Research Repository UCD

Title Energy Efficiency Optimization for Dense Networks

Authors(s) \u, Quang-Doanh, Juntti, Markku, Hong, Een-Kee, Tran, Le-Nam

Publication date 2019-02-01

Publication information Vu, Quang-Doanh, Markku Juntti, Een-Kee Hong, and Le-Nam Tran. “Energy Efficiency

Optimization for Dense Networks.” Wiley, February 1, 2019.
https://doi.org/10.1002/9781119473756.ch8.

Publisher Wiley

Item record/more http://hdl.handle.net/10197/11905
information

Publisher's version (DOI) 10.1002/9781119473756.ch8

Downloaded 2026-05-01 23:43:53

The UCD community has made this article openly available. Please share how this access
benefits you. Your story matters! (@ucd_oa)

© Some rights reserved. For more information


https://twitter.com/intent/tweet?via=ucd_oa&text=DOI%3A9781119473695&url=http%3A%2F%2Fhdl.handle.net%2F10197%2F11905

Chapter 1

Energy Efficiency
Optimization for Dense

Networks

Quang-Doanh Vu,! Markku Juntti,! Een-Kee Hong,? and Le-Nam
Tran3*

I Centre for Wireless Communications, University of Oulu, Finland
2School of Electronics and Information, Kyung Hee University, South Korea
3School of Electrical and Electronic Engineering, University College Dublin, Ireland

*Corresponding Author: Le-Nam Tran; nam.tran@Quecd.ie

Dense networks open opportunities to optimize the network performance
particularly from an energy efficiency perspective, since the total power con-
sumption is a great concern as the number of devices is very large. The goal
of this chapter is to provide a set of optimization tools applied in designing
energy efficiency transmission for dense networks. Specifically, this chapter
includes two parts. The first part introduces optimization techniques that
are useful for energy efficiency optimization including concave-convex frac-
tional programming, nontractable fractional programming, the alternating

direction method of multipliers for distributed implementation. The second



part is to demonstrate how these methods can be applied to dense networks

with shared spectrum and small-cell dense networks being the case studies.

1.1. Introduction

The two major challenges for the future wireless networks are the ever-growing
data traffic and the increasing energy consumption. Both are the natural result
of the popularity of wireless communications. In particular, energy consump-
tion in wireless networks needs to be satisfactorily dealt with for sustainable
economic growth. Dense network paradigm is introduced in order to solve the
problem of exponential growth of data demand in communications industry.
Moreover, network densification is also expected to be the key architecture for
future wireless networks where wireless connectivity is pervasive. By bringing
base stations near to the end users, dense small cell deployment has potential
of using energy in an efficient manner, since the required transmit power for
combating the path loss is reduced. However, dense small cell deployment has
its own cost. Using more base stations (BSs) means that the large number
of hardware elements may lead to a sharp increase in the circuit power con-
sumption. Moreover, with full frequency reused and the small cells being close
together, the interference become complicated. If not properly managed, this

will become a performance bottleneck in dense networks.

In general, efficiency is defined as the magnitude to which the least amount
of resources is used to achieve a certain target. Thus, efficiency is often ex-
pressed as the ratio of the obtained output to the resource consumption. For
data communications, the outcome is usually the amount of received (or trans-

mitted) information and the resource is the required power. Consequently, the



definition of energy efficiency (EE) in data communications is given by [12]

(1.1)

where i(t) and p(t) are the reliably decoded information and consumed power
at a given time ¢, respectively. Thus, energy efficiency is measured in bits (or
nats) per Joule. Commonly, the channels are supposed to be flat and quasi-

static, then (L) simplifies to [13]
R
Ef = B (1.2)

where R is the total data rate and P is the total power consumed in the
corresponding signaling interval. The EE definition in ([2]) is mainly used in

this chapter.

By the definition, the EE optimization involves fractional programs. In
some special cases, e.g. quasi-convex problems, a fractional program can be
solved efficiently using, e.g. Dinkelbach’s algorithms or Charnes Cooper’s trans-
formation. For others, the fractional program of interest is truly nonconvex in
the sense that there is no equivalent convex reformulation, and globally opti-
mal solutions cannot be found in polynomial time. In such situations, to find

a locally optimal solution with low-complexity is more practically useful.

In dense networks, there are possibly hundreds of nodes in a small geo-
graphic area. Thus, it is practically impossible and inefficient to coordinate
the operation of all nodes with some kind of centralized mechanisms since
the networks need to be reorganized frequently. The signaling for gathering
relevant information may be overwhelming. Consequently, it is certain that

self-organization including self-optimization is necessary. Thus, it is important



to design algorithms which can be implemented in a decentralized manner.
This chapter is organized as follows. In the first part, we discuss the frac-
tional programs and the methods that can be used to solve these, including
Dinkelbach’s methods, parameter-free equivalent transformation, and succes-
sive convex approximation. The alternating direction method of multipliers
(ADMM) is also introduced as a powerful approach for parallel optimization
algorithms. In the second part, we illustrate the applications of these tools in

two specific scenarios of dense networks.

1.2. Energy Efficiency Optimization Tools

1.2.1. Fractional Programming

An energy efficiency maximization problem can be generally formulated as a
fractional program

maximize f(x) (1.3)
xek

where JC € R"” represents the design constraints, and f : R™ — R can take one

of the following forms:

i1 9i(%)

f(x) = S hi(x)’ (1.4)
N ! gi(x)
flx) £ Z; ) (15)

or

7 2 min {2054 (16)

with g; : R®™ - R4, h; : R® - Ry, for all i =1,...,q, and ¢ > 1. Specifically,

gi(+) and h;(-) stand for the expression of the data rate and power consump-



tion in relation to transceiver i. As we shall see, the assumptions g;(-) > 0
and h;(-) > 0 for all i are automatically satisfied in the EE problems to be
considered in this chapter since the consumed power is always positive and
the achievable rate is always nonnegative. The cost function in (I4]) involves
a single ratio, and it arises from the problem of maximizing EE of the overall
network [24]. The cost function in (3] is the sum of multiple ratios, which
appears in the problem of weighted sum energy efficiency [22]. The objective
in (LO) results in a max-min fractional program, which occurs when the EE
fairness among the nodes is concerned [18]. Generally, the EE maximization
problems are not convex even if K is convex. The difficulty in dealing with

different classes of fractional programs is discussed below.

e For the objective in (I4]) and K is convex, g; is concave and h;(x) is convex
on K, the resulting problem is called concave fractional program (CFP),
which is a class of quasi-concave programs. Dinkelbach’s method or Charnes
Cooper’s transformation can be used to solved this type of problems effi-
ciently.

e For the objective in (L6]) and K is convex, g; is concave and h;(x) is convex
on I, the obtained program is called max-min fractional program (MMFP).
This problem is considered as a generalized convex program for which effi-
cient solution is also possible [21].

e For the remaining cases, efficient optimal solutions for (L3)) remain open.
Alternatively, one is more interested in finding the local solution for these

programs.



