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Stationary boundary points for a Laplacian
growth problem in higher dimensions

Stephen J. Gardiner and Tomas Sjodin

Abstract

It is known that corners of interior angle less than 7 /2 in the bound-
ary of a plane domain are initially stationary for Hele Shaw flow arising
from an arbitrary injection point inside the domain. This paper es-
tablishes the corresponding result for Laplacian growth of domains in
higher dimensions. The problem is treated in terms of evolving families
of quadrature domains for subharmonic functions.

1 Introduction

Let p € Qg, where g is a bounded domain in Euclidean space RY (N > 2),
and let y1, = Aq, +td, (t > 0), where A denotes Lebesgue measure on RV
and J, is the unit measure at p. This paper studies quadrature domains
for subharmonic functions with respect to p,, by which we mean domains €2
that contain 2y and satisfy

/ sdA > / sdu, for all A-integrable subharmonic functions s on 2.
Q

It is known (see Sakai [18]) that such domains exist and are unique up to
A-null sets, and that there is a smallest one, which we will denote by 2;.
When N = 2 the family {€2 : ¢ > 0} models Hele Shaw flow with initial
domain €y and injection point p. In this case it has been shown (see Sakai
[20] and earlier work of King, Lacey and Vazquez [14]) that, if the boundary
of the domain g has a corner ¢ with interior angle less than 7/2, then this
point is (initially) stationary for {€; : ¢ > 0}; that is, there exists € > 0 such
that ¢ € 02 when 0 < ¢ < e. Further, corners of angle greater than /2 are
not stationary, and corners of angle /2 may or may not be stationary.
The purpose of this paper is to establish corresponding results in higher
dimensions, where the geometry is more complicated and the available tools
are more restricted. As in the case of the plane, this models a type of
free boundary problem with Laplacian growth where the evolution is driven
by a source term. Gustafsson [10] has expounded the connection between
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this problem and the study of fluid flow in a porous medium, as governed
by Darcy’s law. As we will observe later (in Lemma 14), the notion of a
boundary point being initially stationary is independent of the choice of
the point p in the domain €y. We will therefore omit reference to p in the
statements of our main results. For a conical vertex it turns out that the
critical aperture is where the interior half-angle is cos™'(1/v/N). Of course,
when N = 2, this corresponds to a corner of angle 7/2, as discussed above.
For a wedge-shaped part of the boundary, the critical aperture remains /2.
These are simple special cases of the general results we will present below.

Let B(z,7) denote the open ball in RY of centre = and radius r, and let
S(z,r) = 0B(z,r), B = B(0,1) and S = S(0,1). We will use o to denote
surface area measure (when it exists) on a given surface, and & its normal-
ization to a unit measure. For a function f : S — R and z € S we define
(Vsf)(z) and (Asf)(x) to be (Vfi)(z) and (Afi)(x) respectively, where f,
is the extension of f from S to RV\{0} defined by f.(y) = f(y/|y|). Thus
Ag is the Laplace-Beltrami operator on S. If w is a non-empty relatively
open subset of S, we define

o — iug J s VsI*do
l(w) = f{ [P [

where the infimum is taken over all Lipschitz functions f : S — [0, c0) which
vanish on S\w but not on all of S. If, further, w is connected, the quantity
l(w) is the first eigenvalue of —Ag (see Section 5) and, using v to denote
a corresponding eigenfunction, the function y — |y|® u.(y) is harmonic on
the conical set {rz : x € w,r > 0} if and only if a(a + N —2) = [(w). The
characteristic constant a(w) of w is defined to be the non-negative root of
this last equation. (If N =2 and w is an arc of length 60, then a(w) = 7/6.)
It is easy to see that a(wi) > a(ws) when () # w1 C wy C S. For any
compact subset L of S we next define

a(L) = sup{a(w) : w is relatively open in S and L C w}.

These notions are extended to relatively open (or closed) subsets E of S(0,r),
for any r > 0, by defining «(F) to be a({y/r:y € E}).

Since the plane case has already been extensively investigated we will
assume from now on that g is a bounded domain in RY (N > 3). For
ease of notation we will further assume that 0 € 09y and will investigate
when this point is initially stationary for {€; : ¢ > 0}. Given an increasing
continuous function ¢ : (0,00) — (0, 1/2] satisfying the doubling condition
$(2t) < Co(t) for some C > 1, we define the enlarged domain

Q(¢) = {z € RM\{0} : dist(z, Do) < |z] ¢(|])},

which also has 0 as a boundary point.



Theorem 1 Let Qg and ¢ be as above, and let pg € q. If there is a positive
constant Cy such that

lpol 9 _ ¢
ng(p)ZCoexp{]i[/ 2 (Q(qbzms(o,t))dt

p

} (0 <p<lpol), (1)

then there exists € > 0 such that Q; C Q(¢) when 0 < t < e. In particular,
0 s initially stationary for {4 : t > 0}.

To any subset E of S we associate the conical set
K(E)={ry:r >0,y € E}.
The complement of a set A in RY will be denoted by A€,

Corollary 2 Let L be a compact subset of S such that a(L) > 2, and sup-
pose there exists rog > 0 such that Qo N B(0,79) C K(L). Then 0 is initially
stationary for {4 : t > 0}.

As will be seen from Theorem 4(a) below we cannot relax the above
hypotheses to allow «(L) = 2. The next result sheds more light on this
critical case.

Theorem 3 Let w be a domain relative to S, with Lipschitz boundary, such
that a(w) = 2. Then there is a constant C(w) > 1 such that 0 is initially
stationary for {Q : t > 0}, where

Qo = {m €B (O, e_QC(w)> s dist(z, K (w)€) > M} . (2)

The denominator in (2) can be replaced by log(1/ |z|) log(log(1/|z])) or
similar expressions involving further iterated logarithmic factors: the same
argument applies. However, part (b) of the next result shows that it cannot
be replaced by (log(1/ |z]))* or log(1/|z|) (log(log(1/|z|)))", where a > 1.
Thus we have a result which is close to being sharp.

