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Iterates of a compact holomorphic map on a finite rank
homogeneous ball

M. Mackey, P. Mellon

ABSTRACT. We study iterates, f”, of a fixed-point free compact holomorphic map f :
B — B where B is the open unit ball of any JB*-triple of finite rank. These spaces include
L(H,K), H,K Hilbert, dim(H) arbitrary, dim(K) < o, or any classical Cartan factor or C*-
algebra of finite rank. Apart from the Hilbert ball, the sequence of iterates (™), does not
generally converge (locally uniformly on B) and little is known of accumulation points. We
present a short proof of a Wolff theorem for B and establish key properties of the resulting
f-invariant subdomains. We define a concept of closed convex holomorphic hull, Ch(x),
for x € 9B and prove the following.

There is a unique tripotent u in OB such that all constant subsequential limits of (f"), lie
in Ch(u). As consequence we also get a short proof of the classical Hilbert ball results.

Introduction

Let B be the open unit ball of a Banach space Z and f : B — B be a holomorphic map with
no fixed point in B. Study of the iterates, (f"),, for f! = f, " = fo f"~!,n > 2, has been
ongoing for nearly a century since it was shown in the 1920s [7, 26] for B = A that (f")
converges uniformly on compact subsets to a constant § € dA. Strong convexity yielded
generalisations of this to the Hilbert ball; in 1963 for finite dimensions [10] and 1997 for
infinite dimensions when f is also compact (that is, f(B) is compact) [6]. There are more
recent extensions to other domains with similar convexity properties [1, 2, 3, 4, 5, 11].
Without strong convexity however (or similar), the iterates do not generally converge [6,
Example 2], [23, Corollary 2.10]. We seek instead accumulation points of (") with respect
to the topology of local uniform convergence on B. This paper gives such results for infinite
dimensional balls that are not strongly convex.

Recall that an open unit ball B is homogeneous if, and only if, the underlying Banach
space Z is a JB*-triple and such balls classify bounded symmetric domains [12]. JB*-triples
include Hilbert spaces, C*-algebras and classical spaces known as Cartan factors, among
many others. There is a long established concept of rank for triples [16, 19]. An example
of a finite rank JB*-triple is L(H,K), where dim(K) < oo. For x € dB, we define a concept
of closed convex hull, Ch(x), in terms of the triple product. This coincides with a concept
introduced in [2] for convex domains in C". For convergence of the iterates the natural
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2 M. MACKEY, P. MELLON

topology, T, here is local uniform convergence on B, which in finite dimensions coincides
with uniform convergence on compact sets. We prove the following.

THEOREM 0.1. Let B be the open unit ball of a finite rank JB*-triple and f : B — B be a
compact holomorphic map with no fixed point in B. Then there exists u € 0B such that all
constant T-accumulation points of (") belong to Ch(u).

In particular, all constant subsequential limits of (") belong to Ch(u).

The results are new in infinite dimensions for triples of rank > 2 and allow short proofs of
the classical Hilbert ball results [10] and [6]. We also provide in Theorem 2.1 below a much
shorter proof of an alternative version of a recent Wolff’s theorem for all finite rank triples
[22], which establishes central f-invariant subdomains of B. Several key properties of these
f-invariant domains are established and used.

1. Notation and background

Throughout, A= {z € C: |z| < 1}. For X and Y complex Banach spaces, L(X,Y) denotes
the space of continuous linear maps from X to Y, X' = L(X,C), L(X) =L(X,X) and GL(X)
is all invertible elements in L(X).

DEFINITION 1.1. A JB*-triple is a complex Banach space Z with a real trilinear mapping
{","y'} 1 ZxZ xZ — Z satisfying

(i) {x,y,z} is complex linear and symmetric in the outer variables x and z, and is
complex anti-linear in y.
(ii) The map z + {x,x,7}, denoted xOlx, is Hermitian, 6(xOx) > 0 and ||xOx|| = ||x||?
for all x € Z, where ¢ denotes the spectrum.
(iii) The product satisfies

{a,b,{x,y,2}} = {{a,b,x}, 3,2} = {x,{b,a,y}, 2} +{x,y,{a,b,2}}.