1.2.2. Concave Fractional Programs

We provide two well-known approaches solving a CFP. Let g(x) = Y %_; gi(x)
and h(x) = > P ; hi(x). Then the CFP is rewritten as

max f(x) = hx)’ (L.7)

Note that the concavity of g(x) and convexity of h(x) are easily justified from

that of the individual functions.

1.2.2.1. Parameterized Approach

The parameterized approach for solving (7)) is to solve a series of concave

programs. In particular, let us consider the following parametric problem

P(a) = max{g(x) — ah(x)} (1.8)

where o > 0. The relationship between CFP (7)) and (L8) is as follows [11].

Lemma 1.1: A point x* is an optimal solution of (1.7) if and only if P (ggi:;) =

0. In addition, there is unique o such that P (a*) = 0.

Thus one can easily obtain x* when o* is given. Based on the relationship
and the fact that P(«) is strictly monotonic decreasing, Dinkelbach developed
an iterative procedure whose main steps are outlined in Algorithm [L1] for
solving the CFP [11]. In each iteration, a concave problem is solved and the
value of « is updated. It is worth mentioning that the properties of sequence

{aD}; obtained by Dinkelback’s algorithm are

) {a(l)}l is an increasing sequence.



o lim; o) =a*.

Algorithm 1.1 Dinkelbach’s procedure for solving CFP

1: Initialization: x(*) € K (or set a(?) = 0); I = 0; error tolerant ¢ > 0.
2: repeat
x(®

5 ol = }gLEx(l)g
4 x(+1) .— arg H’éax g(x) _ a(l)h(x)

XE
5: l=1+1
6: until (g(x®) — a=Dh(xM)) <e.

N

. Output: x.

1.2.2.2. Parameter-Free Approach

Another well-known approach solving the CFP is to transform it into an equiv-
alent convex problem. Here the equivalence means that the optimal solution
of the former can be obtained from that of the latter. Such a transformation
was first introduced in [6] for linear CFP. The technique was then extended
to nonlinear CFP in [20]. Particularly, the CFP in (7)) is equivalent to the

following problem

maximize pg <X> (1.9)
(y.m)eK H
where
o n y y
IC—{yE]R,u|u>0,—€l€,uh(—)§1}. (1.10)
pu 7

Clearly, (IL9]) is a convex program (concave maximization to be precise) since
e, (%) and ph (%) are concave and convex, respectively. Note that the per-
spective functions preserve the convexity of the original ones. The relationship

between CFP (L7) and (L9) is stated in the following lemma [20)].

Lemma 1.2:  Suppose (y*, u*) to be an optimal solution of (1.9), then (%)



is the optimal of CFP (I.7). Reversely, suppose x* to be an optimal solution

*

of CFP (I7), then (ﬁ, ﬁ) is the optimal of (1.9).

The above lemma means once an optimal of one of the two problem is
known, we can easily obtain that of the other. Remark that when h is linear,

we can write ph (%) =1.

There exist other approaches for dealing with the CFP. The interested

reader is referred to [21] for further details.

1.2.3. Max-Min Fractional Programs

We now discuss details on the MMFP. In fact, this class of problems can also
be solved via a parameterized approach where the iterative procedure is an
extension of Algorithm [[] []]. The main steps are outlined in Algorithm
Similar to Algorithm [T} the sequence {a()}; returned by Algorithm is
also increasing and converges to an optimal solution of the MMFP. However,
the convergence rate of Algorithm [[.2] (normally linear rate) is slower than that
of Algorithm [[T] (superlinear convergence). Some methods for improving the

convergence rate for the MMFP can be found in |9] and the references therein.

The subproblem at Step @] in Algorithm is a convex program since the
pointwise minimum of concave functions is concave. Currently, some solvers
and parsers do not accept the pointwise operations. This practical issue can
be simply overcome via the epigraph of the problem, i.e. by introducing a
new variable 8 we can rewirte the problem as maximize 3 where KO =

(x,8)eK®
{x € K Blgi(x) —aVhi(x) > B,i=1,...,q}.



Algorithm 1.2 Generalized Dinkelbach’s procedure for solving MMFP

. Initialization: x(¥) € K, [ = 0, error tolerant € > 0.
repeat

(<l
o) == min 5:(x))
1<i<q | hi(x(®)

N =

3:

4 xUD = argmax min {g;(x) — aWhy(x)}
xek 1sisq

5: l=1+1

: i i (xM) = o= (xD)

6: until Join {gi(xV) — a=Vh;(xW)} < €.

7 Output_: x(.

1.2.4. Generalized Nonconvex Fractional Pro-

grams

For the remaining cases, (I.3]) has no hidden convexity and thus is generally
difficult to find an optimal solution. In this section we present an efficient local
optimization framework called successive convex approximation (SCA) which

is widely applied to solve nonconvex problem in wireless communications.

By a slight abuse of notation, let us consider the general optimization

problem
maximize f(x)
xeRm?
subject to  ¢;(x) <0, i=1,...,p (1.11)

hip(x) <0,k=1,...,q

where f(x): R" — R and g¢;(x) : R" - R, i =1,...,p, are differentiable con-
vex functions, hi(x) : R™ - R, k = 1,...,q are differentiable functions, and
K2 {xeRYgx) <0,i=1,...,p, hu(x) <0, k=1,...,q} is a compact
set. Clearly, the nonconvex part of the problem is due to the last ¢ constraints.
To locally solve (II1]), an iterative procedure outlined in Algorithm [[3] was

first introduced in [16], and thoroughly studied later in [1]. The idea is to suc-



cessively approximate the nonconvex set by its inner one via replacing {hx(x) }x
by their convex upper bounds. Particularly, let us denote by x a feasible point
of (LII)). Let ¥ 2 hi(X) : R® — R™, my, > 1 and {hg(x;3%) : R* — R} be

the convex upper bounds functions having the following properties

hi(x) < hp(x;y), Vx e K
hi(x) = h(Xy) (1.12)

vxhk(x) = vxi’/k(xay)

<< |

The first and the second properties guarantee that the sequence of objective
value obtained by the algorithm is nondecreasing while the second and the third
properties ensure that the convergent points satisfy the necessary optimality

(Karush-Kuhn-Tucker) conditions of (L.IT]).

