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1. Introduction

Let H be a Hilbert space over K € {R,C} and let N denote the natural numbers
including 0. If m € N, then a bounded linear operator T' € B(H) is called an
m-isometry if, and only if,

i(nm’c <7Z) TR Tk = . (1.1)

k=0
(It is obvious that the case m = 0 is trivial.)

Originating in works of Richter [20] (the Dirichlet shift being the standard ex-
ample of a 2-isometry) and Agler [2] in the 1980s, operators of this kind have been
studied extensively by Agler and Stankus in three papers [3,4,5] and since then
attracted the interest of many other authors (see for example [8], [9] or [13]).
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In recent years, two generalisations of the definition of m-isometries have been
given. Gleason and Richter in [14] extend the notion of m-isometric operators to
the case of commuting d-tuples of bounded linear operators on a Hilbert space.
The defining equation for an m-isometry (or m-isometric tuple) T = (11, ...,Tq) €
B(H)? reads:

i(—l)k@) 3 %TQ*TQ =0.

lo|=k

Here, m is again a non-negative integer, « is a multi-index, || the sum of its entries
|a|!
(Xl!'”ad!
On the other hand, the notion of m-isometric operators on Hilbert spaces has

and %' = = (‘Zl)) a multinomial coefficient.

been generalized to operators on general Banach spaces in papers of Botelho [11],
Sid Ahmed [23] and Bayart [6]. In Bayart’s definition, given m € N and p € [1, 00),
an operator T' € B(X) on a Banach space X over K is called an (m, p)-isometry if,
and only if,

Vz € X, 3 R ") TE )P = 0. (1.2)
> (i)

It is easy to see that, if X = H is a Hilbert space and p = 2, this definition
coincides with the original definition (1.1) of m-isometries.? In [16] the relationship
and intersection class between (m,p)- and (u, q)-isometries is studied. In [10] an
example of an unbounded operator satisfying (1.2) is given. (We will, however,
assume boundedness for convenience.)

In this paper, we combine both generalisations and consider so-called (m, p)-
isometric operator tuples on normed spaces, which will be defined in a natural way.

An extension of the definition of (m, p)-isometric operators was given in [16] to
include the case p = co: If m € N with m > 1, then an operator T' € B(X) is called
an (m, oo)-isometry if, and only if,

Vre X, max ||TFz|= max |T*z|.
k=0,..., k=0,...,m

k even k odd

We will generalize this definition to the commuting tuple case in a natural way and
give a conjecture on the intersection class of (m, p)-isometric and (m, co)-isometric
tuples in the last part of this paper.

In the following, X will denote a normed (not necessarily complete) vector space
over K (unless stated otherwise, for example in section 6). For d € N, with d > 1,
let T = (T, ...,Ty) € B(X)? be a tuple of commuting bounded linear operators on
X. (Boundedness is actually not essential for the definition and the basic properties
of the objects we are about to discuss, but plays a role in the later theory.) Greek

2In the case K = R this holds, because the operator Z;C":O(—l)m*k(sg)T*ka is self-adjoint.
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letters like o = (aq,...,aq) € N will denote tuples of natural numbers (multi-
indices) or their entries, respectively. The norm or ‘length’ of o will be defined by
la| = Z‘;:l a; and we set further 7% = T7"* - - T,

To denote the tuple which we obtain after removing 7 from T' = (11, ..., Ty),
we will write 77 (that is, T} = (11, ..., Tj-1,Tj+1, .., Ta) ). We use the notation o’
analogously. Finally (again if not stated otherwise), we take the exponent p to be a

positive real number, p € (0, 00).

2. Definitions and Preliminaries

For T € B(X)? commuting, + € X and p € (0,00) as above, define the sequences
(Q@"P(T,z))nen by Q™P(T,z) == 37, m|Tez||P. For all £ € N, define further

=n al
the functions Pé(p) (T,"): X =R, by

0
PP(T,2) = 37 (~1) (i)@’wm 2).
k=

0

Definition 2.1. Given m € N and p € (0,00), a commuting operator tuple T €
B(X)% is called an (m,p)-isometry (or (m,p)-isometric tuple) if, and only if,

P ) =3 0t ()@

k=0
m m—k [T [

=> (1) k<k) > SlTalP =0, ¥z e X.
k=0 lal=k

Again, it is clear that the case m = 0 is trivial. Further, since the operators
Ty, ..., T4 are commuting, every permutation of an (m, p)-isometric tuple is also an
(m, p)-isometric tuple.

If the context is clear, we will simply write Py(z) and Q™ (z) instead of Pz(p) (T, x)
and Q™P(T,z). This definition coincides with the definition of m-isometric tuples
by Gleason and Richter if X is a Hilbert space (and p = 2) and has, in that context
as an equivalent description, essentially already been presented in Lemma 2.1 in
[14].

Consequently, as one would expect, the basic theory of (m, p)-isometric tuples
can be evolved in a similar fashion as in [14]. However, we will use a different
approach, based on an idea described in [16].

Let, as in Notation 3.1 in [16], the symbol § denote the set of real functions
whose domain is a subset of R which is invariant under the mapping S : ¢ — t + 1.
Further, define D : § — § by Dg := g — (g0 S) for each g € § (that is, D is the
backward operator with difference interval 1). Then

Dy =317 ()t )
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for all g € § and all m € N. Note that the set of all real sequences 2 is a subset of
§ and that

D™q = (Z(—l)k(:':) an+;€> , YVa=(an)peny €A and Vm e N.

k=0 neN

Then T' € B(X)? is an (m, p)-isometric tuple, if and only if,
(D"™(Q™(x))nen)y =0, Vze X.
Now Proposition 3.2.(ii) in [16] states the following®:

Proposition 2.1. Let a € A and m € N. We have D™a = 0 if, and only if, there
exists a (necessarily unique) polynomial function f with deg f < m — 1 such that

f|N:CL. ¢

We would like to apply this fact to the sequences (Q™(x))nen, to conclude that,
if T € B(X)?is an (m,p)-isometric tuple, then, for each x € X, there exists a
polynomial f,, which interpolates (Q™(z))nen-

Unfortunately, unlike in the situation of (m, p)-isometric operators (see Remark
3.6 in [16]), we can not immediately state that T being an (m, p)-isometric tuple
requires the whole sequence D™ (Q"(z))nen to be the zero-sequence. This needs
some little extra work.

Lemma 2.1.

d
Q" (x Z (Tyx), Yz e X, VneN.
Proof.
n (n +1 (al + ...+ Oéd « o
Q“"l(x):l Z al ||Ta ||p_| Z aql - ay! HT11 "Tddpr
al=n+1 al=n+1

— n!- ] o531 ad .|| P
=33 g

sy PTG T T
- a1!~~~aj_1!(aj—1)!aj+1!~~~ad!

a;>1
d
=> Z \|TﬂTx||P —ZQ” (Tjz), Vre X, VneN.
P =1

bThis proposition is actually a special case of a more general and well-known fact about functions
defined on the natural numbers, which can, for example, be found in Satz 3.1 in [1].
°To account for the case m = 0, set deg0 = —oo.
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O

Corollary 2.1.
d
(DYQ™@))nen), 4, Z (DY(Q™(Tjx))nen),,, Yz € X,
Jj=1

forall ¢ € N, for all v € N.

Proof.
¢
(D@ @hner) . = D1 ()Q“*Hk(m)
L 0 ¢ f d
S () et
k=0 j=1

(DY(Q"(Tja))nen),, Vo€ X, VEEN, Vv eN.

'M&

Il
—

J

Therefore, (D™(Q™(x))nen)o = 0, for all € X, implies inductively
(D™(Q™(x))nen)r = 0, for all x € X, for all v € N. In other words:

Proposition 2.2. T € B(X)? is an (m,p)-isometry if, and only if,
D™(Q™(2))pen =0, for allx € X.

