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Abstract

A general approach to deriving the symmetry plane boundary conditions for cell-centred
finite-volume continuum mechanics is presented. It is equally applicable to scalar, vector,
and tensor solution variables. The total contribution of the symmetry plane cell faces to the
next-to-symmetry-plane cells is decomposed into implicit and explicit parts, allowing the use
of segregated solution algorithms. Using several unstructured mesh test cases, the derived
symmetry plane discretisations are shown to be consistent with the discretisation on the inter-
nal faces.
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1 Introduction1

Many problems in engineering are symmetric about one, two or even three planes. Defining2

symmetry plane(s) on the solution domain boundary enables one to reduce the solution domain, the3

computer memory and the CPU time by a factor of two or more. However, while imposing correct4

boundary conditions for scalar solution variables is relatively simple, treating vector and especially5

tensor variables at symmetry planes is not a straightforward matter. This is particularly the case6

when the symmetry plane normal is not aligned with any of the coordinate system directions or7

when unstructured numerical meshes are used.8

The starting point is the fact that by using the symmetry plane boundary conditions, the same9

results should be obtained by solving for the complete domain. Thus, to arrive at the correct10

symmetry plane boundary conditions, in addition to the physical problem symmetry, one has to11

assume numerical mesh symmetry. This can be achieved by constructing a fictitious mirror-image12

cell M of the next-to-symmetry-plane cell P (Figure 1).13

The convection flux through the symmetry plane face, if it exists, is zero, and the diffusion flux14

through the symmetry-plane surface S is15

Dφ =

∫
S

Γφ n · gradφ dS ≈ Γφ
s · s
∆ · s (φM − φP ) + cross-diffusion term (1)
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Figure 1: Symmetry plane.

where the unit normal vector is16

n =
s
|s| (2)

and s is the surface vector with its magnitude |s| equal to the area of the boundary cell face [1]. The17

generic variable φ stands for the scalar ψ, the vector v, or the tensor T variable, Γφ is the diffusion18

coefficient, φM and φP are the values of the variable φ at points M and P , and the vector joining19

the centres of the cell P and its mirror image M is20

∆ =
−−→
PM = 2 (n⊗ n) · d = 2

d · s
s · s s (3)

Vector d joins the cell P centre to its symmetry-plane boundary faceB. Since vector ∆ is collinear21

with vector s (orthogonal to the symmetry plane), the cross-diffusion term in Eq. (1) is zero and22

the flux through the symmetry-plane cell face is23

Dφ ≈ Γφ
s · s

2 d · s(φM − φP ) (4)

Thus, the problem of calculating the symmetry plane boundary face contribution to the next-to-24

symmetry-plane cell P reduces to the calculation of φM .25

Note that the value of the dependent variable φ at the boundary point B, which can be required26

to calculate the cell-centres gradients or for postprocessing, has remained unknown. Since the27

symmetry-plane face is essentially an internal cell face, the calculation of the symmetry-plane28

values must be consistent with interpolations on the internal faces. The dependent variables at the29

internal cell faces are frequently obtained by linear interpolation between two points straddling30

the cell face. In that case31

φB ≈ φN =
1

2
(φP + φM ) (5)
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However, if the numerical mesh is highly skewed or in case of significant variation of φ along the32

symmetry plane, a more accurate value would be33

φB = φN + t · (grad φ)N = φN + t · 1

2
[(grad φ)P + (grad φ)M ] (6)

where t is the vector joining points N and B34

t =
−−→
NB = (I− n⊗ n) · d = d− d · s

s · s s (7)

where I is the second-order identity tensor.35

Some aspects of this approach have been used by Harlow and Welch [2] for Cartesian meshes and36

extended to boundary-fitted curvilinear grids for scalar and vector variables by Oliveira [3] and37

more recently by Moukalled et al. [4].38

In this article, the symmetry-plane boundary conditions for the scalar (e.g. energy, electric scalar39

potential), the vector (e.g. the fluid velocity, the solid body displacement), and the tensor (e.g. the40