Algorithm 1.3 General Procedure of Successive Convex Approximation
method

Initialization: generate random point x(©) € K. Set I = 0

repeat

Determine y( 2 e (x®) for all k

Solve maximize f(x)
x€eR™

subject to ¢;(x) <0, i=1,...,p,
ﬁk(x;y,gl)) <0, k=1,...,q
and denote the obtained solution by x(+1.
Update [ :=1+1
until Convergence
Output: x®

There are several convergence results of the SCA method [16, [1,10]. Herein
we briefly summarize these results for the sake of completeness. First, if f(x)
is coercive on the feasible set or the feasible set is bounded, then {f(x")};
converges to a finite value since the sequence {f(x")}?°, is nonincreasing.

Moreover, if f(x) is strongly convex, the convergence of the iterates {x()}5,



is guaranteed [1, Theorem 1]|. This means, when f(x) is not strongly convex,
Algorithm [[.3] is not guarantee to output a Karush-Kuhn-Tucker solution. To
overcome this issue, we can add a proximal term [10], i.e. the objective function
at each iteration is modified into f(x) + A||x — x(!)||2 where X is some positive

scalar.

1.2.5. Alternating Direction Method of Multi-

pliers for Distributed Implementation

One of the popular optimization techniques for developing decentralized algo-
rithms in wireless communications design is the dual decomposition method.
The ADMM is a combination of the dual descent method and the multiplier
method [4] being amenable to distributed implementations especially for large
scale systems. A good introduction of ADMM can be found in [4]. To be self-
contained we provide a brief review of ADMM which is necessary for the next
section. Let us consider the convex problem

L h
migimize fx)+h(y) (1.13)

subject to Ax+ By =-c¢

where K1 € R™ and Ky € R™ are convex sets, A € R™*™_ B & R™*"2
and c € R™; f : R™ — R and h : R™ — R are convex. Different from the
dual decomposition method, the ADMM works on the augmented Lagrangian

function given by

d
La(x,y;p) = f(x) + h(y) + p" (Ax+ By —¢) + B |Ax + By —c||3 (1.14)



where p is the Lagrange multiplier (or dual variable) vector and d > 0 is the
penalty parameter.
The ADMM is an iterative procedure where the variables are successively

updated. In particular, the following steps are taken place at the [th iteration

x® = minimize LA (x,y"=V, p-1)
xek1

y® = minimize L (x®,y, p¢-1) (1.15)
yeK2

“(l) = u(lil) + d (Ax(l) + By(l) — c)

Although the update in (ILI5]) is quite similar to that in the dual decompo-
sition method, the ADMM converges with quite mild conditions. In particu-
lar, the ADMM does not require f(x) and h(y) to be strictly convex as the
strong convexity of the objective is automatically achieved via the penalty
term % |Ax + By — cHg included in the augmented Lagrangian. We will see
that this property is important for developing distribution solutions to EE
problems. We refer the interested reader to [4] for technical details about the

convergence of the ADMM.

1.3. Energy Efficiency Optimization for

Dense Networks: Case Studies

1.3.1. Multi-Radio Access Technologies

In the first case study, we apply the provided optimization tools to optimize
the energy efficiency of the a dense network where multiple radio access tech-

nologies (RATS) coexist. These include wireless local area network (WLAN),



wireless metropolitan area network (WMAN), and the emerging long term
evolution (LTE) for examples. Due to the evolution of smart-phone, there are
more and more portable devices equipped with multiple wireless interfaces. In
an ultra-dense network, it is reasonable to assume that that there are many
geographic areas covered by multiple radio access networks (RANs). When
subscribers enter an overlapped coverage area, their devices can be configured
to receive data from multiple RANs [5, 27].

This section investigates resource allocation in Multi-RAT's scenario where
users can simultaneously receive data from multiple RANs using multiple air
interfaces. The target is optimally assigning the bandwidth and power to each
user-RAN connection so as to maximize EE of the entire network subject to
user specific quality of service (QoS) requirements as well as the available
resource budgets. Our main focus in this section includes: first the EE maxi-
mization (EEmax) problem is formulated, and then an iterative algorithm for
solving the problem based on the Dinkelbach method is presented. To facilitate
a distributed implementation, we transform the EEmax problem into an equiv-
alent convex program by applying the Charnes-Cooper transformation. Finally,
we resort to the ADMM to propose a decentralized algorithm. The contents in

this section are built on 23] where the uplink transmission is considered.

1.3.1.1. System Model and Energy Efficiency Maximiza-

tion Problem
We consider a region covered by a set of B wireless access network base stations
(BSs) denoted by B = {1,2, ..., B}. In this region, there exist a set of U multi-
homing users, denoted by U = {1, 2, ..., U}, which are able to receive data from

multiple network BSs simultaneously. We assume that all BSs and users are



equipped with single-antenna. The objective is to allocate BSs’ power and the
available bandwidth for each user-BS link to maximize the EE of the entire
network. For the connection between user v and BS b, let us denote by Sy
and p,p the allocated bandwidth and power, respectively. Then, the data rate

transmitted over the connection is

Tub = Qb Bup l0g (1 + g“bp“”> (1.16)
ﬁub

where a;, € (0, 1) is the network efficiency depending on the network [7], gu, =
|hup|?/No, N is the power spectral density of the Gaussian background noise,
and h,y is the channel coefficient. We assume that the channels are flat and
the channel coefficients remain constant during a transmission time interval

[7,117]. The QoS constraint for each user u is given as
> ru > Ry (1.17)

where R, is the predefined data rate threshold. Each user may be assigned by
the corresponding network provider a certain degree of priority. Let us denote
by mp the priority of user u in the network of BS b. Then, the overall weighted

sum rate transmitted of the entire network is

R=>") " murw. (1.18)
beB ucld
The total bandwidth that BS b can allocate to the users is limited, i.e.,

> Bu < Wy, VbEB (1.19)
ueU



where W, is the maximum bandwidth. There is also a constraint on the total

transmit power at each BS given by

Z our < By (1.20)
ueU

where P, is the maximum power budget of BS b.