Theorem 4 Let w be a domain relative to S with C*8 boundary.

(a) If a(w) < 2, and K(w) N B(0,79) C Qo for some ro > 0, then 0 is not
initially stationary for {Q 1t > 0}.

(b) Further, if a(w) =2 and v : (0,1] — (0,1/2] is increasing and satisfies
fol t~Yp(t)dt < oo, then 0 is not initially stationary for {Q : t > 0},
where

Qo = {z € B :dist(z, K(w)°) > |z|¥(|z])}.



Example 1. Let 0 < 6y < 7/2 and consider the truncated cone
Qo ={(z1,...,zn) € B(0,2) : xy > (cosbp) |z|}.

Then 0 is initially stationary for Qq if and only if g < cos™!(1/v/N). To see
this, we note that the homogeneous quadratic polynomial given by u(x) =
Nz3 — |z|? is positive and harmonic on the infinite cone about the z y-axis
of half-angle cos™(1/v/N), and vanishes on its boundary. It follows that
u|g is a strictly positive eigenfunction for —Ag on the spherical cap 20N,
and hence (see Section 5) that a(20 N S(0,t)) =2 (0 < ¢t < 2). We can now
appeal to Corollary 2 and Theorem 4(a) to reach the desired conclusion.

Example 2. Let 0 < 6g < 7 and consider the truncated wedge
Qo ={(z1, ..., xN—_2,7cosf,rsinf) : 0 <r < 2,0<0 < by}

Then 0 is initially stationary for Qg if and only if 8y < 7/2. This follows by
reasoning similar to the previous example, except that the relevant polyno-
mial is now given by u(z) = zny_12N.

The above results will be established in Sections 4 and 5, following
preparatory material in the next two sections. We will employ a range
of concepts from potential theory. In particular, we will make crucial use of
the technique of partial balayage and the associated notion of localization.
Other key tools include a convexity result of Huber, and a Hadamard-type
estimate for eigenvalues of the Laplace-Beltrami operator on spherical do-
mains.

The authors are grateful to the referee for a careful reading of the paper,
and for many helpful suggestions that have improved the exposition.

2 Tools from potential theory and partial balayage

The fine topology on RY is the coarsest topology for which all subharmonic
functions are continuous. A function s on R¥ is called §-subharmonic if it
can be expressed as s = s1 — s9, where s1, so are subharmonic functions. If s
is d-subharmonic, then the distributional Laplacian As is (locally) a signed
measure f,. A d-subharmonic function s = s; — sg will be undefined on the
polar set Z where s1 = —oo = s3. However, as noted in [8], s has a fine limit
|t |-almost everywhere, as well as being finely continuous at all points of Z°.
We assign s this limiting value wherever it exists and, with this convention,
reformulate a result of Brezis and Ponce [4] as follows. A short proof of it
may be found in [8].

Theorem 5 (Kato’s inequality) If s is a d-subharmonic function, then
AS+ Z (AS) ‘{320} .



We will say that a (positive) measure p on RY (N > 3) is carried by a
Borel set A if p(A°) = 0. The Newtonian potential of a measure p is given
by

Up(z) = cn / 2 — y* N du(y),

where the dimensional constant ¢y is chosen to yield the distributional iden-
tity —AUp = p. If A ¢ RY and Up # oo, we define the swept measure
= —Aﬁéu, where R‘j‘ denotes the lower semicontinuous regularization
of the reduction Rf of a positive superharmonic function v relative to A in

RY, given by
RUA = inf{u : u is positive and superharmonic on RY and u > v on A}.

If V is an open set and = € V, then 5¥C is the harmonic measure for V' and
x. Later, we will use the fact that 67 L X\, and more generally that, if z is
carried by an V, then pV° 1 . (See [3] or, more generally, [12].)

We now recall, without proofs, some basic facts about the notion of
partial balayage, which was originally developed by Gustafsson and Sakai
(see, for example, [11]). A recent exposition of it may be found in [7],
which also contains an application to prove the aforementioned singularity
of harmonic measure with respect to A.

Given a positive measure p with compact support we define

2 2
Vu(x) = sup {v(m) : v is subharmonic and v < Up + 2]|V on ]RN} - |2$]|V

and then By = —AVyu. Thus Vi = U(Bp). A crucial property here is the
“structure formula”

Bu = Moy + #lwye <A, where w(p) ={Vp <Up}.
The set w(y) is bounded and open. It will be convenient to define
Wp=Up—Vyu,

whence Wy is the smallest lower semicontinuous function w that satisfies
—Aw > p— A and w > 0. It follows from the structure formula that

—AWp = (M - )‘)‘w(u)' (3)

For future reference we assemble below some further useful facts about par-
tial balayage.

Lemma 6 Let v, p and /,L(") (n € N) be positive measures with compact
support, and let Q and QM (n € N) be bounded domains in RY.
(i) If v < p, then Vv <V, Wy < Wy and w(v) C w(p).



(ii) If pt™ 1 p, then w(p™) T w(p).
(i) If Q™ 1 Q, p € QW and t > 0, then
U @ Mg +t6,) = w (Alq + t6,) -

n=1

(iv) For any x € RN and p > 0,
w(B(z. ) > 20)VA(B) = B(z, p) C w(p). (4)
(v) In the case where p = p, = Nq, + td, we have
QC
Qo C U =w(p) =wNag, +15,°) (t>0). (5)
In particular, By, = Ny(y,)-

Proof. (i) This follows immediately from the above definitions and the
characterization of W .

