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Abstract

Social network data represent the interactions between a group of social
actors. Interactions between colleagues and friendship networks are typical
examples of such data.

The latent space model for social network data locates each actor in a
network in a latent (social) space and models the probability of an interaction
between two actors as a function of their locations. The latent position cluster
model extends the latent space model to deal with network data in which
clusters of actors exist — actor locations are drawn from a finite mixture
model, each component of which represents a cluster of actors.

A mixture of experts model builds on the structure of a mixture model by
taking account of both observations and associated covariates when modeling
a heterogeneous population. Herein, a mixture of experts extension of the
latent position cluster model is developed. The mixture of experts framework
allows covariates to enter the latent position cluster model in a number of
ways, yielding different model interpretations.

Estimates of the model parameters are derived in a Bayesian framework
using a Markov Chain Monte Carlo algorithm. The algorithm is generally
computationally expensive — surrogate proposal distributions which shadow
the target distributions are derived, reducing the computational burden.

The methodology is demonstrated through an illustrative example detail-
ing relations between a group of lawyers in the USA.

Key words: Clustering; covariates; latent space; mixture models; mixture
of experts models; social network data; surrogate proposal distributions.

Preprint submitted to Statistical methodology January 21, 2010



1

2

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

1. Introduction

Social network data has recently attracted much attention from a broad
spectrum of research communities including sociology, statistics, mathemat-
ics, physics and computer science. Social network data record the interactions
and relationships between a group of social entities or actors. For example,
a social network data set may detail the friendship links among a group of
colleagues, or it may detail the level of international trade between coun-
tries. Network data may be binary, indicating the presence/absence of a link
between two actors, or it may be non-binary indicating the level of inter-
action between two actors. The aim of social network analysis (SNA) is to
explore the structure within the network, to aid understanding of underlying
phenomena and the relations that may or may not exist within the network.

Recent advances in social network analysis focus on the idea of using
a latent social space in which actors are located to model the interactions
between actors. Hoff et al. (2002) develop the idea of a latent social space
and define the probability of a link between two actors as a function of their
separation in the latent space. Moreover, conditional on the latent locations
of two actors, the presence or absence of a link between them is considered
to be independent of all other links in the network.

The latent position cluster model (Handcock et al., 2007) further devel-
ops the idea of a latent social space by extending the model to accommodate
clusters of actors in the latent space. Under the latent position cluster model
the latent location of each actor is assumed to be drawn from a finite mix-
ture model, each component of which represents a cluster of actors. The
latent position cluster model offers a more flexible version of the latent space
model for modeling heterogeneous social networks. Section 2.1 provides an
introduction to the latent position cluster model.

Both the latent space model and the latent position cluster model provide
a framework in which covariates or attributes of the actors may be explicitly
included in the model — in these models the probability of a link between
two actors may be modeled as a function of both their separation in the la-
tent space and of their relative covariates; this modeling extension facilitates
homophily by attributes. However, the covariates may contribute more to
the structure of the network model than solely through the link probabilities.
For example, perhaps the covariates influence both the cluster membership
of an actor and their link probabilities.

Herein, the latent position cluster model is extended to provide a model
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with the flexibility to allow covariates to contribute to the network structure
in a number different ways. The inclusion of covariates is achieved using a
mixture of experts (Jacobs et al., 1991) modeling framework. In its original
form, the mixture of experts model is a mixture of generalized linear models
where additionally the probability of belonging to a cluster is modeled as a
logistic function of covariates. Under the latent position cluster model the
latent location of an actor is assumed to be drawn from a finite mixture of
multivariate normal distributions. The mixture of experts latent position
cluster model extends the latent position cluster model such that the mixing
proportions are modeled as functions of the actor covariates. Thus, the
covariates of an actor may influence the probability of a link with another
actor, but additionally covariates may influence the cluster membership of
the actor; this network modeling idea was originally proposed in Gormley
and Murphy (2007a).

The mixture of experts latent position cluster model has an intuitive mo-
tivation — the covariates of an actor may influence their cluster membership,
their cluster membership influences their latent location, and in turn their
latent location determines their link probabilities; covariates may also in-
fluence the link probabilities directly. An outline of the background to the
mixture of experts modeling framework is given in Section 2.2. The mixture
of experts latent position cluster model is developed in Section 2.3.

Estimation of the mixture of experts latent position cluster model is
achieved within a Bayesian framework using a Markov Chain Monte Carlo
algorithm. Both the Gibbs sampler (Geman and Geman, 1984) and the
Metropolis-Hastings algorithm (Metropolis et al., 1953; Chib and Greenberg,
1995) are employed to obtain parameter estimates. Typically, within the con-
text of network models, such methods are computationally expensive and re-
quire lengthy run times to achieve sufficient mixing of the chain. An inherent
problem is the selection of a suitable proposal distribution when employing
the Metropolis-Hastings algorithm. Additionally, tuning the parameters of
the selected proposal distribution in order to achieve sufficient mixing can be
a difficult and time consuming process, leading to inefficient model fitting.
Often the target distribution from which we wish to sample has a complex
form and standard proposal distributions perform poorly, necessitating long
run times to achieve sufficient mixing. The inclusion of covariates in the la-
tent position cluster model makes such methods even more computationally
expensive. Here, multivariate Taylor expansions of terms within the target
distributions are employed to derive suitable proposal distributions which are
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good surrogates for the target distributions. Details of the derivation of such
surrogate proposal distributions are given in Section 3.2.

Modeling issues such as identifiability, label switching and model selection
are dealt with in Section 4.

An illustrative example of the methodology is detailed in Section 5 —
the mixture of experts latent position cluster model is fitted to two social
network data sets detailing friendship and co-worker relations between a
set of 71 attorneys in a northeastern USA corporate law firm. A number
of covariates are available for each attorney including seniority, age, office
location and law school. The mixture of experts latent position cluster model
is fitted over a range of dimensions of the latent social space and over a range
of numbers of clusters. Influential covariates are selected using a variable
selection procedure. Overall model performance is guided by the AICM (the
Akaike Information Criterion — Monte (Carlo)) (Raftery et al., 2007). A
number of covariates are deemed to be influential, offering further insight
to the structure of the network than was available under the default latent
position cluster model.

Section 6 comments on the mixture of experts latent position cluster
model in general, and suggests directions for future research.

2. The mixture of experts latent position cluster model

Social network data take the form of a set of relations {y; ;} from a group
of 7,7 =1,...,n actors, represented by an n x n sociomatrix Y. The relation
y;; between actor ¢ and actor j may be a binary relation, indicating the
presence or absence of a link between the two actors. In such a case, the
matrix Y can be thought of as a graph in which nodes are actors and edges
indicate a link between two nodes. The mixture of experts latent position
cluster model is developed within the context of binary valued relations, but
the methodology is easily extended to other forms of relation (such as count
data). Covariate data w! = (w;i,...,w;,) associated with actor ¢ may also
be available, where p denotes the number of observed covariates.