Before we move on, we state the following lemma, which may be of general
interest. It is certainly well-known, but lacking a reference, we include the short
proof.

Lemma 2.2. Let D : § — § be defined as above and (an)nen =: a € A. Then

(Dfa)y_k1 — (Dea)y =— (D”la)y, Ve, v e N.

Proof. By definition
D*lq = D(D%a) = D'a — (D‘ao S), V{€N.
Hence,

(D**'a), = (D‘a), — (D*a), ,, VLveN. m

3. Basic Properties of (m, p)-isometric tuples

Our preliminary considerations allow us now to derive the basic properties of (m, p)-
isometric tuples, which are analogous to those given by Gleason and Richter in [14]
in the Hilbert space case.



June 26, 2015 15:4 WSPC/INSTRUCTION FILE m-tuples

6  Philipp Hoffmann and Michael Mackey

Expressing Lemma 2.2 in terms of Py(z) for v = 0 reads:

Proposition 3.1.

d
Pria(x) =Y Pi(Tjx) - Py(x), Vo€ X, VLEN.

j=1
Proof. Lemma 2.2 gives for v = 0 and a = (Q™(z))nen, for all £ € N,

(DYQ™(@))nen), — (DUQ™(@))nen), = — (DFHQ"(2))nen),, Vo € X,

Corollary 2.1
=

d
> DUQ"(Tjz))new)o — (DY(Q"(2))nen), = — (DTHQ™(@))nen),» Yz € X.

- (3.1)

By definition (DE(Q"(x))nGN)O = (=1)'Py(x), forall £ € N, for all z € X. Therefore,
(3.1) reads

d
(=D)*) Pu(Tjz) — (1) Pe(x) = (—1)*Prya(x), Vo€ X, VLEN.

Proposition 2.2, as well as Proposition 3.1, imply:
Corollary 3.1. An (m,p)-isometry T € B(X)% is an (m + 1,p)-isometry.

Further, Proposition 2.2 enables us to apply Proposition 2.1 to the sequence
(Q™(x))nen, to receive the following fundamental theorem.

Theorem 3.1. T € B(X)? is an (m,p)-isometry if, and only if, there exists a
(necessarily unique) family of polynomials f, : R — R, x € X, of degree < m — 1
with fzln = (Q"())nen-

We remark that this fact has already been stated for m-isometric operators
on Hilbert spaces by Agler and Stankus in §1, pages 388-389, in [3]. Further, the
existence of these polynomials has already been proven by Bayart in Proposition 2.1
in [6] for (m, p)-isometric operators on normed spaces, and by Gleason and Richter
in Lemma 2.2 and Proposition 2.3 in [14] for m-isometric tuples on Hilbert spaces.

Let now for k,n € N denote the (descending) Pochhammer symbol by n*). That
is,

1, if n=0,
nk) = 0, if n>0, k>n,
(DELif n>0, k<n.

Proposition 3.2. Letm > 1 and T € B(X)? be an (m, p)-isometry. Then
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m—1

(i) Q"(z) = > n® (L Pu(x)), for allz € X, for alln € N.
k=0

(i1) nh_}ngo 2:,(_? = ﬁPm_l(x) >0, forallz € X.

Proof. (ii) follows immediately from (i).
For every x € X, the polynomial f, interpolates the points (n, @™(z)). Determining
the Newton form of f, gives (i). O

Corollary 3.2. Let m > 1 and (T, ...,Ty) € B(X)? be an (m, p)-isometric tuple.

Then we have

(1) (||Tjnﬂc||)nEN € O(n™=1) for all j € {1,...,d}, for all z € X.
(i) T]”(ij)ﬁx — 0 for n — oo, for all € N~V with |B| > m, for all j €
{1,...,d}, for allz € X.

If X is a Banach space this boundedness and convergence are uniform.

Proof. By the proposition above, for each x € X, the sequence (Qn(“‘?) W=
ne

nm-
1 n! a,.||p : .
(W (Zm‘:n Tz ))nEN is a convergent sequence of sums. Since all sum-

mands are non-negative, sequences of summands have to be bounded. In particular,
the sequences

1 1 n! 1Bl (pr\B
<nm—1”zjHp)neN e <nm—1 ((n—IBI)!B!”Tj ) z|p>>new

have to be bounded for all € N?~! for all j € {1,...,d} and all z € X. This
immediately gives (i). Noticing that
1 n! n(B8D
= (n = 1B)IBT ~ T

— oo for |f]|>m

gives (ii).
The last part of the statement follows by the Uniform Boundedness PrincipleO

Proposition 3.3. Let m > 1 and T = (T, ..., Ty) € B(X)? be an (m, p)-isometry.
Then ker P,,_1 is invariantd for each T; and the tuple
Tlxer oy = (T1lker Pry_y» s Talker Py _y)

is an (m — 1,p)-isometry. Further, if M C X is invariant for each T; and T'|pr is
an (m — 1,p)-isometry, then M C ker Py,_1.

Proof. If T is an (m, p)-isometry, P,, = 0. Then, by Proposition 3.1, P,,_1(x) =
ijl P,,_1(T;x), for all z € X. Let x¢ € ker P,,_1. Since P,,,_1 > 0 by Proposition
3.2.(i1), Tjzo € ker P,y for all j =1, ..., d follows.

dNote that by Proposition 3.2.(ii) and the boundedness of each T}, ker Pp,—1 is indeed a closed
subspace of X.
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Note further that for every subspace M which is invariant for all T}, we have
that T = (T|m)®. Thus, if 2 € ker P%) (T,-), then PP (Tl p, . @) =
PP (T,z) =0.

Similarly, if M is an invariant subspace for each Tj such that T'| ¢ is an (m—1, p)-
isometry, then, for all z € M, 0 = P,(fll(T|M,x) = Pfle(T, x). Therefore, = €
ker Pp,_1. O

An (m, p)-isometric operator is by the proof of Theorem 3.3 in [6] an isometry
on the quotient space X/ker B,,_1(T,-) equipped with the norm (B,_1(T,-))/?.
Here, for each z € X, Bp—1(T,x) = ﬁzy‘:})l(fl)m*l*j (mj,—l)\|Tj:c\|p is the
leading coefficient of the polynomial which interpolates the sequence (||7"z||P)nen-
Indeed a similar result holds for (m, p)-isometric tuples.
We will call a commuting operator tuple T' = (71, ..., T4) on a normed space X
an {p-spherical isometry if
d
S ITal? = o, Vo € X
j=1
In the literature, f>-spherical isometries on Hilbert spaces are referred to as just
spherical isometries. Obviously £,-spherical isometries are just (1, p)-isometric tu-
ples.
The following has (in equivalent form) already been stated in [21] for (2,2)-
isometries on Hilbert spaces.

Proposition 3.4. Let m > 1 and T = (Ty,...,Ty) € B(X)? be an (m, p)-isometry.
Then |.|, = (Pr(fll(T,o))l/p is a semi-norm on X with |.|, < C||.| for some
constant C' > 0. Further, T is an {,-spherical isometry on the quotient space
X/ker P®) (T,").

Proof. By Proposition 3.2.(ii), |.|, = (Péfll(T, )Y/ is a semi-norm on X, hence
anorm on X/(ker PP (T, -))1/P. That |.|,, < C|.| for some constant C' > 0 follows

directly from the definition of P,,Sfll(T ,-) and the boundedness of T'. Further, by
Proposition 3.1, Z?Zl |Tjz|h = [z[b, for all x € X. O

4. Examples of (m, p)-isometric tuples

Non-trivial examples of (m, p)-isometric operator tuples are in general not easy to
find. In the case m = 1 this is, however, relatively simple.