Let ps* and pg be the circuit power for activating BS b and user u, respec-
tively. In addition, the data transmission between user u and BS b requires an
amount of circuit power p< for activating the processing blocks (e.g., mixers,

filters). Then, the total power consumed in the network is

P = pc+z/\ib (Z Pub) (1.21)

beB uel

where p® = Y cp (05" + D e P3) + Duer P is constant, and A, € (0,1) is

the power amplifier’s efficiency at BS b. The EE of the whole network is
R
E(p.B) 22 (1.22)

where p £ {pub}tup and B = {Bub tu,p-

The design problem is to find optimal values for p and B to maximize



€ (p, B) which is stated as

imize & 1.23
maximize (p,B) (1.23a)
subject to Z pur < P,Vb € B (1.23b)

ueU
> Bu < Wi, Wb € B (1.23¢)
ueU
> rup > Ry, Vu el (1.23d)
beB

We assume that there exists a proper scheduler guaranteeing problem (L23])
is feasible |26, [14, [15, [19]. We further assume that the system has enough
resources such that the data rate of all users can be larger than thresholds, i.e.

there exist p and B such that the constraints hold with strict inequalities.

The rate function (LI6]) is the perspective function of the concave function
aplogy (1 + guppup), thus it is jointly concave with respect to By and pyp. In
addition, the feasible set of (L23]) is convex. Hence problem (L23) is a CFP
which can be optimally solved by using paramterized or parameterized-free

approaches.

1.3.1.2. Solution via Parameterized Approach

We first solve (L.23]) using the procedure in Algorithm [Tl Let us define the

function f.(p,B) = R — aP for a fixed a > 0 and arrive at the parameterized



problem

imize fq(p, 1.24
maximize fa(p, ) (1.24a)
subject to Z pur < Py,VbEB (1.24b)

ueU
> Bu < Wi, Wb € B (1.24c)
ueU
> ruw > Ry, Vu el (1.24d)
beB

In each iteration, problem ([24)) is solved and parameter « is updated as

a:=E&(p,B).

There are some interesting insights into the energy-efficient resource alloca-
tion inferred from (L24)). Recall that (I.23]) is assumed to be strictly feasible,
thus strong duality holds for problem (23] by Slater’s condition and the du-
ality gap is zero for (L24) [3]. By maneuvering the Lagrangian function of
(L24]), we can express the optimal transmit power and allocated bandwidth
for a given « as

ab(mub+M2)_ 17"

W +a) % (1.25)

Pub = Bub

where [z]T £ max{0,z}, {vj} e > 0, and {u}}uer > 0 are the optimal

Lagrangian multipliers corresponding to (L.24b)) and (1.24dl), respectively. We
can observe from ([25]) that user u receives data from BS b if the channel
gain g, is good enough. Moreover, power p;, increases with a; and m,;, which
intuitively means that more power should be allocated to a user having higher

network efficiency and/or priority.



1.3.1.3. Solution via Parameter-Free Approach

We can use the Charnes-Cooper transformation to translate (L23]) into the

equivalent convex problem given as

maximize & (i), B) = Z Z M@ Bup 108 (1 + gug—ﬁu{)> (1.26a)

$>0,6>0,u>0 beB ueld ub
1
subject to up® + Z N Z Pup =1 (1.26b)
beB uelU
S by < uPy b€ B (1.26¢)
ueU
> Bub < pWe, Vb € B (1.26d)
uel
3 gubﬁub 5
Z apfBuplog [ 1+ == > uR,,YuelU (1.26¢e)
beB Bub

After solving ([.26]) and obtaining the optimal solution ([)*, B*, ,u*), we follow

the result in Lemma [[:2] to determine the optimal of (23] as

1.3.1.4. Distributed Implementation

The parameterized approach is not suitable for decentralized implementation
since it requires updating parameter « which is only done when the global
data rate and global consumed power are collected. Thus we focus on the
convex equivalent program (L26]). The current form (26]) is not amenable to
applying the ADMM. Hence, we first translate it into a proper formulation.
Let py = {pup}ucy and ,éb = { Bub}ueu. For the connection between user v and
BS b, Yu, b, we introduce two local variables t,; and ¢/, and a global variable

vyup. We also introduce local variables fi, for all b € B, and [, for all u € U.



With these new variables, we equivalently rewrite (L20]) as

minimize —» m]t, (1.28a)

et e

subject to up® + Z )\iblTi)b =1 (1.28b)

beB

11p, < P, Vb e B (1.28c¢)
118, < W, Vb e B (1.284)
Rup (;)b,fab) > tup, Wb € Bou € U (1.28¢)
11t > il Ry, Yu e U (1.28f)
tub = Vup, Vb € B,u e U (1.28g)
thp = Vup, Vb € Byu e U (1.28h)
fiy = p,¥b € B (1.28)
f, = p,Yu €U (1.28;)

where my, £ {myptucu ty = {tuvtueu, ti, = {t);} ven, and Ry (/31)731)) =
apBup log (1 + g“é—i“’). The purpose of introducing & = {fiy} is to make the
constraints in (L28d) and (L.28d]) handled locally at the BSs. Similarly, in-
troducing g’ 2 {ji’,} is to make the constraints in (L.28f) handled locally at
the users. The global variables {v,;} are introduced to keep the corresponding

local versions of data rate at the BSs and the users to be equal.

ur U

T
For the ease of presentation, let 8, = [ﬂb,tE]T, = [/Z’ t! T} , vy 2
T
{vub buetts Vi, = {vubtoes, 26 = [,u,vbT]T, and z|, = [u,v;T] . We note that

{zp} and {z},} are derived from the same set of variables {v,;} and u. For each



BS b we define a local feasible set Kj as

178, < Wi, 1%p, < iy Py, Rup (f)bwéb) > tup, Vu € U}

Ky = {(/lbaﬁbwébatb>

(1.29)
Similarly, for each user u we define a local feasible set K], as
K, = {(ﬂ'u,t;) 17, > i, R, } (1.30)
Then, we can rewrite (L.28)) in a more compact form as follows
minimize — Z m; t, (1.31a)
{ﬁb}v{ﬁb}vﬂ>0 beB
{to} {t0},v20, 1,07, %
1
subject to gt 0, — B= xp, Vb € B (1.31b)
> a=0 (1.31c)
beB
0, = Zp, Vb € B (1.31d)
0, =1z, Yuel (1.31e)
(i s B ) € K W0 € B (1.31f)
(th) € Ki¥u e U. (1.31g)

. T
where g £ [%, /\iblT7 OT] . Here (I.28D)) is equivalently rewritten into the two

constraints (L31D]) and (L31Id) due to the equality in (L281).