Reynolds stress tensor, the stress tensor in the Oldroyd viscoelastic models) solution variables are41

presented. Several test cases are designed to verify this approach.42

2 Calculation of diffusion flux43

In this section, the contribution to the next-to-symmetry-plane cell coming from the diffusion44

flux through the symmetry-plane cell face is derived for scalar, vector and tensor variables by45

employing the following reflection tensor46

R = I− 2 n⊗ n = Rij ei ⊗ ej (8)

where ei (i = 1, 2, 3) are the Cartesian unit base vectors.47

2.1 Scalar variable48

The mirror reflection ψM of the scalar ψP is simply49

ψM = ψP (9)

and the diffusion flux (Equation 4) is50

Dψ = Γψ
s · s

2 d · s (ψM − ψP ) = 0 (10)

which means that there is no contribution to the next-to-symmetry-plane cell P balance from the51

symmetry plane boundary faces.52
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2.2 Vector variable53

The mirror reflection vM of the vector vP can be obtained by multiplying that vector with the54

reflection tensor (Equation 8)55

vM = R · vP = (I− 2 n⊗ n) · vP = vP − 2 n (n · vP ) = vP − 2
s (s · vP )

s · s (11)

where the use of Equation (2) has been made and the diffusion flux (Equation (4)) for vector56

variables takes the following form57

Dv = Γv
s · s

2 d · s(vM − vP ) = −Γv
s · vP
d · s s (12)

With a segregated solution algorithm in mind, one can write Equation (12) in terms of the Cartesian58

components59

Dvi = −Γv
s1vP1 + s2vP2 + s3vP3

d1s1 + d2s2 + d3s3
si (i = 1, 2, 3) (13)

and see that the contribution of these terms can be split into the explicit and the implicit part as [5]60

Dvi = Dviex −Dviim vPi (i = 1, 2, 3) (14)

The implicit contribution to the individual Cartesian component can be written as61

Dviim = Γv
sisi

d1s1 + d2s2 + d3s3
(i = 1, 2, 3) (15)

and the explicit contribution as62

Dviex = −Γv
s1vP1 + s2vP2 + s3vP3 − sivPi

d1s1 + d2s2 + d3s3
si (i = 1, 2, 3) (16)

2.3 Tensor variable63

Similar to vectors, the reflection of a tensor can be obtained by multiplying that tensor by the
reflection tensor (Equation 8). Thus, the mirror image TM of the tensor TP is

TM = R · TP · RT = (I− 2 n⊗ n) · TP · (I− 2 n⊗ n)

= TP − 2 (n⊗ n) · TP − 2 TP · (n⊗ n) + 4 (n⊗ n : TP ) n⊗ n (17)

Using Equation (2), the diffusion flux (Equation (4)) for tensor variables takes the following form64

DT = ΓT
s · s

2 d · s(TM − TP ) = −ΓT
(s⊗ s) · TP + TP · (s⊗ s)− 2 (s⊗ s : TP ) s⊗ s

s · s
d · s (18)

Noting the index notation form of the dot product of two tensors (A · B = AikBkjei ⊗ ej) and the65

double-dot product of two tensors (A : B = AijBij)), Equation (18) can be written in terms of66
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Cartesian components as67

DT ij = −ΓT

si(skTPkj) + sj(skTPik)−
2(spsq TPpq)sisj

sksk
dksk

(i, j = 1, 2, 3) (19)

Like in the vector case, this term can be split into explicit and implicit parts68

DT ij = DT ijex −DT ijim TPij (i, j = 1, 2, 3) (20)

Thus, the implicit contribution to the individual Cartesian components can be written as (no sum-69

mation on i and j)70

DT ijim = ΓT
sisi + sjsj
dksk

(i, j = 1, 2, 3) (21)

and the explicit contribution as (no summation on i and j)

DT ijex =− ΓT

si(skTPkj) + sj(skTPik)−
2(spsq TPpq)sisj

sksk
− (sisi + sjsj)TPij

dksk
(i, j = 1, 2, 3) (22)