Example 4.1. Let X be an arbitrary normed space and I the identity operator.
The pair (11,41) € B(X)? is a (1, 1)-isometric tuple on X.

1 7
Example 4.2. Let T} = ((2) g) and Th = (2) % ) . Then the pair T' = (11, T5)
3

is a (1, 3)-isometric tuple on (K2, ||.||;).
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In [21] Richter states (without proof) the following sufficient condition for (2, 2)-
isometric tuples on finite dimensional complex Hilbert spaces:

Proposition 4.1 (Richter [21]). Let z = (21,...,24) € C? with ||z||, = 1 and
consider linear V; : C™ — C", i € {1, ...,d}, with Zg'l:l z;V; = 0. Then the operator
tuple S = (51, ..., Sq) € B(C"t™)d, with

ZiIn sz
S = ( O ziIm>’

This result leads to our next example.

is a (2,2)-isometric tuple.

11 1 9
Example 4.3. Let T = ‘65 1 and Th = ‘65 1 |- Then the pair T' =
V2

V2
(T1,T») is a (2,2)-isometry on (K2, |.||,)-
Further examples for (m, p)-isometric tuples can be easily created on the basis
of (m, p)-isometric operators. This principle was used in Example 3.3, Theorem 4.1
and Theorem 4.2 in [14], however, since it is not stated explicitly there, we include
it here.

Proposition 4.2. Let p € (0,00) and S € B(X) be an (m,p)-isometric operator,
d € Nwithd > 1 and z = (21, ..., za) € (K%, |.]|p), such that ||z||g = Z;lzl |z; [P = 1.
¢ Then the tuple T := (215, ..., zaS) € B(X)?¢ is an (m, p)-isometric tuple.

Proof. It is clear that the operators z;S are commuting. Further, by the multino-
mial theorem, we have (|21” + -+ [za|")" =3, 2, ™ |2%[P. Therefore,

n! n! n!
@@= Y Brear = Y Leslar = 30 Dt
la|=n ’ lal=n ’ la|=n ’

= [lzl;" 1S 2| = |S"=|]”, Vz € X, VneN.

Since S is an (m, p)-isometric operator, D™ (Q"(x)),,cy = D™ ([[S™2||P),,eny = 0. O

(Of course, Example 4.1 is also of this kind.)

For examples of (m,p)-isometric operators see for instance [20] (the Dirichlet-
shift being the standard example), [9] or [23].

We now consider the special case where T is an (m, p)-isometric tuple with one
of the operators being an isometry.

Proposition 4.3. Let T = (Ty,...,T;) € B(X)? be a tuple of commuting operators
and let Tj, be an isometry for some jo € {1,...,d}. Then T is an (m, p)-isometry

®The fact that ||.||p is only a quasi-norm (that is, not convex) if 0 < p < 1 is not an issue in this
case.
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for some p € (0,00) if, and only if, (T;O)ﬂ =0 for all B € N1 with |3| = m. In
this case, T is an (m,q)-isometry for any q € (0,00).

Proof. Without loss of generality, we can assume that jo = 1. The necessity of
(T))? = 0 for all B € N~ with || = m if T is an (m, p)-isometric tuple follows
from Corollary 3.2.(ii). However, to show equivalence, we proceed by a combinatorial
approach.

Note that

i(—m-k (’Z) (E) = Soms (4.1)

k=t

where 07, is the Kronecker-delta. To see this, write (7;) (]Z) = (m"i!g)! (72:5)7 so that
the left hand side of (4.1) becomes

_py(m l _ m! m—t _ s
(m — evz (k—z) (m—z)!o b

(The convention 0° = 1 applies.)
Now, note further that for all b; ¢ € C,

m k m m
DY ke =D bre, ¥meN

k=0 £=0 £=0 k=¢
(This can be easily seen by writing one side out and reordering the summands.)
Consequently, by combining this with (4.1), we get for any sequence
(an)nEN C (Cv

()OS () (- Foe e

£=0
(4.2)

m

k=

Assume now that 77 is an isometry. Then

k
kL kL
Qk’p(Tax) = E JHT z||P = E § aHT ||

laj=k =0 |o}|=¢
Ozlik—g
k k! /
Z 2 wum%xup, Vo € X, VkeN.
=0 :£ 1/

(Recall the notations o} = (ag, ..., aq) and T} = (T, ..., Ty).) Therefore

(-1 ( )Z Z K(TY) | T1 alﬂ?””

£=0|a/,|=t

k<?;§)i(’;> 3 W Vz € X.

=0 o) |=¢

Ms

Pg)(T,.’L‘) =

=~
Il

0

I
bﬂs

i
o
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Then by considering (4.2) for the sequence

@nei= | 3 Jf)!n@{)aixnp

|t |=n neN
it follows that,
m' o
PP(Ta) = 3, oml@ el =o. (4.3)
la|=m ~ 1
& |[(TH*z|P =0, Vo, e N*~! with |a}| =m, (4.4)

for all x € X, which is the desired equivalence.
The equivalence of (4.3) and (4.4) also shows that, if T" is an (m, p)-isometry for

some p € (0,00), it is an (m, ¢)-isometric tuple for any ¢ € (0, 00). |
001 00 0

Example 4.4. Let a€c Kand Ty = [ 0—-10 |, T = | a 0 —a |. Then the pair
100 000

T = (T, Tz) is a (2, p)-isometric tuple for every p € (0,00) on (K%, ||.|[,) for any

q€[1,00).f

5. (m, oco)-isometric tuples

Let T = (T, ...,Ty) € B(X)? be an (m, p)-isometric tuple. This is equivalent to

1 1
" (m AR, ' L (m kL ’
> (7)) X Sirar | = | X (7)) X G| e
k=0 lal=k k=0 lal=k
k even k odd

Assuming now that T satisfies this for all p € (b, 00) for some b > 0 and taking the
limit for p going to infinity, leads to the following definition.

Definition 5.1. Let m € N with m > 1. A tuple T = (T3, ...,Ty) € B(X)? of
commuting operators is called an (m, 0o)-isometry (or (m,oo)-isometric tuple) if,

and only if,
max ||T%z||= max ||T%]|, Vze X.
|2 =0,...,m |a|=0,...,m
|| even || odd

(This definition extends the one appearing in [16] for operators.)

fIndeed, if one excludes the Hilbert norm, every isometry on K" with respect to the g-norm for
some g # 2, will also be an isometry with respect to any other p-norm (p # 2). The reason for
this is that the isometric matrices on (K", ||.||,) for g # 2, g € [1, o] are exactly the (generalized)
permutation matrices. (A proof in the real case can for example be found in [17].)
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By construction, we can immediately give easy examples of these kind of tuples.

Proposition 5.1. Every (m, p)-isometric tuple T = (Ty,...,T;) € B(X)? that in-
cludes an isometry is an (m, 0o)-isometry.

Proof. If one of the operator T1,...,T; is an isometry, then, by Proposition 4.3, T'
is an (m, p)-isometric tuple for all p € (0,00). That T is then an (m, co)-isometric
tuple follows directly from the construction above which lead to our definition of
these objects. DO

Analogous to Proposition 4.2, one can construct further examples based on
(m, 0o)-isometric operators.

Proposition 5.2. Let S € B(X) be an (m,00)-isometric operator and
z=(21,...,24) € K%, with ||z|| ., = 1. Then the tuple T = (215, ..., 24S) € B(X)? is
an (m, co)-isometry.

