm—2S>TF > 0.

s=0

6. OPERATORS ACTING ON HOMOGENEOUS POLYNOMIALS

Let P,, (R™) denote the space of all homogeneous polynomials with complex coefficients
of degree m in n variables. We consider first the operator Fy, : P, (R") — P, (=R")
defined by

Py (q) = & (o] q)
A simple induction argument using the formula (25) shows that, for any homogeneous
harmonic polynomial A,

(26) Py, (|2 h) = A (|2 h) = d, (s, deg h) |2[** R
where d, (s, m) is the number
(27) dy(s,m)=2"(s+p)...(s+1)-25+2p—2+n+2m)...(2s+n+2m).

From this one obtains the following well-known result; for the reader’s convenience, we
shall sketch the proof.

Proposition 11. The space P, (R™) has a basis consisting of eigenvectors for the operator
Fyp : P (R") — P, (R™) such that the lowest eigenvalue is greater than or equal to

(28) epm =2Pp1(2m+n)(2m+n+2)...2m+n+2(p—1)).

Proof. Let m > 1 be fixed. Let H,,_2s (R") be the space of all harmonic polynomials
of degree m — 2s, and let Y, o5, for [ = 1, ..., ay—9s := dimH,,_2s (R™) be a basis of
Hon—2s (R™) . Then

(29) 21 Yinooss, §=0,..[m/2],1=1, ..., aym_2s

are homogeneous polynomials of degree m, and by (26) they are clearly eigenfunctions of
F,, with eigenvalue d, (s, m — 2s) and

dy(s,m—2s) =2 (s+p)....(s+1)-2m—25s+2p—2+n)...(2m — 25 +n).

The minimal value for these numbers, ranging from s = 0, ..., [m/2], is attained for s = 0
which gives (28). The Gaufi decomposition of a polynomial (see the proof of Proposition
10) shows that (29) is indeed a basis of P, (R™). O

Proposition 12. For a homogeneous polynomial f,, of degree m, we have

18 2 )l 2 o Ul
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Proof. Let f,, = Eivzo |2|*° Bip—2s, with N := [m/2], be the GauB decomposition with
harmonic polynomials h,, o5 of degree m — 2s for s = 0,..., N. We compute the inner
product (Fyp frm, Fopfm),p for Fo, := AP (\x!Zp ) :

N N
(Fapfms Papfndoe = D 9 o5, = 2)dy (1m0 = 25) (ol o, ol o2 )

F
s=0 j=0 "

Since deg hy,—2s — deghm—o; = 2(j —s), we see that (hy_os, Am—2j) » = 0 for s # j.
Hence

N
<F2pfm7 F2pfm>TF = Z dp(sa m — 23)2 <’x‘2s hmf257 |x’2s hm723>TF .
s=0

Similarly, (fm, fm),p = Zivzo <|x|25 Ron—265 |x|25 hm_25>TF . Hence
HFprerF > epm || fmll p -

We shall now give the basic || - ||,.r-estimate for the operator
f'—>Ap<P2p'fm)a
which will be used in the proof of Theorem 3. We shall show in the comments below

(Subsection 6.1) that the result is sharp even if Py, (x) = |z|*”. This is in contrast with
the case of the complex Fischer norm ||-|| -, where a better estimate than (31) holds for

Py, (2) = (30 27)P, see (37).
Theorem 13. Let Py, (x) be a homogeneous polynomial of degree 2p and suppose that

there is a & > 0 such that Py, (x) > 8 |z|*? for all x € R™. Then there exists a constant C,
such that, for each homogeneous polynomial f,, of degree m € Ny,

(30) | AP (PQP'fm)”rF > Olepm”merF-

Moreover, there exists a constant Cy such that, for each homogeneous polynomial f,, of
degree m € Ny,

(31) 1AF (Pop - fru)ll,p 2 C2 [ Pop - finllyp -

Proof. As above, we let Fy,(u) = AP (|x|2pu). Let f,, be given and define g,, =:
AP (Pypfr) . Since Fyy, is a bijection there exists u,, such that Fy, (u,,) = AP (|w[2p um) =
gm- Proposition 12 yields

(32) 1A (Popfn)ll, 7 = Nl gmllp = 1 F2p (Um) |, 5 = €pm [t ll, o -
Since obviously |||z|* um”iF = 12}’;:‘;—”;”1’1 |[tim]|? one obtains