We focus on the recent advances in social network analysis based on the
idea of a latent social space (Hoff et al., 2002) in which actors each have a
location. The probability of a link or relation between two actors is modeled
as a function of their separation in the latent space. The idea of a latent social

space provides the underlying framework for the latent position cluster model
Handcock et al. (2007).
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2.1. The latent position cluster model

For each actor, « = 1,2,...,n, the latent position cluster model asso-
ciates a location gf = (2i1,...,%a) in a d-dimensional latent social space.
The model assumes that the probability of a link between two actors is inde-
pendent of all other links in the network, conditional on the latent locations
of the actors. Hence, it follows that the likelihood function of the data is

n
P(Y|Z,X,53) = [[]][PWislz: 225, 8) (1)
i=1 j£i
where Z is the n x d matrix of latent locations, X is the matrix of dyadic
specific covariates associated with the n actors and (3 is a vector of parame-
ters. In this specification @ZTJ = (®ij1,...,%;,;,p) denotes a p vector of dyadic
specific covariates where typically x; ;x = d(wig, wjx), where d(wx, wjx) is a
measure of the difference or similarity in the value of the kth covariate for
actors ¢ and 7, for k = 1,...,p. The probability of a link between actors ¢

and j is in turn modeled using a logistic regression model where

Py, =1
g { S Z I = ot Bty oot By 2= 2,1 )
The logistic regression model models the probability of a link between two ac-
tors as a function of both their dyadic specific covariates, and the Euclidean
distance between them in the latent social space. The logistic regression
model is appropriate for modeling binary valued relations; for alternative
edge types the logistic regression term can be changed to an appropriate al-
ternative generalized linear model (McCullagh and Nelder, 1983). To identify
the model, as specified in Krivitsky and Handcock (2008), the regression co-
efficient associated with the Euclidean distance is constrained to be -1 while
the latent locations remain unconstrained.

To complete the specification of the latent position cluster model, it is
assumed that the latent locations z; are drawn from a finite mixture model.
This mixture modeling framework accounts for clustering of actor locations
in the latent space. Specifically, the latent locations are assumed to be drawn
from a mixture of G multivariate normal distributions where G denotes the
unknown number of clusters of actors:

G
z ~ ) AMVN(p ol

g=1
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The probability of belonging to cluster g, or the gth mixing proportion, is
denoted A, (3, Ay = 1). Each component of the mixture model, or cluster,
is characterized by a multivariate normal distribution with a d dimensional
mean vector 4 and a diagonal covariance matrix O'SI where I is the d x d
identity matrix. Modeling the latent locations in this way relates to model-
based clustering of observed variables (Banfield and Raftery, 1993; Fraley
and Raftery, 2002).

A Bayesian framework can be employed for parameter estimation. As
is standard in Bayesian estimation of mixture models (Diebolt and Robert,
1994; Hurn et al., 2003) the problem is greatly simplified by augmenting the
observed data with an indicator variable K; for each actor ¢« where K; = g¢
if actor ¢ belongs to cluster g. The indicator variable K; therefore has a
multinomial distribution with a single trial and probabilities equal to A, for
g=1,....G.

Parameter estimation could also be achieved via maximum likelihood,
but in practice this is challenging. Handcock et al. (2007) derive a two-stage
maximum likelihood approach to parameter estimation which first computes
the maximum likelihood estimates of the standard latent space model of Hoff
et al. (2002), and then computes the maximum likelihood estimates for the
mixture model applied to the resulting estimated latent locations. While
this approach is fast and algebraically simpler than the Bayesian approach
taken herein, it does not take advantage of the clustering information when
estimating the latent locations and was observed in practice by Handcock et
al. (2007) to be out-performed by the Bayesian approach.

In the original specification of the latent position cluster model, actor
covariates only play a part in determining the probability of a link between
two actors. It is intuitive to also allow covariates to influence other parts of
the model — it is conceivable that the covariates of an actor influence which
cluster they belong to and, conditional on their cluster membership, they
then have a propensity for forming relations. To facilitate such modeling
flexibility, a mixture of experts modeling framework is employed.

2.2. Mixture of experts models

Mixture of experts models originally appear in the computer science lit-
erature (Jacobs et al., 1991) as a mixture of generalized linear models, where
the mixing proportions are also modeled using generalized linear model the-
ory. The components of the mixture model are termed ‘expert networks’,
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with the mixing proportions known as ‘gating networks’ leading to the name
mixture of experts models.

In the mixture of experts model, the mixing proportions are viewed as
success probabilities from a multinomial logistic regression where the prob-
ability of belonging to each of G — 1 clusters compared to a baseline cluster
is a function of the covariates of an observation. In this framework each ob-
servation has a cluster membership probability, which is a direct parameter

of the model. Observation i’s mixing proportions A = (A1 (w;), ..., Aa(w;))

are modeled as a logistic function of their p covariates w; i.e. forg=2,... ¢
Ag(w;)

log {m} = Tgo + T Win + -+ TgpWip (3)

where cluster 1 is treated as a baseline cluster, and 7,4 is an intercept term.

In its original form the mixture of experts model also used a generalized
linear model as the model within each mixture component. By changing the
form of the model in the components to suit the problem at hand a flexible
suite of models is available. In a univariate setting a simple linear regression
model could be used; employing a logistic regression model offers a classi-
fication model. Mixture of experts models have therefore been applied and
developed in a wide range of areas ranging from speech recognition prob-
lems (Peng et al., 1996), to modeling rank data (Gormley and Murphy, 2008,
2009a). Jordan and Jacobs (1994) estimate the mixture of experts model
within a classical framework via the EM algorithm; Peng et al. (1996) em-
ploy a Bayesian approach. Additionally Jordan and Jacobs (1994) develop
a hierarchical mixture of experts model which is a mixture of experts model
which has more than one layer of mixing (ie. more than one layer of gating
networks).

2.3. The mixture of experts latent position cluster model

The latent position cluster model can be extended within a mixture of
experts framework. Under the latent position cluster model, the latent lo-
cations z; (i = 1,...,n) are assumed to be drawn from a finite mixture of
multivariate normal distributions with mixing proportions AT = (A1, .., Ag).
In the mixture of experts latent position cluster model framework, the mix-
ing proportions are actor specific and can be modeled as a logistic function
of their covariates, that is,
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G
~ ) A (w JMVN(g ,071) (4)

g=1

where > Ag(w;) =1 and by (3)

exp(7y0 + Twi + - - + Tpwip)

G
2 g=1 &XP(Tgo + Ty1win + - -+ + Tgpwip)

P{K; = glw;} = A\g(w;) = (5)

where 77 = (0,0,...,0).