The triple product is continuous and ||{x,y,z}|| < ||x|||ly[/[|z]| [9]. Odd powers of an element
x exist, with x***! := {x,x**~! x},n € N,n > 1, allowing us to define p(x), for any odd
polynomial p, leading to an odd functional calculus and a triple spectrum of the element x
[14]. There are natural linear maps xOy € L(Z) : z+— {x,y,z}, Ox € Lr(Z) : z+— {x,z,x},
and the Bergman operators B(x,y) =1 —2xOy+ 0,0y € L(Z).

EXAMPLE 1.2. L(H,K), for complex Hilbert spaces H and K, is a JB*-triple with {x,y,z} =
%(xy*z +zy*x), where y* denotes the usual adjoint of y.

A tripotent is e € Z satisfying {e,e,e} = e. Every tripotent e induces a splitting of Z, as
Z=2Zy(e) ©Z (e) ® Zi(e), where Z(e) is the k eigenspace of e[Je. Mutually orthogonal
projections of Z onto Zy(e), Z (e),and Z, (e) are given by Py(e) = B(e, e),P% (e)=2(ede—
0.0.) and P;(e) = Q.0Q., respectively . We say x,y € Z are orthogonal, x_L y, if x(Cly =0
(equivalently y{Ix = 0). In particular, if ¢ and e are orthogonal tripotents then ¢ + e is also a
tripotent. This gives a partial ordering on the set, M, of all tripotents in Z as follows.

DEFINITION 1.3. For tripotents ¢ and e we say ¢ < eife—c € M and (e —c¢)_L c.
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With respect to this ordering, e is maximal if, and only if, Zy(e) = 0 and e is minimal if
Zi(e) = Ce. Z is said to have finite rank r if every element z € Z is contained in a subtriple
of (complex) dimension < r, and r is minimal with this property. The rank 1 triples are
the Hilbert spaces. If Z has finite rank r, a frame is a set {ey,...,e,} of non-zero pairwise
orthogonal minimal tripotents and z € Z has a unique spectral decomposition, called its
Peirce decomposition, as z = Ajej + - - - + Aye,, for some frame {ey,...,e,} and scalars 0 <
M <... <A, =]|z||- Real and complex extreme points of B coincide with the set of maximal
tripotents. For all details see [19].

DEFINITION 1.4. [15, 4.1] A non-empty set A C B is a holomorphic boundary component
of B if A is minimal with respect to the fact that, for all f € F = {f : A — Z holomorphic
with f(A) C B}, either

f(A) CcAor f(A) CB\A.

It follows that if g : B— B is a holomorphic map then g(B) must lie in a single such boundary
component. By replacing ¥ in the above definition with the set of all complex affine maps
: A — B we get the definition of (complex) affine boundary components.

The following shows that holomorphic and affine boundary components coincide in the
finite rank case.

THEOREM 1.5. [15, 4.2, 4.3, 4.4 | Let Z be a finite rank JB*-triple with open unit ball B.
The following hold.

(i) Holomorphic and affine boundary components coincide and are precisely the sets
K. =e+By(e)

where e is a tripotent and By(e) = BN Zy(e) = Py(e)(B).

(ii) The map e — K, is a bijection between the set, M, of tripotents in Z and the set of
boundary components of B, with x € K, if. and only if. e = lim,, e x*"*1,

(iii) Ko = Uy Ka.

Henceforth therefore, for finite rank triples, we refer simply to boundary components and
write K, for the boundary component of x in B. We note that for x € B, K, = Ky = B and
this is the only open boundary component.

THEOREM 1.6. [17] [11] Let X be a Banach space with open unit ball B. If f : B— B is a
compact holomorphic map then the following are equivalent.