Proof. Since |z, =1, we have maxq|— [2*| = 1 for all k£ € N. Hence,

max [|T%| = max |z¢]||S!z|
|a|=0,...,m |a|=0,...,m
|a| even |ar] even

:max{‘mla); |2%|[|S*z|| | k=0,...,m, k even}
al=

= max ||S*z| = max |S*z| = max{max [2%|||S*z| | k=0,...,m, k odd}
k=0,...,m k=0,...,m la|=k
k even k odd
= max [2°||S"¥z]| = max [T, Vze X.
|a|=0,...,m |a|=0,..., m 0O
|| odd || odd

Example 5.1. Let m € N, m > 1, p € [1,00] and T, € B({,) be a weighted
right-shift operator with a weight sequence (\,,)neny C C such that

[An| >1, for n=1,...,m—1, and |\;|=1, for n>m.

By Example 5.11 in [16], T, is an (m, co)-isometric operator. Then, for instance,

the tuple (7}, %Tp, %Tp, ey éTp) is an (m, co)-isometric tuple on £,,.

Since the definition of (m,oo)-isometric tuples differs from the definition of
(m, 0o)-isometric operators basically by the replacement of the exponent k by a
multi-index «, it is not surprising that its basic theory can be developed analo-
gously.

First of all, we have the following (compare page 399 in [16])).

Proposition 5.3. A commuting operator tuple T € B(X)? is an (m, 0o)-isometry
if, and only if, there exists an m € N, m > 1, with
max ||T%z| = max |T%x||, V¢eN,Vxe X. (5.1)
s l+m

|a|=2,...4+m || =¢
|| even || odd
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Proof. The sufficiency of (5.1) is clear. So assume now that 7' € B(X)? is an
(m, 00)-isometry and let £ € N. We only prove the case where ¢ is even, since the
case that £ is odd is a direct analogue. We have

max |79 = max |T°T7z|| = max max |T°T7z|
|a|=£,...L+m |8]=0,..,m |v|=¢18|=0,..,m
|| even |y|=¢ || even
|B]+]7] even
=max max |T°T7z|= max |[T°T7z|= max |[T].
|v|=¢18|=0,..,m |8]=0,..,m |a|=L,...L+m
18] odd Iyl lal odd -
181+~ odd

Further, using the following lemma we obtain an equivalent description of
(m, co)-isometric tuples (compare Lemma 5.3 in [16]).

Lemma 5.1. Let w(n) = nmod 2 denote the parity of an n € N. For any family
a = (aq)aend C R and m € N, m > 1, the following are equivalent.

(i) a satisfies  max a, = Max as, WEN
|a|=¢,...,m+L |a|=¢,...,m+£
|| even || odd
(i1) a attains a mazimum and max a, = max aq, VL eN.
aeNd |a|=¢,...,m—1+2L

w(lal)=m(m—1+)

Proof. (i)=(ii): We proceed by induction on £. Suppose a = (a4 )aene C R satisfies
(i) and choose n € N with n > m. By (i), max|q|=p—m,....n G is attained for at least
two multi-indices, one of even and one of odd norm. Thus, there exists an 7 < n
and a B € N¢ with |3| = r, such that ag > a, for every a € N¢ with |a| = n.
Since this holds for all n > m, we deduce that the family (aqs),ene indeed has a
maximum, which is attained at an o with || < m — 1. That is, max,cnd o =
MaxX|q|=0,...,m—1 Ga- Since trivially max|q|—o,....m—1 0o < MaX|q|=o,....m da, We actu-
ally have equality and by (i) can write

max a, = max Qo = max Aoy
a€eNd |a|=0,...,m |a]=0,...,m—1
m(ja))=n(m—1) w(ja)=n(m—1)

Hence, we have (ii) for £y = 0.

Now assume that (ii) holds for some ¢ € N. Then, in particular, max,ey¢ o =
MaX|q|—¢,.. . m—14¢ 0o and since Max|q—¢,. m—14¢0a < MaX|q|—¢, . mts da, We
again have equality. By (i), we can omit the first ¢ on the right-hand side,
obtaining max,ecne o = MaX|q|=¢11,...,m+rda- But this has to be equal to
MAX|q|—¢+1,.... m+L+1 Ga and again by (i), we can write

max a, = Qo = max Q-

o max =
aeNd |a|=0+1,...,m+L0+1 |a|=£+1,...,m+2L
()= (m+0) ()= (m+£)

This is (ii) for £+ 1.
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(il)=(i): If a satisfies (ii), then, for all £ € N,

max Qo = max Ay = max Qo
|a|eNd la|=L,...,m—1+2£ la|=¢,...,m+L
w(lal)=n(m—1+6) w(lal)=n(m—1+6)

and also, by replacing ¢ with ¢ 4+ 1,

|| =€+1,...,m+2L T al=4,...,m+L T aeNd
m(|al)=r(m-+0) w(|al)=n(m+0)

max o = max Ao < max Ao, < MaX Q-
|a|eNd

This implies max g = max aq, which is (i).
|a|=¢,...,m+L la|=¢,...,m+£ 0O
(o) =r(m—1+£) w(lal)=r (m+0)

Combining the last two statements gives:

Corollary 5.1. Let m € N with m > 1. A tuple of commuting operators T =
(T1,....,Ty) € B(X)? is an (m,oco)-isometry if, and only if, for each x € X the
family (|| T%z|))qene attains a maximum and

max || T%|| = max |T%z||, V¢eN.

aeNd

la|=L,...,m—1+2£
w(lal) = (m—1+£)

We easily deduce the following.

Corollary 5.2. Let T = (Ti,...,T;) € B(X)? be an (m,o0)-isometry. Then
(IT*]) aene is bounded. In particular, T is uniformly power bounded, that is, there
exists a common C > 0, such that |T}'|| < C, for alln € N, for all j € {1,...,d}.

Note that C is, of course, given by C' = max|q4|—o,....m—1 [|T||. So we do not have
to make use of the Uniform Boundedness Principle here and are not even assuming
that X is complete.

By simply copying the proof in the single operator case (see Proposition 6.3 in
[16]), we show the following:

Proposition 5.4. Let T € B(X)? be an (m,oo)-isometric tuple. Then T is an
(m + 1, 00)-isometric tuple.

Proof. By 5.1, max,¢ena || T%z|| exists and, for all £ € N and = € X, we have

max || T%z|| = max IT%z| < max (17| < max |[|T%z||
a€eNd |a|=£+1,...,m+~ lal=¢,...,m+L aeNd
m(|a))=m(m+e) m(|a))=m(m+e)
and the ensuing equality gives the result by invoking 5.1 again. DO

The case m = 1 deserves some special attention.
We call a commuting operator tuple T = (T}, ...,Ty) € B(X)? an /., -spherical
isometry if

max ||Tjz|| = ||z|, Vze X.
j=1,ennd
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Obviously £.-spherical isometries are just (1, c0)-isometric tuples.

Proposition 5.5. Let T € B(X)? be an (o-spherical isometry (i.e., a (1,00)-
isometric tuple). For each x € X there exists a j, € {1,...,d} such that | T} z|| =
||| for alln € N.&

Proof. We first show the following claim:

For each n € N and each x € X, there exists a j, , € {1,...,d} with ||Tjknlx|| =
||| for all k € N with & < n.

Proof of the claim:

Note first, since we have by definition max;—1, . q[|Tjz| = ||z|, for all z € X,
that || T]| < 1 for all j € {1,...,d}. Clearly then also [|7%| < 1 for all o € N¢,
Further, by Corollary 5.1, max,ena |T%2| = max|q|—¢ [|T%z| = ||z||, for all z € X

and all £ € N (since m = 1).

