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DYNAMICS OF BIHOLOMORPHIC SELF-MAPS ON BOUNDED
SYMMETRIC DOMAINS

P. MELLON

Abstract

Let g be a fixed-point free biholomorphic self-map of a bounded symmetric domain B. The
sequence of iterates (¢g™) is known not to converge locally uniformly on B. However, g = gq o T,
for a linear isometry T, a = ¢(0) and a transvection gq, and it is possible to determine the
dynamics of g,. We prove that the sequence of iterates (¢g%) converges locally uniformly on B
if, and only if, a is regular, in which case, the limit is a holomorphic map of B onto a boundary
component (surprisingly though, generally not the boundary component of H%:H) We prove (g7)
converges to a constant for all non-zero a if, and only if, B is a complex Hilbert ball. The results

are new even in finite dimensions, where every element is regular.

Introduction

In 1926 Wolff [20] and Denjoy [4] proved that if g is a holomorphic fixed-point
free self-map of A, then its iterates (¢") converge locally uniformly on A to a
unimodular constant. This was first generalised to the finite dimensional Hilbert
ball by Hervé [6] in 1963, and then again, by others, two decades later [14], [16].
Shortly afterwards, the result was shown to fail for the infinite dimensional Hilbert
ball [19], while it is easy to see that it fails for other, even finite dimensional,
bounded symmetric domains, as shown for the bidisc A x A in Example 1 of [3].
It may therefore appear hopeless to consider the iterates of such maps on arbitrary
bounded symmetric domains, which is, nonetheless, the purpose of this paper.

Let Z be a JB*-triple with open unit ball B. As is long known [8] B is a
bounded symmetric domain and every bounded symmetric domain can be realised
in this way. Let g be a biholomorphic self-map of B which has no fixed point in
B. Then g has a unique decomposition into linear and non-linear parts, and the
non-linear part is tractable, namely, we can trace its iterates. We recall that the
group, G, of biholomorphic automorphisms of B, has the form [8] G = PK = K P,

where K is all linear elements of G (equivalently, all linear isometries of Z [12]),
1



2 P. MELLON

and P = exp(p), where p is the Lie algebra generated by the quadratic vector
fields, X, (2) = (o — {2, @, 2}) 2 on Z. In other words, each g € G may be written
g=gsoT, where a = ¢g(0),T € K, and g, € P is called a transvection.

We show that the local uniform convergence properties of the sequence of iterates
(¢7), unlike those of (¢g™), are good, and it is our aim here to establish exactly
the dynamics of (¢7). We use results on the boundary properties of bounded
symmetric domains [13] to reduce the local uniform convergence properties of (¢7)
to the norm convergence properties of the sequence (¢/7(0)) in Z and we can thereby
locate all accumulation points of (¢7) (with respect to the topology of local uniform
convergence on B) as holomorphic maps of B onto certain boundary components.
We now present our main result, noting first, that if Z is finite rank, in particular
if it is finite dimensional, then every element is (what is known as) regular, giving

a much simpler statement than below.

THEOREM 0.1. Let Z be a JB*-triple with open unit ball B and a € B.

The sequence of iterates (g7') has an accumulation point, with respect to the
topology of local uniform convergence on B, if, and only if, a is reqular. Moreover, if
a is regular, then the iterates (gl}) converge locally uniformly on B to a holomorphic
map ge : B — K., where K, is the (holomorphic) boundary component of e and e

is the support tripotent of a.

We note that the limit point g. is not in general, even in finite dimensions, a
constant map, and more crucially, its image, the boundary component K., may not
contain the point ”Z—”, for a # 0. In fact, the following result shows that while, as
one might expect, the above simplifies greatly in the case of the Hilbert ball, such
simplification actually characterises the Hilbert ball within the class of all bounded

symmetric domains.

THEOREM 0.2. Let Z be a JB*-triple with open unit ball B. The following are
equivalent.

(i) (g7) converges locally uniformly on B to a constant map, for all non-zero
a € B.

(ii) Z is (isometrically J*-isomorphic to) a complex Hilbert space.
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We note that the results are new even in finite dimensions. For a survey of the

classical case B = A we refer to [2].

1. Notation and Background

Throughout A = {z € C: |z| < 1}, H will denote a complex Hilbert space, L(X,Y)
the space of all continuous linear maps from a complex Banach space X to a complex

Banach space Y, L(X) = L(X, X) and GL(X) is all invertible elements in L(X).