Thus the mixture of experts latent position cluster model is the latent
position cluster model of Handcock et al. (2007) where the mixing propor-
tions are modeled as a function of the actor covariates. Figure 1 provides
an illustration of the dependencies within the original latent position clus-
ter model and the mixture of experts latent position cluster model using
graphical models.

© () @ )
O )
(=) Q
(&) @) (&) ()
O Q)
(b)

(a)

Figure 1: Graphical models illustrating the dependencies (a) within the latent position
cluster model and (b) within the mixture of experts latent position cluster model.

The actor covariates can influence the cluster membership model (5), the
link probability model (2), both models or neither model. This yields a suite
of four possible network models within the mixture of experts framework.
The graphical model representations for these four options can be developed

8
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by including or deleting the edges from the W node to the X node (and
from the X node to the Y node) and from the W node to the K node in
Figure 1(b).

3. Model fitting

A Bayesian approach using Markov Chain Monte Carlo is utilized for
fitting the mixture of experts latent position cluster model. Interest lies in
inferring the latent locations z; of each actor 7, the link probability regres-
sion parameters (3, the (mixing proportion) cluster membership regression
parameters 7, the cluster mean H, and variance 02 of each cluster g and the

actor cluster memberships K = (K, ..., K,).

3.1. Model specification

Prior distributions on the model parameters are required and are speci-
fied as follows:

B~ MVN(E, U) 7, ~ MVN(y, ®) iid g =2,...,G.

t,~ MVN(0, ) iidg=1,...,G. 03 ~oilnvy?, iidg=1,...,G.
where £, U, Q, 02, a, v and ® are hyperparameters which need to be specified
by the practitioner. Krivitsky and Handcock (2008) employ a hierarchical
Bayesian model for the latent position cluster model and specify hyperpriors
on the hyperparameters. In this work, as in Handcock et al. (2007), the
hyperparameters are specified to be ¢ =~ =0 and ¥ = & = ) = 21 which
postulates a wide range of values for both the link probability regression pa-
rameters ( and the mixing proportion regression parameters 7, and provides
a relatively flat prior for the cluster means. For the cluster covariance pa-
rameter 03, the same prior as that in Handcock et al. (2007) is used with
a =2 and o2 = 0.103.

The posterior distribution for the model parameters given the observed
data is formed by combining the likelihood in equations (1) — (5) with the
specified prior distributions. The full conditional posterior distributions of
the model parameters are specified as follows:
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zi|Ki=g,-- o< P{Y|Z,X, 3} MVN(g ’Hg’ o 1) fori=1,...

and g =1,...

Bl xP{Y|Z,X,3} MVN(Z|¢, V)

T, x P{K=(g,...,9)|,, W} MVN(z, |7, ®) forg=2,...
_ o2

Hg| - o MVN <mg+ff§g/w2’ mg—i-cfg/wZI) forg=1,...

ool o< (0 +57) Inv X2 4 forg=1,...

K;|--- ocMultlnomlal[ { A1 (w;, ) MVN(z »]u1,021),
., 5 Aa(w;) MVN(z |MG,0GI)}] fori=1,...

where - - - denotes all other parameters, latent locations and cluster member-

ships in the model and W is the n x p matrix of actor specific covariates.
Also

n

my =) K =g} s5= > (zi—p)"(z —p LK = g}

=1 =1

:%Z 1{Ki:9}

G
Z w)MVN(z,l ,, 05 ).

The full conditional posterior distributions of some model parameters are
readily available and sampling parameter values in these cases is straightfor-
ward using the Gibbs sampler. However the full conditional posterior distri-
butions of some model parameters are not in a recognizable form and require
a Metropolis-Hastings sampling procedure. A Metropolis-within-Gibbs sam-
pler (eg. O’Hagan and Forster, 2004) is therefore required — this algorithm
embeds a Metropolis step (or steps) within a Gibbs algorithm. Carlin and
Louis (2000) discuss convergence issues associated with such an algorithm.

As with any Metropolis-Hastings algorithm a suitable proposal distribu-
tion must be specified from which to draw proposed parameter values. Ide-
ally, such proposal distributions shadow the target distribution from which
sampling is required — the rate at which the algorithm converges to sampling

10
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from the target distribution depends crucially on the relationship between
the proposal distribution and the target distribution (Gilks et al., 1996). De-
termining a ‘good’ proposal distribution often relies on craftsmanship and
initial experimentation to determine both the form of a good proposal distri-
bution and its associated parameters. In high-dimensional models, such as
the mixture of experts latent position cluster model, such an experimental
approach involving choosing a suitable distribution and tuning parameters
in the proposal is unpractical and time consuming. Herein, multivariate
Taylor expansions of terms within the target distributions are employed to
aid the construction of surrogate proposal distributions. A surrogate pro-
posal distribution is an approximation of a target distribution, derived by
approximating terms within the target distribution via multivariate Taylor
expansions. Similar ideas are employed in Gormley and Murphy (2009b).

The idea of surrogate proposal distributions is loosely related to the con-
cepts behind MM algorithms which facilitate optimization of problematic
functions by iteratively optimizing a surrogate function (Lange et al., 2000;
Hunter and Lange, 2004; Hunter, 2004). Additionally, surrogate proposal
distributions and variational methods have a similar ethos in that they both
form an approximation to a problematic posterior distribution, but in the
case of variational methods no sampling is required. Variational approaches
to fitting graphical models are detailed in Wainwright and Jordan (2008);
Salter-Townshend and Murphy (2009) specifically develop a variational ap-
proach to inference for the original latent position cluster model of Handcock
et al. (2007).

3.2. Surrogate proposal distributions

Surrogate proposal distributions are constructed by approximating a term
(or terms) within the target distribution by a quadratic multivariate Taylor
expansion. The quadratic multivariate Taylor expansion of a function g(0)
with parameter vector § about 6,

9(0) = g(0) + (0 — 9)"{Vg(0)} +0.5(0 — 8)" {V*g(0) }(¢ — ), (6)

provides a quadratic approximation or surrogate function for g(@).

The idea of approximating a term within a function to produce a surro-
gate function is employed to construct surrogate proposal distributions which
approximate problematic full conditional distributions from which sampling
is required. When sampling a parameter § at each iteration of the MCMC

11
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algorithm, a surrogate function is formed about a parameter value @ which
in practice is the previously sampled value of the parameter. Thus the sur-
rogate proposal distribution is updated each time a new parameter value is
sampled, maintaining the improved approximation throughout the run time
of the algorithm.