We now form the partial augmented Lagrangian function of (IL31]) given



by

La(0.0,2,x7,¢,.¢,§) == myt,

beB

T 1 d T 1 ? T d 2
+> Tb(g 9b—$b—§>+§<g 9b—$b—§) + Gy (0 —2z) + 5 1105 — 2
beB
+Z< ;T(e;—z;)+g”0;— >+§be+ <be> (1.32)

uel beB beB

where d > 0 is the penalty parameter and &£, T = {Tb}beB, ¢ & {Cotpens

¢ £ {¢.}, <y are the Lagrangian multipliers.

In what follows, we detail the variable update at iteration (I + 1) based on

the ADMM to solve (L3T)). First {0y }ep and {0, },cys are updated as

(G(ZH), 9’(l+1)) = argmin L (9, o',z xO, 7O C(l)7 C/(l)af(l)> - (1.33)
0,0’

The update in (L33]) can be carried out independently at each BS and user.

Particularly, BS b solves the following convex subproblem

L T O (T o_1
minimize  —myt, + 7, (g 0, —z;’ — —)
(1i,Py: Byt ) €K ’ ’ B
d( T m_ 1 UR o) 0
+§(g 0, — —§> +¢) (0-2)) + —H H (1.34)

and user u solves the following quadratic program

minimize ¢, o7 (0, —z,) + g HO; -

(W' b0, €KX, H .

(1.35)



Next, the global variables x and z are updated as

mlnlmlze f Z Ty + — <Z :Cb>

beB beB

2
T o(1+1) 1 d [ 10+1) 1
+Z< ( o xb—E>+§<g 0, —xb—§>> (1.36)

beB

winpize 3™ (7 (007 ) + 4o )
+Z</(l (%GH)_Z;) 2‘

ueU

 (I+1) /
0, — 2z,

z) (1.37)

Problem (L36]) admits a closed form solution given as

G X(l) BXW
b B+1

(1.38)

(1) _
where X() TH(lH) % — 5(”% and X = z"GB . Thus, for updat-

ing xl()lﬂ), we can perform an average consensus algorithm among the BSs to

compute X [25]. We turn to updating z in (I37). For decomposing (L37),

let us define ¢, = [1 0]¢,, ¢}, = [10]¢y, Gy = [0 Ii¢,—1/I¢p- Then (L37) is

rewritten as



(v

minim)izebzl:f& (Ml()lJrl) _ H) . g HMI()HD B “Hz N Cz(,l};T (t[()lJrl) _ Vb)
S

T L A (AL I R (A I

S (u&um — u) - g ( u

141 2
A )
ueU

where t, £ {tup}uep and ¢, are the corresponding elements in {¢!,}u- The
objective in (L39]) is a quadratic function, then the update is simple as

O 4 (o

vt =05 [ 7Y 4 (£)0+D + ‘ y (1.40)

I I
LD S hen 0y S b
: dB10)

(1.41)

where gbl()l) = (CélL + c,ul()lﬂ)) and ¢2§“ = (CL,M(Z) + du;(lﬂ)). Updating z can
be done independently at each BS as follows. BS b receives information from
its connected users and forms (t, )+ Yand (&/b)(l) to update vl()Hl). The update
of 4 can be implemented by means of consensus among all BSs and users by
exchanging ¢y, @] . After a consensus is reached, pU+1) is recovered by dividing

the consensus value by d. After the z-update finished at all BSs, the users

gather the required information to form z’'(-t1).



Algorithm 1.4 Decentralized algorithm solving (L.26))

Initialization: Set | = 0 and choose initial values for
x(0) z(0) 70 L£0) 7 (0), C(O)’ C'(O)
repeat

for b € B and v € U do
BS b updates 6y, using ([L34)); user u updates @/, using (L35).
BS b calculates X3, exchanges this value with other BSs to compute
X®, and then updates z; as in (L3T).
BS b receives 0.,, ¢!, from user « for all v/ € U, and forms
(‘E;))(”l),(&/b)(l) and ¢/,. Then BS b exchanges ¢, ¢, with other BSs.
BS b updates vy, using (L40), and p using (L4T).
User u receives vy and p from BS b for all b’ € B to form z!,.
BS b updates &, 7, ¢, while user v updates ¢J,.

end for

l:=1+1.

until Convergence

The last step of the ADMM is to update the Lagrangian multipliers as

v
H) ¢ 4 dBX v (1.42)
1
Tél-i-l) _ (l) td ( (l+1) _ xé”l) - E) (1.43)
I+1 I+1 +1
§)+): ((+) (+)> (1.44)
St — ) 4 g (9’(l+1) f(l+1>) . (1.45)

Since X is available at all BSs, ¢ can be updated without requiring extra
gathered information. Updating 7, and ¢, is carried out at BS b, while user u

updates ¢},. In summary, the decentralized procedure is outlined in Algorithm

L4

1.3.1.5. Numerical Examples

We consider a simple simulation model as follows. In the coverage area with

radius 300m centered at origin, there are four BSs (B = 4) placed at (200m,0),



(0,200m), (-200m,0) and (0,-200m). There are U = 7 users whose positions
are randomly generated inside the area. We use the modified Okumura-Hata

urban model for path loss which is given as [7]

122 + 38log(z) if > 0.05 km,
PL(dB) = (1.46)

122 + 3810g(0.05) otherwise

where z is the distance in kilometers. The standard deviation of lognormal
distribution shadowing is 8 dB. The noise power density is Ng = —174 dB-
m/Hz. The maximum bandwidth at the BSs are Wi = 2.4 MHz, W, = 1.2
MHz, W5 = 1.8 MHz and Wy = 2.5 MHz. The maximum transmission power
at the BSs are P, = 35 dBm, P, = 32 dBm,P; = 26 dBm and Py = 37
dBm. The power amplifier’s efficiency at the BSs are \; = 0.95, Ay = 0.91,
A3 = 0.88 and Ay = 0.9. Without loss of generality, we set a, = 1,Vb € B,
and my, = 1,Vu € U,b € B. We set pSf = p*, pzt = p°, and piy = p,
Yu € U,b € B. The QoSs for the users are R = [2,1.4,1.1,2.2,3.1,2.5,3.7]
Mbits/s where R = {R,}.