Do
(33) 187 (Pap f)llp 2 €pmy | 72 ol ] -
2m—+4p+n—1



ON THE MIXED CAUCHY PROBLEM WITH DATA ON SINGULAR CONICS 15

Note that AP (P2p fm — |x|2p um) = 0; thus there exists a homogeneous polynomial 7,2,

of degree m + 2p such that |x|2p U, = Popfrm + Tmyop and APr,, o, = 0. A result proved
in [30] (see Theorem 12 and, in particular, equation (26), loc. cit.) yields the following
estimate for f,,,

1. _
34 - <5_1 2m+n—1 2p .
(34) [l < 67 = llal™ il

where § > 0 is a constant independent of m. So we obtain from (33)

1. 1 _
AP (Popfin) o = ey | 7—rme | fo
12m+4p+n—1 IQm—l—n—l

It is easy to see from Proposition 7 that there is a constant C’, depending only on p and

n, such that
I2m+n—1 12m+2p+n—1 > C/
[2m+4p+n71 IQernfl o

for all natural numbers m. This proves the estimate (30).
The estimate (31) follows immediately from (30) and Proposition 8, since there is a
constant C” > 0 such that, for m > 0,

€p,m "
— 5 >0".
(m+1)p —

O

We note, by Proposition 7, that the constant e,,, can be expressed by means of the
integrals I,,,

Dom+aptn— 1
(35) 2mtincl — — (2p— 24 n+2m) ... (n+ 2m)

= =€ .
p,m
I2m+n71 2 22 p'

We also record here the following corollary of Theorem 13, which will be used to prove
Theorem 3.

Corollary 14. Suppose that Py, () is homogeneous of degree 2p and Py, (z) > 6 || for
all x € R". Then there exists a constant D such that, for each homogeneous polynomaial
fm of degree m € Ny,

(36) |AP (Pap - fru) |, p = D [ fnl,.

6.1. A comment on the difference between the real and complex Fischer norms.
The following estimates for the complex Fischer norm were proved in [21],

(37) IACGP - gm)llr = CVmP|[Z7 - gll, [AL(E" - gm)[F = C?| ]| F,

where ¥ is given by (6). These estimates lead to the fact, mentioned in Section 2, that
the mixed Cauchy problem, for L with principal part AL, with divisor ¥ is well posed for
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ko = 3p/2 ([14]). We note that the second estimate in (37) is analogous to the estimate
for the real norm in Proposition 12. The first, however, does not hold for the real norm
in view of the following result.

Proposition 15. Assume that n > 1. Suppose that for an integer | > 0 the following
estimate holds for homogeneous polynomials f,, of degree m:

(38) 12 (2 - fu)ll, o = OVl ([l - finl]
Then |l = 0.

Proof. Suppose that (38) holds. Since n > 1 we may take for f,, a homogeneous harmonic
polynomial Y;,, # 0 of degree m. Recall that Y,, is an eigenvector of Fy, = AP (|x!2p ) and

AP (|x|2p - Yy,) = dy(p,m)Ys,
where d,(p,m) is given by (27). Further

/1 _

2 4p+2m~+n—1

H‘$| " YerF - ;2 2?: nl HYm“TF
m+n—

Liomin
dy(p,m)| > OVl | Hpt2min=1

Hence (38) implies that

Tomin—1
But |d,(p,m)| < AmP and
Liptomin—1 > m2P.
Domin—1 —
So we obtain that Cvm! < A, which implies that [ = 0. U

Proposition 15 is not true for n = 1. Indeed, in this case, the set P, (R"™) consists of
multiples of the polynomial ™ and one has

d*

dx?p

(2% - 2™) = (m+2p)(m+2p —1)...(m + 1)z™.

7. THE MIXED CAUCHY PROBLEM FOR LINEAR PARTIAL DIFFERENTIAL OPERATORS
IN R"

As above, we let Br := {z € R": |z| < R} denote the open unit ball in R" and A (Bg)
the algebra of all infinitely differentiable functions f : B — C such that the homogeneous
Taylor series > °_, fm (x) converges absolutely and uniformly to f on compact subsets of
Bpgr, where f,, are the homogeneous polynomials of degree m defined by the Taylor series
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of f. Introducing polar coordinates z = 6 with r > 0 and § € S* = {z € R" : || = 1}
one can write

) =31 (6).

It 3% o r™ | fm (0)| converges uniformly for all § € S"~' and 0 < r < p < R then there
exists a majorant M, such that

(39) P | fin (0)] < M, for all € S" 1.