1.1. JB*-triples
DEFINITION 1.1. A JB*-triple is a complex Banach space Z with real tri-linear
mapping {-,-,-} : Z x Z x Z — Z satisfying
(i) {z,y,z} is complex linear and symmetric in z and z, and is complex anti-
linear in y;
(ii) the map z — {z,z,z}, denoted x0z, is Hermitian, o(z0xz) > 0 and
|z0z|| = ||z||? for all z € Z, where o denotes the spectrum;

(iii) for all a,b,z,y,x € Z the Jordan triple identity holds, namely,

{a’bv {Ivya Z}} - {{aa b,$},y, Z} - {I, {ba a, y}a Z} + {xaya {aﬂ b, Z}}

The triple product is continuous [5], namely, |{z,y,z}| < |lzlllyllz].- JB*-
triples that are also Banach dual spaces are known as JBW*-triples, and have
been much studied. It is known [8] that every bounded symmetric domain is bi-

holomorphically equivalent to the open ball of a JB*-triple and vice versa.
EXAMPLE 1.2. (i) H is a JB*-triple for product

(T, 9)z + (=, y)z

{z,y,2} = 5

(if) If X is a locally compact Hausdorff space, then Cp(X), the space of all

continuous C-valued functions which vanish at infinity, is a JB*-triple for

All C*-algebras, JB*-algebras and J*-algebras are JB*-triples, so the class of
triples is large and interesting. Since the triple product encodes the holomorphic
structure of B (for example, the Kobayashi metric on B [17] and [18]), it is a key

tool in the study of holomorphic maps on all of these spaces.
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Let Z be a JB*-triple with open unit ball B. The most important linear maps

on Z are the Bergman operators

B(z,y) =1 - 220y + Q(2)Q(y) € L(Z)

as they play a central role in the geometry of B. Here 200y € L(Z) is the map
z+ {z,y, 2z} and Q(x) maps z — {z, z,x} so that Q(z)Q(y) € L(Z).
We note that for all z € B, o(B(z,z)) > 0 and B, := B(x,x)? exists in the

sense of the holomorphic functional calculus on L(Z) [9].

1.2. Tripotents and Peirce decompositions

A concept of orthogonality exists in Z and we say x,y € Z are orthogonal, x 1y, if
20y = 0 (or equivalently [15] if yOx = 0). Analogues of idempotents for an algebra
also exist in the form of tripotents, where e € Z is a tripotent if {e,e, e} = e.

Every tripotent e induces a Peirce splitting

Z =7Z1(e)® Zi(e) D Zo(e)

1
2

where Zy(e) is the k eigenspace of e[Je.

A tripotent e is said to be maximal if Zy(e) = 0 and said to be minimal if
Z1(e) = Ce. It is known that for JB*-triples real and complex extreme points
coincide and are precisely the set of all maximal tripotents.

Z is said to have rank r if the cardinality of every set of non-zero pairwise
orthogonal tripotents is < r and there is at least one set of cardinality . We say
Z is finite rank if r < co. Of course, if Z is finite dimensional then it is finite rank.

We say a € Z is algebraic if there exists a finite family of pairwise orthogonal
minimal tripotents ey, ...,e, and A\; = |lal]] > Ay > --- > A, > 0 such that a =
Aer + -+ Ave.. For a # 0 algebraic, the decomposition is unique if each ey is
non-zero and Ay = |lal]| > Ay > --- > A, > 0. If Z is finite rank then every a € 7 is

algebraic. We refer to [15] for additional details.

1.3. Spectral Theory
There is a well developed spectral theory for JB*-triples, as follows. Given a € Z,

let Z, denote the smallest closed subtriple of Z containing a. Then there is a
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compact set S = —S C R such that Z, is triple isomorphic to
C(8)={feC(S): f(—s)=—f(s) Vs € S}.

We note in particular that 0 can never be an isolated point of S and also that
Sp(0) = 0. Letting ST = {s € S : s > 0}, the following are triple isomorphisms
Z, = C~(S) & Cy(ST), where we identify a with the map a(s) = s Vs € S (or
ST) and elements of Cy(S™) are identified with maps in C~(S) by extension in the
obvious way. Proposition 3.5 of [11] gives all necessary details. The set S, denoted
Sp(a), is called the (triple) spectrum of a and we write rank(a) :=dim(Z,). Using

this spectral theory, an odd functional calculus exists on Z, [9] or [10].