3 Calculation of boundary-point value71

This section calculates the value of the dependent variable φ at the boundary point B.72

3.1 Scalar variable73

By using Equations (5) and (9) the value of the scalar ψ at the boundary point B is74

ψB ≈
1

2
(ψP + ψM ) = ψP (23)

or according to Equation (6)75

ψB = ψN + t · 1

2
[(grad ψ)P + (grad ψ)M ] = ψP + t · 1

2
(gP + gM ) (24)

The mirror image gM of the scalar gradient76

gP = (grad ψ)P =

(
∂ψ

∂xi

)
P

ei (25)

is according to Equation (11)77

gM = R · gP = gP − 2
s · gP
s · s s (26)

Since t · s = 0, this gives the boundary value78

ψB = ψP + t ·
(

gP −
s · gP
s · s s

)
= ψP + t · gP (27)
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or in terms of Cartesian components79

ψB = ψP + ti gP i (28)

3.2 Vector variable80

Using Equations (5) and (11) the value of the vector v at the boundary point B is81

vB ≈
1

2
(vP + vM ) = vP −

s · vP
s · s s (29)

or in terms of the Cartesian components82

vBi ≈ vPi −
sjvP j
sjsj

si (i = 1, 2, 3) (30)

According to Equation (6)83

vB = vP −
s · vP
s · s s + t · 1

2
(GP + GM ) (31)

The mirror image GM of the vector gradient84

GP = (grad v)P =

(
∂vj
∂xi

)
P

ei ⊗ ej (32)

is according to Equation (17)

GM = R ·GP · RT = (I− 2 n⊗ n) ·GP · (I− 2 n⊗ n)

= GP −
2 s⊗ s ·GP − 2 GP · s⊗ s +

4 (s⊗ s : GP ) s⊗ s
s · s

s · s (33)

which, since t · s = 0, gives the boundary value

vB = vP −
s · vP
s · s s + t ·GP − t ·

s⊗ s ·GP −GP · s⊗ s +
2 (s⊗ s : GP ) s⊗ s

s · s
s · s

= vP −
s · vP
s · s s + t ·GP − t · GP · s⊗ s

s · s (34)

or in terms of Cartesian components85

vBi = vP i −
sjvP j
sjsj

si + tj GP ji − tj
GP jksk

sksk
si (35)
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3.3 Tensor variable86

According to Equation (5), the value of the tensor T at the boundary point B is

TB ≈
1

2
(TP + TM ) = TP − n⊗ n · TP − TP · n⊗ n + 2 (n⊗ n : TP ) n⊗ n

= TP −
1

s · s

[
s⊗ s · TP + TP · s⊗ s− 2 (s⊗ s : TP ) s⊗ s

s · s

]
(36)

where the use of Equation (2) has been made, or in terms of Cartesian components87

TBij ≈ TP ij −
si(skTP kj) + sj(skTPik)−

2(spsq TP pq)sisj

sksk
sksk

(i, j = 1, 2, 3) (37)

and the value at the boundary point B, cf. Equation (6), is88

TB = TP −
s⊗ s · TP + TP · s⊗ s− 2 (s⊗ s : TP ) s⊗ s

s · s
s · s + t · 1

2
(GP + GM ) (38)

The mirror image GM of the tensor gradient89

GP = (grad T)P =

(
∂Tjk
∂xi

)
P

ei ⊗ ej ⊗ ek = (Gijk)P ei ⊗ ej ⊗ ek (39)

is90

GM = RliRmjRnk (Glmn)P ei ⊗ ej ⊗ ek (40)

It can be seen that the expanded form of Equation (38) becomes quite cumbersome and is not91

presented here.92

4 Example93

Consider a symmetry plane parallel to the x− y coordinate plane. In that case, the surface vector94

s = (0, 0, s3) (41)

and the only non-zero contribution from the symmetry plane to the cell P for vector variables is95

