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A REFINED BLOCH GROUP AND THE THIRD HOMOLOGY OF SL, OF A
FIELD

KEVIN HUTCHINSON

AssTtrACT. We use the properties of the refined Bloch group to study the structure of H3(SL,(F), Z)
for a field F. We compute this group up to 2-torsion when F is a local field with finite residue
field of odd order, and we show that for any global field F it is not finitely-generated.

1. INTRODUCTION

In [19], Chih-Han Sah quotes S. Lichtenbaum who mentions our lack of knowledge of the
precise structure of H3(SL,(Q),Z) as an example of the unsatisfactory state of our understand-
ing of the homology of linear groups. This was nearly twenty five years ago, and to the au-
thor’s knowledge the precise structure of this group is still unknown. (Observe, however, that
H;(SL,(Q),Z) = K;“d(Q) =~ 7/24 for all n > 3 - by the results of [§]], for example.)

In this article, we study the structure of the third homology of SL, of fields by using the prop-
erties of the refined Bloch group of the field, which was introduced in [7]. We are particularly
interested in understanding H3(SL,(F),Z) as a functor of F, and its possible relation to other
functors in K-theory and algebraic geometry.

What are now referred to as Bloch groups of fields first appeared in the work of S. Bloch in
the late 1970s (see [2] for the lecture notes) as a way of constructing explicit maps - and, in
particular, regulators - on Kj of fields. In the 1980s, they were studied by Dupont and Sah
(under the name scissors congruence group) because of their connection with 3-dimensional
hyperbolic geometry ([4], [[19]]). This connection is still actively studied today: Bloch groups
of number fields are targets for Bloch invariants of certain finite-volume oriented hyperbolic 3-
manifolds ([15], [16], [S]). These invariants are amenable to explicit calculation and are related
in a known way to the Chern-Simons invariant. There are also intriguing connections between
Bloch groups, conformal field theories and even modular form theory ([22]],[13]]).

The precise relationship between the Bloch group and K-theory was established via their mu-
tual connection to the homology of linear groups. These connections were greatly clarified and
exploited in the work of Suslin ([21]]): For a field F with at least 4 elements, the pre-Bloch
group, P(F), of the field is an abelian group with generators [x], x € F* \ {1}, subject to a
family of 5-term relations. The Bloch group, B(F), is a subgroup of P(F) which also arises
naturally as a quotient of H3(GL,(F),Z). Suslin has shown that this extends to a surjection
from H;(GLs(F), Z) to B(F) ([21, section 3]). Of course, K3(F) admits a Hurewicz homomor-
phism to H3(GL(F),Z) = H3(GL3(F),Z), and hence, by composition, a map to B(F). Using
calculations of the homology of GL,(F) (n = 2, 3) as well as the homotopy theory of the plus
construction, Suslin proved that there is a natural short exact sequence

0 — Tor>(ur, ptr) — KM(F) > B(F) - 0
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2 KEVIN HUTCHINSON

where Torlz/—(;;, ur) is the unique nontrivial extension of Tory(ur, ur) by Z/2 and
KM(F) = Coker(KY(F) — K3(F)).

These results of Suslin were extended to finite fields (with at least 4 elements) in [7, section 7].

In a letter to Sah (see [[19, section 4]), Suslin asked the question whether the composite
H;(SL,(F),Z) —» H3(SL(F),Z) — Kg“d(F ) induces an isomorphism

H3(SLo(F), Z)p= = KY(F).

The current state of knowledge on this question is that the map is surjective ([8]) and, if we let
A[%] denote A ® Z[%] for any abelian group A, that the induced map

H3(SLo(F), Z[L)ex — KPUF)[2]

is an isomorphism ([12]).

The homology groups of the special linear groups SL,,(F) are naturally modules over the group
ring Z[F*] via the short exact sequences

] — > SL,(F) — > GL,(F) -~ px — - 1.

Since the scalar matrices a - I, are central and have determinant a”, it follows that (F*)" acts
trivially on Hy(SL,(F),Z). In particular, the groups H;(SL,(F),Z) are modules for the group
ring Ry := Z[F*/(F*)*].

When n > k (or n > k when k is odd) in the groups Hy(SL,(F),Z), we are in the range of
stability (see [[19], [8] and [9]) and this module structure is necessarily trivial. But below the
range of stability, the module structure appears to be nontrivial and interesting. For example,
the unstable groups H,,(SL,,(F),Z) are modules over the Grothendieck-Witt ring of the field
(which is a quotient of Rr) and surject onto the even Milnor-Witt K-theory groups of the field
F ([9D.

In [7] the author defined a refined pre-Bloch group, RP(F), of a field F and a subgroup, the
refined Bloch group, RB(F), which was shown to have the following properties:

(1) [7, Theorem 4.3] The group RB(F) is an Rp-module and there is a natural surjective
homomorphism of Rr-modules

H;3(SLa(F), Z) — RB(F)
(2) This induces a commutative diagram (of RF[%]-modules) with exact rows
0 — Tor(ur, ur)[1] —= Ha(SLa(F), Z[1]) —= RB(F)[}] —= 0

|- i i

0 — Tor; (ur, ptr)[3] K4F)I5] BF)[3] —=0

Here RF acts trivially on the bottom row and furthermore
(3) [7, Corollary 5.1] On taking F*-coinvariants, the top row becomes isomorphic to the
bottom row. In particular, RB(F)[3],.. = B(F)[3] and

TrRB(F)[3] = I pH;5(SLo(F), Z[1]) = Ker(H5(SLo(F), Z[1]) = KY(F)[2])

where 7y denotes the augmentation ideal of the group ring Rr.
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(4) [/, Lemma 5.2] The group J pRB(F )[%] is also the kernel of the stabilization homomor-
phism
H;3(SLy(F), Z[3]) — H3(SL3(F), Z[3)).

The cokernel of this map is the third Milnor K-group K}'(F )[%] and the image is
isomorphic to K™(F)[5] ([8, Theorem 4.7, Section 5]).

The main result of the current article (Theorem and its corollaries) tells us that given a
valuation v on the field F with residue field k, there are surjective reduction or specialization
homomorphisms

RP(F) — RP(k)

where @(k) is a certain quotient of RP(k).

In particular, if a € F* and v(a) is not a multiple of 2, there is a specialization homomorphism
which induces a surjection

e, RB(F)[3] — P(k)[1]

where
1@
“ 2
and (a) denotes the square class of a in Ry and ﬁ(k) is a certain quotient of the classical pre-
Bloch group, $(k), of the residue field.

Using these results, we can prove that 7 pRB(F )[%] is large if F is a field with many valuations.

In particular, it follows that H3(SL,(F'), Z) is not finitely generated for any global field F'. By
contrast, if F is a global field then H3(SL3(F),Z2) = K;“d(F ) is well-known to be finitely gen-
erated. More precisely, if F is a global field whose class group has odd order then there is a
natural surjection

€ ]F[%]

TrRB(F)A] —= @, Pk)L]

where v runs through all the finite places of F and k, is the residue field at v (see Corollary[5.2).
Let n” denote the odd part of the nonzero integer n. By the results of [7], if I, is the finite field
with ¢ elements, then P(]Fq)[%] is finite cyclic of order (¢ + 1)".

As another application, we also use the techniques developed to construct explicitly non-trivial

[F3-vector spaces of known dimension inside groups of the form H;3(SL,(Os),Z) where Oy is
a ring of S-integers corresponding to a set S of primes of the field F, and thus to give lower
bounds on the 3-ranks of such groups. Since there is still very little in the literature at present
by way of explicit calculations of the homology or cohomology of S -arithmetic groups of this
type, we hope that the techniques developed here will be useful in proving more general results
of this type in the future. In particular, our results point to the importance of the Og-module
structure in calculations of this type.

Finally, we use these specialization maps, together with the basic algebraic properties of the
refined Bloch groups, developed in section [3| below, to give a calculation of H3(SL,(F), Z[%])
for local fields F with finite residue field k£ of odd order (Theorem . In particular, for such
fields (with some minor restrictions if Q3 C F) we have

H3(SLo(F), ZI3]) = K3(F)[5] @ PR)[3].

Here the right-hand side is an R module with F* acting trivially on the first factor while any
uniformizer acts as —1 on the second factor.
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To return to our opening remarks, it follows from the results here that there is a natural surjec-
tion

H3(SLa(Q), Z) ® Z[3] = Hy(SLa(Q), ZI3]) —= Ki@)31 e (P, PF,)I3]).

It is natural to ask whether this is an isomorphism and, furthermore, what adjustments, if any,
need to be made to obtain a corresponding statement with integral coefficients.
Acknowledgements. The author thanks the anonymous referee for a very thorough reading of

the original manuscript and for numerous detailed suggestions which have greatly improved the
exposition. Any remaining obscurities are entirely the responsibility of the author.

2. Review or Broca Groups

2.1. Preliminaries and Notation. For a field F, we let G denote the multiplicative group,
F*/(F*)?, of nonzero square classes of the field. For x € F*, we will let (x) € G denote the
corresponding square class. Let Ry denote the integral group ring Z[GF] of the group Gr. We
will use the notation {x) for the basis elements, (x) — 1, of the augmentation ideal 7z of Rp.

For any a € F*, we will let p} and p, denote respectively the elements 1 + (@) and 1 — (a) in
Rp.

We let e} and e, denote respectively the mutually orthogonal idempotents

o _ L+a) o _ 1—{a)
e;“::p?: 5 ea::%: 5 € Rr[3].

(Of course, these operators depend only on the class of a in Gf.)

For any abelian group A we will let A[%] denote A ®Z[%]. For an integer n, we will let n” denote
the odd part of n. Thus if A is a finite abelian group of order n, then A[%] is a finite abelian group
of order n’. For an additive abelian group A, A/2 denotes A ® Z/2. However, for multiplicative
groups M we will use the notation M/M?>. If n is a positive integer and A an abelian group, A,
will denote the set {a € Alna = 0}.

2.2. The classical Bloch group. For a field F, with at least 4 elements, the pre-Bloch group,
P(F), is the group generated by the elements [x], x € F* \ {1}, subject to the relations

Rey:  [x] =D+ [v/x] - [(1 -xhH/a —y_l)] +[(1-0/A-y] x#y.
Let S2(F*) denote the group
F*®; F*
<x®y+y®xlx,ye F* >

and denote by x o y the image of x ® y in SZ(F™).
The map
A:P(F) — S3(FY), [x]> (1-x)ox
is well-defined, and the Bloch group of F, B(F) C P(F), is defined to be the kernel of A.

2.3. The refined Bloch group. The refined pre-Bloch group, RP(F), of a field F which has at
least 4 elements, is the Rz-module with generators [x], x € F* subject to the relations [1] = 0
and

Syt 0= =yl [y/x]~(x" = 1) [ =x)/A =y DT =0 [ -0/A-p], xy#l
Of course, from the definition it follows immediately that P(F) = (RP(F))px = Ho(F*, RP(F)).
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For any field F we define the RF-mOdule
Fy

where S2(F*) has the trivial Rz-module structure.

As an Rp-module, RSZ(FX) is generated by the elements
[a,b] = ((a) (bY ,a o b) € RSZ(FX).
The refined Bloch-Wigner homomorphism A to be the R-module homomorphism
A : RP(F) — RSZ(F), [x] = [1 - x,x]

which is well-defined by [7, proof of Theorem 4.3].

In view of the definition of RS%(FX), we can express A = (4y, 4;) where 4; : RP(F) — pr is
the map [x] — (1 — x) {x)), and A, is the composite

RP(F) —= P(F) ——> S2(FX).

Finally, we can define the refined Bloch group of the field F (with at least 4 elements) to be the
Rg-module
RB(F) := Ker(A : RP(F) — RSZ(F)).

2.4. The fields F, and F;. Throughout this paper it will be convenient for us to have (refined
and classical) pre-Bloch and Bloch groups for the fields with 2 and 3 elements. For this reason,
we introduce the following ad hoc definitions.

P(F,) = RP(F,) = RB(F,) = B(F,) is simply an additive group of order 3 with distinguished
generator, denoted Cr, .
RP(F3) is the cyclic Rg,-module generated by the symbol [-1] and subject to the one relation
0=2-([=11+ (-1 [-1]).