Since the choice of both the form and the parameters of the surrogate pro-
posal distribution is automated, model fitting is efficient as the user need not
spend time experimenting with different proposal distributions and tuning
the associated parameters until sufficient mixing is achieved. The Metropolis-
Hastings algorithm no longer involves user input as it is driven by the surro-
gate proposal distribution and its parameters, automatically determined by
the model itself and the observed data.

Within the mixture of experts latent position cluster model, Metropolis-
Hastings steps are required to sample the latent locations gz, the link proba-
bility regression parameters 3 and the cluster membership regression param-
eters 7,. When sampling the latent locations, a multivariate normal proposal
distribution centered on the current estimate and with a fixed diagonal co-
variance matrix performs sufficiently well; employing such a proposal for the
regression parameters does not perform well, and convergence is crucially de-
pendent on both starting values and the choice of the parameters employed
within the proposal distributions. Thus surrogate proposal distributions are
constructed for the regression parameters only.

The mathematical derivation of the surrogate proposal distributions is
given in Appendix A; here it suffices to say that the resulting surrogate
proposal distributions are multivariate normal distributions. The parameters
of these surrogate proposal distributions depend on the current location of
the Markov Chain and are therefore updated at each step of the algorithm.
Thus the construction of proposal distributions is efficient, as the choice of a
distributional form and associated parameter values is automated, reducing
the time required to fit the mixture of experts latent position cluster model.

3.3. The Metropolis-within-Gibbs sampler

The Metropolis-within-Gibbs sampler proceeds as follows:

1. Update the latent locations z;, for i = 1,...,n using a Metropolis-
Hastings step.

(a) Propose z; ~ MVN(z;,o.1).

12
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(b) If u ~ U[0, 1] is such that

P{Y|Z*,X, 8} MVN(z} |p, , 0%.1)
v < min = — , 1
P{Y|Z,X,@} MVN(z, |HK~’ O'KiI)

set latent location z; to be 2.

2. Update the link probability regression parameters (3 using a Metropolis-
Hastings step.

(a) Propose 3° ~ MVN(d3,Aj) where 03 and Aj are as defined in
Appendix A, equations (9) and (8) respectively.
(b) If u ~ U[0,1] is such that
P{Y|Z X, 5"} MVN(3" |
< i s 2
U= TP{YZ, X, Y MVN(G |

£, W) MVN(3 |85, Agr) 1}
3

U) MVN(B" |45, Ap)
set the link probability regression parameters 3 to be 7.
3. Update the mizing proportion regression parameters T, forg=2,...,G

using a Metropolis-Hastings step.

(a) Propose T ~ MVN((5 Az ) where 9, and Az are as defined in
Appendix A equatlons (12) and (11) respectlvely
(b) If u ~ U[0,1] is such that

P{K =(g,....,9)|lT;, W} MVN(z; |7, ®) MVN(z |9,

u < min
B { P{K =(g,...,9)|lT,, W} MVN(z, |7, ®) MVN(z; |d;, A

set the mixing proportion regression parameters 7, to be 7.

4. Update the remaining parameters using Gibbs sampling.
Update K, K, and 03 for g =1,...,G from the expressions detailed in

Section 3.1.

4. Model issues

Prior to examining the approximate posterior distributions output by the
Metropolis-within-Gibbs sampler some model issues must be taken into ac-
count. Modifications need to be made to the samples drawn prior to summa-
rizing their posterior distributions through the calculation of posterior means
or modes. Additionally the issue of model performance must be addressed.
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4.1. Model identifiability

The latent locations of actors enter the likelihood function only as a func-
tion of their Euclidean distance. The likelihood is therefore invariant to any
distance preserving transformation of the configuration of latent locations.
If the non-identifiability of the latent locations is not accounted for, poste-
rior estimates of the latent locations will be misleading. Additionally, as in
any Bayesian mixture modeling context, the likelihood is invariant to switch-
ing the cluster labels. This ‘label switching’” phenomenon leads to posterior
distributions which are multimodal or symmetric and again summarizing
the posterior using posterior means is inappropriate. The output from the
Markov Chain Monte Carlo must be processed to ensure final estimates of
all parameters are valid.

Procrustean methods are used to aid the eradication of likelihood invari-
ance due to transformations of the configuration of latent locations. Pro-
crustean methods (Krzanowski, 1988) match one configuration of points to
another as well as possible in a least squares sense. Transformations such as
translation, rotation, and dilation are used to create the match. In the cur-
rent context only translation and orthogonal rotations are applicable due to
the definition of the likelihood function — a dilation or oblique rotation of the
configuration of latent locations would alter the Euclidean distances between
actors therefore changing the likelihood of the model. Orthogonal rotations
and translations do not influence the Euclidean distances between actors in
the latent space and so are permitted. Thus, a reference configuration of la-
tent locations is selected and each sampled configuration is translated and/or
rotated to match it.

In practice, to obtain a reference configuration of locations, the Metropolis-
Hastings step to sample latent locations is initially constrained to accept
uphill moves only. This will find at least a local optimum on the poste-
rior surface which is employed as a rough approximation of the mazimum a
posteriori (MAP) configuration of latent locations. This approximate MAP
configuration of latent locations is then used as a reference to which all future
sampled configurations are matched. Posterior estimates of the actors’ latent
locations derived from the post-uphill samples will therefore be consistently
matched to the same approximate MAP configuration.

A local optimum which is far from the global optimum of the posterior
surface could unintentionally be employed as the approximate MAP config-
uration. This is not ideal as a reference configuration, but as the chain con-
verges the sampled configurations will be drawn from the true full conditional
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K, the cluster means 1, and the cluster variances o

distribution, regardless of the configuration to which they are mapped to aid
model identifiability. The distances between actors in the sampled configura-
tions influence the likelihood of the model, and as they are not altered by the
transformations, the configuration used as a reference is somewhat irrelevant;
the rough MAP approximation is simply used as a reference to identify the
model — it does not influence the validity of the sampled configurations.

The issue of label switching in Bayesian mixture models has received
much attention in the literature — Richardson and Green (1997) suggest
minimizing the label switching problem by imposing artificial identifiability
constraints such as ordering the mixing proportions or other model param-
eters. The selection of the parameters on which to base the ordering and
indeed the ordering itself is somewhat ad hoc however. Relabeling strategies
(Celeux et al., 2000; Stephens, 2000) based on a decision theoretic approach
are an alternative way to deal with label switching. The decision theoretic
approach involves defining a loss function L£(0]6) which quantifies the loss in-
curred by choosing 6 when the true parameter value is 6. The aim is therefore
to choose 6 to minimize the posterior expected loss E{£(6]6)}.