(i) Let = € w(u), whence Vu(x) < Up(z). Since Up™ 1 Up, there
exists n € N such that Up(™ (z) > Vu(z). Hence Up(™ (z) > V™ (z), by
part (i), and so z € w(p(™). This, together with (i), yields the result.

(iii) This is a special case of part (ii).

(iv) This implication was established in Theorem 2 of Sakai [19].

(v) Let u=W(Xgq, + tégs) and Z denote the set of irregular boundary
points of y. From the structure formula and the fact that 51? 01 A, we see
that w(A|q, + tég 8) carries 61? 6 and so certainly intersects 9. Thus u,
which is non-negative and superharmonic on 2y, must be strictly positive
on all of Qp; that is, Qy C w(A|o, + tégla). If u(y) = 0 for some y € Z, then
(by fine continuity and Lemma 7.4.1 of [2]) we can find an open subset V'
of Qo such that u(z) — 0 as x — y along V and V¢ is thin at y; this is a
contradiction, since u would then be a barrier for V' at y, yet y is an irregular
boundary point of V by the thinness of V¢ there. Hence v > 0 on Qg U Z.
Since u + tU (6, — 628) > W(A|g, + t6p), and the Dirichlet modification of
W (A|g, +1td,) with respect to Qg majorizes u, we see that u < W(A|q, +tdp)
with equality on (¢ U Z)¢. Thus w(y,) = w(A|a, + tégs). Further, clearly
Bty = Masiu,)-

Finally, if D is a quadrature domain for subharmonic functions with
respect to ., then Up, — U(A|p) > 0, with equality outside D, so Up, —
UAp) > Wy, and w(p,) C D. It follows that € = w(y,). =

3 Localization

We will now develop the notion of localization, which was introduced by
Gustafsson and Sakai [11]. If U is an open set in RV we denote by U the
union of U with the boundary points of U that are irregular for the Dirichlet
problem. Thus U differs from U by at most a polar set.



Theorem 7 (Localization Theorem) Let U be an open set and p = pq +
Lo, where [y, lie are positive measures with compact support, o is carried
by U, and Upy is continuous on U and everywhere finite. Then there is a
measure 1, carried by OU Nw(u) and singular with respect to A, such that

(a) B(py +n) < Bu;
(b) w(py +n)\U = w(u)\U, and so (B(uy +n))|ve = (Bu) [e;

(c) (ue|r)® < 1 < (19]0)? on OU, where R = w(py +n) N U and
O=wp)NU.

Proof. Let

»= Wy in U°
o W/.Ll inU

and v denote the lower semicontinuous regularization of inf ®, where
® = {v is d-subharmonic : v >t and — Av > pu; — A}.
Since v € ® if and only if
v—|-P/2N>¢ | /2N and —A(v—|-[*/2N) > p,

we can use a standard result about infima of locally uniformly lower bounded
families of superharmonic functions to see that v = inf ® quasi-everywhere.
Further,

—Au > py — A (6)

Since Wy € ® and Wy, < Wy, we see that
W <u < Wy

The right hand inequality above is an equality everywhere on U and quasi-
everywhere on U*.

Kato’s inequality (Theorem 5), applied to the nonpositive function s =
u — Wy, shows that

0> (Au - AW”) |{u7W,u:0}'
Also, by (3), (6) and the fact that w(p)® C {u — Wu = 0},
(Au — AW p) [ye\ fu—wp=0} < Halve\fu-wu=0} =0,
since 115(U¢) = 0. Hence we can define a positive measure 1 by writing

n=(AWu— Au)lye. (7)



Since u = Wy on U, we see that 7 is carried by OU. Further, since u = Wy
quasi-everywhere on QU and u does not charge polar subsets of QU, we can
solve the Dirichlet problem on U to see that

(AW — Au)lge = = (AW p — Au)|)”",

whence 7 is singular with respect to . (See Section 2.)
It follows from (7) and (3) that

(—Au)[pe = (= Nlwusopv +1
= (11— Mlwusopv +n
= (1 = Nlgusopv + 1, (8)

since py(U¢) = 0 and p; does not charge polar sets. Now u > 0, so
(Au)|{u=0y = 0 and (Au)|fu—0y L A (9)

by the same arguments as we used above for 1 (using Kato’s inequality and
solving the Dirichlet problem on {u > 0}). Thus, by (7) and (3) again,

0 < n({u=0})
= (AWu— Au) ({u=0}\U)
< (AWp) ({u=0}\0U)
< A{u=0yn{Wu>0nU) =0. (10)

Since u < Wy, this shows that n is carried by OU N w(w). Further, (10)
shows that we can rewrite (8) as

(—Au) [ge = (g + 1= N |fusopuv- (11)
Also, since Au < A, by (6), we see from (9) that
(Au) |{u=0} =0. (12)

By a Poisson integral modification argument and the continuity of W,
on U, we see that

—Au = p; — A on the open set {u> Wy} NU. (13)

On the other hand, we can apply Kato’s inequality to the non-positive func-
tion Wy — u to see that

(—Au) |{u:Wu1} < (_AWU1)|{u:Wu1} = (11 — A)‘{U:Wul}ﬁw(ulﬁ
and so, by (6),

—Au=py —X on {u=Wpu; >0} (14)



Combining (12) — (14), we obtain

(—Au) |y = (g — >‘)|{u>0}ﬂU7 (15)

and from (11) we conclude that

—Au = (1 + 1= Al gu>0}- (16)

We now claim that w = W (u, +n). To see this we note that, on {u = 0},
we have Wy, = 0, so uy < A there by the structure formula, and also n =0
there by (10). Hence —Au > py +n— A, by (16) (which contains (12)), and
since u > 0 we see that

u>W(p +n). (17)

Let w =u— W (u; +n). By (16), (3) and (17),

—Aw = (kg + 17 = AN {us0p\ (W (g, +m >0y < 0

because p1; +17 < XA on {W(u; +7n) = 0}. Hence w is subharmonic. Since it
also has compact support, w = 0 and the claim is proved.
It follows, by the structure formula and (10), that

B(py +1) = Musoy + (11 + 1)l fu=0y = Mguso0y + #1lfu=0y < A

and
Bu = Nwpuso0y + #liwu—oy-

Since u < Wy and pg < u, we now see that B(u; + 1) < By, so part (a) of
the theorem is proved.