1.4. Automorphism Group

The structure of the group, G, of all biholomorphic automorphisms of B is long
known. We refer to section 3 of [10] for details. G is a Lie group whose Lie
algebra g = K @ p consists of all complete holomorphic vector fields on Z, with

kK = aut(Z) being all triple derivations of Z and
0
p=1{Xas:a€Z}, where X,(z) = (o — {270[72})&.

In particular, for each X € g, the map ¢ — exp(tX) is a 1-parameter subgroup of
G.

At the group level we have the decomposition G = KP = PK, where K =
Aut(Z) is the subgroup of all surjective linear isometries (or equivalently, all triple
isomorphisms) of Z and P = exp(p) is a real submanifold, though not a subgroup,
of G.

Each g € G therefore has a unique representation g = g, o T, where T' € K,a =

g(0), and g, € P, called a transvection, is given by
go(2) =a+ B,(I+2:0a)"'2, 2€B

where B, := B(a,a)? € GL(Z). Clearly gy = I.
Moreover, g, = exp(X,), where a = tanh™'(a) is defined in terms of the odd

functional calculus on Z (and « and a generate the same subtriple of Z).
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EXAMPLE. (i) If B= A then go(2) = 5%, z € A

(ii) If B = By is a complex Hilbert ball then

wle) = (VITTaPR+ @) (), sen

+ (z,a)

where P, is projection onto ﬁ and Q, =1 — P,, a #0.

1.5. Boundary Components
The boundary components of a bounded symmetric domain B are classified [13] in
terms of holomorphic maps called boundary transvections.

We recall that A C B, A # () is a (holomorphic) boundary component of B if A

is minimal with respect to the fact that
either f(A) C Aor f(A) C B\ A4, Vf : A — Z holomorphic with f(A) C B.

We denote the boundary component of B containing a as K.

For ¢ € 0B, the local uniform limit of g, as a € B approaches ¢, namely
limg,_,¢ gq, exists as a holomorphic map : B — Z, is denoted g. and called a bound-
ary transvection. Such maps classify the boundary components of B containing

tripotents, namely, if e € Z is a tripotent then
K. = g.(B) = e+ By(e), where By(e) = BN Zy(e)

and also K. = g¢,(B), for all a € K.. Of course, if e = 0 then Ky = B and
this is the unique open boundary component of B. We note that for ¢ € 9B,
the boundary transvection g., unlike g, for a € B, is neither biholomorphic nor
injective in general. The map (z,a) — gq(2) is, however, a continuous map on
B x B\ (0B x dB). We refer to [13], in particular Theorem 2.1 and Proposition

4.3, for proofs and details of all results in this subsection.

2. Results: Algebraic Elements

Let Z be an arbitrary JB*-triple with open unit ball B. For holomorphic functions
on B, convergence is understood throughout to mean local uniform convergence on

B. Let a € B. We begin by examining the iterates, g/, of ¢g,. Fix n € N.
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As g, = exp(X,), where @ = tanh™*(a) and since the map t — exp(tXy) is a

1-parameter subgroup of G then (recall that P is not a subgroup of G)
9o = (exp(Xa))" = exp(nXa) = exp(Xpna) € P

so that g7 = g., , for ¢, € B, and evaluating at 0 gives g7 (0) = ¢,.

In other words, for all a € B and n € N

(2.1) 9o = 9gr(0)-

This simple identity is crucial, since in light of section 1.5 above, it immediately
simplifies the process of finding accumulation points of (¢7) with respect to the
topology of local uniform convergence on B, by allowing us instead to focus on
finding accumulation points of the sequence (¢7(0)) in Z with respect to the norm
topology. To this end, it is important to notice that the sequence (g7(0)) lies
entirely in the JB*-subtriple, Z,, generated by a. If now Z, is just Ca, then we are
already almost done. Although this is generally not the case, it is true for Hilbert
spaces, where Z, = Ca, for all a in H. For Hilbert space enthusiasts therefore, who

may wish to forgo Jordan theory, we present this separately.

THEOREM 2.1. Let H be a complex Hilbert space with open unit ball B,a €
B\{0}. The sequence of iterates (¢7) converges locally uniformly on B to the con-

stant map m .