Figure [Tl plots the convergence behavior of the Dinkelbach algorithm over

two random channel realizations. We can observe that, with superlinear con-

vergence, the algorithm outputs the optimal solutions after a few iterations.

Figure shows the convergence performance of Algorithm [[4] over a
random channel realization with two different values of penalty parameter d.
Specifically, Figure plots the objective function and Figure plots
the term ||t — t’||, which represents the difference between the local versions
of data rate at the users and the BSs. The expected observation is that the

iterative procedure converges to the centralized solution with all cases of d. We
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Figure 1.1: Convergence behavior of Dinkelbach’s procedure for two random
channel realizations. The circuit power parameters are taken as p° = p = 10
dBm and p®* =5 dBm.

can also see that the convergence rate depends on d.

We study the average EE performance in Figure [L3l For comparison pur-
pose, we also consider the schemes sum rate maximization (SRmax) and power

minimization (Powermin) which are mathematically stated as

SRmax = max Z Z M| (L230), (L23d), (1.23d) (1.47)
beB ueld
and
Powermin = min Z MK@), (C23d), [.23d) (1.48)
b

beB

As expected, EEmax always outperforms the others in terms of EE. The other
observation is that the EE performances of all schemes reduce when p¢ in-
creases. For SRmax and Powermin, p® has no impact on the optimal solution
of (L47) and (L48]); thus when p° increases, the total consumption powers

increase while the sum rates do not change.
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Figure 1.2: Convergence behavior of the ADMM procedure over a random
channel. The circuit power parameters are taken as p = p = 10 dBm and
p® =5 dBm.
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1.3.2. Dense Small-Cell Networks

In this section, we apply the provided optimization tools in designing EE beam-
forming vectors for a dense network scenario where macro-cell and small-cell
BSs cooperate in transmitting data to users. The group of BSs using the same
bandwidth to simultaneously serve multiple users, i.e. interference channels, are
considered. Here we are interested in nonconherent joint transmission in which
the information for a specific user is encoded independently at the BSs [2].
This transmit technique requires less strict synchronization compared to the
joint transmission coordinated multi-point (or coherent transmission). Thus it
is more easy to implement in practice.

The EEmax problem is cast as a generalized nonconvex fractional program,
thus we use SCA to locally solve the problem. Specifically, the main works are
follows. We first transform the problem into a formulation amenable to the
SCA. We then present how to arrive at the convex approximation subprob-
lem solved at each iteration of the SCA procedure. Finally, we implement the

solution in decentralized manner with the ADMM.



1.3.2.1. System Model

We consider a region covered by a macro-cell BS and a set of B small-cell
BSs denoted by B = {1,2,..., B}. For notational convenience, we refer to the
macro BS as BS 0, and let B = BU{0}. Let K} denote the number of antennas
equipped at BS b. In the region, there is a set of U single-antenna users,
denoted by U = {1, 2, ..., U}, simultaneously served by the BSs under the same
frequency band. We assume that linear precoding is used at all BSs and the
users receive information from all BSs under nonconherent transmission [2].
Particularly, let h,;, € C™%v(row vector) denote the channels between user
uw and BS b; let z, and w,, € CK+*1 be the normalized symbol and the
beamforming vector at BS b for user u, respectively. Suppose the channels to

be flat. The received signal at user u is

Tu = hququuO + Z hubwubxub + Z Z hubwmbxmb +Ny (149)
beB beB meld\u

from small-cell BSs mterf}’rence

where n, ~ N(0,02) is the additive white Gaussian noise at user u. We
further assume that users treat signal of other users as noise. The signal-to-

interference-plus-noise ratio (SINR) at user u is

‘huOVVuO’2 + Z ’hubwub‘Q
Yo el (1.50)

) SN w2+ 0%

beB meU\u

We note that (L50) is due to the noncohenrent transmission which does not
require phase synchronization between the BSs. For notational convenience, let

wy, 2wy, wh . wlg)T € CZves KoX1 and H,, 2 blkdiag{H,g, H,1, ..., H,p}



where H,;, £ hgbhub. Then the SINR can be rewritten as

He
w, H,wy,

E wilH, w,, + 02
mel\u

(1.51)

Yu

The power consumption model similar to that in Section [[L3.T]is considered.
Specifically, let us denote by pgirTX and pSTRX the circuit power of the idle mode
cirCo

of BS b and user u, respectively. Also, let p{;™~° denote extra circuit consumed

power when BS b transmits data to user u. Then, the total circuit power is

Pcir — Zp(éirTx + Z pchirRx + Z Z pzigCo. (152)

beB ueU beB ueld

The total consumption power is

1 :
pretal = 3~ " > wiEyw, + P (1.53)
beB b ueU

where A, € (0, 1) is the amplifier’s efficiency at BS b, and E;, = blkdiag{OZ

b—1 ,
¥ —0 Ky

IKbv Ozgsz Kb,}'
The aim is to design beamforming vectors {w,}, so that the overall EE
is maximized under the constraints of transmit power budget at the BSs and

QoSs for the users. Mathematically, the interest problem reads

Zau 10g(1 + ’Yu)

.. u
mau{)grur}{lze s Dot (1.54a)
subject to log(1 + ) > Ry, Yu € U, (1.54b)
Z wiE,w, < P, Vvb € B, (1.54c¢)

ueld

where coefficient a, represents the priority of user u, R, is the predefined data



rate threshold representing the QoS for user w, and P, is the maximum total
transmit power at BS b. Problem (L54]) is a generalized nonconvex fractional

program due to the SINR terms {~j}.

1.3.2.2. Centralized Solution via Successive Convex Ap-
proximation

In what follows, we present how to locally solve (IL54]) using the SCA frame-

work. First, we transform the problem into an equivalent formulation as follows

Zaut%

. ﬁ&)ﬁil{{niz}?{ , % (1.55a)
W byl tu byt }o4 9 Pcir
ED vt
beB
wiH, w,
subject to L > iy, Yu €U, (1.55b)
Z wihH, w,, + 72
mel\u
log(1 4 py) > 2, Vu € U, (1.55¢)
tu > VR, Yuel, (1.55d)
Z wiE,w, <m,Vbe B (1.55e)
uel
my, < Py, Vb € B, (1.55f)

where {t,}, {1} and {7} are newly introduced slack variables. Problem (L53])

is equivalent to (L54)) in sense of the optimal set; it is easy to justify that the

constraints in (LL55D]), (IL55d) and (I55€) are active at the optimal points. We
can see that the nonconvex parts lie in (L55a) and (L55h)).