On U°, we know that p = p; and u = Wy quasi-everywhere. Thus
u=Wpn on U¢, since U° is non-thin at each point of U¢. Part (b) now also
follows.

It remains to establish (c). We note that O = {Wu > 0} N U, that
u=Wu=0o0n O°NU, and that u = Wpu quasi-everywhere on O N U*
(which equals U). Hence W — u vanishes quasi-everywhere on O¢, and so
we can solve the Dirichlet problem in O to see that

(—A(Wp —u)° =0.

By assumption p does not charge polar subsets of U¢. Since u = W (u;+n) <
W, we see from part (a) that U(p; +n) < Up, and it follows that Aw also
does not charge polar subsets of U¢ (see Theorem 1.XI.4(c) of [5]). Thus,
by (3), (15), (16), we have

(1= Mlgwpsoy — (1 — Mlgusop)lo)?
= —((k=Mlgwusor — (1 + 1= Nlgwu=oy) loe
- n’Ucﬁw(u) =1,



in view of (7) and (10). Now
(= Nlwusoy — (1 = Mlgusoy = Haliwusoy + (1 — N lwusop\fu>0}
< :U“2|{Wu>0} < po,

since y1; < A on {u = 0}. Thus 7 < (15]0)°", and the second inequality of
part (c) is established.

On R we have —AWpu = p— A, and —Au = py — A by (15), so —A(Wpu—
u) = piy there. By the minimum principle, Wy —u > Ggr(pq|r) everywhere,
where G rr denotes the Green potential of a measure v in R and is assigned
the value 0 outside R. Also, by Kato’s inequality,

—A(Wp —u—Gr(palr)) <0 on OUNIR,

since the left hand side does not charge polar subsets of U¢. (Recall that
u = Wp quasi-everywhere on 0U, and Ggr(us|r) = 0 quasi-everywhere on
OR.) Hence

(12| ) lov = (AGR(p2|Rr))lov < (AW p —u)) lovnor < n,
by (7), and the left hand inequality of part (c) also holds on OU. m

Corollary 8 Let p € QQ C U, where Q is a domain and U is open, and let
t> 0. Then N
w(Aq +t5,)\U € w(Ma + (t,)V°). (18)

In particular, if w((t5,)V")NQ =0, then
w(Ma + t8,) C w((td,)V ) U T.

Proof. We apply the Localization Theorem with p; = Ao and py = t6,.
By part (b) of that result

w(Ma + )\ = w(Nq +n)\U,

where, by part (c),
n < (t6,) v < (6,)Y".

Hence (18) holds. In the particular case,
W (Ao + (t(sp)Uc) = W((tdp)Uc)v and so w(Alo + (t(sp)Uc) = W((t‘sp)Uc):
whence

wMa +6,) € w(Na + (t6,)Y)UT = w((t5,)V)UT.

10



Lemma 9 If py, 19 are measures with compact support, then
V(Bpy + pg) = V(g + po), and so B(Bpuy + pg) = B(py + pa)-

Proof. Let v be an upper semicontinuous function such that v < U (g + 9)
and —Av < A\. Then v < U(Bpy + p19) on w(pg)¢ and

—Av <A< A+ pp = —AUBpy + p1p) on w(py).

Hence v < U(Bu; + p9) everywhere, by the minimum principle, and so
V(py + pg) < V(Bpy + py). The reverse inequality is trivial. m

Lemma 10 If u is a non-zero measure with compact support, and r > 0 is
chosen to satisfy ||p|| = rV A\(B), then

w(p) C U B(z,r).

TrESUppu

Proof. Let ¢ > 0. We can choose a finite covering of suppu of the form
{B(zj,e) : j=1,...,m}, where x; € supppu for each j. Let

sl s

A T

B = ey ).

zj,s)\U B(zi,e)

We discard any balls B(xj,¢) for which a; = 0, and then renumber the
remaining m’ balls so that a; > 0 for each j = 1,...,m/. The measure
p is supported by the union of the remaining balls. Thus ) u; = p and
> a; =1. Now let

U—Zaj a uj

It follows from Theorem 1 in Sakai [19] that, if g, is a measure with sup-
port in B(zg,79) and pVA(B) = ||goll, then w(pg) C B(zo, 0 + p). Hence
w(aj_l,uj) C B(zj,r +¢) for each j. Since v > 0 and

i '(a Hi— )Zu—/\,

we see that v > Wu. Hence

!

w(,u)C{v>0}:U a; ,uj U (xj,r+e€).
j=1 j=1

The result now follows from the compactness of suppu and the arbitrary
nature of . m

11



Lemma 11 Suppose that p is a measure with compact support of the form
w = Zjoil pj, where each p; is a measure, p; L X\ for each j, and there
exists k € N such that, if j1 < ja < ... < Jjx < Jr+1, then

rk+1

ﬂ W(#ji) =0.

i=1

Then

3

W(u/msiz Wiy and wtufo) < |ty

Proof. Since p; L A, we see from the structure formula that —AWp,; =
i — )\|w(“j). Hence

o0

1 s 1 1 s
/{;Wﬂj :RZ(“J‘A|w(uj))2K;HjA=H/ﬁA

j=1
The result follows since k=1 Wp; >0. m

Lemma 12 Let Q be a bounded domain in RN, and let p1,p2 € Q. IfC >0
and K is a compact subset of Q such that

Ga(p1,z) > CGa(p2,z) (x € Q\K),

then
wA|lg + Ctép,) Cw(Aa+1tdy,) (t>0).