The homomorphism

A : RP(F3) - RSI(Fy) = 17, =2-Z(-1)
is the Rg,-homomorphism sending [—1] to (—1)* = =2(-1).
Then RB(F;) = Ker(A) is the submodule of order 2 generated by [—1] + (—1) [-1].
Furthermore, we let P(F3) = RP(E)F;. This is a cyclic Z-module of order 4 with generator
[-1]. Let A : P(F3) — S%(P;) = Symﬂ%,z(lﬁ?) be the map [-1] — —1 o —1. Then B(F;) :=
Ker(A) is cyclc of order 2 with generator 2[—1] and the natural map RB(F;) — B(F;) is an
isomorphism.

2.5. The refined Bloch Group and H;(SL,(F),Z). We recall some results from [7]: The main
result there is

Theorem 2.1. Let F be an infinite field.
There is a natural complex
0 — Tor; (ur, ur) — H3(SLy(F),Z) — RB(F) — 0.

which is exact everywhere except possibly at the middle term. The middle homology is annihi-
lated by 4.

In particular, for any infinite field there is a natural short exact sequence
0 — Tor{(ur, ur)l3] = Hy(SLa(F), Z[3]) — RB(F)[5] — 0.
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The following result is Corollary 5.1 in [7]:

Lemma 2.2. Let F be an infinite field. Then the natural map RB(F) — B(F) is surjective and
the induced map RB(F)px — B(F) has a 2-primary torsion kernel.

Now for any field F, let
H;(SLa(F), Z)y := Ker(Hs(SLo(F), Z) — K3(F))
and
RBy(F) := Ker(RB(F) — B(F))
Lemma 2.3. [7, Lemma 5.2] Let F be an infinite field. Then

(1) H3(SLo(F), Z[3])0 = RB(F)[3],
(2) H3(SLo(F), Z[31)o = T rH3(SLa(F), Z[3]) and RBy(F)[3] = T rRB(F)[5].
(3) H3(SLa(F), Z[31)o = Ker(H3(SLy(F), Z[3]) — H3(SL3(F), Z[5]))

= Ker(H3(SLy(F), Z[35]) = H3(GLy(F), Z[3])).

On the other hand, the corresponding results for finite fields are as follows (the results in [7]
apply to fields with at least 4 elements, but it is straightforward to verify that they extend to the
fields F, and F; with the definitions supplied above):

Lemma 2.4. [7, Lemma 7.1]. For a finite field k the natural map RP(k) — P(k) induces an
isomorphism RB(k) = B(k).

For a field F, we let TOI%(]J/;IF) denote the unique nontrivial extension of Tor?(y FsMp) by Z/2
if the characteristic of F is not 2, and Torlz(y F» Mp) in characteristic 2.

Theorem 2.5. [[7, Corollary 7.5] There is a natural short exact sequence
0 — Tor}(usz,, tr,) — H3(SLo(F,), Z[1/p]) — B(EF,) — 0

for any finite field F, of order q = p’.
Furthermore, there is a natural isomorphism

H;3(SLy(F,), Z[1/p]) = K4(F,).
Lemma 2.6. [/, Section 5,7]

| Z/(g+1)/2, qodd
B(E) = { Z/(g+ 1), q even

and if K ¢ SLy(F,) is a cyclic subgroup of order (q + 1)’ then the composite map
Z/(q + 1) = H3(K,Z[3]) = H3(SLy(F,), Z[3]) —» B(F,)[3]
is an isomorphism.

Corollary 2.7. For any prime power q, P(Pq)[%] is cyclic of order (g + 1)'.

Proof. S%(FZ) has order dividing 2, so the inclusion B(F,) — P(F,) induces an isomorphism
BE)[5] = PF[3]. O
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2.6. The map H3(G,Z) — RB(F). If G is any subgroup of SL,(F’), then by composing the map
Hi3(SL,(F),Z) — RB(F) of Theorem [2.1| with the map H3(G,Z) — H3(SL,(F), Z) induced by
the inclusion of G into SL,(F) we obtain a map H3(G,Z) — RB(F). In [7, Section 6] a recipe is
given for calculating this map for subgroups G of SL,(F) which don’t act transitively on P!(F).
We recall this calculation in the case that G is a finite cyclic subgroup.

First, given 4 distinct points xo, X1, X2, X3 € P'(F) we define the refined cross ratio cr(xg, X, X, x3) €
RP(F) by

() [Gesams]. fwee
(31 — ;) [2=2], if xo = 00
cr(xo, X1, X2, X3) = (X2 — Xo) [ﬁ] , if x; = o0
<x0_x1>[%], if x, = o0
=i =11 N

Lemma 2.8. [7, Section 6] Suppose that G is a finite cyclic subgroup of SL,(F) of order r with
generator t. Let x € P'(F) with trivial stabilizer G, = 1, and let y € P/(F)\ G - x.

The composite
Z|r = H3(G,Z) - RB(F)
is given by the formula
r—1
1 Z (B (1,1,£%1,1%2)),
i=0
where
B (Lt = 0
By (1,1, 1% 172y (6, 1), 171 (), 172 (x0) for 1 <i < r=3
BY (L7 = (120,17 (0, 0) = (0, X, 100, 17 (%)
Bty = B, L0

_ { 0, y = 1)
0, 1), x, 1(x)) + (v, 1(y), 1(x), ),y # 1(y)

Furthermore, the resulting map is independent of the particular choice of x and y.

3. SOME ALGEBRA IN RP(F)

In this section we study certain key elements and submodules of the refined pre-Bloch group
of a field F.

3.1. The elements ¢; (x) and the modules 7(2). We recall the elements
()= [x] + x| e P(F)

(for x € F*). A straightforward calculation - see Suslin [21] - shows that these symbols allow
us to define a group homomorphism

F* - P(F), x- {x}
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whose kernel contains (F*)?; i.e. we have
{x*} = 0 and {xy} = {x} + {y} forall x,y.

In particular, these elements satisfy 2 {x} = O for all x.
We now consider two liftings of these elements in RP(F): For x € F* we let

Y (x) o= [x] + (1) [«
and

(1-x) ((x) [x] + [x—l]), x# 1
0

s .le

o (x) = {

(If F = F,, we interpret this as ¢; (1) = O fori = 1,2. For F = F3, we have ¢ (=1) =y (-1) =
[-1]1+ (-1 [-1].)

The maps F* — RP(F), x — ; (x) are no longer homomorphisms, but are 1-cocycles for the
action of F*:

Lemma 3.1. Let F be a field. Fori € {1, 2}, the map
F* = RP(F), x — ; (x)
is a 1-cocycle; i.e. we have

Wi (xy) = (0 (v) + ¢ (x) forall x,y € F*.

Proof. The statement is trivial for F' = F, or F;. We can thus assume F has at least 4 elements.

If x = 1 ory = 1, the required identities are clear. If x # 1 and y # x~! the relation 0 =
S vay +{(=1) S 1 1,1 in RP(F) yields the identity

Y1 (%) = ¢ (xy) + (0 Y1 () = 0.
Thus we must also prove that (x) (x“) + ¢ (x) = 0 for all x # 1. Fix x # 1 and choose
y ¢ {1, x7'} (here we use that F has at least 4 elements). Then
M (@) = g1 () =1 0) = )y (x7')
and multiplying by (y) gives the required identity.
Now, for x,y € F*, let

0(x,y) == (0| X+ o) [X] € RP(F).
y X
Then
Q(x,y):<y>(<’—‘> o +[X]) - <y><1—f>wz(f)=<y—x>wz(f).
Yy X y y y

For a,b # 1, the relation 0 = S, + S, in RP(F) gives the identity
Qa'-1,b7' =1 =0@@"',bH+ 00 —a,1-b).

<b_l - a_l>lﬂ2 (Zj—:i) = <b_l - a_l>lﬁ2 (g) +{a—-b) l//z(i :Z)

lirma) =) Geli=s)

Thus

and hence
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Now if we fix x,y # 1 with xy # 1, we can solve the equations

b l1-a
X =—, =
a YT 1-b
for a and b and prove the required identity for ¢, (). O

Observe from the definitions that, fori = 1,2, ¢; (x‘l) = (—=1)y; (x) for all x € F*. In particular,
Dy (=D =¢;(=Dfori=1,2.
The properties enumerated in following proposition will be used often in the remainder of this
section.
Proposition 3.2. Fori € {1,2} we have:

(D) X i () = ) i (0) for all x,y

@) vi(0?) = v () + i (?) for all x,y

(3) )i (y?) = 0for all x,y
4) 2-¢;(=1)=0foralli
(5) i (%) = = Vi (=1) for all x
(6) 2-y; (xz) = 0 for all x and if —1 is a square in F then (xz) = 0 for all x.
(7) €xH D yi(=1) =0 for all x,y
@) (=1 €D yi v) = )y ) for all x,y
(9) Let
1, —1e )
E(F) L { 2’ -1 ¢ (FX)Z

The map G — RP(F),{x) — e(F)Y; (x) is a well-defined 1-cocycle.

Proof. The identities ¢; (1) = 0 and y; (x‘l) = (=1)¥; (x) follow from the definition of ¥; ().
More generally, let M be an Rp-module and let ¢ : F* — M be a 1-cocycle satisfying
(1) = 0and Y(x™") = (1) y(x) for all x € F*.
(1) By the cocycle condition, for all x,y € F* we have
Y(xy) = (O YQ) + ¢ (x) = M Yx) + §().

Rearranging this latter equality, we deduce: {x)) Y(y) = {y) ¥(x) for all x, y.
(2) For all x,y we have

vy = () o) + w0 = Y(x) +y(?)
since <y2> = 1inRp.
(3) From (1) together with the fact that «y2> = 0 for all y, we deduce:
Y w?) = (") v = 0.

(4) We have (—1)y(—1) = ¥(-1) and thus

0=y()=y(-1--1) =y +<{-1)y(=1) = 2¢y(-1).
(5) For all x we have

1 1
Y(x) =y (; : xz) = w(;) + (%) = (1) P(x) + YD),

Thus
Y(x) = = (=1 Y(x) = = (x)w(-=1).
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(6) The first statement follows from (4) and (5). For the second, observe that for any x we
have

Y(x) = = (1) y(x)
and (—1)) = 0if —1 is a square.
(7) This statement follows from (3) and (5).
(8) This is a restatement of (7); namely
=I) €D yY(y) = ) ) y(=1) = 0.

(9) By (6), e(F)y(x*) = 0in M for all x and thus e(F)y(xy*) = e(F)y(x) for all x,y. Thus
the proposed map is well-defined (and is thus clearly a 1-cocycle).

O
Now, fori € {1, 2}, let 7(1(;) denote the Ry-submodule of RP(F) generated by the set {i; (x) | x €
F*y.
Lemma 3.3. Let F be a field. Then fori € {1,2}
A (KP) = p'(Ip) € I}
and Ker(4,| 7(U)) is annihilated by 4.

Proof. We use the identities

(@) (bY = (aby — ay — by, (-1 ¢a) = (-ay —«-1». {ab*)) = (a)
inJp.
Thus
LW ) = 40D+ D)

= () (1= x) + (=1) €a) Gxx — DY
= (1 = 0 = ) = (1= x) + (=1 (= 1) = €x) — €x(x — DY)
= (1 = 0 = ) = (1= XD + €1 = x) = (=) — €x(1 — ) + (1)
= (1) = a) — €=x) = (=) - €
= —pl - {x)

Thus A;(K{") = p*,(Tp).

For x # 1 we have y (x) = (x(1 - x)) [x] + (1 — x) [x"!| and thus

W2 () = (x(1 = x)) €x) 1 = x) + (1 = x) (x) Cx(x = D)
= (1 = x) ((x(1 = x))) = Lx) = (1 = xP) + {1 = 0 ((x = 1)) = Lx(x = D)) = Lx))
= (1 =x) =) + (x(1 = 20)) + (=1) = {=x) — (x(1 = x0)) + (1 - x)
= (1) = (o) = €=x) = €x) - =x) = —pL; - {xD.