(i) f has a fixed point in B;

(ii) there exists z € B and subsequence (n;); such that sup; || f"(z)|| < 1;
(iii) there exists z € B such that sup, || f"(2)| < 1;
(iv) for each z € B we have sup, || f"(z)|| < 1.

2. New Results

Throughout Z is a JB*-triple of finite rank r, with open unit ball B and f : B — B is a
compact (f(B) is compact) holomorphic map with no fixed points in B. Denote the iterates
of fby f":=fof" ! ,n>2, f' = f,and let I'(f) be the set of accumulation points of (f")
with respect to the topology of local uniform convergence on B (used throughout). Since f




4 M. MACKEY, P. MELLON

is compact, I'(f) # 0 and contains subsequential limits [6, Lemma 1]. Elements of I'(f) are
holomorphic maps from B to B. We start by locating the so-called Wolff point, &, of f as
follows. Choose a sequence (0 )k, 0 < oy < 1, o 1 1. Let fi := ay f for all k. As f; maps
B strictly inside B, the Earle—Hamilton theorem [8] implies that f; has a fixed point, 7, in
oyB. By compactness of f, we can assume that zx — & € B. If § were in B then f(§) =&
which is impossible, hence & € dB. We note that as Z is finite rank, it is reflexive [16] and
hence B is both weakly compact and weakly sequentially compact.

Let the Peirce decomposition of & be & = uje; + - - - + yye,, for frame {ej,---,e,} and 0 <
ur <--- <pu=||&|| = 1. Let now

pE{O,...,r—l}besuchthatp+1:mkin{l <k<r:u=1}
Putting uo := 0 gives u, < 1. We let v :=uje; +---+upe, if p # 0 and v = 0 otherwise

and let e be the tripotent e = e, 1 +---+ ¢, € 0B. Then § = e+ v and Theorem 1.5 gives
Ke = K,. Of course,

p=0&v=0% &=cisamaximal tripotent < & = ¢ is extreme in B.

We also consider Peirce decompositions for each z;, namely,
Zk = Yr1€k1 + -+ Yerekr, for frame {ekl,. . .,ek,} and scalars 0 < Yk1 <. < Yir = ”ZkH
Motivated now by insights from [20, 22], we make several definitions, passing to a subse-

quence whenever necessary for convergence.

Fix A > 0. For 1 <i < r we define

1— 1— ||z||? A
(1) a;:=lim Y%zr =1lim 2] and s;(= s;(A)) := ,1<i<r
L= LB R ai+
Note that 0 <a; < --- <a, =1, (1—-s?)°= 2 ands;i=0<a;=0.
Our crucial definition iS now
E;L =)+ T;\‘(B)
where
r a; r
() cy = Z <l> e, V) = Z sie;, and Ty := B(vy,vy) € L(Z).
i=p+1 ai+ A i=p+1

Of course, E), depends on & and is often written as Ej = Eg 3 [20] to [25]. Ej, is constructed to
be exactly the limit, in a certain sense, of a sequence of fi-invariant Kobayashi balls (such
balls are fully algebraically described in [20, Section 2]). Recent results [22, Theorem
2.8, Proposition 2.9] show that E; are then f-invariant, giving a Wolff theorem for finite
rank triples, generalising earlier results in finite dimensions [20, Theorem 3.10] and for the
Hilbert ball [10]. As the proofs in [22] are quite demanding however, we present here a
much shorter proof of the following slightly weaker version which is adequate for our later
purposes.

THEOREM 2.1. Let B be the open unit ball of a finite rank JB*-triple and f : B — B be a
compact holomorphic map with no fixed point in B. For all A > 0, E), is a non-empty convex
domain in B satisfying

f"(E)) CEyNB.
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In particular, Ey N B is f-invariant.