Proof. If we extend the function Gqo(d,, — Cdp,) to be zero in Q°, and
then take its upper semicontinuous regularization, the resulting function is
subharmonic on (K U {p1})¢. Hence (6,,)% — (Cdp,)* > 0, which yields
the desired result, in view of parts (i) and (v) of Lemma 6. m

Lemma 13 Let Q be a bounded domain in RN, let p € Q and r > 0, and
let rQ = {ra:x € Q}. Then

wApq +7Vt0,p) = rw(Ng +t6,)  (t > 0).
Proof. Using a change of variables we see that
U(Arq + 7Vt6,p) (rz) = r2U (N + t6,)(2)

and
U(Arw(rjg+5,)) (1) = 12U (Alwrg-4t5,)) (7).

The result follows, since U(A|q + t0p) > U(Ay(ajq+t5,))s With equality pre-
cisely on w(A|q +t0,)¢. =

12



4 Proofs of Theorem 1 and Corollary 2

Lemma 14 The notion of a boundary point of a bounded domain Qg being
inatially stationary is independent of the choice of the point p in the definition
Oj)glt (t > 0).

Proof. Let p1,p2 € Qo and let €;; denote the smallest quadrature domain
for subharmonic functions with respect to A|q,+tdp, (i = 1,2). By Harnack’s
inequality there is a positive constant C' such that (1) < Cu(2) on 09,
where p(i) denotes harmonic measure for €y and p;. From (5),

Qo C Y1 =wNoy + (1) Cw(Aa, + Ct(2)) = Qo2

Thus, if a boundary point of g is initially stationary for p = po, then the
same is true for p = p;. The lemma follows, on reversing the roles of p; and

p2. W

Proof of Theorem 1. Let £y, ¢ and pg be as in the statement of the
theorem. Then there is a constant C' > 1 such that ¢(2t) < C¢(t) for
all t > 0. We define ¢; = ¢/(4C). By Lemma 14 we may assume that
p = po. We denote by u the upper semicontinuous regularization of the
function defined to be equal to the Green function Gy, )(p, ) in Q(¢;) and
0 elsewhere. Then u is subharmonic on RV\{p}. Let 0 < 2p < 1o < |p|. A
corollary of a result of Huber [13], as noted by Friedland and Hayman (see
p.137 of [6]), tells us that

ro/2 A
2/ u?ds > / u?do y exp 2/ —(t)dt ,
5(0,r0) 5(0.p) p ¢

where A(t) = a(Q(¢,) N S(0,t)). If we denote the quantity on the left hand
side above by a, then the Cauchy-Schwarz inequality yields

~ , r0/2 A(f)
udo < u® do <+Vaexp<{ — —Zdt . (19)
S(0,p) S(0,p) p t

The Riesz measure y associated with the subharmonic function v on RV \{p}
coincides with the harmonic measure for €(¢;) and p. The hypothesis (1)
and the fact that Q(¢;) C Q(¢) together imply that there is a constant

C1 > 0 such that
ro/2
exp {—/ Ait)dt} < Cip?,
P

u(0) < / udo < Crv/ap?,
5(0,p)

whence

13



in view of (19), and so u(0) = 0. By Corollary 4.4.4 of [2],
p
/ wds = (N—2) / 1N (B(0, 1)) dt
S(0,p) 0

> (V- 2u(B0./2) [ ; 1N ay

= V72— Du(B(0, p/2))p* N

From (19) and (20) we see that

r0/2
u(B(0,p/2)) < \/5pN2eXp{—/ Ait)dt}
p

/2.9 — At
= Cszexp{/ ; ()dt},
p

where Cy = y/a(rg/2)~2. By (1) we now have

w(B(0,p/2)) < C2C5 N (pp(p)N  (p < 10/2),

1 flolo_ 4
Cg:COGXp{N// t(t))dt}
ro/2

where

We choose ko € N large enough so that 270 < 1 /2, and then define

(21)

e = A(B)C~* min {021(03/16)N, (2—k0—3¢(2—’f0—2))N} (22)

and

Iy = HlBo2-*o-1)es Mk = BlBo2-k)\BO2-+-1) (k> ko).

Thus p = Y32, ts since p({0}) = 0. By (21) and (22),

IN

en(B(0,27%)
eCéC’;N (21—k¢(21—k)) N

HWkH

N

< (o723 ) AB) (k> k).

The same inequality also holds when k = kg, by (22) and the fact that

H/%OH < 1. Since ¢(t) <1 and C > 1, it follows from Lemma 10 that

w(epy,) C B(0, 2 ko=2ye  (epy,) € B(0,2'7F)\B(0,2777?)

14
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More precisely, if z € w(eyy,), then Lemma 10 shows that there exists
Z € supppy, such that

|z — x| < CT127F 32702, (23)
Since = € 9Q(¢,) there exists yo € Qp such that
x| o(|x _
o —yol = el or () = TN <y em). @)

Since |z| > |x| /2, we have

2 =wol < [z =]+ |z —yol

243(2742) | [a]6(lal)
C 4C

2] 2|

- OUzl) + Sre(lzl) = [z] 6(2]).

Hence w(epy,) C (). Also, for any y € Qp, we see from (23) and (24) that

<

<

2=yl = ly—2z|—|z -z
jzl¢(la) 27 P(272)

4C C
27k71¢(27k71) 27k73¢(27k:72)

> - >
- 4C C 20,

so w(epy) N Qy = 0. Thus
w(ew) C UP)\Q (k> ko).