Thus A, (K) = p*,(ZF) also.
For the second statement, recall that for any group G and any Z[G]-module M a 1-cocycle
p : G — M gives rise to Z[G]-homomorphism 73 — M, defined by g — 1 = p(g). Thus, for
i € {1,2}, we have a well-defined R z-homomorphism

Lr = RP(F), {x) — 24 (x).
Combining this with the inclusion p*,(Zr) — I we obtain an Rp-module homomorphism
ot ph(Tr) — K;) sending p*y (x) = (x) + (=1) (x) 10 24 (x) + (=1) 20 (x). However,
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for any x € F* we have 2{(—1)¢;(x) = 2¢x)¢;(=1) = 0 by Proposition (4), so that
2(=1)¢i (x) = 24; (x) and thus 2¢; (x) +(—1) 2¢; (x) = 4¢; (x).

It follows that i o (/11 | 7((,)) is just multiplication by 4, and the result is proved. O

Remark 3.4. Since p', 7 is a free abelian group, it follows that, as an abelian group, 7(}0
decomposes as a direct sum A & (‘Kg))mrs where A is a free abelian group and 4 annihilates

(K1), = Ker(ile):

Furthermore, if {~1)y; (x) = 0 for all x (for example, if —1 € (F*)?) then y;(x*) = 0 for
all x and the map G — RP(F),{x) — ¥;(x) is already a well-defined 1-cocycle. The above
arguments then show that (‘Kf;)) = Ker(4,| 7((,‘)) is annihilated by 2.

IS P

to

3.2. The constants Cr and Dp. In the classical pre-Bloch group $(F) the expression [x] +
[1 — x] is known to be independent of x € F'\ {0, 1} (see, for example, [21, Section 1]). Further-
more, this constant has order dividing 6. We consider now an analogous constant in RP(F).

Let F be a field with at least 4 elements. For x € F*, x # 1 we let
C(x) :=[x]+ (-=1)[1 = x] and C(x) = C(x) + (1 — x) ¢ (x).

Lemma 3.5. Let F be a field with at least 4 elements. Then C(x) is constant; i.e. for all
x,y € F\{0, 1} we have C(x) = C(y) in RP(F).

Proof. In RP(F) we have
0 = Sx,y + <_1>Sl—x,l—y

B y » x -1 1-x
= [X]—[y]+<X>[)—C]—<x —1>[y_1_1 +<1—X>[1_y]
1- -1
+<—1>[1—x]—<—1>[1—y]+<x—1>[7§]—<1—x4>[§_1—_1 +<—x>[§]
5 A y (1= y-1
= €= o)+ (3) - (1-x )wl(l_x_l)+<x—1>wl(x_l)

(CO—v1+yi(1=x") =1 = D)= (CO)V =1 M +y1 (1=3) =1 = D))
(using the cocycle property of ¢ () to obtain the last line). Furthermore
Ui(1-x") =i =D =1 () = (= Dx) =y (x = D=y (x)

== Dy (x7) =) = A= () = (1) = (1= xhyn ().

O
Definition 3.6. Thus, for a given field F with at least 4 elements, we will denote by Cr the
common value of the expressions C(x) for x € F'\ {0, 1}.

Furthermore, we let Cg, denote the distinguished generator of RP(F,) = RB(F,) and we let
Cr, =Y (=1) = (1 + (1)) [-1] € RB(F3).

For any field F, we let ®(T) denote the polynomial 7% — T + 1 € F[T]. Observe that if F has
characteristic 3 then —1 is a root of ®(7'). In any other characteristic, a root of ®(7") will be of
the form —¢, where ¢ is a primitive cube root of unity.

Corollary 3.7. Let F be a field.
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(1) (-1)Cr =CF
(2) If ©(T) has a root in F, then Cr = 1 (—1).
(3) Forany field F, Cr € RB(F); i.e A(Cr) = 0.

Proof. (1) Forx ¢ {0, 1} wehave Cr = C(1-x) = (—=1)C(x) = (=1) Cp (since {(—1) {1 — x) ¢ (x) =
{1 = x) ¢ (x) by Proposition [3.2](8)).
(2) F, contains no root of ®(T'). If F = Fs, then —1 is a root of ®(T), but the result is true
by definition. So we can assume that F' has at least 4 elements.
Let x be aroot of ®(T). Then 1 — x = x~! and thus

Cr=C(x) [x] +(=1)[1 = x] + {1 —xHp (%)
Y1 () + {(x" Nw1 ()
Ui () + e (0) = )y (x) .

Now x* = —1, so that x = —1 - x* and hence (x) = (—1).
Furthermore, using Proposition [3.2](2) and (6), it follows that

=1 (0 =y (=12 =g D+ () = g (D) + 29 () = g (<)

Thus Cr = (—1)y; (=1) = ¢ (1) as claimed.
(3) Fix x € F*\ {1}. Recall that A, (; (x)) = —p, {x) (see the proof of Lemma 3.3)). Thus
A4 (Cr) A ([x]) + (=D 4 ([T = xD) = K1 = x) (@ (%)
= (1 =2 L) + (=D P L1 = xh = K1 = xpply €xp
Pl K1 — ) €xP —pZy €1 —xp{x) = 0.
On the other hand, recalling that F* acts trivially on S2(F*), we have
(Cr) A ([x]) + (=1} 22([1 = x]) = K1 = x) (1 (x))
(1-x)ox+xo0(l—x)=0inS2(F)

proving the result.

Definition 3.8. For any field F, we define the element Dr € RB(F) by D := 2Ck.

Observe that D = (1 + (—1))Cr by Corollary (1).
Lemma 3.9. For any x € F \ {0, 1} we have

1 1
Dy = [x]+<—1>[1_x_1]—w1(1_x)

Proof.
Dr =2Cp = C(x)+C( ! )
1-x
1 _ 1
= [+ D=2l + (1 -0y () + | — +<—1>[1_x—1]+«1‘x1>>‘/’1(1—x)'
However,

D -x]+

i e
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and
1 1
(1 =xpyn(x) = << >>L//1(X)—«x>>l//1( x)
Thus
1 1
Dy = [x]+(—1)[1_ (1 gy + ((1-x »)‘/’(1 )
1 1
= [x]+<—1)[1_x_1 +(@+{1-x") - 1)y ( )

So it remains to prove that

)l

<X>¢1(

for any x # 0, 1.
Now, by the cocycle property,

1ix):‘”1(1f

However, for any a € F*, we have ¢, (a) = (—1) ¢ (—a) — ¢, (1), and thus for any a,b € F*
we have

<x>w1( )= .
X

U1 (@) =91 (b) = (=01 (=) = (= D)y (=b) = gy (=a™") = gy (-7").
It follows that

(X) ¢ (1 ix) =y (—1 ;x) - (—x_l) =y (1 - x_l) -y (—x‘l).
On the other hand, using the cocycle property again,
_ ol
<1 —x_]>1//1 (1 1x) = ¥ (11 _xx )—'ﬁl (1 —X_l)

b () v (1= x7)

completing the proof. O

Lemma 3.10. For any field F we have 3Dr = 6Cr = (.

Proof. Fix x # 0, 1. Then

3D, = D(1)+D( 1_)+D(1—x)
X 1 —x1
1

- +<_1>[11x]— 1_1]—(—1)[1—)5_1]

X 1 —x

! 1
’ [1—x—1 +<‘1>[x]—[1—x]—<—1>[m]
1
+ [1_x]+<—1>[1—x_l]_[;]_<_1>[x]
= 0.
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Remark 3.11. Examples show that this is best possible. Under the natural map RP(F) — P(F)
the image of Cp is the constant C := [x] + [1 — x] € B(F). It can be shown that this element has
order 6 for example when F = R ([21, Section 1]) or when F is a finite field with g elements
and g = -1 (mod 12) ([[7, Lemma 7.11]).

Theorem 3.12. Let F be a field. Then
(1) Forall x € F*,
(XD D = (x) —¢2 ().
(2) Let E be the field extension obtained from F by adjoining a root of ®(T). Then
{xYDp =0if £ x € Ngp(EX) C F*.

Proof. We consider first the case of a finite field F. The results in the final section of [/]
show that the natural map RP(F) — P(F) induces an isomorphism RB(F) = B(F). Now
Dr € RB(F) and thus {x)) Dr = 0 for all x. Similarly for all x, ¢; (x) — ¢, (x) € RB(F) and this
maps to {x} — {x} = 0 in B(F).

Thus, we can assume without loss that ' is an infinite field.

Let

-1 0

2 -1 _ 0—1

and for x e P'(F) wehave t(x) = 1 —x 'and r '(x) = (1 — x)7".

Thus #(x) = x if and only if ®(x) = 0.

We now choose x € F*\ {1} with #(x) # x (i.e. x not a root of ®(T)) and y € F* \ {1} satisfying
t(y) # yand y ¢ {x, t(x), 1 '(x)}.

By Lemma 2.§] the natural composite map

Z/3 = H3((t) ,Z) — H3(SLy(F),Z) — RB(F)

t::[ -h ]e SL,(F).

So

is given by the formula
2
Lo > a8 (1,1,04,1%9) 1= C(x, ).
i=0

Thus, using Lemma 2.8 again, we have

Clx,y) = cr(B (L, 1) +cer(37(1,1,1,0)
= cr(y, t(x), ' (x), x) — cr(y, x, 1(x), £ (x)) + cr(y, t(y), x, t(x)) + cr(y, 1(y), t(x), x)
<(t‘1(x) - - t(x)>> [(t‘l(x) — 1) (x — y)] B <(t(x) - - x)> [(t(x) — ) (x) - y)]
1(x) = t(x) (71 (x) = y)(x = 1(x)) H(x) — x (t(x) = )1 (x) = x)
N < (x=y0 - t(y))> [(x — t(y)(t(x) — y)] N <(t(x) -0 - t(y))> [(t(x) — t(y)(x — y)]
x —1(y) (x = y)((x) — 1(y) 1(x) — 1(y) (1(x) — y)(x = 1(y))
Now let

(x = Y)x) —y)

t(x)—x

a=a(xy) =



Refined Bloch group and third homology of SL, 15

Multiplying C(x,y) by the square class {(a) gives
(@ Clxy) = <(I‘I(X) — 1(x0))(x — y)> [(I‘I(X) — 1(x0))(x — y)] Dy [(I(X) -0 () - y)]
’ 1 (x) = ))(x = 1)) [ [ (71(x) = y)(x = 1(x)) (t(x) = (' (x) = x)
N < O = t)(x — 1(x) > [(x — 1()(r(x) - y)] N <(y — 1(y)(#(x) — X)> [(Z(X) —1()(x - y)]
(x =t = 1)) [ | (x = y)((x) = 1(y)) (x = y)(#(x) = 1(y) [ [ (1(x) = y)(x = 2(y))

Now let
= sy s OO = 1= )
U (N (x) = y)(x = 1(x)
and
=y o D — 1)
U (=t ))(A(x) —y)
Thus
1
(@Cxy) = (9)s]- <—1>[1 — |+ = w[u ]+ (= 1) L]
1
= (s)[s] —<—1>[1 _ + ().
Now
2 _ )
A -t = = gy oy 2 LYy o X o]
x(x=1) 1-—x X
so that
X—=y
s = .
1—-y+xy
On the other hand,
(x —y)? s s

“= (xy—y+Dxy—x+1) T T s
Hence C(x,y) = (a) E where

1
E = E(x,y) = (s)[s] - <—1>[:] ¥ wz( s )

|
Now, from the definition of ¢, (s) and the identity (—=1) ¢, (a) = ¢, (a‘l), we have

(s= 1y (s7) = (1= syyn (s) = () [s] + [s7].

Dy = D(s_l) = [s_l] +(=1) [%_s] — (1 _1s_1).

Furthermore

It follows that

E = (s- 1>w2(s‘1)—DF—w1(1 _ls_l)wz(l ).