PrOOF. For e € OB and A, u € A then Z, = Ce gives gx.(ue) = (f:{;) e =
Az
1+Xx’

for x € A. It follows easily by induction that ¢g7,(0) = t%(0)e, for n € N. Now fix

ta(p)e, where ty is the classical Mdbius transformation on the disc, ¢ (z) =

a € B\{0}. Then ¢7(0) = gﬁal‘e(O) = tﬁ‘aH(O)e, fore = TaT € 0B. From the Denjoy-
Wolff theorem on A, or directly, one sees that the real sequence (tﬂ‘a“ (0)) converges
to 1 and therefore (¢7(0)) converges in norm to far- But then, as described in
section 1.5, (ggg(o)) converges locally uniformly on B to the boundary transvection
e Since gﬁ(B) = Kﬁ’ and every point in dB is complex extreme, then

K o = {ﬁ}, so that [ is the constant map ﬁ The result then follows from

(2.1).
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CoMMENT. The following two properties of Hilbert spaces are key to the above

proof.

1. ¢7(0) € Ca, for all n € N (this ensures that for a # 0 a limit, 9rers exists).

2. Every point on dB is extreme, namely, B is strictly convex (this ensures

that the limit, g_«_, is constant).

b
lTall

While property 2 does not hold for triples of rank > 1, we can ask if property 1

generalises to some such triples. The answer is negative, as we see below.

PROPOSITION 2.2. Let Z be a JB*-triple with open unit ball B. The following
are equivalent.
(i) Z is (isometrically J*-isomorphic to) a complex Hilbert space.
(i) B is strictly convez.
(#ii) For all e € 0B, e is a mazximal tripotent.
(iv) For all e € OB, e is a minimal tripotent.
(v) For all a € B, Z, = Ca.
(vi) For all a € B, ¢g7(0) € Ca. [Note that for a =0, g, = 1.]

ProoF. Though (i) < (ii) « (iii) & (iv) & (v)=(vi) are straightforward, we
sketch them for completeness.

(i) & (ii): is well known.

(ii) < (iii): For a JB*-triple real and complex extreme points of B coincide with
the set of maximal tripotents in Z.

(iii) = (iv): Assume (iii) holds. Let e € OB. By (iii) e is a maximal tripotent.
Suppose e is not minimal. Then there is a decomposition, e = e; + e5, where ey, eg
are non-zero tripotents and e; Ley. By (iii) e; must be a maximal tripotent which
contradicts ea L ey. Therefore e is minimal and (iv) holds.

(iv) = (iii): Assume (iv) holds. Let e € OB. By (iv) e is a tripotent. Suppose e
is not maximal, so that there exists a tripotent f % 0 with fle. Then g = e+ f is
anorm 1 tripotent and by (iv) is minimal, contradicting g = e+ f. So e is maximal
and (iii) holds.

(iv) = (v): Given a # 0 in B then (iv) implies that Z o = Cy2r and hence

lall

Zq = Ca. The result is trivially true if a = 0. Hence (v) holds.
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(v) = (iv): Assume (v) holds. Then, for ¢ # 0, rank(a)=dim(Z,) = 1 so
a = ||al|e for some rank 1 tripotent e. In other words if a # 0 then Tla i @ minimal
tripotent.

(v) = (vi) is obvious.

It remains to prove (vi) = (v). We assume therefore that ¢”(0) € Ca, for all a
in B, n € N. As the condition in (v) is trivially true for a = 0, we fix a in B\{0}.
Identifying Z, with C~(S5), S =Sp(a), and a with the real map s — s, we have

ga(2) = szaa, for z € Z,. In particular then

€ Ca.

2a 3a+ a?
3 _ 2 _ _
20 =00 (20) =00 (o5 ) = 150

Writing ‘;"j_gzz = Xa, A € C, gives (1 —2\)a® = (X — 3)a. Since a # 0 then

A # % and hence a3 = (1)‘_;23:\) a € Ca. Now if a®"~! € Ca, say ua, then a?"t1 =

2n 2n+1 c

{a,a®"t a} = {a, pa,a} = pa® € Ca from above. By induction therefore a
Ca, for all n € N, and hence p,(a) € Ca, for all odd polynomials p,,. Since every
f € C7(S) can be written as the limit of a sequence of odd polynomials, it follows

that f(a) € Ca for all f € C~(S) . In other words, Z, C Ca and hence Z, = Ca.

This completes (vi) = (v).

We return now to arbitrary JB*-triples. For the space of holomorphic functions
on B, we note that nets, rather than sequences, are required to determine the
topology. In particular, the set of all accumulation points of (¢7) with repect to
the topology of local uniform convergence on B is precisely the set of limit points
of all its locally uniformly convergent subnets. The following result shows that for
(g7) this is conveniently the same as the set of all its (locally uniform) subsequential

limits.