The mixture of experts latent position cluster model has several param-
eters, any of which could be used as the basis for dealing with the label
switching problem. It seems intuitive to base the loss function on a param-
eter whose full conditional distribution is specifiable, rather than choosing a
parameter which requires a Metropolis-Hastings update step. Values sam-
pled within a Gibbs sampler are guaranteed to be drawn from the required
target distribution. Values sampled by a Metropolis-Hastings sampler how-
ever are only guaranteed to be drawn from the distribution of interest at
convergence, which itself is difficult to confirm and also may take some time
to achieve. It seems appropriate to base the label switching correction on
parameter values sampled from the required target distribution, rather than
values which are not guaranteed to be sampled from the target distribution.
The full conditional distributions are available for the cluster memberships
2. The cluster means
and variances appear to be more informative parameters in this context as
they are estimated from several observations, whereas each cluster member-
ship is only estimated from a single observation. As the cluster variances,
by definition, are constrained to be equal across dimensions, it appears to be
desirable to base the loss function on the cluster means My

An approximation to the true value of the cluster means p'* = (ul%, .. ., H§>
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is used as a reference. This reference value of the cluster means is chosen to
be an approximation of the mazimum a posteriori (MAP) estimate obtained
after the uphill only Metropolis-Hastings steps which were used to determine
the reference configuration of latent locations. This approximate MAP value
is used as the reference to which each new estimate fx of the means is matched
to correct for any label switching which may have occurred during sampling.
A sum of squares function is employed as the loss function to be minimized
ie.

G d
E(ﬂ“'l'R) = ZZ ,ug] /’Lg]

g=1 j=1
Once the MAP estimate has been obtained and subsequent to a typical
burn-in period of the Markov chain, the estimated cluster means gz are per-
muted until the loss function is minimized. An online algorithm (Stephens,
2000) which calculates valid posterior means then proceeds as follows:

1. Generate all G! permutations v, for [ =1,...,G!. Set t = 0.
2. Subsequent to burn-in of the Markov chain, choose v; which minimizes

G d
‘C(ﬂlt/l“'l'R) = ZZ lul/l(g /1’5])2

g=1 j=1

3. Calculate the posterior mean parameter estimates using the computa-

tionally efficient online formula:
t 1
0= —0+—0"
t+1 + t+1 "
for § = s a ,1, for g=1,...,G. Set K; = y(Kj;) for each actor.
4. Set t = t + 1 and repeat steps 2 and 3 subsequent to each run of the

Metropolis-within-Gibbs sampler.

Note that as cluster 1 is used as the baseline cluster the mixing proportion
regression parameters 7, must be re-scaled subsequent to label switching and

g
prior to evaluating the posterior mean. This is achieved by simply subtracting
the current 7, values from 7, g = 2,...,G and then evaluating the posterior
mean.

Employing both the Procrustes and label-switching corrections aims to
minimize the influence of identifiability issues on the posterior parameter
estimates.
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4.2. Model assessment

Model assessment in the Bayesian framework involves evaluating the pos-
terior model probability for all models under consideration and then generally
choosing the model with largest posterior probability (Kass and Raftery,
1995). Evaluating the posterior model probability poses difficulties in the
context of the mixture of experts latent position cluster model. Handcock
et al. (2007) employ a version of the Bayesian information criterion (BIC)
(Schwarz, 1978) as an approximation to the posterior model probability, con-
ditional on the latent locations when performing model selection with the
latent position cluster model.

Here the AICM (Akaike’s information criterion - Monte (Carlo)) (Raftery
et al., 2007) is employed as a model assessment tool. The AICM is a sim-
ulation based estimate of the AIC (Akaike’s information criterion) (Akaike,
1973). The AICM is a penalized version of the posterior mean of the loglike-
lihoods and is defined to be

AICM = 2(I — s7)

where [ and s? are the mean and variance respectively of the log likelihoods
of a posterior sample. Clearly the AICM is easily computed once a posterior
sample has been generated. The AICM was successfully employed in Raftery
et al. (2007) and in Gormley and Murphy (2007b) to select the dimensionality
of latent spaces.

Even though AICM is easily computed, model selection in the mixture of
experts latent position cluster model is difficult due to the large model space
induced by considering a range of dimensions of the latent space, a range of
numbers of clusters, a range of covariates and the range of possible ways in
which the covariates may enter the model. Strategic searching of a reduced
model space is therefore necessary.

5. Applying the mixture of experts latent position cluster model

Data on the relations between 71 lawyers in a northeastern American
law firm were collected in Lazega (2001). A number of network data sets
were recorded including a friendship network and a co-workers network. The
friendship network was constructed by asking the lawyers to list the names of
those lawyers in the firm that they socialize with outside of work. For the co-
workers network, lawyers were asked to list all the lawyers in the firm with
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whom they had worked during the previous year. Additionally covariates
associated with the lawyers were recorded; these are detailed in Table 1.

Table 1: The seven covariates and their respective levels (if categorical variables) recorded
on 71 lawyers in an northeastern American law firm. The last category in each categorical
covariate is treated as the baseline category in all future analyzes.

Covariate Levels
Seniority 1 = partner
2 = associate
Gender 1 = male
2 = female
Office 1 = Boston
2 = Hartford
3 = Providence
Practice 1 = litigation
2 = corporate
Law school 1 = Harvard or Yale
2 = University of Connecticut
3 = other

Years with the firm —
Age —

Interest lies in examining the underlying social structure and processes
within the law firm from both the recorded network data sets and the asso-
ciated covariates. The data has previously been examined in Snijders et al.
(2006) and is available as part of the SIENA software (Snijders et al., 2005).

5.1. FExploring the model space

The number of possible mixture of experts latent position cluster models
is very large. In addition to choosing the number of clusters and the dimen-
sion of the latent space, the covariates can enter the model in several ways,
leading to a large model space.

Initially, the latent position cluster model was fitted for various numbers
of clusters and latent space dimensions. Selection of the optimal number of
clusters and dimension of the latent space was performed using the methods
employed by Handcock et al. (2007) — the posterior model probability of each
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of the competing models was considered and that with the largest posterior
probability selected. In practice, each model (i.e. each specific combination
of G and d) was assigned equal prior probability and conditional (on the
estimated latent locations) posterior model probabilities were approximated
by the Bayesian Information Criterion (Schwarz, 1978). The model with
largest BIC was selected as optimal. Once an optimal choice of model was
found within the class of models considered, yielding a value for G and d,
the selection of covariates was addressed.