But
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Thus, using the cocycle property of ¢, () we get
E o= (=) + v (= )—DF—wl( 1 )
-5t -5t -5t
1 1
%(l—s—l)_%(l—s—l)_DF'

1 o x-Yy

Now let

ri= =
I-s1 x-1-xy

and observe that
L@ =y G -l-w) G-l x)

H(x)—x x—1-x2 —D(x)
and hence {(a) = (—D(x)r).
Thus
(1) C =C(x,y) =(=0Ox)r) W2 (r) — Y1 (r) — Dr) € RB(F)

has order dividing 3 and is independent of the choice of x and y.

For the remainder of the proof, we will suppose that x satisfies (x + 1)®(x) # 0. Since for any
re€ F*\ {x7!, x/(x = 1)} we can solve for y
rx—r—x «
y=————¢€F
rx—1
then clearly  can assume any nonzero value other than x~! and x/(x — 1) by appropriate choice
of y.
In particular, taking » = —1 and multiplying both sides of the equation by 4 we see that
C = —(@(x)) Dr
since 4y¥; (—1) = 0 while 4C = C and 4Dy = Drp.
It follows that (®(x)) D is independent of x. Using the identity
-1
QD) = (xy + 3 - 1>2®(L)
X1 +x—1

it follows that
X1 Xy — 1

(@(x1)) (P(x2)) = <<D( 1)> (=(D(2)), say).

X1+ Xp —
Thus, from
(O(x2)) D = (D(2)) Dr
we deduce, on multiplying by (®(x;)), that
(D(2)) Dp = (Q(x1)) {D(2)) Dr

and thus that (®(x;)) Dr = Dpg. Since we also have {—1)) D = 0 (by Corollary (1)), it
follows more generally that

(@) Dr =0

for any z. Note that if E # F then a norm from E will be an element of the form ®(a)b? for
some a, b € F*. Thus, statement (2) of the theorem follows immediately.

Now choose r = b? in formula . This gives
C = (@(x)) (2 (b*) = 91 (b7)) - Dr.
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Multiplying both sides by 4 again shows that C = —Dyp.
Using this, formula (I]) says that

—Dr = (=®(x)r) 2 (r) = ¢ (r) — D)
or, equivalently,
(=@(x)ry Dr = Dr + 41 (r) = 2 (1)
and hence
(=@)r) Dr =1 (r) =y (1)
for all ». Since {—®(x)) Dr = 0 for all x and since
(=@x)r) = {=DPx)) (rH + {—P(x)) + «r)
it follows that
r) Dp =1 (r) =2 (r)

for all r € F*, proving statement (1) of the theorem. O

Remark 3.13. We will see below that statement (2) is in general best possible. For example if
F is a local or global field not containing a primitive cube root of unity, {3, then often we have
{x» Dr # 0 (and hence ¥ (x) # ¥, (x) ) when x is not a norm from E = F({3).

Remark 3.14. Observe that the element 7 chosen in the last proof lies in the image of SL,(Z) —
SL,(F).

Now it is well known that SL,(Z) can be expressed as an amalgamated product Cy *¢, Cs. Here
C4 1s cyclic of order 4 with generator a and Cg 1s cyclic of order 6 with generator b with

0 1 0 -1
a—[_l O]andb—[1 _1].
Thus b? = t is our matrix of order 3. A straightforward direct calculation, using this decompo-

sition (see, for example, [10, Theorem 4.1.1]), shows that H3(SL,(Z), Z) is cyclic of order 12
and that the inclusion G := (f) — SL,(Z) induces an isomorphism H3(G, Z) = H3(SLy(2), Z) 3.

It follows that for any field F, the image of the natural map H3(SL(Z), Z)5) — RB(F), is the
cyclic subgroup generated by —Dp.

4. VALUATIONS AND SPECIALIZATION

In this section, we prove the existence of specialization or reduction maps from the refined
pre-Bloch group of a field to the refined pre-Bloch group of the residue field of a valuation. We
use these specialization maps to obtain lower bounds for the groups 7 RB(F) for fields with
valuations.

4.1. Some preliminary definitions. In this subsection we define certain quotients of the clas-
sical and refined Bloch and pre-Bloch groups which we will use in the remainder of the paper.

For any field F' we will let
RP(F) := RP(F)| K.

Observe that for any x we have A4, (x)) = {—x)) - {x)) € T2, by the proof of Lemma and
A (X))

:(1—x)ox—(1_x)0x

—X

(I-x)ox+(1-x"ox!

(I-x)ox—(1—-x)ox+(—x)ox

(=x) o x € SZ(F™).
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It follows that A(y; (x)) = [—x, x] € RSZ(F*) so that A(K") is the Rz-submodule of RSZ(F*)
generated by the symbols [—x, x]. Thus we set

RSZ(F¥) := RS2(F*)/A(K)

and let o .

A : RP(F) — RSZ(FX)
be the resulting R r-homomorphism induced by A. Finally we let @(F ) := Ker(A).
I:\eimma 4.1. For any field F the natural map RP(F) — 7/3‘55(F ) induces a surjection RB(F) —
RB(F) whose kernel is annihilated by 4. In particular,

RB(F)[3] = RB(F)[3].
Proof. The surjectivity of the map is clear from the definitions. On the other hand, the kernel
of the map RB(F) — RB(F) is RB(F) N K’ which is contained in Ker(44],(1)) and which in
turn is annihilated by 4 by Lemma[3.3] ' O

For finite fields, the results of [7] allow us to be more precise:
Lemma 4.2. Let F, be a finite field with q elements.

() Ifqgisevenorifqg=1 (mod 4) then B(F,) = RB(F,) = @(Pq). This group is cyclic of
order (q + 1) when q is even and (g + 1)/2 when g = 1 (mod 4).
(2) If g =3 (mod 4) then RB(F,) = B(F,)/ ({—1}) is cyclic of order (q + 1)/4.

Proof. The cases g = 2 or ¢ = 3 are immediate.

When g > 4, by [/, Lemma 7.1], the natural map RP(F,) — P(F,) induces an isomorphism
RB(F,) = B(F,) and for all x the image of ¢, (x) € RB(F,) is {x} € B(F,), which has order
divisible by 2.

If gisevenorif g = 1 (mod 4) then B(F,) is cyclic of order g + 1 or (g + 1)/2 respectively,
and hence is of odd order.

On the other hand, if ¢ = 3 (mod 4) then [7, Lemma 7.8] shows that 7(&) = (Y1 (—1)) is cyclic
of order 2 and is contained in RB(F,) = B(F,). |
We let K denote the Rz-submodule ‘K}]) + ‘K}z) of RP(F).
Lemma 4.3. For any field F we have

Kr =K, +IrCr
and

Kr =K\ @ IrDp.
Proof. By Theorem [3.12] for any field F we have an identity of Rz-submodules of RP(F)

K =KD + KD =K + 11Dy

On the other hand since

Dy = +<—1>[1+x] (mod k")

1
X

Cr=[x]+{(~1)[1-x] (mod K"
and [x‘l] =—(-1)[x] (mod (K}l)),



Refined Bloch group and third homology of SL, 19
it follows that Cr = —(—1) Dy = —Dr (mod 7(;1)) (using Corollary (1)) and thus
(](1(71) + IFCF = 7(;-1) + .Z-FDF.

Finally, suppose that a € 7(;” N IpDp. Then 3a = 0 since 3Dy = 0 and 4a = O since
a e K NRB(F), so thata = 0. Thus K\’ N I Dp = 0. O

For any field F we set
RP(F) := RP(F)/ Ky = RP(F)/I Dy and RB(F) = RB(F)/I ;- Dy.
Corollary 4.4. For any field F there is natural short exact sequence
0 — IxDp — RB(F) — RB(F) — 0.

If F is a finite field, by Lemma RB(F) = B(F) and hence the action of Gr on RB(F) is
trivial and thus we have

Corollary 4.5. For any finite field F, we have @(F ) = @(F ).

We will use the following identities repeatedly below:

Lemma 4.6. For any field F and any x € F*, we have
() [x] = (=1) [x] = = [x']
in RP(F).

Proof. Since i, (x) = 0 in RP(F), it follows that (~1) [x] = — [x~!|. Since ¥, (x) = 0, we have
(x) [x] = = [x!] also. O

We will also need to consider the corresponding quotient of the classical pre-Bloch group:
Let S denote the (2-torsion) subgroup of P(F) generated by the elements {x}, and let
P(F)

Sr
Thus, the natural map RP(F) — P(F) induces an ismorphism @(F Vpx = $(F ).

Recall that D denotes the Rp-module Ry Dp. Finally, we let

P(F) :=

RP(F) _ RP(F) _RP(F)

RP(F) := = =
Ok p, T D ZD:
and -
— RB(F)
RB(F) := .
(F) Dy

In section [6] below, we will also need the corresponding classical version:

Py Pk
ZDy+S, ZD;’

P(k) =

Note that D = 1 rDr + ZDpr and that the sum ‘K;,]) + Dp 1s direct (by the argument of Lemma
[4.3). Thus we have
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Lemma 4.7. For any field F there are short exact sequences
0 = D — RB(F) = RB(F) — 0
and - L
0 > ZDr —» RB(F) - RB(F) — 0.
4.2. Valuations. Now let I' be an ordered (additive) abelian group and let v : F* — I be a
valuation, which we will always assume to be surjective. As usual, let
0=0,={0}U{xe F*|v(x) >0}
be the valuation ring, let
M=M,={0}U{xe F*|v(x) >0}
be the maximal ideal, let k = k, = O/ M be the residue field and
U=U,={xeF*|v(x) =0 =0\ M.

Also let f, be the group homomorphism U — kX, u — & := u+ M, and let U, = Uy, =
Ker(f,) =1+ M.

Since I' is a torsion-free group we have a short exact sequence of [F,-vector spaces

(2) 1 > U/U> - Gr—>T/2-0.
We have homomorphisms of commutative rings
ZIU/U1—Rp
Ry

Thus, if M is any R; module
Mp = Mg, := Rr Qzyjuyy M
is an Rp-module.

We will require the following result several times in the next section:

Lemma 4.8. Let F be a field with valuation v : F* — I and corresponding residue field k. Let
a,b € F and suppose that v(a) = v(b) (mod 2I'). Then {a) ® C; = (b) ® C) in RP(k)r.

Proof. We have v(a) = v(b) + 2y for some v € I'. Choose ¢ € F* with v(c) = y. Then
u=al(bc?) € U. So {(a) — (b) = (b) {u) in Rr. Thus

(@@Cr—(b)®Cy =@y C, =0
since {u) Cy € 1,Cy and hence represents 0 in @)(k). m|
4.3. The specialization homomorphisms.

Theorem 4.9. Let F be a field with valuation v and corresponding residue field k.

Then there is a surjective R p-module homomorphism

S, RP(F) — RPK)s

1®[a], v(a)=0
[a] - 1®Cy, v(a)>0

-(1®Cy, via)<0
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Proof. Let Z; denote the set of symbols of the form [x],x # 1 and let T : Rg[Z] — @)(k)p be
the unique Rz-homomorphism given by

1®[a]l, via)=0
[a] - 1®Cy, v(a)>0
-(1®Cy, via)<0

We must prove that 7(S ;) = 0 for all x,y € F*\ {1}.

Through the remainder of this proof we will adopt the following notation: Given x,y € F*\ {1},
we let

Note that

Thus, with this notation, S .., becomes [x] = [y] + (x) [u] = (x™" = 1) [uw] + (1 = x) [w].
We divide the proof into several cases:
Case (i): v(x),v(y) #0

Subcase (a): v(x) = v(y) > 0.
Then 1 —x,1 —y € U, and hence w € Uy, so that w = 1 and uw = u. Thus

T(S.) =18Ci-18Cr+ (@il - (x' - 1)@ [a].

However, x ™' — 1 = x7'(1 — x), so that <x‘1 - 1>®L‘t =(x)® {1 — %) [it] = {(x)® [i1],
and thus T'(S ,,) = 0 as required.

Subcase (b): v(x) = v(y) < 0.
Then u € U and uw € U, so that w = #~'. Thus

TSy =-18C+10C +(x il +(1-xye|a'|.

Butl —x=—-x(1—x")and 1 — x! € Uy, so that the last term is (—x) ® [ﬁ‘l] and
hence T(S ) = (x) ® ¢, (i) = 0 in RP(k).