THEOREM 2.3. Let Z be a JB*-triple with open unit ball B and a € B. The set of
accumulation points of (gl') with respect to the toplogy of local uniform convergence

on B is

{ge: c €Ty},
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where Ty is the set of all subsequential limits of (gi'(0)) in Z with respect to the
norm topology. In particular, for (gI*) the set of accumulation points is exactly the

set of its subsequential limits.

PROOF. Let h be an accumulation point of (¢7), namely, there is a subnet (n4)q
of N such that g/~ = h locally uniformly on B. In particular then, g7~ (0) = h(0)
in Z. From (2.1) gg* = ggna (o) and therefore (section 1.5) gie = ggra (o) — 9h(0)
locally uniformly on B. Uniqueness of limits gives h = gj,(0). Since the topology on
Z is determined by sequences, the set of limits points of all (convergent) subnets
of (g7(0)) is the same as the set of all its subsequential limits. In other words,
h(0) € T'y and h = gp(9) € {ge : ¢ € T'y}. On the other hand, let ¢ € I'y, that is,
¢ = limg g% (0). As above g7 = 9g7k (0) 7 gc locally uniformly on B, completing

the proof.

We note now that if e is a minimal tripotent in Z then Z;(e) = Ce so Z, = Ce

and, exactly as in the Hilbert ball, g}, is then easy to compute, for A € A.

LEMMA 2.4. Let e be a minimal tripotent. Then

g;\Le - th(O)e fOT’ ne Na)‘ € Aa

Atz
1+ x

where ty(x) = is the usual Mébius map on A. In particular, for X # 0, (g%.)

converges locally uniformly on B to the boundary transvection Ixe

PROOF. Let A € A. Since e is minimal, g%, (0) € Z. = Ce and we compute, for

wE A, grelpe) = (1)\:,%) e = tx(p)e. By induction then g3, (0) = t%(0)e. If A # 0

2

iy and the result follows, as before, from (2.1) and section

then % (0) converges to

1.5.

Our next motivation comes from the fact that if a_Lb then g, is ”orthogonal” to
gp in the sense that
9a+b = Ga © Gb-
This will allow us to extend Lemma 2.4 above to finite linear combinations of

tripotents, namely, to algebraic elements of Z. In order to do this we present the
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following simple lemmata. Proofs are given for completeness as ready references

are elusive. In the finite rank case, proof of the following follows from [15].

LEMMA 2.5. Leta,b € Z withalb. Then |ja+b|| = max{|al|, ||b||}. In particular,

if a,b € B, then a + b € B whenever alb.

PROOF. As alb, allb = ba = 0, so that |la + b[|*> = ||(a + b)O(a + b)|| =
[leCa+b0b||. Now H(aDa—kab)”%‘;”H = ||a||? as {b,b,a} = 0 and ||(aDa+bDb)ﬁ|| =
|b]1? as {a,a,b} = 0, giving ||a + b|| > max{]||al|,||b]|}. In the opposite direction,
calculating in Z, = C~(S), it is easy to see that ||z]|?"*! = [z2"*!||, for all
n € N. Induction arguments, together with use of the Jordan triple identity and

the fact that alb, then easily give (a + b)2"*! = @?"+1 4 b2+ Therefore ||a +

BIIPHY = [[(a + b)*" | = [a®" T + b2 < lafP T 4 (Bl so [la + b)) <

1
limy, o0 (flaf**** 4 [[0]]2"+1) 75 = max{]|a], b}

The following result, for n = 1 and elements e,v € B with e a tripotent and v_Le,

is used in the proof of Proposition 4.3 of [13], though a proof is not given there.
LEMMA 2.6. Let a,b € B be orthogonal. Then
Yavs =Y9a © 9y, for alln € N.

PROOF. As in Lemma 2.5, a_Lb implies (a +b)?"*! = 2" 4?7+ If p then is
any odd polynomial, it follows that p(a + b) = p(a) + p(b) and, again by induction,
p(a) Lp(b). This extends to any odd continuous function f, such that f(a+0), f(a),
f(b) are defined on Z in terms of the odd functional calculus, namely, a1 b implies
fla+b) = f(a)+ f(b) and f(a)Lf(b). Apply this now to

oo t277,+1

f(t) =tanh™'(t) =

As in section 1, g, = exp(Xa), g» = exp(X3), for a = tanh™'(a), § = tanh™'(b)
and X, is the vector field, X,(2) = (@ — {z,a,2}) Z. From above, aLb implies
tanh™'(a + b) = tanh™'(a) + tanh™*(b) = a + S and, in addition, aL3. There-
fore gorv = exp(Xpann—1(atr)) = exP(Xatp) = exp(Xo + Xp). As [Xo, Xpg] =
Xo0p—p0e then oL 8 implies [X,, X5] = 0. This gives exp(Xqo + X3) = (exp Xq4) 0
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(exp Xp), and gatp = ga © gp- Clearly go1p = gpra S0 that g, 0 g» = gp © go and

therefore g7/, = g o g’ by induction, for all n € N.