(Equations (13) to (16))96

Dv3 = −Γv
s3
d3
vP3, ⇒ Dv3im = Γv

s3
d3
, Dv3ex = 0 (42)

and for tensor variables (Equations (19) to (22))97

DT ij = −ΓT
s3
d3
TP ij , ⇒ DT ijim = ΓT

s3
d3
, DT ijex = 0 (ij = 13, 31, 23, 32) (43)

The non-zero components of the vector vB are (Equation (30))98

vB1 ≈ vP 1, vB2 ≈ vP 2 (44)
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and of the tensor TB (Equation (37))99

TB33 ≈ TP 33 (45)

5 Verification100

5.1 Problem definition101

In this section, three cases are shown to numerically verify the current approach, i.e. to show102

that identical results are obtained when using symmetry plane(s) compared with solving for the103

complete domain.104

The three cases all use the same 2-D geometry and mesh (Figure 2), with each solving a different105

form of the steady-state diffusion equation:106

1. Scalar diffusion equation: D∇2φ = 0;107

2. Vector diffusion equation: D∇2v = 0;108

3. Tensor diffusion equation: D∇2T = 0.109

The diffusivity, D , is assumed here to be uniform and equal to unity. The full domain mesh110

contains 160 quadrilateral cells, while the symmetry unit mesh contains 40 cells. This relatively111

coarse mesh has been chosen to allow differences to be more easily seen, if any.112

Problem geometry & mesh

Full plate: no symmetry planes, 160 cells

Quarter plate: 
two symmetry planes, 40 cells

4

4 0.5

2

2

0.5

(a) Full domain

Problem geometry & mesh

Full plate: no symmetry planes, 160 cells

Quarter plate: 
two symmetry planes, 40 cells

4

4 0.5

2

2

0.5

(b) Symmetry unit

Figure 2: Geometry used for all three verification cases. The full domain mesh contains 160 cells,
whereas the symmetry unit contains 40 cells. All dimensions are given in metres. The x direction
is the horizontal, y is the vertical direction, and z is directed out of the plane.

The boundary conditions are shown in Figure 3, with Dirichlet conditions on the left, right and113

centre hole boundaries and Neumann conditions on the top and bottom boundaries. The boundary114
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condition definitions are chosen such that they may be easily applied regardless of the rigid rotation115

of the initial domains.
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<latexit sha1_base64="vZ8sGN4TaPEsVzhwvxOQlSF6yTg=">AAACGnicbVDLSgMxFM3UV62vUZdugkVwVWZE1I1QdOOygn1AZyiZTNqGZpIhuSOUod/hxl9x40IRd+LGvzF9LGrrgZDDOfdy7z1RKrgBz/txCiura+sbxc3S1vbO7p67f9AwKtOU1akSSrciYpjgktWBg2CtVDOSRII1o8Ht2G8+Mm24kg8wTFmYkJ7kXU4JWKnj+kGkRGyGif1yOcIBjRXgeTGQJBLEOmmf42vsddyyV/EmwMvEn5EymqHWcb+CWNEsYRKoIMa0fS+FMCcaOBVsVAoyw1JCB6TH2pZKkjAT5pPTRvjEKjHuKm2fBDxR5ztykpjxorYyIdA3i95Y/M9rZ9C9CnMu0wyYpNNB3UxgUHicE465ZhTE0BJCNbe7YtonmlCwaZZsCP7iycukcVbxLyrn9+fl6s0sjiI6QsfoFPnoElXRHaqhOqLoCb2gN/TuPDuvzofzOS0tOLOeQ/QHzvcvmUahLA==</latexit>