Subcase (¢): v(x) > v(y) > 0.
Then w € U; and v(u), v(uw) < 0. So

T(S.)=18C-18C, — ()@ Ci+{x' - 1) C,.

Butsince x ' =1 = x"!(1-x) and 1 —x € U, it follows that <x‘1 - 1>®Ck = (x)®Cy
and hence T'(S ,,) = 0.

Subcase (d): v(x) > 0 > v(y).
Then v(u) = v(y) — v(x) < 0, viw) = —v(1 —y) = —v(y(y~' = 1)) = —v(y) > 0 and
v(iuw) = v(u) + viw) = —v(x) < 0. So

T(S)=18C+18C— ()& Ci+{x' - 1)@ C, + (1 -0 & Cy.

But 1 — x € Uy and (x"'=1) = (x)(1 - x). So this gives T(S,,) = 1 ®3Cy.
However, 3C; = —3D; = 0 in RP(k).

Subcase (e): 0 > v(x) > v(y).
Then v(u) = v(y) — v(x) < 0 and uw € Uy, so that v(w) = —v(u) > O and w = ii~".
Thus

T Sy)=—-(U0CH+18C,—(x)®@C +(1 —x) ® C}.
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Now 1—x = —x(1-x"")and 1 —x! € Uy, so the last term is (x)®(—1) C; = (x)®Cy
by Corollary (1). This gives T'(S ) = 0 as required.
Subcases (f),(g),(h): The corresponding calculations when v(y) > v(x) are almost identical.
Case (ii): x,y € U;.
Subcase (a): v(1 — x) #v(1 —y).
Then u € U; and v(w) = v(uw) # 0. So

TS =+({(x"'-1)eC - (1-x8C)=0

since <x‘1 — 1> = <x‘1>(1 —x)and x ! € U,.
Subcase (b): v(1 —x) =v(1 —y).
Then u € U; and w, uw € U with uw = w. So

T(S.y) == {x" = 1) & [¥] + (I - x) ® [7]

which is 0 by the same argument as the previous (sub)case.
Case (iii): x € Uy, v(y) # 0.
Then v(u) = v(y). Observe that v(1 —y) = min(v(1),v(y)) = min(0,v(y)) < 0. Of
course, v(1 — x) > 0.
Thus v(w) = v(1-x)—v(1-y) > 0 and v(uw) = v(u)+v(w) = v(1-x)+v(y)—v(1—-y) > 0
since v(y) — v(1 —y) > 0. So

T(S:y)=£(18C-18C) - (x"-1)®C+(1-x)®C, =0

since x € U, and thus <x‘1 - 1> = (1 —x).
Case (iv): v(x) # 0,y € U,
Arguing as in the last case, v(w), v(uw) < 0 in this case.
Subcase (a): v(x) > 0
Then v(u) = —v(x) < 0. So

T(S.)=18C— ()@ C+{x' - 1)@ C,—(1-x)®C; =0

using Lemmatogether with the identities v(1 —x) = 0 = v(1) and v(x~' = 1) =
—v(x).

Subcase (b): v(x) < 0.
Then v(u) > 0 and

T(S:)=-18Ci+N®C+(x'=1)®C (1 - 1) ® Cy.

This vanishes by Lemma 4.8|together with the identities v(1 —x) = v(x) and v(x~! —
1)=0=v(l).
Case (v): xe U\ U; and v(y) # 0.
Subcase (a): v(y) > 0.
Then v(u) = v(y) > 0. Since | —x € U and 1 —y € Uy, it follows that v(w) = 0,
w =1 - xin k and v(uw) > 0. Thus

T(Syy) = 18 -18C+NeC—{(x'-1)eCi+(l-x)a[l - i
1® ([%] + (1 - B [1 - ] - Cp)

using Lem to eliminate terms. Now (1 — x)[1 — X] = (-1)[1 — X] in @(k)

—

by Lemma 4.6, and hence [X] + (1 — X)[1 — X] = C} in RP(k). Thus we conclude
that 7(S ) = 0 as required.
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Subcase (b): v(y) <0
We have v(u) = v(y) < 0 and v(w) = —v(1 —y) = —v(y) > 0. Thus v(uw) =

v(u) + v(w) = v(y) — v(y) = 0. Furthermore, since 1 —y™' € U, uw =1 — 571

Thus (using Lemma [4.8] again)
S(Ty) = 18FE+18k-(neC - (x'-1)e[l-'|+{1-neC
1®(Co+ 51 - (x' = 1)[1- %))
1o (C+ 13- (s - 1)[1-x"]).

Now (¥ = 1)[1 - %] = [1 - x| in RP(k) by Lemma}4.6} and [7] = — (~1)[5"']
since ¥ (x) = 0. Thus

- (x' -1 -5 ==+ -D[1 -5 = = (1) C, = ~C, in RP(K)

and again 7'(S ,,) = 0 as required.
Case (vi): ye U\ Uy and v(x) £ 0
Subcase (a): v(x) >0
we have v(u) = —v(x) < 0, v(w) = 0and 1 — x € U, so that w = (1 — y)~'. Finally
v(uw) = v(u) < 0. Thus

T(S,,) = 1®ck—1®[y]—<x>®ck+(x-l—1)®ck+<1—x>®[%]

=) ‘

using Lemma again (after observing that v(x~! — 1) = —v(x) when v(x) > 0).
However

1®(Ck—[y]+

|- enn-s
-y
in @’(k), and hence T'(S,,) = 1 ® (C;, — C;) = 0.
Subcase (b): v(x) <0
We have v(u) = —v(x) > 0 and v(w) = v(1 —x) = v(x) < 0 and v(uw) = v(u)+v(w) =
0. Furthermore, since 1 —x~' € Uy, uw = 1/(1 = 1. Thus

T(Syy) = —(1®ck>—1®[y]+<x>®ck—<x-1—1>®[
1
te(-ci- [ - | =
-y

using Lemmaand the fact thatﬁ1 - 1> = (—1)(1 — x‘1> and 1 —x~! e U,.
4.6

But in @’(k) we have, by Lemma

1_)_)_1]—<1—X>®Ck

1
-y

~[5 —<—1>[ ] = (=D [y ]+ [1-5"] = C

Case (vil): xe U\ Uy and y € U;.
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We have v(u) = O and 2 = X\
v(uw) = v(w) < 0 also. Thus
T(Syy) = l1@E+@e|x!|+(x'-1)eC-(1-08C
1® ([)'c] + (X) [)‘c‘l]) (by Lemma[4.8)
LX) (1 - X))y (x) =0.

Furthermore, v(w) = —v(1 — y) < 0 and thus

Case (viil): xe Uyandy e U \ U,

We have u € U and &1 = y, v(w) = v(1 — x) > 0 and v(uw) = v(w) > 0. So
T(S.y) = —(1@F)+®e[f]-(x'-1)eC+(1-x)8Ci=0
by Lemma4.8|and the fact that x € U.

Case (ix): x,ye U\ U,

In this case X,y € k* \ {1} and
T(Sx,y) = 1®S;C,}7 = 1®0
O
Given a valuation v on a field F and an element a € F* with v(a) # 0, we will let €,(a) denote
sign(v(a)) € {x1}.

Suppose that p : Rp — R; is a ring homomorphism satisfying p({u)) = (1) for any u € U. Then
by composing S, with the surjective R z-module homomorphism

RP(k)r — RP(K), x®y > p(x)y.
we obtain:
Corollary 4.10. Let p : Rp — Ry be any ring homomorphism satisfying p({u)) = (i) ifu € U.

Then p induces a Rp-module structure on RP(k) and there is a surjective homomorphism of
Rp-modules S = S, : RP(F) — RP(k) determined by

[a], a€e U,
lal = {ev(a)Ck, ag¢ U,

Now, if we choose a splitting, j : I'/2 — G of the sequence (2), we obtain a ring isomorphism
Ry = Z[U/U* x j(T/2)] = Z[U/U*] ®z Z[T'/2].

On the other hand, any character y : I'/2 — u, = {1,—1} induces a ring homomorphism
Z|I'/2] — Z. Thus, given a splitting j and a character y, we obtain a ring homomorphism

P =pjy: R = R, (u- j(y) = x(y) (i)
and a corresponding surjective specialization map
S =58, : RP(F) — RP(k)
which is also an Rp-homomorphism.

Example 4.11. For example, if v is a discrete valuation, then I' = Z and I'/2 = Z/2. Any
choice, m, of uniformizing parameter, determines a splitting Z/2 — Gp, 1 — (m). There are
two characters, €, on Z/2, namely 1 and —1. Thus we get ring homomorphisms

Pre : Rp = Ry, (un") — € ().
and corresponding specialization homomorphisms

St RP(F) = RP(K).
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In general, the specialization homomorphisms § j, do not restrict to homomorphisms RB(F) —
RB(k) of Bloch groups.
To see this, we begin with the following observation:

Lemma 4.12. For a field F and x € F* we have
pX; (x) RP(F) € RB(F).

Proof. Since G acts trivially on SZ(F*) we have {x) S2(F*) = 0 and thus

A(xy p, [a)) (Kx) (1 = a)pZ; €a),0)
((x) 1 = a) {=a) €a) ,0)
€x) €1 - a) [~a,a] = 0 € RSZ(F).

O

Corollary 4.13. Let F be a field with valuation v : F* — T, with corresponding residue field k.
Let j : T'/2 — Gy be a splitting, and let y be a nontrivial character on I'/2.

Then the image of
Sj,leB(F) . RB(F) e Rp(k)
contains 2pf1@)(k).

Proof. First observe that § ;, induces a homomorphism

RP(F) — RP(k)

since

=0
S 2 () = { AN

Suppose that y € I with y(y) = —1 and let © := j(y). Since RP(k) 1s an RF module via the

homomorphism p;,, () acts on RP(k) as multiplication by —1. Thus (7)) R?(k) = 273?(1{) and
hence § ;, induces a surjective homomorphism

() pt, RP(F) — 2p*, RP(k).

Remark 4.14. As just noted, the maps S, : RP(F) — @(k) descend to maps 7}7’(F ) —

@(k). However, they do not usually induce maps @’(F ) — @’(k). In fact, below we will use
the homomorphisms S ;, to detect the non-triviality of 7 Cp for global and (some) local fields.

Corollary 4.15. Let F be a field with valuation v : F* — I" and quadratically closed residue
field k. Let j : T'/2 — Gp be a splitting, and let y : I'/2 — u, be a nontrivial character. Then
S iy induces a surjective map

RB(F) —= RP(k).

Proof. ﬁince k is quadratical/lz closed, RP(k) = P(k) and ; (x) = {x} = 0 for all x fori = 1,2.
Thus RP(k) = P(k) and p*, RP(k) = p*,P(k) = 2(k). However, since every element of k* is a
square, P(k) is 2-divisible ([4, Lemma 5.8])and thus 2p* RP(k) = 4P(k) = P(k) = RP(k). O
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Corollary 4.16. Let F be a field with valuation v : F* — T and corresponding residue field k.
Let j : T'/2 — Gy be a splitting, and let y : I'/2 — u, be a nontrivial character. Choose y € T’
with x(y) = —1 and let 7 = j(y).

Then the map S ;, induces a surjective homomorphism of RF[%]—modules
e;e’, (RB(FIL]) - e, (RP(WLL])
In particular, if =1 € (F*)?, then there is a surjective homomorphism
e; (RB(F)[4]) > RP(K)[4]
Proof. Since
eze!, (RP(F)I3]) € RB(F)[3]
by Lemma4.12} it follows that
ezet ) (RP(FIL]) = eze’, (RBIF)L]) = ezet, (RB(F)LL])
(using Lemma{4.1)) O

Remark 4.17. In general, the specialization maps S j, depend on the choice of splitting j and
character y.

To spell this out: If ¥ € I then the Rz-module structure on @)(k) associated to § ;, requires that
(j(7y)) acts as multiplication by x(y). If j* is another splitting, then we will have j(y) = j'(y) - u
for some u € U, and the action of (j(y)) with respect to the module-structure associated to the
pair (j’,y) will be multipication by (it) y(y). Note that (1) € R.