The above result extends by continuity to include boundary transvections.

LEMMA 2.7. Let a,b € B be orthogonal. Then 9oty =9 © 9y, for all m € N.

We are now in a position to deal with the iterates (¢7), where a € B is algebraic.
We recall a is algebraic if dim(Z,) < co. If a # 0, this means a = Aje; + ... +
Arer, where |lal]| = A > ... > A\ > 0, eq,..., e, are mutually orthogonal minimal
tripotents, r = dim(Z,) and we refer to e := e; + ... + e,, = supp(a) as the support
tripotent of a. Note that supp(0) = 0. It turns out that the dynamics of g, on B

are determined entirely by g., giving our second main result.

THEOREM 2.8. Let Z be a JB*-triple and a € B be algebraic. Then (g}) con-

verges locally uniformly on B to the holomorphic map g., where e = supp(a).

PROOF. The case a = 0 is trivial, as g, = g = I. Take a € B\{0}. We write
a = M\ey + ... + Aeep, where |lal] = N\ > ... > A > 0, eq,...,e, are mutually

orthogonal minimal tripotents, and r = rank a. Fix n € N. Then

9o = Gxie, © 1 OGN e, by Lemma 2.6
= gtgy,l (0)61 QO-+++0 gt?r (0)67» by Lemma 24
= Gt3 (0)ert-+t7 (0)er by Lemma 2.6 again.

Since for 1 <4 <, A; € (0,1), it is clear that ¢} (0) — 1. Therefore lim,, ¢} (0)e; +
K n
-+ 1% (0)e, = €1 + -+ + e, = e and therefore, as before, g converges locally

uniformly on B to g. and we are done.

COMMENTS. 1. If Z is finite rank then all elements in Z are algebraic and,
of course, every finite dimensional JB*-triple is finite rank.
2. If Z is a JBW*-triple then the algebraic elements are dense, cf. [11] section
2.

We now take a closer look at Theorem 2.8. The transvection g. maps B onto the

holomorphic boundary component, K, of e. This yields our first major surprise for,
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as the following examples show, the boundary components of e and ﬁ are generally
different, so that Theorem 2.8 diverges from the Hilbert space result (Theorem 2.1)

in several distinct ways.

(i) (g?) does not necessarily converge to a constant map. See Example 2.9

below.

(ii) Even if (¢7) does converge to a constant, that constant is not generally TaT-

In fact, that constant is not generally in K _« . See Example 2.10 below.

_a_
lTall

(iii) Where it exists, the limit of (¢7') does not generally map into the boundary

component K o . See Example 2.9 below.

llall

As before, convergence here refers to local uniform convergence on B.

EXAMPLE 2.9. Let Z be C* with £, norm, [|(21, 22,23)| = maxi<;<3 |z, so
B = A3. Consider the rank 2 element a = (3, 1,0) € B. Then

1 1
a= 561 + Zeg, e1 = (1,0,0),e5 = (0,1,0) and e = supp(a) = e; + e2 = (1,1,0)

so that g.(B) = K. =1 x 1 x A. On the other hand,

1
— =e1+ —eg and K o

a
H 2 i

=K., =1xAxA.
la

Clearly K. N K _o_ = (). Note that ¢”(z) = (t%(21),t% (22), z3) with z = (21, 22, 23),
2 4

llall

where t7,t7 are Mobius maps on A that converge locally uniformly on A to 1. So
2 4
(g%) converges locally uniformly on B to g. where g.(z) = (1,1, z3).
EXAMPLE 2.10. Let Z be C? with o norm, so B = A2. Take
2'4) 27174

11 1 1
a= < ) = —e1+—eg,wheree; = (1,0),e2 = (0,1) and e = supp(a) = e;+e2 = (1, 1).

Here e is a complex extreme point, so K. = {e} and g, is the constant map e. On

the other hand

a 1 1
m = <1,2) :€1+§€2 and Kﬁ :K(Lo) =1xA.