n · r� = 0
<latexit sha1_base64="/tzZCHZ8uRzWNClv42t9mHNJM3U=">AAACMXicbZBLSwMxEMez9VXra9Wjl2ARPJVdKepFKHrpsYJ9QHcp2WzahmaTJckWyrJfyYvfRLz0oIhXv4Rpu4c+HAj585sZZuYfxIwq7ThTq7C1vbO7V9wvHRweHZ/Yp2ctJRKJSRMLJmQnQIowyklTU81IJ5YERQEj7WD0NMu3x0QqKviLnsTEj9CA0z7FSBvUs+teIFioJpH5Up5BD4dCw2XocRQwlK2wcQYfVoCT9eyyU3HmATeFm4syyKPRs9+9UOAkIlxjhpTquk6s/RRJTTEjWclLFIkRHqEB6RrJUUSUn84vzuCVISHsC2ke13BOlztSFKnZaqYyQnqo1nMz+F+um+j+vZ9SHieacLwY1E8Y1ALO7IMhlQRrNjECYUnNrhAPkURYG5NLxgR3/eRN0bqpuLeV6nO1XHvM7SiCC3AJroEL7kAN1EEDNAEGr+ADfIIv682aWt/Wz6K0YOU952AlrN8/KyysAQ==</latexit>

n · rv = 0
<latexit sha1_base64="KkjrR9ZEWhpncjNOCdiauUwhZH8=">AAACMXicbZBLSwMxEMez9VXra9Wjl2ARPJVdKepFKHrpsUJf0C0lm03b0GyyJFmhLPuVvPhNxEsPinj1S5ht99CHAyF/fjPDzPz9iFGlHWdmFba2d3b3ivulg8Oj4xP79KytRCwxaWHBhOz6SBFGOWlpqhnpRpKg0Gek40+esnznhUhFBW/qaUT6IRpxOqQYaYMGdt3zBQvUNDRfwlPo4UBouAw9jnyG0hXWTOHDCnDSgV12Ks484KZwc1EGeTQG9rsXCByHhGvMkFI914l0P0FSU8xIWvJiRSKEJ2hEekZyFBLVT+YXp/DKkAAOhTSPazinyx0JClW2mqkMkR6r9VwG/8v1Yj287yeUR7EmHC8GDWMGtYCZfTCgkmDNpkYgLKnZFeIxkghrY3LJmOCun7wp2jcV97ZSfa6Wa4+5HUVwAS7BNXDBHaiBOmiAFsDgFXyAT/BlvVkz69v6WZQWrLznHKyE9fsH9TGr3w==</latexit>

n · rT = 0

<latexit sha1_base64="7zqiwfuQO5zo5JpAw4HBR7KlJE0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGoF6EoBePEcwDkiXMTnqTIbOz68ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWaneTISfXpNIrltyyOwdZJV5GSpCh3it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfu+UnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88idcJqlByRaLwlQQE5PZ86TPFTIjxpZQpri9lbAhVZQZG1HBhuAtv7xKmpWyd1Gu3ldLtZssjjycwCmcgweXUIM7qEMDGAh4hld4cx6dF+fd+Vi05pxs5hj+wPn8Abrjjx8=</latexit>

� = 2

<latexit sha1_base64="7+6D9MOgJ/GvxMKW3o8/yI/oe0Y=">AAACCXicbVDLSgMxFM3UV62vUZdugkVwVWZKUTdC0Y3LCrYV2qFkMpk2NJMMSaZQhtm68VfcuFDErX/gzr8x086ith4IOZxzL/fe48eMKu04P1ZpbX1jc6u8XdnZ3ds/sA+POkokEpM2FkzIRx8pwignbU01I4+xJCjyGen649vc706IVFTwBz2NiRehIachxUgbaWDDvi9YoKaR+dJJBq9hfVHh2cCuOjVnBrhK3IJUQYHWwP7uBwInEeEaM6RUz3Vi7aVIaooZySr9RJEY4TEakp6hHEVEeenskgyeGSWAoZDmcQ1n6mJHiiKVr2YqI6RHatnLxf+8XqLDKy+lPE404Xg+KEwY1ALmscCASoI1mxqCsKRmV4hHSCKsTXgVE4K7fPIq6dRr7kWtcd+oNm+KOMrgBJyCc+CCS9AEd6AF2gCDJ/AC3sC79Wy9Wh/W57y0ZBU9x+APrK9fG5qanQ==</latexit>