We can free ourselves of the dependence on the choice of splitting j (or the choice of uni-
formizer , in the case of a discrete valuation) by composing S ;, with the natural surjective
map

RP(k) — P(k).

Since Ry acts trivially on P(k), we get well-defined surjective specialization maps
S, RP(F) - P(k)
which depend only on the choice of character y : I'/2 — w,.

It is important to note that although ﬁ(k) is a trivial Rg-module, the Rp-module structure in-
duced from a character y is not usually trivial.

Thus, if y is not the trilial character and if 7 € Gy satisfies y(v(r)) = —1, then & acts as
multiplication by —1 on (k) and S, induces a surjective homomorphism

e; (RB(F)[4]) > P[]
5. APPLICATIONS: GLOBAL FIELDS

From the existence of these specialization maps it follows that if F is field with many valua-
tions, then H3(SL,(F), Z), must be large. For example:

Theorem 5.1. Let F be a field and let V be a family of discrete values on F satisfying

(1) For any x € F*, v(x) = 0 for all but finitely many v € V
(2) The map
F* > ®vZ/2, aw {(va),

is surjective.
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Then there is a natural surjective homomorphism

H3(SLa(F), ZI3 1o — @D Pk)IL1.

veV
Proof. We have
H3(SLa(F), Z[31)o = RB(F)o[3] = TrRBIF)[1] = > e;RB(F)[4]

acGp

by Lemmal[2.3]
We denote by S, _; the specialization map RP(F) — ﬁ(kv) corresponding to the character

€ = —1 (see Remark 4.17).

Note that if a € F* with v(a) = 0 (mod 2), then for any y € RP(F), S,(e;y) =¢,5,(y) =0
since (a) acts trivially on P(k,). Thus, for any a € F*, y € RP(F), we have S, _,(e,y) = 0 for
almost all v. It follows that for any x € IFRB(F)[%], S,.-1(x) = 0 for almost all v € V.

Thus the maps S, _; induce a well-defined RF[%]-homomorphism
S i RB(F)[1], » &PEkIL], x> (S, (D))

Finally, let y = {y,}, € aﬁ(kv)[%]. LetT ={veV]|y # 0} Foreachv € T, choose
X, € RB(F)[%] with S, _1(x,) = y,.
For each v € T, choose 7, € F* satisfying w(r,) = 6,,, (mod 2) for all w € V. Then

y:S{Ze;V-xV).

veT

O
Since Sy is a 2-torsion group, we have ﬁ(k)[%] = P(k)[%] for a finite field k, and we deduce:
Corollary 5.2. Let F be a global field and let S be a finite set of places of F. Let
Os ={ae€ F*|v(a) >0 forallv ¢ S}U{0}.

Suppose that C1(Os)/2 = 0. Let V be the set of all finite places of F not in S. Then there is a
surjective homomorphism of Rp-modules

H3(SLa(F), Z[3 1o = EP Pk)I3]

veV

Here, if nt, is a uniformizer for v, then the square class of m, acts as —1 on the factor P(kv)[%]
on the right.

Remark 5.3. Note that it follows that the groups H3(SL,(F), Z) are not finitely generated, for
any global field F. By contrast, when F is a global field, the groups H3(SL3(F),Z) = K;“d(F )
are well-known to be finitely generated. Furthermore the stabilization map H;(SL,(F),Z) —
H;(SL3(F), Z) is known to be surjective in this case, by the results of [8].

Remark 5.4. Observe that in the case F' = Q the short exact sequence

0 = Hy(SLo(Q). ZI41)o — Hs(SL(Q). ZIL]) — KY@)[4] - 0

is split, since the composite

H3(SLa(2), Z[5]) — H3(SLa(Q), Z[3]) — K¥(QI5]1 = B3] = Z - Dy
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is an isomorphism (of groups of order 3). Thus there is a natural surjective homomorphism

H3(SL(Q), Z[3]) —= KMQ)[31 @ (B, PF,)[3])

When £ is algebraically closed, ﬁ(k) = P(k) = RP(k) and P(k) is uniquely divisible —i.e. a
Q-vector space — by the results of Suslin ([21]).

Corollary 5.5. Let k be an algebraically closed field and let X be an algebraic variety over k,
with rational function field k(X). Suppose that X is regular in codimension 1 and that C1(X)/2 =
0. Let V be the set of codimension 1 subvarieties.

The theorem says that there is a surjective homomorphism of Ryx,-modules
H;(SLy(k(X)), Q)o = @vevP(k)
Remark 5.6. Note that this shows that H;(SL,(F), Z), may have a large torsion-free part.

For any global field F we have

H3(SLy(F), Z) = lim H3(SL2(Os), Z)
s
(where § varies over all finite sets of places). It is natural to inquire to what extent the results
described above for fields may extend to rings of S-integers Og (at least when S is large).
For example, it follows from the equation just quoted that the square classes of OF must act
nontrivially on the group H3(SL,(Os), Z) for large S .

As noted in the introduction, there are very few explicit calculations of the homology or coho-
mology of §-arithmetic groups such as SL,(Oy), in spite of their great interest in geometry and
number theory. (Over number fields, the homology groups are known to be finitely-generated
([31), and calculation of homology and cohomology are essentially equivalent by the universal
coeflicient theorem.) For example, the cohomology of the groups SL,(Z) and SL,(Z[1/p]) (p a
prime) are known (see [1]) and there has been extensive work on the calculation of the integral
cohomology of the groups SL,(O) where O is the ring of integers in an imaginary quadratic
field (see [18], [17],[20]). Little is known, on the other hand, about the integral (co)homology
of SL,(Z[1/N]) when N has at least 2 prime factors (see [6] and [11] for some partial results).

Here we give an example of how the module structure and specialization maps developed above
can allow us to construct nontrivial homology classes in the groups H3(SL,(Oys), Z):

Let

ti= [ j é]eSLz(Z)

and let G be the cyclic group of order 3 generated by ¢. For any ring A, we will let D := D,
denote the image of the generator of H3(G, Z) in H3(SL,(A), Z) (see Remark [3.14] above).

Thus if A is a subring of the field F, D4 maps to —Dy under the map H;3(SL,(A),Z) — RB(F).

Theorem 5.7. Let F be a number field. Let S be a nonempty set of finite primes of F such that
CI*(F)/2 = 0, where CI’ (F) denotes the subgroup of Cl(Or) generated by the primes of S .

Then there is a natural surjective map of F3[O5 /2]-modules

H3(SLy(O5), Z) 3y = ®ves P(ky)3)-

Proof. Forv € S, let R, denote the composite

H3(SLa(Os), Z) — Hy(SLy(F), Z) — = RB(F) ——> Pk, ).
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Observe that the associated action of Og on ﬁ(kv) is decribed as follows: For a € O%, {(a) acts
as multiplication by (—1)"@.
By [7]], section 7, ﬁ(k)m = P(k)3) is generated by Dy = 2C, for any finite field k.
Our hypothesis on CI° (F) guarantees that the map
0% = Bes Z/2

is surjective, and thus for each w € S, there exists u,, € Of satisfying v(u,,) = 6,,, (mod 2) for
allves.
Finally, for eachw € S, let

Dys =€, Do, € H3(SLy(Os),Z) 5,
(see Remark [3.14) and hence

RV(]DW,S) = _e_w : Dkv = _5v,ka‘,-

u

Corollary 5.8. Let F be a number field not containing (5. Let S be a finite set of primes of F
for which CI(F)/2 = 0. Let r(S) = [{ve S | |k, = =1 (mod 3)}|. Then

3-rank (H3(SL,(Os),Z)) > 1 + r(S).

Proof. The 3-rank of ®,c5P(k,)3) is r(S) since P(k,)3) = B(k,) s, and B(k,) is cyclic of order
(lky| + 1)/2 or |k,| + 1 by the results of [7/].

On the other hand, letting u,, be as in the proof of Theorem|[5.7] the element

D, := (l_[ e;W)DoS € H3(SLy(Os), Z) )

weS

lies in the kernel of the map
&R, : H3(SL2(05),Z)(3) — Oyes B(kv)@)

However, for any place v of the field F, the image of D, in RB(F) maps to —Dy, under the

specialization map S, : RB(F) — ﬁ(kv) corresponding to the trivial character y = 1. If we
choose v for which 3 divides |k,| + 1 then Dy, has order 3. It follows that D, has order 3.

O

6. THE THIRD HOMOLOGY OF SL, OF LOCAL FIELDS

In this section, we use the properties of the refined Bloch group to calculate H3(SL,(F), Z) up
to 2-torsion when F is a local field —i.e. is complete with respect to discrete value — with finite
residue field of odd characteristic (Theorem [6.19).

6.1. Preliminary results. We will begin by recalling some of the relevant facts about structure
of the multiplicative group of a local field.

Let F be a field with discrete value v and residue field k. Let & be a uniformizer. Then the
homomorphism v : F* — Z splits and we have

FX=U -7*=2UxZ.

Thus
Gr=U/U*x1Z)2.
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Now suppose that F' is complete with respect to v and that 2 € U (i.e. 2 # 0 1in k). Then
Hensel’s Lemma ([14, Chapter II, 4.6]) implies that, for any u € U, if ii € (k*)* thenu € U?. In
particular, in this case U; = U? and U/U? = k*/(k*)* = Gy.

It follows that if F is complete with respect to v and if k is finite of odd order, then
Gr =G XZ/2

has order 4 with generators (xr) and (u#) where u is any nonsquare unit.

Suppose that L/F is an extension of local fields. Let 7 be a uniformizer of F. Then there is an
induced extension of residue fields k; /kr and [L : F] = v (n)[k, : kr] for any uniformizer 7 of
F ([14] Chapter II, 6.8]).

An extension L/F of local fields is said to be unramified if a uniformizer 7 of F is also a
uniformizer in L. For example, if £, is a primitive n-th root of unity in some separable closure of
F and if (n, char(k)) = 1, then F({,)/F is an unramified extension ([14, Chapter II, Proposition
7.12]). Furthermore, Hensel’s Lemma implies that, when (n, char(k)) = 1, ¢, € F if and only if
k contains a primitive nth root of unity.

Local class field theory gives us valuable information about norm groups N r(L*) of finite
algebraic extensions L/F of local fields:

(1) If L/F is a finite abelian extension of local fields of degree d, then F*/N.,p(L*) is a
group of order d ([[14}, Chapter 5, Theorem 1.3]).

(2) If L/F is a finite unramified extension of local fields, then Ny ;r(U.) = U ([14, Chapter
V, Corollary 1.2]).

(3) The theory of the Hilbert symbol tells us that if (n,char(k)) = 1 and if £, € F, then
u € Uy is a norm from F( \W_)) if and only if

Ll .
@5 = 1ink*.

(See [[14), Chapter V, 3.2 (iii) and 3.4].)
As above, E denotes the field obtained from F by adjoining a root of ®(T) = T? - T + 1.

Lemma 6.1. Let F be a local field with finite residue field k of order ¢ = p’. Suppose that
Qs ¢ F. Then

(1) €a) Dr = 0 if and only if a € (1) - Ng;p(E™).
(2) For any uniformizer, n, of F the specialization map S ;-1 : RP(F) — P(k) induces an
isomorphism of Rp-modules

-Z-F'DF EZDk :P(k)G)

Proof. We have already seen that if a € (—1) - Ng/r(E™) then {a) Dr = 0 (Theorem 3.12)). In
other words, the action of Ry on Df factors through the group ring Z[F*/ (=1) - Ng,r(E*)].

If char(F) = 3, then E = F and hence Dy = 0 by Corollary [3.7](2). Similarly, D; = 0. So the
result holds trivially.

So we may assume that char(F), char(k) # 3. In this case E = F(V-3) = F({3). By the facts
just quoted, E/F is unramified and every unit is a norm. In particular, —1 € Ng,p(E™).

If 53 € F, then {a) D = 0 for all a, and also D; = 0. The result holds again for trivial reasons.