Therefore, for each £ € N and each & € X, there exists an «(¢, x) with |a(¢, z)| =
¢ and |79 g|| = ||z||. Thus, |[T7*“®)iz|| = ||z|| for all j € {1,...,d}, as ||T}]| < 1
for all j and ||z|| = max,ene || T*2||. Moreover, setting n = £d, there exist an index
Jne € {1,...,d} such that a;,, > £ =n." So 175 =l = ||7;knrx|| = ||z|| for all
k <mn, k €N, again as ||T} < 1. Thus, the claim is proved.

The rest of the proof is essentially the pigeon hole principle: For fixed x € X,

n,xr

we have infinitely many n € N, but only finitely many j, , € {1, ...,d}.
Fix z € X and define for each j € {1,...,d} the set

Aj:={neN||TFz| = |lz|, for all k <n, k € N}.

By our claim, for each n € N there is an index j, ., that is, every natural number
resides in at least one of the A;. Thus, since we have only finitely many sets A;, at
least one A;, is infinite. ||Tj,| < 1 then forces A;, = N as required. m|

Therefore, we have the following remark.

Remark 5.1. If T is an {,,-spherical isometry, the space X is the union of the
closed subsets X; := {z € X | |lz| = [|T]'«||, ¥n € N}. !

In the uni-variate case, an (m, co)-isometry T is an isometry under an equivalent
norm, given by maxen ||7%z| (see Theorem 5.2 in [16]). Indeed, an analogous result
holds in the tuple case.

Theorem 5.1. Let T € B(X)? be an (m, oco)-isometric tuple. Then there erists a
norm |.|oo on X equivalent to ||.||, under which T is an Ly -spherical isometry. |.|oo
is given by |T|o = Max,ena |[T4%| = max|q|—0,... .m—1 [| T2, for all x € X.

&Note that we make use of the continuity of the operators in the proof.
b This certainly holds for any index jmax € {1,...,d} with a(¢,x)
which is, of course, not necessarily uniquely determined.

INote that the X; are not disjoint (since 0 € X for each j) and don’t necessarily have trivial
intersection.

= maxj—1,....d a(l, x);,

Jmax
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Proof. By Corollary 5.1, max,ena | 7%2|| = max|q|—,... m—1 [|[T%z||, for all
x € X. Since Tj is linear for each j = 1,...,d and the maximum preserves the
triangle inequality, |.|o is indeed a norm on X. Further, by Corollary 5.1

max max |TT;z|| = max max |TT;z||
j=1,....,d €N j=1,...d|a|= —1

= max ||Ta:n|| = max ||[T%z|, Vzec X,
la|=1,...,m aeNd

so that T is an f-spherical isometry with respect to |.|«. Finally, we have

o]l < max |T%]| =~ max [[T%| < max ([T |[zf|, VzeX,
a€eNd |=0 1 |a|=0 -1

|a|=0, .oy m— =0,

and the two norms are equivalent. O

This, of course, implies immediately the next statement.

Remark 5.2. If T is an (m, oo)-isometric tuple, the space X is the union of the
closed subsets X | :={z € X | |z]oc = |T]'%|c, VN € N}.

6. Spectral Properties

Let in this section X be a complex Banach space. As before, let T = (171, ...,Tq) €
B(X)? be a tuple of commuting linear operators on X.J A first definition of the
joint spectral radius of such a tuple T was given by Rota and Strang in [22]:

#(T) := lim max ||T°‘||k

k—o0 |a|=
(Note that no definition of a joint spectrum is necessary for this expression to make

sense.) In [7], Berger and Wang give an alternative definition, which reads as follows.

r«(T) := lim max T‘(Ta)%,
k—oo |a|=k

where 7(T%) := r(T7"...T*) is the usual spectral radius for operators. However, in
the Lemma on page 94 in [25], Soltysiak shows that we indeed have #(T") = r.(T).
We further have the geometric joint spectral radius, r(T'), defined as
r(T) == max{||A[|, | A € o(T)}.

Here, A = (A1, ..., \g) € C% and o(T') denotes the Taylor spectrum (see [26]).
Other kind of joint spectra include the Harte spectrum og(T) (see [15]) and the
joint (left) approximate point spectrumX

on(T) :={(M\1,.., Aa) € C¥ 3 (zp)reny € X with |lzi]| = 1, s.th.

Jim Z” Ly — NIy = 0}.

IMost of the statements that we quote in this section are in general not true, if the operators
T1,...,T4 do not commute.
KHarte refers to this set in [15] as left approzimate point spectrum.
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All three spectra are non-void!. For the joint approximate point spectrum this has
been shown in Theorem 1.11 in [24].™

Further, it was shown in [12] that the convex hulls of all the named spectra
above coincide. Thus, the geometric joint spectral radius does not depend on the
choice of the joint spectrum. That is, one then can replace in its definition the
Taylor spectrum by the Harte spectrum or the joint approximate point spectrum.

Soltysiak generalizes the notion of the geometric joint spectral radius in [25]
in the following way: Define for p € [1,00] the (geometric) joint £,-spectral radius
rp(T') by

rp(T) = max{||)\||p | Aeou(T)}.

Again, since we only consider commuting operator tuples, the ¢,-spectral radius
does not depend on the chosen spectrum.

Obviously, we have ro(T) = r(T). Further, Soltysiak shows in Theorem 2 in [25]
that 7o (T) = #(T') (= r«(T)). Thus, the ¢,-spectral radii contain all variations of
joint spectral radii named so far. Finally, Miiller proves in Theorem 3 in [18] the
corresponding equalities for finite p:

1 1
L KL\ kL o)
(1) = lim <|ZM”T )" = g (3 Sraer) L pe oo,
(6.1)
Now, Gleason and Richter prove in Proposition 3.1 and Lemma 3.2 in [14] that the
geometric spectral radius 7(T') = ro(T') of an (m, 2)-isometric tuple on a complex
Hilbert space is equal to 1. They deliver two alternative proofs for this, which can be

easily modified to suit the case of (m,p)-isometric for p > 1 and (m, co)-isometric
tuples on complex Banach spaces.

Proposition 6.1.

(i) If p€ [1,00), m > 1 and T € B(X)? is an (m, p)-isometry, then

, R0\
rp(T) =klggo( > 7 II’”) =1

|| =k
(ii) If T € B(X)? is an (m,o0)-isometry, then

lim max ||[T%* = 1.
k—o0 |a|=k

Consequently, if p € [1,00], X is a complex Banach space and T € B(X)? is an
(m, p)-isometry, the geometric joint £y,-spectral radius ro,(T) of T is 1.

'Harte gives with Example 1.6 in [15] an example of a non-commuting operator pair with empty
Harte spectrum.

™The definition of o (T') given in [24] actually requires the existence of a net instead of a sequence,
however, the proof uses a result given in [27], which is stated in terms of sequences.
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1
p7k
Proof. (i): By (6.1), rp(T) = limg 00 (Z|a_k gi|Ta||P) .

For all k € N, the number of summands in =, _, BAT||P is certainly strictly

less than k¢. Hence,

1

k! Pk k! =

I ) = (SIree)

kf;o( > il ) Jim max (T
|| =k

1

k

K NT
ZITew|) ™

al

! 7
and lim sup (Z 'To‘x|p>p = lim sup max(
al

k—o0 |z||=1 lal=k k—o0 |lz||=1 |a|=k

The following is taken from the proof of Theorem 4 [18]).

T) = i B ege) ™ = KL o)

() = i (2 e ) = i (K170 )
la|=k

k!

1
3
jealr)’

, k! 7R ,
= lim max sup (—'HTO‘JJHP)P = lim sup max(
k—oo|al=k |z|=1 \O! k=00 ||z||=1 lal=k

! 7 ,
= lim sup ( Z O['||T"a:p>p = lim sup (Q’”’(T,m))ﬁ.
! el

k—o0 lz||l=1 o=k

Since o (T) # 0 is compact, r,(T) < oo exists finitely. Hence, the equation above

1

shows that the function (Q’“’(T, )) Pk restricted to the closed unit ball B(0;1) of
X, converge uniformly to r,(T"). Thus, they converge point-wise.