v = 2n
<latexit sha1_base64="9A7lxtSW2l/UpLtkyX9Mjog0RuQ=">AAACIHicbVDLSgMxFM3UV62vUZdugkVwVWZKsW6EohuXFfqCTimZNNOGZpIhyQhlmE9x46+4caGI7vRrzLSzqK0HQg7n3Mu99/gRo0o7zrdV2Njc2t4p7pb29g8Oj+zjk44SscSkjQUTsucjRRjlpK2pZqQXSYJCn5GuP73L/O4jkYoK3tKziAxCNOY0oBhpIw3tuucLNlKz0HxJK4U3sLqs8BR6QtOQKPhXHtplp+LMAdeJm5MyyNEc2l/eSOA4JFxjhpTqu06kBwmSmmJG0pIXKxIhPEVj0jeUIzNzkMwPTOGFUUYwENI8ruFcXe5IUKiy1UxliPRErXqZ+J/Xj3VwPUgoj2JNOF4MCmIGtYBZWnBEJcGazQxBWFKzK8QTJBHWJtOSCcFdPXmddKoV96pSe6iVG7d5HEVwBs7BJXBBHTTAPWiCNsDgCbyAN/BuPVuv1of1uSgtWHnPKfgD6+cXnaykhw==</latexit>

T = 2n ⌦ n

Figure 3: Boundary conditions for the full domain. The symmetry unit uses the same boundary
conditions in addition to two symmetry conditions.

116

In each case, the case is solved for three different configurations:117

(a) Geometry is not rotated, and is as given in Figure 2;118

(b) Geometry is rotated in the xy plane, based on the angle between the vectors (1 0 0) and119

(2 1 0);120

(c) Geometry is rotated in the x, y and z directions, based on the angle between the vectors121

(1 0 0) and (2 1 3).122

A preconditioned conjugate gradient iterative solver is used to solve the linear systems, with a123

tolerance of 1× 10−12. An outer loop is performed to allow the explicit deferred correction terms124

to converge, also with a tolerance of 1×10−12. These tolerances effectively represent the machine125

limit using double-precision floating-point numbers. The convergence of the outer loop residual126

is compared for each case.127

For each case, the solutions from the symmetry units and the rotated full domain problems are128

compared with the solution from the corresponding not-rotated full domain problem. The cell-by-129

cell difference in solution fields (φ, v and T ) are calculated and the L1, L2 and L∞ norms of the130

difference fields are presented.131
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5.2 Results132

The predicted solution fields are graphically shown in Figure 4 for the scalar cases, in Figure 5 for133

the vector cases, and in Figure 6 for the tensor cases.Results: scalar

3

2

Figure 4: Results for the scalar problems, where φ is shown. On the left, the results for the three
configurations are shown and on the right the results for the not-rotated geometry is shown on its
own. The displayed fields are interpolated for the cell-centres to the points.

134

Table 1 gives the differences between the predictions from all the cases and the not-rotated full135

domain problem for the scalar cases. The corresponding results for the vector cases can be found136

in Table 2 and for the tensor cases in Tables 3. From these tables, all converged solutions are137

shown to match the not-rotated full domain solutions to the machine limit.

Case L1 L2 L∞

Symmetry unit (not rotated) 1.65e-11 9.35e-13 1.20e-12

Symmetry unit (rotate XY) 1.65e-11 9.36e-13 1.20e-12

Symmetry unit (rotate XYZ) 1.65e-11 9.33e-13 1.20e-12

Full domain (rotate XY) 1.41e-13 1.78e-15 2.66e-15

Full domain (rotate XYZ) 9.55e-14 4.44e-16 2.22e-15

Table 1: Scalar equation problem: L1, L2 and L∞ norms of the differences between the non-
rotated full domain problem and the other cases (all symmetry units, and rotated full domains)

138

As a final comparison between the cases, the convergence of the outer loop residuals is given in139

Figure 7 for the scalar cases, in Figure 8 for the vector cases, and Figure 9 for the tensor cases. For140

the scalar cases (Figure 7), the convergence behaviour is the same for all cases; this is expected as141

the scalar symmetry discretisation does not depend on the symmetry plane normal. The 15 outer142
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Results: vector

3

2

Figure 5: Results for the vector problems, where the magnitude of v is shown. On the left,
the results for the three configurations are shown and on the right the results for the not-rotated
geometry is shown on its own. The displayed fields are interpolated for the cell-centres to the
points.