Otherwise, {3 ¢ F and F*/Ng,r(E™) is cyclic of order 2 generated by the class of a uniformizer
m. It follows that

IpDp = Z{n) Dp
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has order 1 or 3. However, since {3 ¢ k, g # 1 (mod 3) so 3|g + 1 and D, has order 3.
Sz-1(DF) = Dy # 0 and since r acts as —1 on the right, S, _;({n) Dp) = =2D; = Dy # 0, so
that the statements of the lemma follow immediately. O

Lemma 6.2. Suppose that Q3 C F. Then —1 € Ng,p(E™) if and only if [F : Qs] is even.
Proof. By (3) above (with n = 2 and u = -3),

S
—1 € Ngjp(EY) = (-1)¥F =1
3 -1
— v(3) 5 is even

— v(3)f is even.
However, by the result on the degree of local field extensions quoted before Lemma[6.1]above,
[F: Qs3] =v(3)f. O
Corollary 6.3. If [F : Q3] is odd then
IrDr=0=2Z-Dy.

Proof. Under these hypotheses, —1 ¢ Ng,r(E*) and thus F* = (=1) - Ng/p(E™) (since [F™ :
Ng/p(E*)] = 2). Thus I D = 0 by Theorem But char(k) = 3 and hence D, = 0 also. 0O

Remark 6.4. Of course, if Q3 C F and —1 € Ng/r(E™) then our results do not rule out the pos-
sibility that 7 pDp has order 3 (rather than 1), but this module, if nontrivial, cannot be detected
by S, -1 (since Dy = 0 in this case).

The following lemma will be central to our computations below:
Lemma 6.5. In any field F we have

e; [a] = 0 in RP(F)[L]
whenever a, b € F* with a = —b (mod (F*)?).

Proof. Leta e F*,a # 1.

Then {a) [a] = (—1)[a] in @F) by Lemma Thus (—a) [a] = [a] and hence {—a)) [a] = 0.
It follows that eZ, [a] = 0 in RP(F )[%].

Of course, e only depends on the square class of x, so the result follows. O

For the remainder of this section we let F be a local field complete with respect to the discrete
valuation v, with residue field k of order ¢ = p/, with p odd. Furthermore, for simplicity, we
will suppose that if Q3 C F then [F : Q3] is odd.

Recall that G has order 4: if 7 is a uniformizing parameter and if u iS a nonsquare unit
Gr ={1,(n),(u),(un)}. If g = 3 (mod 4), we can take u = —1.)

We let (/3; denote the group of characters Hom(Gp, o) = Hom(Gp, {£1}) of Gr. Given y € (/};,
we have the associated idempotent

1
e =7 ) X))
8€Gr
Observe that if y is a nontrivial character on G, then

q::H e; € Rp[L].

aey~'(-1)
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If M is an RF[%]—module and if y € (/?;, then M, := e, (M) is a submodule and g - m = y(g)m
for all g € Gp. Observe that the functor M — M, is an exact functor on the category of
RF[%]—modules.

For the rest of this section we fix the following: Let 7 be a uniformizing parameter for F and
let u be a fixed nonsquare unit, which we take to be —1 in the case ¢ = 3 (mod 4). Clearly a
nontrivial character in (/3; is determined by y~!(—1). We label the four characters as follows:
Y1 is the trivial character, y is the character with y~'(=1) = {(n), (un)}, ¥ is the character with
v '(=1) = {uny, (u)} and y/ is the remaining character.

Note that for any RF[%]—module M, we have a decomposition

M: MXI @M/\,@Mlp@MW
where

My, = M = Mg, = Hy(F*, M)
and
IFM = MXEBMw@M,pI.
Since Tor%(,u r, Mr) 1s a trivial Gr-module, from the exact sequence
0 — Tor} (ur, k)l 5] = Hy(SLa(F), ZI[51) = RB(F)[3] = 0

it follows that
H3(SLy(F), Z[3]), = RB(F)[%],J

for any p # x;.
On the other hand,

H;3(SLo(F), Z[11),, = Ho(F*, H3(SLo(F), Z[1]) = KY(F)[3].
Thus we have a RF[%]—module decomposition
Hs(SLo(F), ZI3]) = KY“(F)[3]1 @ RB(F)[51, ® RB(F)[51, ® RB(F)[31,,-

Our goal in the remainder of this section is to show that the last two factors on the right are zero
and that the second factor is isomorphic, via S, _;, to P(k)[%].

In order to do this, we make a couple of reductions:
Lemma 6.6. Let F be as stated. Then

(1) D)y = 0= (Dp)y-.
(2) (Dp), = I+Dr.

Proof. Note that
IpDr = (Dr), ® (Dr)y & (Dr)y -
So we must prove that the last two factors are 0.

Recall that e, = e, e, and ey = e, e;. Now e, = — (u)) /2 and our conditions guarantee that
u € (—1) Ng,r(E*) so that {u) D = 0 by Theorem [3.12] |

In view of Corollary 4.4 and Lemma .7 we have:
Corollary 6.7. RB(F)[3], = RB(F)[}], and RB(F)I3],, = RB(F)I3],,

Observe that S, _; induces a well-defined surjective homomorphism

Sr_i : RP(F) — P(k).
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Lemma 6.8. The homomorphism

Sro1 i RBIF)L] — PR3]
is an isomorphism if and only if the homomorphism

Sx1: RB(FI5], = PR3]
is an isomorphism.
Proof. Using Lemma|6.6](2), we have a commutative diagram of Rr-modules with exact rows

0 — ImDp —= RB(F)[3], — RB(F)[3], — 0

F e e

0 ZDy Pk)[L] PR —0

in which the left vertical arrow is an isomorphism by Lemma [6.1](2). O

6.2. S;-dynamics. Again, in this section, F denotes a field complete with respect to a discrete
value v with finite residue field k of odd order g.

For any field L, the transformations
ot :PY(L) - P(L), ox)=x'andr(x)=1-x

determine an action of the symmetric group on 3 letters S 3. {0, 1, oo} is an orbit for this action,
and hence S5 acts on P'(L) \ {0, 1, 00} = F*\ {1}.

Lemma 6.9. If @ € Ry and if a [x] = 0 in RP(F). Then a [y(x)] = 0 forall y € S.

Proof. In @(F ) we have D = 0 and ¢ (x) = O for all x, so that
== D I

It follows that if @ [x] = O for some a € Rf, then a [0(x)] = a[r(x)] = 0 also. The statement
follows since o~ and 7 generate S'3 O

Remark 6.10. We will apply this below in the case where p is a character of Gy and @ = ¢, €
Rr[5]
Let R = (K)? and let N = k* \ (k)%. Let
R, ={a € R\ {1}|r(a) € R}, R_| = {a € R|r(a) € N}.
Let
N, = {a € N|t(a) € R}, N_, = {a € N|=(a) € N}.

Thus we have a partition
kx = {1}UR1 UR_I UN] UN_I

Let U be the group of units of F and let U, be the kernel of the reduction map U — k*. Then
there is a corresponding partition

U=RUN = U]URIUR_IUNIUN_I

where R ;= U?> ={ac Ulac R, N=U\R,R, :={a e UlaeR)} ={acRta) €R),
R_ = {Cle UlC_lER_l},N] = {CIE Ulc'leN]}andN_l = {CIE UlC_IEN_l}.
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Lemma 6.11. (1) Ifg=1 (mod 4) then
R, =o(R) =t(R))
0'(]\71) = N_l and O'(R_l) = R_l
Furthermore
q-1 -5

and |Ry| = =2,

IR-1| = IN-i| = |Ny| = )

(2) If g =3 (mod 4) then
N_; = o(N_y) = T(N_y)
O'(Rl) = R_l Cll’ldO'(Nl) = Nl

Furthermore

_ +1
mMNﬂ:iZ<

Proof. (1) Clearly 7(R,) = R, by definition. Furthermore, if a € R, then

_ _ _ -3
Rl =Wy = |R| = 2

1 1 .
l—Z=(-1)-(1-a)--€R
a a
and thus a™!' = o(a) € R,.
It follows that o(R_;) = R_, since o(R) = R.

Similarly, if a € N| thena™' € N 1 — a € R and thus

1 1
l-—=(-1)-(1-a)-— €N
a a
so that oo(N;) = N_,.
The second statement follows by simple counting since
N1+ IN_| = [Nl = (g = 1)/2.
(2) The argument is similar except that this time
N, 1-a€eR
a—l—(—l)-(l—a)e{R’ l—aeN
since —1 € N.
O

Taking inverse images in U C F, and noting that U \ U, is closed under the action of S, we
obtain :

Corollary 6.12. (1) If g =1 (mod 4) then
Ry = o (Ry) = 7(Ry)
o(Ny) =N_iand o(R_)) = R_;
(2) If g =3 (mod 4) then
N_y=o(N_1) =1(N_y)
O'(Rl) = R_1 and O'(Nl) = Nl
We will need the following elementary result below:

Lemma 6.13. Let k be a finite field of odd order, and let n € N. Then there exist r1,r, € R such
thatn =ry + ro.
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Proof. If ¢ = 1 (mod 4), there exists » € R with rn € N;. Thus 1 —rn = s € R and

1 Ry
n=—-—+4+\|\——\|=r +rn.
r

If g = 3 (mod 4) then there exists r € R with rn € N_;. Then 1 — nr = m € N and thus

O

6.3. The main result. Let F be a local field with discrete value v and finite residue field k of
odd order. Throughout 7r will denote a choice of uniformizer.

Let M(F) denote the R¢[4]-module ¢~ 7 #[1].

Lemma 6.14. (1) If p # x1 then there is a natural short exact sequence of RF[%]-modules
0 —= RB(F)[}], —= RP(F4], > M(F), — 0,
(2) If g =1 (mod 4) and if p # x| then
RB(F[3], = RP(F)[5]

R
(3) If g = 3 (mod 4) then
RB(F)[5], = RP(F)[5]

"

Proof. There is an exact sequence
0 —= RB(F) —> RP(F) — = RSZ(F¥)

The kernel of the surjection RS%(F *) — I% is a trivial Re-module. Furthermore, since
Trp/T% = Gy is a 2-torsion group, we have I %[%] =17 F[%]. Putting these facts together we
obtain an isomorphism of Rz-modules
2 17 ~ 1
RSZ(FIIL], = T3]
for all p # y. This in turn induces an isomorphism

— Iplt Ir[t Trl5
RSIFL], = (ml - (T[Fz[]é]), - (TE:[]%]), = e I4[4] = M(F),
and the homomorphism

RP(F)[4], - RSIF)4] = M(F),
is induced by the map A, : RP(F) — M(F)

[x] = el i([x]) = eZ; Ky K1 — xP.

To see that this homomorphism is surjective, observe first thatif g = 1 (mod 4), then (—1) =1
and hence eZ; = 0 in RF[%]. Thus M(F) = 0 in this case, and there is nothing to prove. This
also implies statement (2) of the lemma.

So we can suppose that g = 3 (mod 4). Then, as a Z[%]—module, I p[%] is free of rank 3 with
basise” ,e; and e_ . Thene” (£ F[%]) is a free Z[%]—module of rank 2 with basis e”, and e;e”
(since, for example, e~ e, = —(eZ, +e,€e7;).) Asan RF[%]-module, it is thus generated by e”,.
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Now letn e N_;. Then1l —n € N_; and
1 1 1
4 (4_1 [n]) =7 (n) {1 —n) = 1 =1y -1y = (e,)* =,

so that the map is surjective.

Finally, observe also that if ¢ = 3 (mod 4) then e,e”, = 0 so that M(F), = 0 and statement (3)
also follows. O

We will use the following notation in the remainder of this section: Given a character, p of G
and a € F*, we will denote e, ([a]) € R_P(F)[%] by [a],.

In the each of next few lemmas, the strategy of proof is largely the same. The proof involves
showing that [a], = O for a belonging to some subset of F*. We begin with Lemm to show
that [a], = O for a belonging to one or more square classes, and then use Lemma [6.9|to deduce
the vanishing of [a], for a larger set of a.