The objective in (L53)) is a quadratic-over-linear function which is convex.

A common approach arriving at a concave approximate of the function is to



use the first-order Taylor series. Particularly, let ({wg)}, {tg)}, {ug)}, {ﬂl(,l)})
be a feasible point of (I53]). A concave approximate of the objective function

is

0] (N2
2t (ta) m
E Qq, ( ) )tu— 2 E )\—b . (156)
uel

. B
s T . —
2B 2y TP <ZbeB Pyl PC“) beB

We now turn to the nonconvex constraints in (550 which can be rewritten

for each u as

HI:I B
TuZe W > N whH, w4+ 02, (1.57)

Hu mel\u

Again, the left side of the inequality is a quadratic-over-linear function. Then,

an approximate of (L55D]) is

2Re{(wi)"Huwa)  (wi)H,w

e ()2

Hoy > Z wilH,w,, +02.  (1.58)
mel\u

where Re{- } denotes the real part. It is easy to justify that (L.56) and (L5S)

satisfy the three conditions posted in (ILI2]). Finally, the convex approximation



subproblem solved at the (I + 1)th iteration of the SCA procedure is

maximize Ag)tu - BYr 1.59a
twab b {puh () Ze;, bz b (1:5%)
u eB
(O\H O\HET D
2 u Hu U u u u
subject to Re{(w ()l) Wt — (w )(lI){ w Ly
Hu (ptar )2
> Z wilH, w,, + 02, Vu € U, (1.59b)
mel\u
log(1 + py) > t2,Vu € U, (1.59¢)
tu > VR, Yuel, (1.59d)
Z wiE,w, < m, Vb € B, (1.59)
ueld
m < P, Vb € B, (1.59f)
)
where A&” = 2.ty and Bél) = 2 ueu a’(‘lgt“ )?

HO) ] . 2

<ZbeB )l\)b+Pm> Ab <EbeB )I\jz,JrPCir)
A feasible point is required to start the SCA algorithm. For (I53]), this
requirement might be a challenge due to the QoS constraints. Here, we show
a simple heuristic method to overcome this practical issue. By introducing

nonnegative slack variables {,}, we arrive at a regularization formulation of

(L5h) given as
>0

.. ueU
maximize — -0 w 1.60a
{wub{tu} {nut {7} {ou} Z o + peir %Sﬁ ( )
< )\
beB
subject to ty, + ¢, > V Ry,Yu €U, (1.60b)

(I.55h), (L55¢), (T.55), (L.550) (1.60¢)



where parameter 5 > 0. A feasible point of (L60) is easy to find as follows.
We first randomly generate beamforming vectors {w&o)}u so that (L54d) is
satisfied. Then, u&o), t&o), and 7'('[50) are determined according to (L55D]), (L55d),
and (IL55e)), respectively. Constraint (LGOD) is automatically satisfied with
sufficient large (p&o). By using the SCA to solve [[L60Q] it is expected that ¢, — 0
for all u due to the term 33, ¢, at the objective. Once ¢, = 0 for all u,
we yield a feasible point of (IL55]) which could be use to initialize the SCA

algorithm solving (L55]).

1.3.2.3. Distributed Implementation

We now implement the SCA solution in decentralized manner. The core idea is

to use ADMM to solve the convex approximation subproblem (L59]). For the



purpose, we first equivalently rewrite (L59) as

maximize Z Ag)tu — Z Bél)wb (1.61a)
{Wub},{tu},{:uu}, weld beB
{ﬂb}v{yub}v{yub}v €
{ﬂub}v{sub}v{zu}

subject to fi?({wub}u,ﬁub;wgg,ug)) > Gup,YVu €U, bEB (1.61b)

Sy — 02 > 0,Yuel, (1.61c)
beB

log(1 + py) > 2, Vu € U, (1.61d)
tu >V Ru,Yu €U, (1.61e)
Z ngwub <, Vb € B, (1.61f)
ueld

™, < Py, Vb € B, (1.61g)
Tub = Sup, Vu € U,b € B (1.61h)
Yub = Sup, Yu €U, b € B (1.61i)
fiup = 20, Yu €U,bE B (1.61j)
foy = 2y, Vu €U (1.61k)

where {yu}, {Jun}, {fur}s {Sw}, and {z,} are newly introduced variables;

z i N oRe{(w Y HH, ,w,, (yHpy,,w)
£ Wbk s Wi ) 2 {(W“bugp el %ﬁwub

— Zmeu\uwngumeb- The introduction of {yus}, {Gus} and {fup} is to de-

U

compose (L59D) into (L61D) and (L6Id) which will be handled locally at BS
b and user u, respectively. The introduction of global variables {s,;} and {z,}

is to guarantee the corresponding local versions of the variables are equal with

the others via the constraints in (L61h])—(L.6IK]). Particularly, problem (L&)

can be handled distributively as follows.

For each user u € U, let us denote by v, £ {tu, ttu, {yus}sp} the local



variables, and define the local feasible set as

Ku={vul Y yup — 02 > 0,log(1 + 1) > t2,t, > V' Ry }. (1.62)
beB

Similarly, for each BS b € B, let Vi, 2 ({Wup }u, {fub bu, {Fub yu, T) be the local

variables, and the local feasible set is defined as

Kb = {{"b’qulb)({wub}uaﬁubvwggvug)) > gubvu S Z/[,

> wihww <m < B} (1.63)
ueU

With these definitions, the problem (LGI)) is rewritten as

e e R A e
subject to v, € Kp, Vb € B, (1.64b)

vy € Ky, Vu e U, (1.64c¢)

0, = ¢,,Yb € B, (1.64d)

0,=¢,YVuecld (1.64e)

where 0y 2 {{Gub Yus {fiup }u }s Ou = {{yub )b, i}, Py and ¢, are the rearranged

vectors from the same set of variables ({syp}, {2zu}). The augmented Lagrangian



function of (L64) is

La({vo}, {vu)s {sunts {2u}s {€u} {Pp}) =
5 (650, - 6.1+ 5110, — 6,15 - a0

ueU

+Z( Joy + o (B — ) + |I9b—<25b||%> (1.65)

beB

where {£,} and {p,} are the Lagrangian multipliers and d is the penalty pa-

rameter.