By Lemma 11, with x = 3, we thus see that w((¢/3)u) C Q2(¢)\Qo. We
can now appeal to (5) and the particular case of Corollary 8, with 2 = g
and U = Q(¢,), to see that

>

—~——

Q = w(m) Cwltp) U(¢) C¢)  (0<t<e/3),

which completes the argument. m

Proof of Corollary 2. Let L, ry and €y be as in the statement of the
corollary, and let pg € €. Since a(L) > 2 we can choose a relatively
open subset w of S such that L C w and a(w) > 2. We next choose
e € (0,1/2] such that ¢ < dist(K(L),S\w), and define ¢(t) = ¢. Then
Q(¢) N B(0,79/2) C K(w), and so

a(Q(ed)NS(0,t)) > a(w) >2 when 0<t<ry/2.

Also, we may arrange that 7o < |pg|. Thus

exnd L[ 2= al(9) N 5(0,1)) ) (@@)-2/N .
o] / it} < (o/m) 0 (p—0)

N t

and we can clearly choose Cy to satisfy (1). An application of Theorem 1
now completes the argument. m
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5 Proof of Theorems 3 and 4

We begin by noting the “integration by parts” formula

/ Vsf Vsgdo = / g(~Asf)do  (f.g€ C¥(S)).

This holds because, in the notation of Section 1,

1
/ng-vsgda = lim — Vi VgedA
s £=0€ JB(0,1)\B(0,1—¢)
1
= lim - {V - (9:V [) — g«Afi} dA

e=0¢€ JB(0,1)\B(0,1—¢)

- /S g(~Asf)do,

where
/ V- (0.V ) dA =0
B(0,1)\B(0,1—¢)
by the divergence theorem, since (V fi)(x) -z = 0.
We define the distance function dg(x,y) between points of S by

ds(z,y) = arccos(z - y).

This metric is equivalent to the usual Euclidean one on S, and a geodesic
that connects the points x and y is the minor arc between these two points
lying in the intersection of S with the plane that contains the points z,y
and the origin.

If we fix y, the function g(z) = ds(x,y) then satisfies |(Vgg)(z)| = 1
for all x # y. More generally, if w is an open subset of S with non-empty
complement and we define

gw(z) = inf{dg(z,2) : z € S\w} (z€59), (25)

then
|90 () = 9u(¥)| < ds(z,y) (z,y €9). (26)

Hence g,, is Lipschitz continuous, and so differentiable o —almost everywhere
on S. Also, clearly gy|s\, = 0. If # € w and v is a geodesic connecting
x = (0) to a closest point () of dw, parametrized by arc length, then

90(1(0)) = g(v(®)) | _ ds(4(0),7(t)) _

t t

and so |(Vsgw)(7(0)) -+ (0)| = 1, provided g,, is differentiable at v(0). In
particular,
|(Vsgw)(z)| =1 for o-almost every = € w.
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We will now consider eigenvalues for the operator —Ag on domains w C
S which are not dense in S. By rotational invariance, there is no loss of
generality in assuming below that @ C S*, where

S* =5\ {(0,0,...,0,1)}.

The stereographic projection 9 : S* — RV~ is given by

1 T2 TN-1
@b(:pl,xz,...,x]\/):( .. >,

l—ay'1l—zny  1—2aN

and

(2y1572yN*17_1+y%+y%++y]2V—1)
T+ +y3+...+9y%

U Y1,y YN—1) =

We now define
Whw) = {uot : u e Wi (¥(w))},

and define weak derivatives on w in the natural way. Since ¢)(w) is a bounded
subset of RV~1, there are constants 0 < ¢ < C < oo such that, for each
T € w,

clyl* <y'Di(x) (De(2)'y < Cly*  (y € RY).

From this observation the following analogues of the Poincaré inequality
(formula (7.44) in [9]), the compactness of the embedding in L (Theorem
7.22 in [9]), and Harnack’s inequality for operators of the form Ag+ cI (see
Theorems 8.20 and 8.22 in [9]) are seen to hold for the space Wol 2(w) and
the operator Ag.

Theorem 15 (Poincaré inequality) There is a constant Ko > 0, de-
pending on w, such that

llull 2wy < Kal|Vsullzw)  (ue Wy(w)).

Theorem 16 (Compactness) The space Wol’Q(w) is compactly embedded
in L*(w).

Theorem 17 (Harnack inequality) Suppose that B(y,4R)NS C w, where
y €S, and let c > 0. Then every f € Wol’2(w) which is non-negative and
solves —Agf = cf inw (in the weak sense) has a continuous representative.
Further, there is a constant Ky, such that, for any such f,

sup f< K, inf f.
B(y,R)NS B(y,R)NS

17



(Alternatively, this last result can be established by noting that, for a
suitable choice of a, the function z +— |z|* f.(z) is harmonic on K(w).)
Recall that [ Vsl
I VsgPdo
[(w) = inf [ do
where the infimum is taken over all non-zero Lipschitz functions g : S —
[0,00) with compact support in w. It follows from the Poincaré inequal-
ity that I(w) is strictly positive. We can find a sequence (u,) in T/VO1 2(w)
such that the corresponding sequence ([ |Vsun|?do) decreases to I(w) and
JuZdo =1 for all n. By the compactness of the embedding of I/VO1 ’2(w) in
L?(w) there is a subsequence (which we still denote u,,) that converges to
some function in L?(w). Since

/\vs(un—um)ma _ 2/ (IVstnl® + | Vstm[?) da—/\VS(un+um)|2da
S S S

< 2/ (|Vsun\2+|Vsum|2) da—l(w)/(un—l—um)zdcr
s s

— 0 asm,n — oo,

we see that (u,) converges in I/VO1 2(w) to some non-zero weak solution of the

equation
/|V5u|2 dozl(w)/u2da.
S S

We now define the functional
I(u) = / Vsul? do — I(w) / Wldo  (ue Wy (w)).
S S

If w is a minimizer of this expression (that is, I(u) = 0), then for any smooth
function ¢ on S with compact support in w we consider the function f given
by

f&)=I(u+ty) (teR).