To select a candidate set of covariates for the link probabilities (2), a
logistic regression model of the same form was fitted with the z; values fixed
to be their posterior mean values from the latent position cluster model
analysis. For categorical covariates, a variable indicating that the values of
the actor covariates are equal was used as the dyadic specific edge covariate
(ie. z;j = 1if wy, = w;i,). For continuous covariates, the absolute difference
and squared differences in covariate values were included as dyadic specific
covariates. A backwards stepwise selection procedure was used, with model
selection being determined using AIC (Akaike, 1973). This yielded a subset
of the candidate variables for further analysis in the mixture of experts latent
position cluster model.

In order to find a candidate set of covariates for the cluster membership
model (3), a multinomial logistic regression model was fitted with the modal
cluster membership values from the latent cluster position model analysis
used as the response. A backwards stepwise variable selection procedure was
used to select a candidate set of covariates for further analysis in the mixture
of experts latent position cluster model.

Four versions of the mixture of experts latent position cluster model were
fitted for the choices of (G, d and covariate selections by considering whether
(i) the covariates should enter the link probabilities, (ii) the mixing propor-
tions, (iii) both or (iv) neither. These models were assessed using AICM and
the posterior summaries for the model parameters.

5.2. Lawyers friendship network

Initially, a latent position cluster model was fitted and a model with G = 2
and d = 2 was deemed optimal. A number of candidate covariates were then
selected using the procedure detailed in Section 5.1. The covariates in the
cluster membership model were their office and years working in the firm.
The link probability covariates proposed were seniority, gender, office, prac-
tice, school and the difference in years worked in the firm. The four cases of
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the mixture of experts model were fitted to the data; the estimated latent
positions and their uncertainties are shown in Figure 2. The resulting param-
eter estimates and AICM values are reported in Table 2. The AICM criterion
suggests that covariates enter the model through the link probabilities only,
however we will explore and compare all of the models.

The latent positions of the actors and the cluster memberships vary con-
siderably when comparing the models that do not have covariates that enter
the link probabilities to those that do (Figures 2(a) and 2(c) versus Figures
2(b) and 2(d)). This is due to the fact that the latent positions of the actors
account for any remaining network structure which has not been explained
by the covariates in the link probabilities. So, the latent positions in the
models without covariates in the link probabilities are explaining more of the
network structure than in the other models. The clustering is quite different
in the four models and the clustering structure is clearer in the models where
the covariates enter the cluster membership model; this can be explained by
the different role that the latent locations play in the two models.
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Figure 2: Estimates of clusters and latent positions of the lawyers from the friendship
network data. The ellipses are 50% posterior sets illustrating the uncertainty in the latent
locations. Lawyers who are members of the same cluster are illustrated using the same
colour and symbol. Observed links between lawyers are also illustrated.
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The coefficients in the link probability function (Table 2) are consistent
across model types. The coefficients suggest that lawyers with similar co-
variates are more likely to have relations, thus demonstrating homophily by
attributes in the lawyer friendship data.

There is a considerable (Boston) office effect in determining the cluster
memberships in model (c¢), but this does not persist in model (d). The num-
ber of years that the lawyers have been in the firm is influential in determining
cluster membership in model (c) but again this does not persist in (d). The
smaller cluster in model (c) appears to be a group of lawyers in the Boston
office who have only spent a few years in the firm. Thus the models have
given us insight to the characteristics which cause the lawyers to be friends,
and have provided an view of the clustering structure within the firm.

5.3. Lawyers co-workers network

For the co-workers network the initial selection of covariates detailed in
Section 5.1 suggested that a lawyer’s seniority, their office, their years with
the firm and their type of practice were important covariates in the cluster
membership model. For the dyadic covariates in the link probabilities senior-
ity, gender, office, (absolute difference in) age and their practice types were
deemed influential. Hence, four mixture of experts latent position cluster
models with G = 2, d = 2 (as selected by fitting a latent position cluster
model and choosing the optimal model) and these selected covariates were
fitted to the co-workers network data set. The posterior mean estimates of
the latent locations and the clusters of lawyers are illustrated in Figure 3,
for each of the four mixture of experts latent position cluster models. The

resulting parameter estimates and AICM values for each model are detailed
in Table 3.
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Table 2: Posterior mean parameter estimates for the four mixture of experts models fitted
to the lawyers friendship data as detailed in Figure 2. Standard deviations are given in
parentheses. Note that cluster 1 was used as the baseline cluster in the case of the cluster
membership parameters. Baseline categories for the covariates are detailed in Table 1.

(a) (b) (¢) (d)

Link Probabilities
Tntercept 1.71 (0.14) -2.20 (0.23) 1.73 (0.13) -2.18 (0.26)
Seniority 1.15 (0.19) 1.07 (0.20)
Gender 0.66 (0.12) 0.65 (0.12)
Office 2.38 (0.14) 2.41 (0.13)
Practice 0.78 (0.10) 0.78 (0.11)
School 0.37 (0.10) 0.35 (0.11)
Years -0.01 (0.00) -0.01 (0.00)
Cluster Memberships
Tntercept 1.63 (1.40) 143 (1.67) 113 (1.02) 2.11 (1.59)
Office (=1) 2.93 (1.06)  1.00 (1.21)
Office (=2) -1.18 (1.17)  0.70 (1.48)
Years -0.77 (0.27)  -0.57 (0.37)
Latent Space Model
Group 1 Mean -0.24 (0.60)  0.33 (0.64) -3.40 (0.53) -1.71 (0.89)

-0.21 (0.65) -0.27 (0.54) -0.85 (0.66)  0.09 (1.34)
Group 1 Variance 10.59 (3.74)  6.66 (2.49) 3.95 (1.17)  5.03 (1.35)
Group 2 Mean 1.06 (0.53) -1.35(0.76) 1.72 (0.47) 1.36 (0.66)

1.86 (0.79)  0.98 (0.63)  0.44 (0.50) -0.03 (1.20)
Group 2 Variance 1.40 (3.89) 1.44 (2.53) 8.69 (1.66) 4.17 (1.06)
AICM 22359 2325 2341 22390
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Figure 3: Estimates of clusters and latent positions of the lawyers from the co-workers
network data. The ellipses are 50% posterior sets illustrating the uncertainty in the latent
locations. Lawyers who are members of the same cluster are illustrated using the same
colour and symbol. Observed links between lawyers are also illustrated.
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In the case of the co-workers network data, AICM suggests the mixture
of experts latent position cluster model is optimal, where covariates enter the
cluster membership probabilities. All models will be discussed however since,
as indicated by Figure 3, all provide interesting insights to both the network
of lawyers, and to the mixture of experts latent position cluster model itself.