It is easy to see that this implies
(40) lim sup nax, Vfm (0)] < R
m 0eS"—

Conversely, if the estimate (40) holds for a real-analytic function f in a neighborhood of
0, it is easy to see that f € A(Bg). We shall need the following lemma, which follows
easily from Proposition 11 in [30].

Proposition 16. Suppose that f,, are homogeneous polynomials of degree m for m € Nj.
Then Y °_o fm converges uniformly on compact subsets of Br if and only if, for every
0 < p < R, there is a constant C, such that

(41) [nax lfm (8)] < C,p™™, Vm e Ny,
c n—1

if and only if, for every 0 < p < R, there is a constant C, such that
(42) [l e < Cop™Vml, ¥m € N.

Our main result in this section is the following. Theorem 3 follows directly from this
result in view of Corollary 14.

Theorem 17. Let P, and Qi be homogeneous polynomials of degree k and suppose that
there exist a constant C' > 0 and an exponent p with 0 < p < k such that, for all
homogeneous polynomials q,, of degree m > 0,

(43) 1@x (D) (Pregm) |, = Cm” || g, -

Let 0 < ko < k be an integer, R > 0 a positive number, an(x) functions in A(Bg) for
every multi-index o € Ny with || < ko, and

(44) L=Qr(D)+ ) aa(x)D".

|| <ko
If ko < p then the operator q — L (Pyq) is a bijection from A (Bg) onto A(Bgr). If ko =p
(in particular p < k) then there exists v > 0 such that L (Pyq) = f has a unique solution
q € A(B,) for every f € A(Bg).
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Proof. Let f ="°_, fm be a function in A(Bg) given in terms of its homogeneous Taylor
series as above. Consider the equation

(45) L(Pwq) = f.

We shall look for a solution ¢ in terms of its homogeneous Taylor series Y~ ¢n. To
prove Theorem 17, it suffices to show that the homogeneous polynomials ¢, are uniquely
determined by (45) and that the series Y °_, g, converges uniformly on compact subsets
of B, for some r > 0, and that one can take r = R if ky < p. Let us fix m > 0 and identify

the homogeneous part of degree m in (45). To this end, we expand the coefficients a, in
terms of their Taylor series, a, = Zf::_o o,m, and obtain from (45)

m+l—k
(46) Qk’(D)(Pka = ZZ Z aaz Pka—H k— )
1=0 |a|=I i=0

where of course the last sum only occurs for those [ (if any) for which m +1 — k > 0.
Note that (43) implies, in particular, that g, — Qk(Prgy) is injective and, hence, also
surjective as an operator from the vector space of homogeneous polynomials (including
the zero polynomial) into itself. Since ky < k, we conclude from (46) that ¢, is uniquely
determined by ¢;, with 0 < 7 <m —1, and f,,, and that gy is uniquely determined by fj.
This proves the injectivity of ¢ — L (D) (Pyq).

To prove the existence of a solution to (45), we must estimate the || - ||, -norms of
Gm- For the remainder of this proof, we shall only deal with the norm || - ||, and, for
simplicity of notation, shall denote this norm simply by || - ||. The inequality (43) implies

that, for m > 1,
gl < CT'm 7P| Qi(D)(Pigm) ||

(47) o m+l—k
<7 m™ IIfm||+ZZ > laaiD* (Pt
=0 |a|=l =0

Let us fix a radius 7 > 0 with < R. To show that ¢ = )" _, ¢, converges to a function
in A(B,), it suffices, in view of Proposition 16, to show that for every 0 < p < r there is
a constant B = B, such that

(48) lasll < Bo™?\/j!
for all j =1,2.... Let us choose two radii p and o with 0 < p < o < . Since f € A(Bg),
there is, in view of Proposition 16, a constant D = D, such that

(49) I fmll < Dp~™Vm!, m=0,1,2....