In order to follow the arguments, it may be helpful for the reader to keep the following decom-
positions in mind: Recall that there are four square classes, or cosets modulo (F*)?, in the group
F*. Thus

F*=(FYUu-(F)?Unr-(F) Uur- (F*)?
and
(F*)? = URNZ" =RU Uan" =U,UR,UR_; U URW.
nez n#0 n#0

u- (F¥)? = UNnZ" =NU UNnZ" =N, UN_, U UNnZ".

nez n#0 n#0
T (Fx)z _ URﬂzn_l'
nez
ur - (F¥)? = Uan”_l.
nez
U, = U(l —Un™) = U(l — Uy U(l — Ur*h,
m>1 n>1 n>1

We will repeatedly use the key fact that U; = U7 and thus 1 — a is a square whenever v(a) > 0.
Lemma 6.15. Let p be a character of Gg. Then the following are equivalent:

(1) [al, = 0 in RP(F) for all a € U,

(2) [al, =0in W)(F) for all a satisfying v(a) # 0.

Proof. Suppose first that [a], = 0 for all @ € U,. Let b € F* with v(b) > 0. Then ¢ := 7(b) =
1 —b € U,. Thus [c], = 0 by assumption. It follows that [5], = [r(c)], = 0 by Lemmawith

o = ep.

On the other hand, if » € F* with v(b) < 0, then v(b~') > 0 and thus [b‘l]p — 0. But then
_ -1 _ :

(b, = [o'(b )]p =0 by Lemmaagam.

Conversely, suppose that [a], = 0 whenever v(a) # 0 and that b € U;. Then v(1 — b) > 0. Thus
[1 - 5], = 0 and hence [b], = [7(1 - )], = 0. O

Lemma 6.16. The RF[%]-module homomorphism
Sro1 i RP(F)31, = PHO]

is an isomorphism.
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Proof. By Lemma [6.§]it is enough to prove that the map
St : RP(FI51, = PR3]
is an isomorphism.
To prove the result we will show that there is a well-defined RF[%]-module homomorphism
T:PKIz] - RPF)I5],  T(a) = [al,
(where a € U maps to a € k*) which is inverse to S, _;.
To show that T is well-defined we must show that [au], = [a], whenever a € U and u € Uj.

Since clearly

SeioT=Id— 14,

’ RB(K)[ 5]
it is then only necessary to show that 7' is surjective: we must show that [a], = O whenever
v(a) # 0 (since if v(a) = O then [a], = T([a]) by definition of T, and thus [a], lies in the image
of T for all a € F*).

Note, to begin with, that since e, = e, e, ., we have

[al, =0ifa = -, —uxr (mod (F*)*)

by Lemma @ This is clearly equivalent to [a], = O if a lies in one of the two square classes
m- (F*)* and umr - (F*)*. Thus [a], = 0if a € Un*! for any n € Z.
Thus for any n > 1, [a], = 0ifa € 7(Un*") = 1 - Un*' c U,.

Consider now the case a = wa?"

see that

,w€ U andn > 1. By considering the relation (S 1/7,4/x),, We

1-m 1-n

= l — g _ _ _ 2n—1 _ l . _
0= [”L [HL +{(n)ylal, = (m = 1) |-wn Tt L + () [ﬂ R L = (n) [al,

since all terms other than the third belong to the square classes 7 - (F*)? or um - (F*)?.

Thus we deduce that [a], = Oif a € Un® for any n > 1. It follows that [a], = O whenever
v(a) > 0. By considering o(a) = 1/a it follows that [a], = 0 whenever v(a) # 0. From Lemma
@]it follows that [a], = O whenever a € U, also.

Finally, leta € U \ U, and w € U;. Then

- 1-
0= (Saa), = lal, — [aw], + (@) w], - (a™' — 1) [w- - a)[ - ]
X X

1 —aw 1 —aw

which gives [a], = [aw], since the last three terms all lie in U,. This proves the Lemma. O
Lemma 6.17. Let F be a local field whose residue field k has order g with g = 1 (mod 4). Then
RP(F)[3], = RP(F)[3], = 0.

Proof. We treat the case of . Clearly the case of ¢ is identical since it only involves a switch

in our choice of uniformizer.
Since ¢ = e e and since —1 € (F*)* we have
[al, =0ifa=un (mod (F*)*)
by Lemma(6.5]
Thus [a], = 0if a € Na*" U Rz*""! for any n € Z.
We must prove that [a], = 0 also for a € (F*)* U ur - (F*)*.
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Taking the §;-action into account as in the last lemma, it follows that

[al, =0ifae 1 —Rr™ ' U1l— Nrx™ foranyn > 1.

Furthermore, if a € R_; then 7(a) € u - (F*)*. Thus [7(a)], = 0 and hence [a], = 0.
Consider now a = r7*" with r € R and n > 1. Then we have

a—T

=[], -, - [{27] v en ?::L

which forces (r) [a], = 0 = [a], since the other four terms all belong to the square class 7-(F )2,
By considering o(a) = a!, we deduce that [b], = 0 for all b € Rr** and all n # 0.

Next, we consider a = nr*"~! withn € N and m > 1. By Lemma|6.13] we can write n = r + s
with r, s € R.

Let x = ra*""!. Observe that

e I=x _ 1o
W= 190 T 1o

= l+(n—rm

2m—1

=1 -ra N1 +nr®m " 4+-0)

2m—1 2m—1

+-o=1+ st

with r € U,. Thus w € 1 — Rn*"~! since s € R.
Thus we have
n n
0 = [, — [al, + (x) Hw -2 wL +[wl, = —[al,
since x € - (F*)%, 2, € N C u - (F*)* and, as noted above, w € 1 — Rn*""".
By considering o(a) also, we deduce that [b], = O for all b € Nr?"=! for any m € Z.

Thus we have shown that [a], = 0 whenever v(a) # 0 and whenever a € R_;. By Lemma@]
it follows that [a], = 0 whenever a € Uj.

It remains to prove that [a], = O whenever a € R;.

Let a € R;. Observe that {as | s € R_;} N R_; # 0 since |[R_| = 1 + |R| by Lemmal6.11|(1). It
follows that we can write a = t/s with 5,1 € R_;.

Observe that (1 —s)/(1 —¢) € R_; also: Since 1 —s,1 —¢ € N we have (1 —s)/(1 —¢) € R. Since
a=s/teR,

and thus s — ¢, — s € R. Hence

sothat (1 —s)/(1 —1) € R_;.
Applying the same argument to s~', #! shows that (1 — s7')/(1 — ') € R_; also. Thus

1 -1

0 = [s]y —[#], + [al, — <u) [— + (u)

1—s]
—| =lal
" 1=z}, '

proving the lemma. O

-5
1 -1

Lemma 6.18. Let F be a local field with residue field k of order g and g = 3 (mod 4). Then
RE(PI11, = RB(F)I3],, = 0.
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Proof. By Lemma it is enough to show that A; induces isomorphisms of Rr[1]-modules
RP(F)[3], = M(F), and RP(F)[3],, = M(F), .

As remarked in the proof of Lemma|6.17] it is enough to treat the case of the character .
Observe that M(F), is a free Z[%]—module of rank 1 with generator e, = e¢”,e,. Thus, if L is
any RF[%]-module and if a € L, there is a unique RF[%]-module homomorphism M(F), — L
sending e, to e,(a).

Thus we fix n € N_; and let ® : M(F), —> RP(F)[1] , be the unique Rr[3]-module homomor-
phism sending e, to % [n]y,.

By our previous remarks, @ is well-defined and clearly

/_l] od = IdM(F)w-

So it only remains to show that @ is surjective. To do this we show that [a], = 0 in @(F )[%] "
whenever a ¢ N_; and that [n,], = [n,], for any ny,n, € N_;.
Now

[al, = 0ifa € (F*)*U-m- (F*).
In particular, [a], = 0 if a € Uy, since U, C (F *)2. By Lemmait follows that [a], = O if
v(a) # 0.
Thus [a] = 0ifa € - (F*)* and [a] = 0ifa € —1 - (F*)? and v(a) # 0. All of this shows that

[a]l, =0 foranya ¢ N
since N = {a € =1 - (F*)? | v(a) = 0}.

However, if a € Ny, then b = 1(a) € (F*)?. Thus [b]y = 0 and hence [a], = [7(D)], = 0. So we
have shown that [a], = O foralla ¢ N_;.

Finally, let n;,n, € N_;. Then in R_P(F)[%]w we have

1—n! 1-
0=[n1]¢—[n2]¢+<—1>[@] —<—1>[ a ] +[ ’“] = [m], — [naly
v [ ]

np 1- I’lz_1 1- n,
since clearly, from the definition of N_;,

n, 1-n 1-n"!
-, , : €R.
n 1-n, 1—ny

This proves the lemma. O

Putting all of these results together gives the following calculation of the third homology of
SLy(F):

Theorem 6.19. Let F be a local field with residue field k of odd order. If Q3 C F, suppose that
[F : Qs3] is odd.

Then there is an isomorphism of RF[%]-modules
H3(SLy(F), Z[5)) = K¥(F)[5] @ PRl 5]

in which F* acts trivially on the first factor, while (the square class of) any uniformizer acts as
multiplication by —1 on the second factor.
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Proof. As observed in section above, there is a RF[%]—module decomposition
H;(SLa(F), Z[3)) = Ky (F)[3] @ RB(F)[3], & RB(F)[;5], ® RB(F)[5],,-

Now
RB(F)[%]X = P31 = PR3]
by Lemma|6.8] Lemma[6.14]and Lemmal6.16

Finally, we have
RB(F)[L1, = RB(F)[4],, =0

by Corollary Lemma and Lemma

O

Remark 6.20. If Q; c F and if [F : Q3] is even, then the arguments above show that there is a
surjective homomorphism of RF[%]-modules

Hs(SLao(F), Z[1 1) —= KM(F)[L] @ Ph)[1]
whose kernel has order 1 or 3.

Remark 6.21. It is not difficult to write down an explicit homology class which generates
H;(SL,(F), Z[%])o =~ P(Fq)[%] = B(Fq)[%] for a local field F with residue field F, of odd order.

Letr = (g +1). Leta € U \ U? and observe that the residue field of F(+/a) is IFy( Va) = Fp.
Let z be an element of F,( Va)* of order r. By Hensel’s Lemma, there exists £ € F(+/a)* of
order r with the property that / = z; i.e.  is a primitive r-th root of unity. Thus, if = a + 8 a,
then z = @ + B Va.

Now, for any quadratic field extension K/L with K = L( \/E) for some b € L*, there is an
injective group homomorphism

K:KX—>GL2(L),x+y\/1§|—>[;C l;y]

with the property that det(«(x)) = Nk, (x) for all x € K*.
Let

t= k() = [g ‘f ] e SL,(F).

Let I', be a generator of
H; (1), Z[5]) = Z/r.

Then the image, y, of I', under the map
H3((r), Z[5]) — H3(SLa(F), Z[3])

is represented by the cycle
n—1
Z 1,11, 1.
i=0

Let f € SL,(F,) be the matrix obtained by reducing the entries of r. Then f = «(z) has order
r by Lemma Thus the class ¥ maps to a generator of B(Fq)[%] under the specialization
homomorphism S, _; since the diagram



Refined Bloch group and third homology of SL, 41

H;((1) , Z[3]) — H3(SLa(F), Z[3]) — RB(F)[5]

H3((D), Z[5]) — H3(SLa(F,), ZI3]) — B(F,)[5]

commutes, because the composite map on the bottom row is an isomorphism (see Lemma
above).

Let 7 be a uniformizing parameter and let

t_7T0 a aB || 1/m 0| | a map
710 1 || B «a 0O 1| |B/mxr a |

Then the homology class

n—1
e (y) = %Z 1® ((l,t, £ - (1, 1, 1, t;r+1))

i=0
is a generator of H3(SL,(F), Z[%])O = e, H3(SLy(F), Z[%]) by the arguments of this section.

Remark 6.22. The same techniques as used above apply also to case where the residue field
has characteristic 2. However, the number of square classes is of the form 2k k > 3 and the
condition U = U f is not satisfied. The S ;-dynamics’ —i.e. the manner in which the §; orbits
intersect with the square classes in F* — become more complicated as k grows. The author has
confirmed, for example, that

H3(SLy(Q,), Z[3]) = KY(Qy)[4] @ P(Fy)

as expected, but the calculations are long and unedifying.
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