As in the case of the friendship network, the posterior estimates of the
latent locations are relatively consistent within models with covariates in the
link probabilities (Figures 3(b) and 3(d)) and within models without covari-
ates in the link probabilities (Figures 3(a) and 3(c)). Again it is clear that
the cluster memberships do differ between the models. The two clusters are
particularly distinct in the latent space (see Figure 3(c)) where the covariates
enter the cluster memberships; this appears to be intuitive in that the co-
variates of a lawyer influence their cluster membership, and then given their
cluster membership, the lawyer forms relations.

The posterior means detailed in Table 3 also provide insight to the net-
work structure and to the mixture of experts latent position cluster model.
Of note are the consistent link probability regression parameter estimates.
The link probability regression parameter estimates also have intuitive in-
terpretations; for example, the negative seniority coefficient suggests lawyers
in the firm appear less likely to work together if they have the same level of
seniority. This is conceivable as it is likely that a partner and an associate
would work together on a case, rather than two partners working together
on a case.

Also of note is that the practice covariate appears to be influential in
the co-workers network cluster membership coefficients, but office does not
appear to be, as it did in the case of the friendship network. As expected the
practice effect has a positive influence on link probability, but it also has a
strong influence on cluster membership in model (¢) where covariates enter
the cluster memberships. The smaller cluster in model (c) is a cluster of liti-
gation lawyers. Thus the models have given us insight to the characteristics
which cause the lawyers to be be co-workers, and have provided an view of
the clustering structure within the firm.

6. Discussion

The mixture of experts latent position cluster model offers an important
extension to the latent position cluster model of Handcock et al. (2007).
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Table 3: Posterior mean parameter estimates for the four mixture of experts models fitted
to the lawyers co-worker data as detailed in Figure 3. Standard deviations are given in
parentheses. Note that cluster 1 was used as the baseline cluster in the case of the cluster
membership parameters. Baseline categories for the covariates are detailed in Table 1.

(a) (b) (¢) (d)

Link Probabilities
Tntercept 1.6 (0.1) -1.46 (0.16) 1.56 (0.09) -1.42 (0.16)
Seniority -0.45 (0.09) -0.49 (0.09)
Gender 0.40 (0.10) 0.41 (0.10)
Office 1.91 (0.10) 1.91 (0.10)
Practice 1.64 (0.10) 1.64 (0.09)
Age -0.01 (0.00) -0.00 (0.00)
Cluster Memberships
Intercept -1.2 (1.7)  1.41 (0.66) -2.07 (1.17) 1.29 (0.88)
Seniority 20.47 (0.97) -3.20 (1.33)
Office (=1) 0.52 (0.94)  1.49 (0.87)
Office (=2) 2.34 (1.50)  0.17 (0.84)
Practice 3.30 (0.78)  0.72 (0.59)
Years 20.04 (0.08)  0.06 (0.05)
Latent Space Model
Cluster 1 mean 0.47 (0.48) -0.09 (0.19) 1.19 (0.31) -0.11 (0.20)

0.21 (0.69) -0.03 (0.21) 0.26 (0.52) -0.03 (0.20)
Cluster 1 variance 3.14 (1.45) 1.98 (0.45) 2.93 (0.76) 2.15 (0.46)
Cluster 2 mean -1.65 (0.92)  0.40 (0.21) -1.88 (0.48) 0.40 (0.13)

10.12 (0.66)  0.12 (0.21) -0.25 (0.28)  0.13 (0.18)
Cluster 2 variance 0.92 (1.40) 0.09 (0.32) 1.29 (0.73) 0.07 (0.28)
AICM 4074 2095 ~4066 117
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The model has the flexibility to allow actor covariates to influence network
structure in a number of ways, yielding a rich family of network models.

A major issue with this model is searching the potential models, so that
an optimal model can be found. An efficient procedure is proposed in this
work, but it does not guarantee finding an optimal model. In addition to
this, the choice of model needs to be guided using a criterion like AICM but
also the interpretation of the model outputs. The manner in which covariates
enter the mixture of experts model has a major impact on the interpretation
of the latent positions of the actors. If the aim of the analysis is to capture
much of the network structure using the latent positions, then the covariates
should enter the cluster membership model. However, if the latent positions
are being used to find network structure beyond that which can be explained
by the covariates, then it is important that the covariates enter the link
probabilities.

The latent position cluster model in its original and mixture of experts
extended form can accommodate alternative link types. In order to do this,
the form of (2) would need to be changed to match the link type. This
shows that this modeling framework has potential for applications beyond
the analysis of binary link data.

The method of fitting the model using Markov Chain Monte Carlo is
computationally expensive, but is much improved by employing surrogate
proposal distributions. However, as the number of actors increases compu-
tational issues pose problems. There is considerable scope for finding more
efficient model fitting procedures for these models and the development of
these would greatly extend the scope of the latent position cluster method-
ology to the analysis of larger networks.
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A. Derivation of surrogate proposal distributions

As detailed in Section 3.3, surrogate proposal distributions are employed
in the Metropolis-within-Gibbs sampler when sampling the regression pa-
rameters $ and 7, for ¢ = 2,...,G. Such proposal distributions are de-
rived by approximating terms within the full conditional distributions. A
quadratic approximation to terms within the full conditional distributions
are employed.

For clarity in the following derivations, the covariate vector associated
with actor ¢ is now defined to be the p + 1 vector w! = (1, wj, ..., ws).

Similarly, the dyadic specific covariate vector is defined to be the p+ 1 vector

&ZT] = (1, Tigly--- 7$i,j,p)~

A.1. Derivation of the surrogate proposal distribution for the link probability
regression parameters (3.

The full conditional distribution of the link probability regression param-
eters [ is

Bl... o« P{Y|Z,X,3} MVN(B [, V). (7)
Let dij =|| z; — 2, ||. Then

B exp(87z,; —dy) | 1
P{Y|Z7X7g} - HH{]__i_exp(ﬁ z; d”)} {1+6Xp<éT£zj

1=1 i#j
logP{Y|Z,X,8} = Y > wij(BTw,;—dij) =Y > log {1+ exp(s"
i=1 j#i i=1 j#i

Examination of the form of the (log) likelihood combined with the form of
the multivariate normal prior does not clearly suggest the distributional form
of a good proposal distribution, or its associated parameters for (.