Case L1 L2 L∞

Symmetry unit (not rotated) 3.14e-11 2.28e-12 2.28e-12

Symmetry unit (rotate XY) 4.78e-10 2.90e-11 3.75e-11

Symmetry unit (rotate XYZ) 1.15e-10 5.30e-12 6.04e-12

Full domain (rotate XY) 3.14e-10 6.48e-12 7.21e-12

Full domain (rotate XYZ) 5.99e-10 8.88e-12 1.10e-11

Table 2: Vector equation problem: L1, L2 and L∞ norms of the differences between the non-
rotated full domain problem and the other cases (all symmetry units, and rotated full domains)

correctors are due to the non-orthogonal corrections terms on internal faces, which are dealt with143

in a deferred manner. Inspecting the results for the vector (Figure 8) and tensor (Figure 9) cases,144

several observations can be made:145

• The full domain cases show the same convergence behaviour regardless of whether they are146

rotated or not;147

• The rotated symmetry units take 2 to 20 times as many outer iterations to convergence as148

the full domain cases;149

• In the tensor case, the not-rotated symmetry unit took the greatest number of iterations to150

converge.151

Based on these observations, if the symmetry planes are not oriented in the Cartesian axis direc-152
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Results: tensor

3

2

Figure 6: Results for the tensor problems, where the magnitude of T is shown. On the left,
the results for the three configurations are shown and on the right the results for the not-rotated
geometry is shown on its own. The displayed fields are interpolated for the cell-centres to the
points.

Case L1 L2 L∞

Symmetry unit (not rotated) 6.56e-10 2.93e-11 3.37e-11

Symmetry unit (rotate XY) 6.08e-10 3.33e-11 3.83e-11

Symmetry unit (rotate XYZ) 9.33e-10 5.17e-11 6.16e-11

Full domain (rotate XY) 3.07e-13 1.26e-15 6.49e-15

Full domain (rotate XYZ) 1.96e-13 8.99e-16 3.24e-15

Table 3: Tensor equation problem: L1, L2 and L∞ norms of the differences between the non-
rotated full domain problem and the other cases (all symmetry units, and rotated full domains)

tions, then in some cases, the full domain problem may take less CPU time to solve; however, it153

should be noted that the full domain in these cases has four times as many cells as the symmetry154

units and hence requires at least four times the CPU time per outer iteration.155

6 Conclusions156

This article concisely presents the cell-centred finite volume discretisation for symmetry planes,157

including the implicit-explicit split for segregated solution algorithms. The presented general158

approach is demonstrated for scalar, vector and tensor problems, where unstructured polyhedral159

meshes are assumed. While the results of Section 2.2 for the vector variable could have been ob-160

tained by relying on the decomposition of vector vP into the normal and tangential components161

and requiring that the normal component at the symmetry plane and the gradient of the tangen-162
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Figure 7: Residuals convergence for the scalar problems.

tial component normal to the symmetry plane is zero, such an analysis is not possible for tensor163

variables.164

From the results, the symmetry plane discretisations are consistent with the internal face discreti-165

sation, with solution differences in the order of double-floating point precision. One motivation166

for using symmetry planes is to reduce the CPU time and memory requirements; however, if the167

symmetry planes are not aligned with the Cartesian axis directions, then the solution time may be168

slower when using symmetry planes. Consequently, it is recommended to align symmetry planes169

with Cartesian axes. Nonetheless, the use of coupled solution algorithms (e.g. [6]), where the170

entire diffusion term can be treated implicitly, are expected to not suffer from this limitation.171
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