Of course, (g") converges locally uniformly on A? to the constant map e.

The following proposition clarifies the situation.
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PROPOSITION 2.11. Let a € B be algebraic and e = supp(a). If a # 0 then

K o =K, if and only if -

18 a tripotent.
i [lal

PROOF. Let a € B\{0} be algebraic and e = supp(a). From section 1.5, Koo =

K. if and only if
Talr € Ke = 0:(B) = e+ Bo(e), Bo(e) = Zo(e) N B

In other words, Kﬁ = K, if and only if v := e — ﬁ € By(e). Write a =

Arer+ -+ e, Jlal =AM > > o> A >0and e=e; + -+ + e, = supp(a).

Thenﬁ:/\%:el—i—%eg—i—---—ki—:erand
A2 Ar
=(1--—= 1—— e
° ( /\1)62jL +< )\1>e
By Lemma 2.5, v € B, so v € By(e) if, and only if, vOe = 0. Since

A Ar
ve=(1-22 eoldeg + -+ (1 — — ) e.Le,., we have
/\1 )\1

s
vEByle) & L =1, i=2,..r
A1
<~ ||a|| =AM=X=...=A\
a . .
S a=|alle & — =e& — isa tripotent.
lal lall

3. Results: Regular Elements

We now use spectral theory to extend Theorem 2.8 above to those elements a of Z,
for which the spectrum, Sp(a), does not contain 0. In [11, Lemma 4.1] 0 ¢ Sp(a) is
shown to be equivalent to several previously studied concepts of regularity, namely,
0 ¢ Sp(a) < a is regular < a is strongly regular < « has a generalized inverse. For
this reason, if 0 ¢ Sp(a) we simply refer to a as being regular. Since 0 is never an
isolated point of the spectrum, it follows that every algebraic element is regular. In

particular, 0 is regular as Sp(0) = (. As noted in section 1, we have, for S =Sp(a)
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and ST = {s € S : s > 0}, triple isomorphisms Z, = C~(S) = Cy(S™), where a is
identified with the the map a(s) = s,Vs € ST.

We now extend the concept of support tripotent, used earlier for algebraic el-
ements, to regular elements of Z. Let a € Z be regular and S =Sp(a). Since
0 ¢ S the map e(s) = 1,Vs € ST is continuous, so that e defines a tripotent in
Zq =2 Co(ST), which we refer to as the support tripotent of a, written e = supp(a).

Theorem 2.8 can now be generalised.

THEOREM 3.1. Let Z be a JB*-triple and a € B be regular. Then (¢7) converges

locally uniformly on B to the holomorphic map g., where e = supp(a).

PROOF. The case a = 0 is trivial. Let a € B\ {0} be regular and e = supp(a).

We prove that e = lim,, ¢”(0) in Z by identifying Z, with Co(S™), where a(s) =

5, Vs € ST. We note that ST C [0, [lal]]. As ga(2) = £EL, 2z € Co(ST), we have

94(0)(s) = a(s) = s = t5(0), s € ST, where t,(x) = {5£Z is the usual Mobius map

on A. By induction then
g (0)(s) = t7(0), s€ ST, neN.
Therefore

196(0) —ell = llge (0) = ellz. = [l92'(0) = ell gy (s+)

= sup [g; (0)(s) — e(s)| = sup [t{(0) —e(s)[ = sup [t3(0) — 1.
seSt seSt seSt

It is easy to see by induction that, for all n € N, the real map s — ¢7(0) is strictly
increasing on any interval [0,a], @ < 1. Since S is compact and 0 ¢ S, then sg :=
inf ST > 0, so that ST C [so, ||a]|] and therefore, for all n € N, the map s — t7(0)
is strictly increasing on S*. In particular, 0 < 7 (0) < ¢2(0) <1Vse St,neN.
Therefore, for all n € N, [t7(0) — 1] < [t (0) — 1] Vs € ST and hence

196 (0) — el = sup [¢£(0) — 1] < [£5,(0) —1].

seSt
Since s9 > 0, we know that lim,, t7 (0) = 1 and therefore lim, . g, (0) = e. As
before, (gs) = (ggn(0)) then converges locally uniformly on B to g. and we are

done.
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A further look at the above proof however reveals that g. is the only possible

accumulation point of (g7).