Within the log likelihood, we can approximate the term B

_ Z Z log{1 + exp(87z, ; — di;)}
i=1 ji

via a quadratic multivariate Taylor expansion (6) in 3 about é :

9(8) = g(B) + (8 = B)" {Va(B)} + 0.5(8 = B) {V*9(B)}B - B).
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672

673

674

675

676

It follows that

exp(8lz; ; — dij)
vQ(é) - _Zzl—l—eng _dlj)

i=1 j#i

and

9 L expﬁ Z; ; — di) -
\Y g(é) = ZZ—U —I-GXp(ﬁT _ dij)]in’j

i=1 j#i

Substituting the quadratic approximation of g(3) into the log likelihood gives

logP{Y|Z,X,8} =~ Y > (87, —dy ZZlog{l—l—eXp( —di)}

=1 j#i =1 j#i
_n_a\T & Li g GXP(BTZL‘ - dl])
6-5) [ — 1+ exp(ﬂ 2, ; — di)

05— )" [ZZ-z ENEPNED _] (8- 5)

ij | \2 T2
i=1 j#i 14 exp(ﬁ .T - dl])]z

when in practice é is the previously sampled value of 3. Ignoring terms con-

stant in § and introducing the term — Z Z ym@TLJ to facilitate algebraic

i=1 ji
completeness gives

10gP{Y|Z7 X= é} ~ Z Z yi,j(ﬁ - §>T£i7j

i=1 j#i
[ZZ$Z]€XP —d--)]

=1 j#i 1+6Xp(6 L j Z])

08— B [224 exp(3" Ziy _Clz;))]zgf]] B-5)

i=1 j#i —i—exp(ﬁ z;

which is a quadratic function in (8 — @ The quadratic form of the ap-
proximated log likelihood suggests a multivariate normal distribution with
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679

680

681

682

683

684

685

686

covariance matrix

ex ﬂ z; ; — di) T !
e [ZZ iy >12£’”']

=1 j#i 1+ep<ﬁ$

and mean

=Xz [Z Z—ZJ { eXp@ %72] — ) }

i=1 j#i 1+ exp(é Lij— dij)

The prior on 3 is MVN(&, V), meaning that (3 — B) MVN(§ — ﬁ ).
Hence the sum of the approximated log likelihood and the log of the prior
distribution on (8 — j3) is the sum of (the log of) two multivariate normal

distributions, suggesting that the distribution of (3 — @ is approximately
MVN(4, Aj) where

-1

(8)

{ZZ p(f i, __di;) )]2@7,}} 4l

B P
N =1 j#i +8Xp(ﬁ I’
and
exp(B z; ; — dyy)
N -1 2
=Ap Zij\ Yig — = + ¥ (ﬁ_@]'
- ; ; ! { 1+ exp(B z,; — dig) }

Thus the full conditional distribution of  (7) can be approximated by a
multivariate normal distribution with covariance matrix AB and mean

ZZ_H{%J T dd))} FUE —@] ©)

i=1 j#i 1+6Xp(@ &i,j - U4

A multivariate normal distribution with mean d5 and covariance matrix Ap
is therefore employed as a surrogate proposal distribution in the Metropolis-
Hastings step to sample § of the Metropolis-within-Gibbs sampler.
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699

A.2. Derivation of the surrogate proposal distribution for the cluster mem-
bership regression parameters T, for g=2,...,G.

The full conditional distribution of the mixing proportions regression pa-
rameters 7, is

Tyl - -

x P{K=(g,....9)lr, W} MVN(z, |7, ®).  (10)

Then

n

logP{K = (g,-..,9)l, W} = Y UK, =g}z w,) Zlog (ZeXp ))

i=1 =

Examination of the form of the (log) likelihood combined with the form of
the multivariate normal prior does not clearly suggest the distributional form
of a good proposal distribution, or its associated parameters for 7,

Within the log likelihood, we can approximate the term

n G
SN PHEN)
i=1 g'=1
via a quadratic multivariate Taylor expansion (6) in T, about 7:

9(z,) =~ g(z,) + (z, — 7,) " {Vy(z,)} + 0.5(z, — 7,) {V?9(z,)}(z — ,)-

It follows that

B . &zeXP(ZgTwi)
Vilz) = - e
i=1 g'=1 p—g’—z

and

exp Tyw;)
Vg = — ) w 1—
Z O exp(rhw,) [ > exp(zu,

Substituting the quadratic approximation of g(z,) into the log likelihood
gives that logP{K = (g,...,9)|7,, W} is

=1

eXp (Igﬂi) ] T
)

n

~ Zl{K —g}T w,) Zlog (Zexp /w >

=1
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_(Ig—fg)T{Z zg.exp(f Tw,) }

— Z T 1eXp(T W,

0.5z, - 7, {Z—z pltyw) )ll—zﬁxp@gwi ‘)]w?}@—zg)

> g—1 exp(Tgw; 1 exp(Tyw

700 when in practice T

, 18 the previously sampled value of 7,. Ignoring terms

o1 constant in 7, and introducing the term — Z H{K; = g}(Thw;) to facilitate
i=1
m2 algebraic completeness gives that log P{K = (g,...,9)|r,, W} is

n

~ Y UK =g}z, —1,) w,

i=1

oy "\ w;exp(T)w;)
(Ig —g) {; ZG: 1exp( w, }

—0.5(1 {Z—Z exp( Ty wZT) | [1 — ZGexp(Igw_i )] w?} (I—ig)

g, | exp(Tyw; 1—1 exXp(T,w

which is a quadratic function in (r, — 7,). The quadratic form of the ap-
proximated log likelihood suggests a multivariate normal distribution with
covariance matrix

-1
- exp(Trw, exp(TFrw,

Y = [ W, —=¢a p(_g__ZT) [1 —e p<_g__ZT) ] w?]
i=1 Zg’:l eXp(Ig/%) ngzl eXp(Ig/wi)

and mean
exp(TTwz)
[Z { g1 exp(Tyw,)
703 The prior on 7, is MVN(y, ®), meaning (r, —7,) ~ MVN(y — 7, ®).

74 Hence the sum of the approximated log likelihood and the log of the prior
s distribution on (7, — Z,) is the sum of (the log of) two multivariate normal

e distributions, suggesting that the distribution of (r, — fg) is also approxi-
or mately MVN(d, Az ) where
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-1

(11)

A i . XP(Ty ) 1 R B L
- i=1 _Zzgﬂ exp(ﬂwi) 25:1 eXP(f;F/wz’) o

Zwi {1{Ki =g} — ZGeXp( “"(_T) ’)} + <I>‘1(1—fg)] :

g’:l eXp _g/_

Thus the full conditional distribution of 7, (10) can be approximated by a
multivariate normal distribution with covariance matrix Az and mean

. Zwi{l{Ki _ o EGexp(fg%_iT) ; }+®—1(1 B Ig)](u)

g/zl eXp Ig’wz

Thus a multivariate normal distribution with mean . and covariance ma-
trix AT is employed as a surrogate proposal distribution in the Metropolis-
Hastmgs step of the Metropolis-within-Gibbs sampler to sample 7.
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