Proof. Fix A > 0. Clearly Ej is non-empty and convex. By orthogonality |[c)| =
max; ;% = 14%?\ and ||vy || = max;s; = /1 — \/ﬁkx, so ¢y, vy, € B and hence Tj € GL(Z)
[12]. Since T), is invertible it follows that E) is open. For k € N we let

(1 —llzl?)
—

By [20, Corollary 2.2, Proposition 2.3] and [19, Corollary 3.5] there is then a sequence of
Kobayashi balls, Dy C B, which are fy-invariant, namely, Dy := cx + T;(B) for

Iy .= 1-—

r 1 _ r r
(3) =) (1 2 )Ykieki, v =Y swiexi and Ty = reB(vi, ve),
i=1 - ki i=1

where

IY;@

su satisfies (1 —s7;)% = <i<r
L=
From [20, Theorem 3.10]
177 ; 1— A
) lim< ok ): “ and lim LT
k l—rk'Y%i Cll‘+7\. —rk'yil Cli+7\.

Crucially then Theorem 2.1 of [22] proves that e; = limg ey, for p+1 <i < rand

5) ’Yi:=li]£H'Yki<1<:>1 <i<p giving g;=5;,=0for1 <i<p.

It follows therefore from (3) and (4) that

(6) lilgnck =, lilgnvk = and lilgnTk =T, =B(v,v\) € GL(Z).

We show E) C B. Let x € Ej. Then x = ¢) + T5,(y), some y € B. For k € N, let x; :
cx+Ti(y) € cx + Ti(B) = Dy C B. From (6) x = limy x;, giving E) C B, and as E,_is open,
it follows Ej C B.

For f-invariance, fix n € N arbitrary. As Dy is f}'-invariant, f}'(x) € Dy, namely, f}!(x) =
¢k + Ti(uy), for some uy € B. Since Ty, € GL(Z), (6) gives limy T,:l = [1 € GL(Z) and
hence u := limgug = T, ' (f"(x) — ¢3) exists in B. Then f"(x) = ¢j + Ti(u) € e+ T, (B) C
E. In other words, f"(E;) C Ey N B and we are done. O

E) is an affine subset of B, referred to as an operator ball. If Z is a Hilbert space then the E;
are exactly the classical ellipsoids [10, 21].

REMARKS 2.2. The culmination of results in [22] admits the alternative description
Ey={weB:o(w) <A}, for o(w)=|B(w,w) 'B(w,E)R||, with R € L(Z)

and ¢ : B — R is continuous. (We note that, since B(w,w) is invertible if, and only if,
w € B [12], ¢ cannot be continuously extended to dB.) In particular, for 0 < u < A we have
E,NB C E,. This immediately converts Theorem 2.1 above to full f-invariance, since for
x € E) we can choose A, with ¢(x) < A, <A, so that x € E)_ and hence f(x) € f(E; ) C
Ej,NB C E,. In other words, f(Ej) C Ej.



6 M. MACKEY, P. MELLON

We return to the search for accumulation points of (f), namely I'(f). Fix g € I'(f). Then
there is a subnet (") with f"*—g locally uniformly on B. Let A > 0 be arbitrary and take
z € Ej. Theorem 2.1 gives f"(z) € E;, for n € N and hence g(z) € E,. Since Z is Banach,
E) is sequentially determined and this means that there is a subsequence (14 )xen (possibly
depending on z) with g(z) = limy f™(z). By Theorem 1.6 then g(z) € dB as otherwise f
would have a fixed point and hence

(7 g(E,) € ExndB, forallge'(f),A>0.

In the rank one (Hilbert space) case, strong convexity gives E; NdB = {£}, yielding results
for iterates on Hilbert balls that do not generally hold for other JB*-triples [21, Example
4.4]. In other spaces conditions are often imposed (on similar E)) to ensure £y NoB = {&}
(1,11, 18, 4, 2]. Proposition 2.7 below will show that this is not possible here.

LEMMA 2.3. E; = c)+T.(B), forall A > 0.