THEOREM 3.2. Let Z be a JB*-triple and a € B. The set of all (local uniform)
accumulation points of the sequence of iterates (g7) is non-empty if, and only if, a
is reqular. In particular, (¢%) converges locally uniformly on B if, and only if, a is

regular.

PROOF. Theorem 3.1 gives one direction. In the opposite direction, suppose that
an accumulation point of (¢7) exists. In other words, (¢7) has some subnet, (g7 ),
say, which converges locally uniformly on B to the map h. Then h(0) = lim,, g7 (0)

exists in Z, =2 C~(S), where S = Sp(a). In particular,
170) = g&= (0}l = [R(0) = ga* ()| z. = sup [A(0)(s) — gz~ (0)(s)] —a O-

Moreover, as in the proof of Theorem 3.1 above, g~ (0)(s) = t7=(0), Vs € S, Va,
so that h(0)(s) = lim, g7~ (0)(s) = lim, t7=(0), Vs € S. On the other hand, since

for s € S, lim,_, t7(0) exists and, in fact,

1 ifs>0
lim ¢7(0) = 0 ifs=0
n—oo

-1 ifs<0

it follows that all subnets of (¢7(0)) must also converge to this same limit.

Therefore, for s € S,

1 ifs>0
h(0)(s)=< 0 ifs=0
-1 ifs<0

Since h(0) € C~(S), it is continuous on S, which means that 0 cannot be an
accumulation point of S. On the other hand, 0 is never an isolated point of S (cf.

section 1.3 above) and hence 0 ¢ S = Sp(a). In other words, a is regular (and

Theorems 3.1 and 3.2 together therefore tell us that the only possible (local

uniform) accumulation point of (¢7) is the holomorphic map g., where e = supp(a),
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and if @ is not regular, then such a support tripotent does not exist in Z. Therefore
our results above are somehow best possible.
The proofs of Theorems 3.1 and 3.2 also contain the proof of the following alter-

native characterisation of regularity.

COROLLARY 3.3. Let Z be a JB*-triple with open unit ball B and a € B. Then
a is regular if, and only if, lim, g7 (0) ezists in Z. In particular, a has a support

tripotent in Z if, and only if, lim, ¢7(0) exists in Z.

CoMMENT. Corollary 3.3 suggests a way to extend the concept of a support
tripotent to arbitrary elements of Z, by seeking such a tripotent in Z**, if one
is not available in Z. Namely, if lim, ¢”(0) does not exist in Z, then we may
seek a limit in Z** using the weak*-topology. Since Z** is a JBW™-triple, its
closed unit ball is weak*-compact and therefore (g7 (0)) considered in Bz« must
have a weak*-convergent subnet. Such a subnet, by arguments similiar to those in
Theorem 3.2, will converge weak™ to a tripotent e, say, in Z**. In other words,
for arbitrary a in Z, a concept of support tripotent in Z** can be defined in terms
of the weak*-topology. This has already been done in [1], though from quite a
different perspective. We note however that, since transvections g, are, in general,
not weak*-weak* continuous [7], this in no way conflicts with what we have done

above.

The final result of our paper characterizes Hilbert spaces as being the only JB*-
triples where the iterates (¢%) converge locally uniformly to a constant map, for
a € B\{0}. This is further evidence, if any is required, that the study of the
dynamics of a holomorphic map on the Hilbert ball does not generalise in any
useful way to the other bounded symmetric domains, as the strict convexity of the

Hilbert ball makes it a natural outlier in this class.

THEOREM 3.4. Let Z be a JB*-triple. The following are equivalent.

(i) For all a € B\{0}, the iterates (gl') converge locally uniformly on B to a
constant map.

(ii) Z is (triple isomorphic to) a complex Hilbert space.
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PROOF. (ii)=(i) is Theorem 2.1.

Assume (i) holds and let a € B\{0}. By Theorem 3.2, a is regular and by Theorem
3.1, (¢g7) then converges to g., e =supp(a). Since (i) holds, g. must be a constant
map, ¢ say. Then K. = g.(B) = {c} which happens if, and only if, e = ¢ is complex
extreme, that is, e is a maximal tripotent.

Let d now be any non-zero tripotent in Z. Since d = supp(\d), for A € A, the
above implies that d must be maximal. However, every non-zero tripotent in Z is
maximal only if every non-zero tripotent is also minimal. In other words, all non-
zero tripotents are rank 1. Returning to a, this means that e = supp(a), and hence
also a, is rank 1. So Z is a rank 1 JB*-triple and is therefore triple isomorphic to

a complex Hilbert space.
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