In what follows, we present the variable updates at iteration (k + 1) of
the ADMM procedure. The global variables {s,;} and {z,} are updated via

solving the following problem extracted from (.65))

d
minimize Z Z ( Isus yub — Sup) + o (yffz) — Sup)’
{Sub}a{zﬂ-} beB uel 2

d
HEPL )~ o) + 50 - s?)
_ d,.
#30[X (11 ) - 2+ 5% - 20?)
ueld \ beB

HEPLL 0 = 200+ 50— 20?) - (169

where [pl()k)] s, 15 the element in pl()k) corresponding to constraint g, = Syup;

similar definition is applied to [pl()k)] 2 | gﬁ)] sy and [Eq(f)] 2.- Problem (LG0) has



the close-form solution as follows

SR _ (1081500 - aig)) + (162 + avis))

1.67

Sub 2 ( )
k) k e

w670+ a) & S (0., +a87)

T (B +2)d (1.68)

Updating SELIZH) can be done at BS b or user u; if BS b updates s(k+1), it

(k) (k)

requires the term [£4]s,, + dy,; (k+1)

from user u. Variable zy

at user u; for this, user u requires the term [pl() )] za T dﬂib) from BS b for all

can be updated

beB.

BS b updates its local variables v; by solving the following QCQP problem

minimize B( )xb + (pl()k)) (9b — ¢l()k+1 ) +

vbGICb

(k;—l—l H

H9b - 2 (1.69)

Similarly, user u updates local variable v, by solving the convex problem

minimize (60)7(6, — D) + 2Jlg, — g¢VIB — ADs,.  (1.70)

Vi €Ly 2

Thus, for the local variable update, user u receives skt ub Y from BS b, for all b,

(k+1) (k+1)

*H) from user u, for all u, to form qS .

to form ¢, '/, and BS b receives z,

Finally, the Lagrangian multipliers are updated as follows

g0 — ¢B) 4 goUt1) _ pkt1)) (1.71)
(k+1 (k+1
pED = ) 4 gttt _ gkt (1.72)

~ (k+1
Since ¢ ++1) and q.’)l(, ) are already available at user v and BS b, respectively,

(k+1)

updating ﬁu D and o does not require additional exchanged informa-

tion. For summary, the main steps of the distributed procedure is outlined in



Algorithm 1.5 Decentralized procedure solving (I.54)

1: Initialization: Set [ := 0 and k := 0, then choose initial values for

(w23 3, (P, 4 and (0, v 000 ).

2: repeat {Outer loop (SCA procedure)}

3:

10:
11:
12:
13:
14:

) (0

. l . 1 .
BS b receives t&) from user u € U to determine B! ; user u receives T,

from BS b € B to determine Ag )
repeat {Inner loop (ADMM procedure) }
for b€ Band v € U do
BS b updates SEL]ZH) using (LG7); user u updates 2 using (C58)
BS b updates f/ékﬂ) using (L69); user u updates v using (a0}
BS b updates pl()kH) using (L72)); user u updates Eq(fﬂ) using (L7T)
end for
k:=k+1.
until ADMM convergence
Obtain ({w}, {t=}, {ut}, {7 }; &, pF), the solution from the ADMM
u u Mo, b ws Pp
l'=14+1k=0
l l l l * * * *
(i}, () (s} (=) = (AR AR TAREA)

~(0 0 0 0 ~k % * ok
@ Vo), €D = (T3, v o5 €5)

15: until SCA convergence

Algorithm

1.3.2.4. Numerical Examples

We consider an area with radius 500m centered at the origin where the macro-

cell BS is placed. There are four small-cell BSs (B = 4) placed at (300m,0),

(0,300m), (-300m,0) and (0,-300m). The number of antennas equipped at the

BSs are Ky = 8 and Kj = 6 for all b € B. There are U = 6 users randomly gen-

erated inside the area. We use the modified Okumura-Hata urban, i.e. (I.40]),

for path loss and the standard deviation of the shadowing is set as 8 dB. The

noise power density is No = —174 dBm/Hz and the operation bandwidth is 1

MHz. The maximum transmission power at BSs are Py = 40 dBm and P, = 35

dBm for all b € B; we take pzi,fco = prCo for all u, b; the power amplifier’s
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Figure 1.4: Convergence behavior of the SCA procedure over two random chan-
nel realizations. The total circuit power P°" is 30 dBm.

efficiency at the BSs are Ay = 0.96 and A\, = 0.93 for all b € B; we take the
QoS thresholds as = {R,} = [1.1;0.91;0.75; 1.3; 1.22; 1.15] Mbits/s.

Figure [ 4 plots the convergence performance of the SCA procedure solving
(CEE) over two random channel realizations. We can observe from the figure
that the algorithm converges within a few iterations (less than 30 iterations)

in all cases of the considered channels.

Figure depicts the average energy efficiency performance of the non-
coherent transmission and the coordinated transmission as the functions of
prC Here, for the coordinated transmission, each of the users only receives
information from the nearest BS; and the circuit power for this scheme is
Pt =N gD PR S p;ilfo where b, is the BS serving user
w. The main observation is that when p®™°® is small the noncoherent transmis-
sion outperforms the coordinated transmission in terms of EE due to the gain
of the joint processing transmission. As p“*©° increases, the EE performance
of both schemes decrease; however, the reduction speed of the noncoherent
transmission is faster since its circuit consumption power increase faster com-

pared to the coordinated transmission scheme. As a result, when p*©° is large
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Figure 1.5: Average energy efficiency performance of noncoherent transmission
scheme and coordinated transmission scheme with different p<r©°; pcirx — 10
dBm for all u, p§™™* = 30 dBm, and pgirTX = 15 dBm for all b € B.

enough, coordinated transmission outperforms noncoherent transmission.

1.4. Conclusions

Energy efficiency optimization for wireless communications usually involves
dealing with fractional programs due to the EE definition. We have introduced
the optimization tools for overcome various classes of fractional programs in-
cluding concave fractional programs, max-min fractional programs, and gen-
eralized nonconvex fractional programs. While the efficient optimal solutions
for the first two classes are available, that for the last is still an open problem.
We have also introduced ADMM as an efficient tool for developing distributed
implementations.

We have presented the applications of the provided optimization tools in
optimizing energy efficiency for dense networks including spectrum sharing

networks and dense small-cell networks. In each scenario, centralized and dis-



tributed solutions have been provided.

The results in Figure suggests an approach to further improving the
energy efficiency performance for the networks that is appropriately controlling
the operation modes of the nodes. The approach involves dealing with Boolean
(or discrete) variables. The interested reader is referred to [23, Section IV] and

[24, Section IV] for examples.
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