Proof. This follows immediately from invertibility of 7j. (]

While boundary components K, = u+ Py(u)(B), for a tripotent u, are similarly affine, the
linear projection Py(u) is not invertible so proof is required for the following.

PROPOSITION 2.4. For x € B, then K, = u+ Py(u)(B), where u := lim, x*"*1.

Proof. By Theorem 1.5 (ii) it suffices to show that Py(u)B = Py(u)(B) for all tripotents
u. Boundedness of Py(u) gives Py(u)B C Py(u)B. Let y € Py(u)B and choose y, € Py(u)B
with y, — y. We may write y,, = Py(u)x;,, for x,, € B. Since Py(u) is a contraction, it follows

yn € Band y € B. Moreover Py(u) is a projection, so Py(u)y, = y, and y = Py(u)y € Py(u)B

as required. U
Recall, (1) and (5), that0 =a; =---=a, <ap;1 <---<a,=1.Letnowm =mim{p+1<
k <r:ax#0} and define e =Y|_, e;. Then € is a non-zero tripotent satisfying

() e,<e<eand e=esa, #0.

Of course, (2),

(9) ) = Zr’ <jl_}b> éi, and V) = isiei.

i=m ai i=m

We abbreviate lim)_,o+ as limy.

PROPOSITION 2.5. limy c; =limy vy =€ in Z and limy T) = P()(g) in L(Z).

Proof.  For a; # 0, limy_,p+ a{“ﬁ =1 and limy s; = limy /1 — a’% = 1. The stated

limits follow immediately from (9). U

We now establish key properties of the f-invariant domains E;. We write w-lim for weak
limits.
PROPOSITION 2.6.
ﬂEk:0 and 0 # HECBB.
A>0 A>0
In fact, (M=o Ex C K;.
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Proof.  Fix A > 0. Direct calculation gives e = ¢) + Ty (e),e = ¢ + Tj,(e) and hence,
from Lemma 2.3, e,e € E;, for all A > 0. In particular (- E) # 0. Consider then x €
Mso Ex. From Lemma 2.3, for A > 0, x = ¢ + T3 (uy.), for some u), € B. As B is weakly
compact (without loss of generality) u := w-1lim, u; exists in B. Fix ¢ € Z’. Proposition 2.5
gives limy ¢ o Ty, = o Py(€) in Z' and hence limy ¢ o Ty (1) = ¢ o Py(€) (u). Therefore, using
Proposition 2.5,

¢(x) = lim (0(cn) + 00T (1)) = d(e+ Po(e)(u)), forall ¢ € Z'.

Hence x = ¢+ Py(e)(u) € €+ Py(e)(B) = K (from Lemma 2.4). In other words, (~oEx C
Kz C0B. As M-oEx C B and Ny~ Ex C Mo Ex C 9B, it follows that (-0 Ej = 0 and
we are done. O

Our next result shows that ()~ Ej may be quite large (see also [25, Example 4.4]).
PROPOSITION 2.7.

K. C m E) CK; with equality if, and only if, a1 # 0.
A>0

Proof. Letx € K,. Theorem 1.5 (i) givesx=e+w, forw L e, ||w|| < 1. Fix A > 0 arbitrary.
As above ¢) + Ty (e) = e. From [19, Corollary 3.15 (4)], T), = B(vj,vy) is the identity map
on Zy(e), so Ty (w) = w, giving ¢ + T)(x) = x. Choose (B,),,0 < B, < 1,B, T 1 and let
Xy := Bux € B. Then x = lim,, ¢) + T (x,) € Ey. Thus K, C (3~ Ej and hence K, C (N~ En.-
Proposition 2.6 and (8) complete the proof. (]

Proposition 2.7 motivates the following.
DEFINITION 2.8. For x € B, define Ch(x) := K,.
PROPOSITION 2.9. For x € B the following hold.