The remaining parts of the proof are now almost identical to the proof of Propo-
sition 3.1 in [14]. By Proposition 3.2.(ii),

L QM(Ta) 1 )
klggo i 1)!Pm_l(T,:r) >0, VozeX.

Assuming that m is the smallest natural number, for which T is (m, p)-isometric,
prompts that there exist vectors z € B(0;1) for which the inequality on the right

1
is strict. Thus, for all such z, limy_ e (ﬁPfle(T, x))"™ = 1. Hence, since

1 __
limp_s o0 (k:m_l) Pk =1, we have for all z € B(0;1) with P,Sfll(T, x) # 0,
(Q(T, x)) &

(1) = Jim (@) = i (200

k—o0 k—o0
-

: 1 (p) o
= hm mpm_l(T, .'L’) =1.

k—o0

(ii): By Corollary 5.2 the sequence (max|q|—, [|T%|)qena is bounded. The statement
follows if we show that this sequence is also bounded below.

By Proposition 5.1, we have C - [|[T%| > |T%z|« for all z € X and a € N¢
..... st 7). This implies
C - max IT%x| >

lex|

‘mlax T |00 = |Z|oo > ||z]|, Yz € X, VneN.
al=n
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Here, the equality is due to Corollary 5.1, since T is an /.-spherical isometry w.r.t.
|-foo-

In particular, we have C' - max|q|—p, |T%z|| > ||z| for all x € X, and then

sup (C- max ||To‘x||) =C- max. sup |T%z|| = C - max 1T =1, VneN.4

flzll=1 laf=n =1 |lz)|=1

In Lemma 3.2 in [14] it is shown that, if T is an (m, 2)-isometry on a complex
Hilbert space, then ||A||, = 1, for all A € 0.(T"). That is, its joint approximate point
spectrum lies in the boundary of the d-dimensional unit sphere and, therefore, one
gets again that the geometric joint spectral radius of an (m,2)-isometry is equal
to 1. To obtain this result, Gleason and Richter show (see page 187 in [14]) that
A € 0.(T) if, and only if, there exists a sequence (2, )neny C X, with |lz,| = 1, for
all n € N, such that (T — A*)z,, — 0 (n — o0), for all @ € N, Using this fact, we
obtain a generalisation of Lemma 3.2 in [14]:

Proposition 6.2. Let p € [1,00] and X be a complex Banach space. Then the
joint approzimate point spectrum o (T) of an (m,p)-isometric tuple T € B(X)? is
a subset of the d-dimensional complex unit sphere with respect to the p-norm.

Proof. Let A € o(T).
If p € [1,00) and T € B(X)? is an (m, p)-isometric tuple, then there exists a
sequence (Z,)neny C X, with ||2,|| = 1, for all n € N, such that

I T - m—k [T k! a
0= Jim 31 (7) X Sireare

|| =k
S0m () 3 B = - g,
k=0 la|=k

[All, =1, for all A € 0 (T), follows immediately.
If T € B(X)%is an (m, 0o)-isometric tuple, there exists a sequence (2,,)nen C X,
with ||z, || = 1, for all n € N, such that

lim max ||T%,]|= max |\¥]
n—0o0 |a|=0,...,m |a|=0,...,m
|a| even || even
and lim max |[|[T%,||= max [A¥].
1300 [a|=0,...,m ja|=0,...
|| odd |a] odd

Since T is an (m, oo)-isometry and by uniqueness of limits, we therefore have

max |A%| = max |\Y|
m a|=0 m

la|=0,..., |a|=0,....,
|a| even || odd
& max A= max (AL
|a|=0,...,m |a|=0,...,m

|| even || odd
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The fact that we are equating an even power of |A||, with an odd power forces
| All, to be 0 or 1. However, if A = 0, then the maximum on the left hand side is 1,
reached at |a| = 0, and the right hand side is 0. Therefore, we must have [|A[| = 1.
n

O

7. On the intersection class of (m, p)- and (m, oo)-isometric tuples

It is known (see Proposition 6.1 in [16]) and easy to see, that an (m, p)-isometric
operator is simultaneously an (m,co)-isometric operator if, and only if, it is an
isometry.

A natural analogue of this statement would appear to be “an (m, p)-isometric
tuple is simultaneously an (m, co)-isometric tuple if, and only if, it is an ¢,-spherical
isometry (or an £,-spherical isometry)”. However, such a statement cannot be true.

Example 7.1. Let T3 € B(X) be an isometric operator and T = (11, ...,Ty) €
B(X)4 an (m,p)-isometry. By Proposition 4.3, T' is an (m, p)-isometry for every
p € (0,00) and, hence, by definition an (m, co)-isometry. However, in general T'
does not need to be an ¢,-spherical or an {..-spherical isometry, as Example 4.4
shows.

It is currently unknown what the intersection of the set of all (m, p)-isometric
and all (m, co)-isometric tuples on a given normed space X actually is. Looking at
the joint approximate point spectrum (in the complex Banach space case if p > 1)
gives some information.

Remark 7.1. Let X be a complex Banach space and p € [1,00). Let further
T = (Ty,...,T;) € B(X)? be an (m, p)-isometric and a (p1, 00)-isometric tuple. Then
every A € oap(T') satisfies [|A[|, = [[All,, = 1 by Proposition 6.2. Consequently, since
Oap(T) C 0ap(T1) X -+ X 0ap(Ty), one operator Tj, has spectral radius r(T},) > 1
and the remaining operators T;, i # jg, are not bounded below and in particular
not invertible.

More specific results can so far only be given in special cases.
The case where our tuple is constructed by using an (m, co)-isometric operator
(i-e. by applying Proposition 5.2) is easy and we consider it first.

Proposition 7.1. Let T = (T,...,T;) € B(X)? be an (u, 00)-isometric tuple of
the form of Proposition 5.2. That is, T; = z;S, where S € B(X) is an (u,00)-
isometric operator and z := (21, ..., 24) € K with ||z||c = 1. Assume further that T
is additionally an (m,p)-isometric tuple. Then the operator S is an isometry, T =
(0,...,0,24,5,0,...,0) with |zj,| =1 for some jo € {1,...,d} and z;,S is (trivially)
also an isometry.

"Note also that, by the proof of Proposition 6.1.(ii), we have C - max|q|—p [[T%| > ||z|| for all
z € X and all n € N, with C > 0. Thus, (max|q|=o,....m [[T%n]|)
also shows that A = 0 cannot occur.

is bounded below, which
neN
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Proof. Since T is an (m, p)-isometry, we have for all z € X,

n! n! n
Q ()= L > JHZ“S'“‘JJH”: 121,711 5™ ||,

|a]=n |a]=n
by the multinomial theorem. Then D™ (Q"(z)),cy = 0 implies that z|[,S is an
(m, p)-isometric operator and, consequently, the sequence (HZHZpHS"l‘Hp) . is a
ne

polynomial of degree < m — 1 for all z € X.
Since [|z||,, = 1, we have ||z||, > 1. If this inequality was strict, the sequence

(||z||Zp )nEN would grow exponentially. But since S is a (u, c0)-isometric operator,
we have for all £ € N, for all z € X, max,en || S™z|| = maxy, ¢+ pu—1 ||S™2||. This
would contradict the polynomial growth of (HZHZP ||S:c||p)

Therefore, we have ||z|, = [|z[l, = 1, which gives |zj,| = 1 for some jo €
{1,...,d} and z; = 0 for all i # jy. In particular, S has to be an (m, p)-isometric

operator, which forces S by Proposition 6.1 in [16], and therefore z;,S, to be an
isometry. O

To prove further results, we first state a series of lemmata.