Then
f(0)=2 (/ Vsu-Vgpdo — l(w)/unpda) =0,
S S
S0

/VSU-V5<pd0:l(w)/ugoda
S S

for all such ¢. Thus, using integration by parts,
—Agu = l(w)u

in the weak sense. In particular, [(w) is the first eigenvalue of —Ag on w.
We note that I(Ju|) = I(u). Hence, if there is a minimizer u, then |u| is
also a minimizer. However, a non-negative minimizer u clearly satisfies —Agu =

18



[(w)u > 0. Hence, if it takes the value zero at some point, then it does so
throughout w, by Harnack’s inequality. This excludes the possibility of so-
lutions which change sign in w. By the connectedness of w, the eigenspace
corresponding to [(w) is one-dimensional and there is a strictly positive so-
lution. Further, only this smallest eigenvalue can have a strictly positive
associated eigenfunction on w. To see this we note that, if v/ is an eigen-
function associated with a different eigenvalue I’, then integration by parts

yields
l(w)/uu'dcr:/Vgu-Vsu'da:l'/uu'da,

and so v must have variable sign.
We will also need the following Hadamard-type formula for the depen-
dence of the eigenvalues on the domain:

Theorem 18 (Hadamard Formula for I) Given a domainw C S, where
w # S and Ow is Lipschitz, there are positive numbers b, e such that

lws) > l(w)+05 (0<8<e),

where
ws ={y € S :ds(y,S\w) > 6}

Proof. Without loss of generality we may assume that @ C S*. Let us €
1,2 . . A
W, “(ws) be a nonnegative function satisfying

l(wg):/ |Vsus|?do  and /u%dozl.
ws ws

We define u5 = 0 in w§ and so can regard us as a function in VVO1 ’Q(w). Since
I(ws) is clearly an increasing function of &, we see that, for a given &' > 0,

/ |Vsus|?do < l(wg) (0<3<d).

Hence the set {us : § € (0,d')} is bounded in Wol’Q(w). Since Wol’Q(w)
is compactly embedded in L?(w), it follows that, for every sequence (d,)
in (0,0") satisfying 6, — 0, there is a convergent subsequence, which we
still denote by (8,), such that (us,) converges in L?(w) to some function v
satisfying fw v?do = 1. In particular, we see that there must be numbers
€,c¢ > 0 such that

/u(;dazc (0<6<e).

Let ¢5 = min{é, g, }, where g, is defined as in (25). Also, let HV~2(E)
denote the (N — 2)-dimensional Hausdorff content of a set E. It is easy to
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see that ¢ is Lipschitz continuous and ¢z € VVO1 ’Z(w). Since Vgus = 0 on
w\ws and Vgps = 0 on ws we have, for all ¢t > 0,

[, IVs(us + tos)|? do
fw (us + tos)? do
[ |Vsug|?do + 12 [ |Vsgs|? do
fw u?do + 2t fw psusdo + 2 [ $3 do
Hws) + t20(w \ ws)
L4216 [, usdo + 2 [, ¢F do

= (l(ws) +t* (adHY2(0w) + 0(6))) (1 — 2t6 /

l(w) <

ug do + L‘2o(5)>

8

= I(ws) — 2t61(ws) / us do + at>sHY 72 (0w) + (£* + t*)o(6)

ws

I(ws) — 8(2tel(w) — at>HN 72 (dw)) + (12 + t1)o(6), (27)

IN

for a suitable constant a > 0. Next, we choose t = cl(w)a™t/HN ~2(0w),

whence
2tcl(w) — at*HY 72 (0w) = Al(w)?a™t /HY 72 (0w).

Then we may choose € > 0 so small that the o(d) term in (27) satisfies
(2 + tYo(0) < 6c21(w)?(2a) " /HN2(0w) (0 <6 < e).
The proof is completed by choosing b = c2l(w)?(2a) "' /HY~2(0w). =

The above theorem remains valid if we replace dg by the usual Euclidean
metric, since these are equivalent metrics on S. This yields the following
immediate consequence.

Corollary 19 (Hadamard Formula for o) Given a domainw C S, where
W # S and Ow 1is Lipschitz, there are positive numbers a, e such that

al{y € S :dist(y, S \w) >0}) > a(w)+ad (0<0<e).

Proof of Theorem 3. Let w be as in the statement of the result. By the
above formula there are positive numbers a and e such that

a({y € S :dist(y, S\w) >0} >2+ad (0<0<e).
Let C(w) = N/a and pg € €, where §Qp is given by (2) and

(log(1/t))™" (0 <t<e?)
‘W):{ g1/2 <f2§—2>
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Then

a(QP) N S0,1) > 2+

: -2 —C(w)/e
log(1/1) (0 <t <min{e “e b,

SO

exp{l [ 2mal0® msm,t))dt}

N J, t

min{e’z,efc(w)/s} dt 1 |pol 2
< exps — —_— — —dt
- P /p tlog(1/t) N /min{ezﬁcw)/e} t

= Cexp <log <10g max {62, ec(w)/g}) — log (log ;))

= (Cmax {2, Ciw)} dp) (0<p< min{e—276—0(w)/5})’

and the result now follows from Theorem 1. m

Proof of Theorem 4. (a) It is enough to consider the case where Qy =
K(w)NB(0,79). By Lemma 14 we may suppose that p € Qo\B(0,70/2). We
saw above that [(w) is the first eigenvalue of —Ag on the spherical domain
w, and that there is an associated eigenfunction which is positive. This
function vanishes continuously on the boundary of w in S. It follows that
there is a positive harmonic function h on K(w) of the form

h(ry) = 'r’a(‘”)h(y) (y € S,r > 0), (28)

where h(y) — 0 at the boundary of w in S. Since K(w) has a Lipschitz
boundary, we know from the boundary Harnack principle (see Section 8.7
of [2]) that there is a positive constant C such that

Gay(p,z) > Cih(z)  (z € K(w)N B(0,70/2)). (29)

Further, by the smoothness of the boundary of w in S, there is a positive
constant Cy such that

h(y) > Codist(y, S\w)  (y € 9).