(i) Ch(x) is the smallest closed convex set containing the boundary component of x.
(ii) Ch(x) is affinely (or holomorphically) connected < x is extreme < Ch(x) = {x}.
(iii)
Ch(x) =K, = | J Ka= | d+Bo(d), for tripotent u := limx***'.
d>u d>u "
In particular, for x € B, Ch(x) = B.

Proof. From Theorem 1.5(ii), it suffices to consider tripotents. For a tripotent u, K, =
u+ Py(u)(B) is clearly convex, so K, is a closed convex set, giving (i). Theorem 1.5(iii)
gives Ch(u) = >, Kq (for tripotents d). In particular, since each K is an affine component,
Ch(u) is affinely connected < u is maximal < K, = {u} < Ch(u) = {u}. As the extreme
points of B are exactly the maximal tripotents, for x € B and u = lim, x>"*!, x is extreme if,
and only if, x = u and thus {x} = {u} = K\ = K, = Ch(x) = Ch(u), giving (ii) and (iii). O

Ch(x) is therefore a closed convex holomorphic hull of x. Proposition 3.2 of [24] shows
that Ch(x) coincides (for finite dimensional Z) with a hull, defined in terms of complex
supporting hyperplanes, introduced in [2] for convex domains in C". The following is now
immediate from Proposition 2.7.

COROLLARY 2.10.

Ch(e) C () Ey C Ch(e) with equality if, and only if. ap.1 #0.
A>0
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COROLLARY 2.11. All constant maps in T'(f) lie in Ch(e). In particular, all constant
subsequential limits of (f") lie in Ch(e).

Proof.  Suppose g € I'(f) is constant, equal to u say. Fix A > 0 and z € E;. From (7)
u=g(z) € E) NaB and thus, from Corollary 2.10, u € (;~oEx C Ch(e). O

An immediate consequence of Corollary 2.11 is a short proof of the classical Denjoy-Wolff
theorem for the Hilbert ball in finite and infinite dimensions [10, 6].

COROLLARY 2.12. Let Z be a Hilbert space with open unit ball B and f : B — B be a
compact holomorphic map with no fixed point in B. Then there exists & in OB such that f"
converges locally uniformly on B to the constant mapping &,

Proof. Let g € I'(f). From (7) g(B) C 9B so g(B) C K, for some & € dB. Since Z has
rank 1, Kz = {&} so g is constant and, in addition, ¢, = ¢ = ¢ = £ and Ch(e) = {}. From
Corollary 2.11 all subsequential limits of (/™) are . Since f is compact, every subsequence
of f" has itself a convergent subsequence and therefore (/) itself must converge to &. [

Our final result gives a condition guaranteeing that e itself is the only possible constant map
inT(f).
COROLLARY 2.13. If ¢ is extreme then & is extreme and the only possible constant map in

['(f) is & and, in particular, the only possible constant subsequential limit of (f") is &. This
holds, in particular, if § is extreme and a; # 0.

Proof.  If ¢ is extreme then Ch(e) = {e} and, since from (8), ¢ < e then ¢ = ¢ and e
extreme gives & = e = ¢ and the result follows from Corollary 2.11. If § = e + v is extreme
then § = e and v = 0. If also a; # 0 then (8) gives € = ¢ = & so ¢ is extreme and we are
done. (]

EXAMPLE 2.14. Define a holomorphic function on the bidisc A2, which is the open unit ball
of the IB*-triple (C?,]| - ||»), by f(z,w) = (g%(z)z,g%(w)grzl(w)), where g, is the Mdbius
map on A which takes 0 to a. One can show that (") converges locally uniformly to the
constant (1, %) Note that f has no fixed point in A% and extends continuously to (and,

holomorphically, beyond) A? so that the Wolff-point § must then be a boundary fixed point.
While (1,1) and (1, 1) are both boundary fixed points, only (1, 1) is attracting so & = (1, 1).
Here e = ¢, = (1,0) so (8) gives ¢ = e and Ch(e) = 1 x A.
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