Lemma 7.1. Let T = (T4,...,Ty) € B(X)? be an {s-spherical isometry (i.e., a
(1, 00)-isometric tuple). For j € {1,...,d} let, as in Remark 5.1,
X; = {w e X | |all = | TPzl vn € N}.

Then one operator T}, is an isometry and all other operators T; with © # jo are
nilpotent if, and only if, there exists v € N such that, X; C ker T}, for all i # j,

1,7 €41,...,d}.

Proof. “=7: If one operator T}, is an isometry and all other operators T; with
i # jo are nilpotent, we have X;, = X and X; = {0} for all i # jo. Setting
vi=max{n e N | T/ =0, i=1,...d,i # jo} gives ker T} = X for all i # jo. Since
ker T = {0}, the statement follows.

“<": By Remark 5.1, X = Uj:1 ,,,, 4 X ;- Since by assumption each X; C ker T}
for all ¢ € {1,...,d} with i # j, we have

X = U X; C U ﬂ ker T} .
j=1,....d J d

i=1,...,di=1,...,
i#£]
This forces (i=1,...aker T} = X for some jo € {1,...,d} (since each intersection is

i#jo
a linear space). Hence, ker TV = X for all i # jo, which means T = 0 and, thus,
X; = {0} for all i # jo. Then we must have X, = X and Tj, is an isometry. m|

Lemma 7.2. Let T = (T, ...,T;) € B(X)? be an (m, p)-isometric tuple and also a
(p, 00)-isometric tuple. Then for ally = (1, ...,7a) € N with the property Vil >m
for every j € {1,...,d}, we have T7 = 0. In particular, T =0 for every i # j,
Q5 €{1,....d}.
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Proof. Lets first consider the case p = 1. If T is a (1, co0)-isometric tuple, by
Corollary 5.1,

max ||[T%| = ||z|| = max | T%z||, V{ € N, Vz € X.
aeNd |a|=2£
So (max|a‘:g ||T°‘x||)eGN is a constant sequence for all x € X. In particular,
(max|q|— ||T‘XT”ch||)1ZeN is constant for any multi-index v € N¢, for all z € X.

Since T is an (m, p)-isometric tuple, for any x € X, any 8 € N~! with |3] > m
and any j € {1,...,d}, by Corollary 3.2.(ii), Tj"(ij)ﬁx — 0 for n — 0o. We will show
that this implies, given a v € N¢ with the property [v;| > m for every j € {1, ...,d},
that || T*T x| — 0 as |a| — oo, for all z € X.

So take a v € N? with the property \'y;| > m for every j € {1,...,d}. Then for
any ¢ € X, any j € {1,...,d} and for all ¢ > 0, there exists an N.(z,j) € N such
that ||T]7’(T]()7;’x|| <eg, for all n > N.(z, j), by Corollary 3.2.(ii).

But since we have only finitely many j, by simply taking the maximum N, (x)
of all N.(x,j), we get that for any x € X, for all ¢ > 0, HT]-”(TJ’»)”’;‘xH < g, for all
jeA{1,....d}, for all n > N.(z).

For all a € N? with |a| = £, we have o, = max;_1 __qa; > 5, for all £ € N.
But then, for any chosen x € X and for all € > 0, there exists an M.(z) € N such
that ||Tjo:j:j"+7jm"" (T) Yiimaxz|| < ¢ for all @ € N¢ with |a| = £, for all £ > M_(z).

Jmax
o

Therefore,

ITTz| = | (T( )a;max T imax T Vimax (T{ )’Yj/'max x|

Jmax Jmax Jmax

< H (T/ )‘%max || . ||T‘_3‘J'max+’ijax (T/ )’Y}maXI'H

Jmax max Jmax

< (T )imax|| - e, Vo€ N? with || =0, ¥ £ > M.(z).

Jmax
Now, since T is a (1, 00)-isometric tuple, ||T;]] < 1, for all j € {1,...,d}. Thus,
|TTVz|| < e, for all a € N with |a| = ¢, for all £ > M, ().

Then

| T7z|| = lrg‘a)z |IT*TYz|| — 0, as £ — oco.

Since z was chosen arbitrarily, 77 = 0 follows.

Now consider the case p > 1 and let T be a (u, 00)-isometry. By Theorem 5.1,
T is a (1,00)-isometric tuple with respect to the norm |.|o, on X, where |.| is
equivalent to |.|. Hence, for any z € X, any 8 € N1 with || > m and any
j € {1,....d}, TP(T})Pz converges to 0 for n — oo under |.|o. By repeating the
argument from above P, we then get that

77200 = lm\wz |TT7x|0o — 0, as £ — cc.
al=

°0Of course, the index jmax is not uniquely determined and may also be different for every a.
PNote that we do not have to assume that 7" is an (m, p)-isometry w.r.t. |.|oo
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Again, T7 = 0 follows. |

Corollary 7.1. Let T = (T1,...,Ty) € B(X)? be an (m,p)-isometric tuple for
some m > 1 and also a (u,00)-isometric tuple. If T® # 0 with |a| = n, then « is
a permutation of (n — |B|,P1, ..., Ba—1), where |B| <m —1. Le., T* = T;_lﬁl(T]{)ﬁ
for some j € {1,...,d} and some B € N¢=1 with |3] <m — 1. 9

Proof. If d =1 there is nothing to show, so assume d > 1.
Let || = nand chose a j € {1, ..., d} with o; # 0. Then we can write a; = n—|f|
and T¢ = T;ilﬁl(Tj{)ﬁ for 8 =a) € N?=1. We have to show that, if 7% # 0, then

|B] < m —1, or we can reorder and write T% = T:_lﬁl(Té)B for some k € {1,...,d}
and some 3 € N1 with |3| <m — 1.

Since n — || = a; > 1, the statement holds trivially if n < m. So assume
n>m-+1.

Certainly, by Lemma 7.2, if n — |3] > m and |8| > m, T;Lilm(T]’»)B = 0. This
means, if 7% # 0, we have we must have || <m —1or |f| >n—m+ 1.

If we have |3] < m — 1 we are done, so assume |3| > m and |f| > n—m + 1.

Now, if the biggest entry of 3, 8;,... = max;—1 .. 4—1 3; (where again, the index
Jmax is not necessarily unique) satisfies ;... > n —m + 1, then we have
Bjmax 10 = 5],
of the entries of 8 and the entry n — || w.r.t. some permutation. Then 7% =

Jﬂx::;ax (Tﬁ/max)ﬁ = TJTjr:LJcél (lemax)ﬁ Wlth |B| S m — 1

If instead 5,,... < n—m, then |5]| +n — |8| > m for any entry 3; of 3. * Since,
by assumption |3| > m, this means T = T;f‘ﬂl(T]{)ﬁ =0, by Lemma 7.2. |

|+ n— |3 <m —1 and we let 3 be a multi-index consisting

We are now able to answer our initial question for the case m € N and pu = 1.
That is, we can determine the intersection class of (m,p)- and (1, 00)-isometric
tuples on a given space X.

Theorem 7.1. Let T = (T4,...,Ty) € B(X)? be an (m,p)-isometric tuple and
also a (1,00)-isometric tuple. Then one operator Tj, is an isometry and all other
operators satisfy (TJ’»O)ﬁ =0 for all B € N4~ with |8| = m, and are, in particular,
nilpotent of order < m.