Moreover, since a, € A(Bg), there is, in view of Proposition 16, a constant E, = E,,
such that

(50) max |a,i(0)] < Eqo™', i=0,1,2....
fesn—1
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Proposition 8 (with Py replaced by a,; and using that |«| = [), shows that

]m n— —m «
(51) e i D (Putmsi-x-i)ll < 4| 7= B0 " D (Pt -l
2m—2i+n—1

Proposition 9 applied to || D*(Prgm+i—k—i)|| and Proposition 8 applied to || Pigmti1—k—ill,
denoting the constant Dy, My in the latter simply by M, yield

. I m —2i4+n—
(52) | D*(Pgmsi—k—i)|| < M2%(m +1 — Z)l/z\/ A i
2420 —2k—2i+n—1

Let us define n* to be the natural number sn — 1 for even n and n* = (n — 1) /2 for odd
n. It is easy to see that
DIomg21-2i4n—1 < (m+1—i+n")
12m+2l—2k—2i+n—1 - (m + l—k—1 + n*)' '
If we set A := 2+ n*, then t +n* < A -t for all natural numbers ¢t > 1. From this we
obtain the estimate

(m+1—i+n")! < Ak (m+1—1)!

m+l—k—i+n)! = (m+l—k—ql
Sincem+1l—1<m+1[—1i+ s for s=1,...,1 we finally obtain

) — |

(53) Lomio1-2itn—1 (m+1—i) < Ab (m —i+ 20)!

Lomto1-2K—2i+n—1 (m+1—Fk—a)l
Now we conclude from (47) in combination with (49) and (51), (52), (53) that

(54) lgm| < C'm™PDp~™Vm! + S,

where we define

ko m+l—k
S :C’lm’pzz Z E,o A2 )ol2 .
1=0 |a|=l i=0

\/ (m+n*) (m—i+20)
(

If we denote by E; the number

-1
E, = AF2)Nol? <n+§ ) -max F,

laf=l

and observe that the number of multi-indices av € Nj} for which |a| = [ is

n+l—1
l )
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then we get

_1 ko m+l—k
(m+n*)! (m—i+20)!

Sm < E m i

Z 12 1 \/ —Z—l—n*) (m+l Lk — ) ”q +l—k— ||

We shall show that there exists an integer mgy with the following property: If there exists
a constant B such that (48) holds for all j = 0,1,...,m — 1, for any m with m > my,
then (48) holds also for 7 = m. The existence of such an integer mq clearly implies, by
induction, that (48) holds for all j = 0,1,2,..., which in turn completes the proof of the
theorem.

So suppose that, for some B, (48) holds for all j = 0,1,...,m — 1. Without loss of
generality, of course, we may assume B > 1. The estimate (54) can be written as

(55) lgm|| < Bp™™"Vm!(CT'DB™'m™" +T,,),

where we have defined
-1 Ko Lk (m+n) (m—i+20)!
E E EZO' - P .
P m! (m — i+ n*)!

Recall that B > 1, so that C"lDB_ m™P < C~'Dm™P. We shall show that there is mg
such that C~'Dm™ + T,, < 1 for all m > mg. For this, it suffices to show that there
exists 0 < 0 < 1 and mg such that

T,, < 0 for all m > my.

We set
N (p) :== C (ko +1) max E;- max p""

0<i<kqg 0<i<kg

m+ko—k . «
Tm<N(p) i <£>l\/(m+n)( —z+2k:0)

— m! (m — i+ n*)!

First suppose that 2ky > n*. Then
N (p) \n* /2 (2ko—n*)/2 . P\
T < =20 (m )™ (m o+ 2k) Z(—>.

m - o
=0

and obtain

If kg < p, then the right hand side clearly converges to zero as m — oo. If kg = p, then
we can make T, < 6 < 1 for all sufficiently large m by making p < r sufficiently small.
(Observe that N(p) — 0 as p — 0, since ko < k.)
Now suppose that 2ky < n*. Clearly we obtain
—k

M m+n* "*/2m+k0 BZ !
(56) T < — = (m+n) z; <a> Vm—i+2k+1)...(m—i+n)
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In order to estimate the latter sum, we fix a number § with 0 < 9 < 1. We consider only
m with m > §~!. The estimate m —i > (1 — §) m holds for all i < m. We split the sum
in (56) into two sums I; + I, the first one containing only indices with ¢ < [ém] and the
second one indices i with i > [dm]. We estimate

10 v 1 1 1
s >
1= ; o ((1 _ (5) m)(n*—?kjo)/z — m("**QkO)/Q 1— g

where
1

(1— 5)(?1**2160)/2'

For the second sum I, we use the estimate

and, hence, obtain

N(p) m+n) (K NG
T < (=22 (E) :

As before it is easy to see that T), converges to 0 for ky < p, since m?* (g)[ém] converges
to 0 for any integer s (recall that p/o < 1). If kg = p, we use, as above, the fact that
N (p) — as p — 0 to conclude that, if r is sufficiently small, then T,,, < 6 < 1 for large
m. This completes the proof of Theorem 17. 0
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