(See, for example, Widman [21].) Since the density of harmonic measure
with respect to surface area measure is proportional to the normal derivative
of the Green function, it follows from a scaling argument that there is a
positive constant C3 such that the harmonic measure p for Qg and p satisfies

du(z) > Cs|z|*“ " Vdo(z)  on 09 N B(0,r0/4). (30)
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If a(w) < 2, then there is a positive constant Cy such that
p~Nu(B(0,p)) > Cup™™ ™2 00 (p— 0+4),

and so 0 € Q for all ¢ > 0, in view of (5) and (4).
Now suppose that a(w) = 2. It follows from (30) that there is a positive
constant C'5 such that

(B pl2) > (’;j@ DY (2 € O (w);0 < || < ro/8:0 < p < 1/2),

since o(B(z, p|z|) N 98p) is comparable to (p|z|)N L. Thus, if € > 0, there
exists p > 0 small enough so that

en(B(z,plz))) > (20 2)YA(B) (2 € OK(w);0 < |2 < 79/8).
Hence, by (5) and (4) again,
Q: Dw(ep) D K(w1) N B(0,r9/8),
where wj is a domain in S that contains w. By Lemma 9,
V(Aly + (t+¢€)dp) = V(B(Aq, +€dp) +t6p) =V (Aa. +t6,) .

Noting that U(A|q, + (t +€)dp) = U (Aq. + tdp) outside Q, it follows that
Qiye = w(A|q. + t0p), and since a(w;) < 2 we see from the previous case
that 0 € Q4. for all £ > 0. Since € can be arbitrarily small, we see that
0e€Qforallt>D0.

(b) The Martin compactification of K(w) is homeomorphic to K (w) U
{00}, and the Martin function with pole at 0o is a multiple of the function
h in the proof of part (a) above. (See, for example, Kuran [15].) It follows,
by the Kelvin transformation, that we have a minimal positive harmonic
function hg on K(w) with pole at 0 of the form

ho(ry) = 1> N 2@h(y)  (y e S,r>0).

We recall that a set £ C K(w) is said to be minimally thin at 0 with respect
to K (w) if there is a positive superharmonic function v on K (w) such that

v v
inf — inf —.
HJ% hg >I¥(lw)h0

(See Chapter 9 of [2] for an introduction to the notion of minimal thinness.)
The hypotheses on 1 imply that

/ 2| ™ d\(z) < oo.
(K (w)\Q20)NB
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It follows from this last condition, by Theorems 2 and 3 of [17] and inversion,
that K(w)\Qp is minimally thin at 0 with respect to K (w).

Now let p € Qp. By our assumptions on 1, there exist rg € (0,1) and
R € (0,|p| /2) such that B(p,2R) C o and

K({z/|z| : z € B(p,2R)}) N B(0,79) C Q.

Let ' = {x/|z| : * € B(p, R)}. For any sequence p,, | 0 the set U, {K (') :
pn < || < 2p,,} is not minimally thin at 0 with respect to K (w) (by Theorem
1.1 in [1], or Theorem 2 of [16]). Hence, by Theorem 9.6.2(ii) of [2] and
Harnack’s inequalities, there are constants C7 > 0 and r; € (0,79/2) such
that

GQO(pa ‘T) > ClGK(w)(pax) (1‘ € K(w’)ﬂB(O,rl)).
Also, in view of (28) and (29), there is a constant Cy > 0 such that

Gr(w(pz) > Calzf*  (z € K(w')NB(0,m)),

because infyc, h(y) > 0. For r < r1/2 we have

B(rp,7R) C K(w')NB(0,71) C Qo
and hence
(Ip] — R)?
e =
> C1CoRN |rp — 2N
> (C3Gq,(rp,x) (x € 0B(rp,rR),r <11/2),

1
TTVGQO (p, x) C1Cy

where C3 = C C’gc&lRN . Thus, by the maximum principle,
Gao(p,x) > Csr™Gay(rp,z) (€ Q\B(rp,TR)),
and Lemma 12 now yields
wNay +10p) D w(Mq, + CarNtd,,) (> 0). (31)
Let

wp, = {ze€S:z/neQ}
= {z e S:dist(z/n, K(w)°) > ¢¥(1/n)/n}
= {z e S:dist(z, K(w)) > (1/n)} (ne€N).
Since 1) is increasing and [ ¢~ (t) dt < oo, which implies that limy o ¢ (t) =

0, we see that (w;) increases to w, and so (K (wy)) increases to K(w). We
now fix ¢ > 0. By construction Qy C K(w) N B. Since a(w) = 2, part (a) of
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the theorem shows that 0 € w(A|g(w)np + C3tdy). Thus, by Lemma 6(iii),
there exists n € N such that 1/n < ry/2 and

0 € WM ks + Catdy). (32)

(The value of n will depend on ¢, since a(wy) > 2 in general.) Let r = 1/n.
The definition of w,, and the fact that ¢ is increasing, together ensure that
K(wyn) N B(0,7) C Q. Hence

w()“ﬂo + C3TNt6Tp) ) w()“K(wn)ﬁB(O,r) + C3rNt5rp)
= TW(MK(wn)ﬂB + Cgtép),

by Lemma 13. Combining this with (31) and (32), we now see that 0 €
w(Algy + tdp). The proof is complete, since ¢ can be arbitrarily small. m
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