Proof. Again, we can assume that m > 1.
Since T is an (m, p)-isometric tuple, by Proposition 3.2.(i),

m—1

Q"(z) =Y _ nlk (kl!Pk(o:)) , VreX, VneN. (7.1)

k=0

40f course, we actually have |8 < min{n,m — 1}. The main point is, however, that |3] < m — 1.
"Note that we must have d — 1 > 2 in this case so that the expression |3]| makes sense.
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Where n(®) = (0)k! = n(n — 1)...(n — k + 1). That is, for all z € X, the sequence
(Q"(7)),,cy is interpolated by a polynomial of degree of less or equal to m — 1.
Now, by Corollary 7.1 above, for n > 2m — 1, n € N, Q™ (z) reduces to

Cw= > Z w,ﬁ,nT" PlpPalr, va e X,

where #ﬁll)'ﬁ' = "%—f‘). (We set n > 2m — 1, so that we don’t get any multi-indices

twice in this expression.)
Further, for each n € N, k € {0,....,m — 1}, 3 € N¥=1 j € {1,...,d} and all
x € X, by Proposition 5.5, there exists an ¢; € {1, ...,d}, such that

Ty (T M(T))Pe) || = |17 (T) ||, ¥ veN,
By Corollary 7.1, for n > 2m — 1, n € N, we must have ¢; = j, i.e.
Ty 2T P || = |77 (T) x|, Vn,veN, n>2m—1

But that means that, for all ¥ € {0,....m — 1}, 8 € N1 j € {1,...,d} and all
x € X, the sequences (||TJT“]“(TJ’»)Bme)nGN becomes constant for n > 2m — 1.

Therefore, for all z € X, for n > 2m—1, the sequence (Q"(x)),,cy is interpolated
by the polynomial

n(lﬁl)

n e T2 T PP

ﬁENd 1 =
|8]=0,.

which is of degree less or equal to m — 1.

However, this polynomial must be the same as the one in (7.1). In particular,
their coefficients have to be equal and, more particularly, equating constants, we
must have

d
ST )P = ||z|P, Vo € X.

Jj=1

Take now jo € {1,...,d} and z;, € Xj,, for X, defined as in Remark 5.1. Then
Z%ﬁl HTJ—Q’"*IQ:J»O |P = 0 and, thus, z;, € kerszm Yforall j € {1,...,d} with j # jo.

J7Jo
Since z;, € X, and jo € {1,...,d} were chosen arbitrarily, X; € ker Tfmfl for

all i # j. Then it follows from Lemma 7.1 that one of the operators 71, ...,T; is an
isometry.

Let Tj, be isometric. Then we have (77 )? =0 for all B € N~! with |3| = m by
Proposmon 4.3. O
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The case m =1 and g € N, p > 1, now follows easily.®

Corollary 7.2. Let T = (Ty,...,T;) € B(X)? be a (1,p)-isometric tuple and
also a (p,o0)-isometric tuple. Then one operator Tj, is an isometry and T =
0,...,0,T},,0, ..., 0).

Proof. Since T is a (1, p)-isometric tuple, Proposition 3.2.(i) gives,

2 lal=n 2| Tex||P = ||z||?, for all n € N and all z € X. Consequently, ||lz| > ||T%z|,
for any multi-index o € N¢, for all z € X. Le.

max [|[T%|| = ||z||, Vz € X.
aeNd

Then, since T is a (u, 00)-isometric tuple, T is already a (1, co)-isometric tuple, by
Theorem 5.1. The result now follows from the preceding statement and Proposition
4.3. m|

We can now prove the case where our tuple is constructed, using an (m,p)-
isometric operator (i.e., by applying Proposition 4.2).

Proposition 7.2. Let T = (Ty,...,Ty) € B(X)? be an (m,p)-isometric tuple of
the form of Proposition 4.2. That is, T; = z;S, where S € B(X) is an (m,p)-
isometric operator and z := (21, ...,zq) € K with ||z|, = 1. Assume further that
T is additionally a (p,o00)-isometric tuple. Then T = (0, ...,0, 2;,5,0,...,0) with
|zj,| =1 and S being an isometry. In particular, Tj, = z;,S is an isometry.

Proof. Since T is an (u, 0o0)-isometry, for all z € X, the family
(I1T%2]]) yena = (|za|||5“3‘|w||)a€Nd attains its maximum. Since ||z]|, = 1 by assump-
tion, we have max|q|—, [2*| = 1 for all n € N. This forces (||S™z||)nen to be bounded
for every x € X. Then, since S is an (m,p)-isometric operator, S is an isometry
by Proposition 2.1 in [16]. Hence, by Proposition 4.2, T is a (1, p)-isometric tuple.
Then Corollary 7.2 forces one operator z;,S to be an isometry.

Now Proposition 4.3 gives (2;5)™ = 0 for all ¢ € {1,...,d} with ¢ # j,. Since S
is an isometry, this is only possible if z; = 0 for all ¢ € {1, ...,d} with ¢ # jo. Thus,
T =(0,...,0,25,0,...,0) with |z;,| = 1. O

More general results appear difficult to obtain at the moment. We present in
the remaining parts some partial results in the case m = u = 2.
The next lemma simply states that one cannot increase a maximum.

Lemma 7.3. Let T = (Ty,...,T;) € B(X)? be a (i, 00)-isometric tuple. For each
r € X and each a(x) € N with max, ey | T = |T¢® ||, we have | T¥®)z|| =
|T5‘(x)x\oo.

SIt is actually easy to find an elementary proof for Corollay 7.2. However, it is more elegant to
deduce the statement from Proposition 7.1.
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Proof. Fix z € X and let a(x) € N%, such that max,cya [|T%2| = || T*®)z||. We
have

T 2| < |75 2|y = max [|T*T*@ || < max |T°2]| = [T7°@z]. g
a€eNd a€eND

Proposition 7.3. Let T = (T1,...,T;) € B(X)? be a (2,p)-isometric tuple and a
(2, 00)-isometric tuple.
(i) The sequences (||Tj”:c||)neN are constant for all x € X, for all j € {1, ...,d}.
n>2
(i) For allm >2,n €N,

d d
ID_Tpa]|” =T} al” = 27, Vo € X.
j=1

j=1

In particular, the tuple T? = (T%,...,T3) is an {y-spherical isometry and
the operator Z?:I Tj2 s an isometry.
(iii) We have T; =0 for some jo € {1,...,d}.

Proof. We proof (i) and (ii) together.
(i) + (ii): Since T is a (2, p)-isometric tuple, by Proposition 3.2.(i),
Q" (x) =nPi(z)+ ||z||P, Yz e X, VneN. (7.2)

That is, for all z € X, the sequence (Qn(x)),, cy is interpolated by a polynomial of
degree less or equal to 1.
Now, by Corollary 7.1, for n > 2, n € N, Q™ (z) reduces to

d d d
Q" (@) =n | Y D NI Tx|P | + DT )P, vz e X. (7.3)
i=1 j=1 j=1
e

Since T is a (2, 00)-isometry, for all x € X, for all 4,5 € {1, ...,d},
max,ene ||TTAT;x|| = max|q =1 |T*T2T;z|, by Corollary 5.1. If i # j, by Corol-
lary 7.1, we deduce that max o1 [|[T*T?Tjz|| = |T7T;x|, for all z € X.
However, then Lemma 7.3 gives that | T2T;z| = |T2T;x|s, for all z € X. But
then, for all z € X,
1T Tyl = | TP Ty oo = max 1T TP Tjall = | T Ty | = | T3 Tl oo
al=

for all 7 # j.
By repeating this process ad infinitum, we have for all i # j,

1T Ty = T Tzl = T Tzl = |1 TP Ty ]| = 1T Tjlo = .. = | T Tl

for alln >3, n €N, for all z € X.
Therefore, the sequences (||T}*”'Tjz||)nen are constant, for all i # j, for all
n>4

zeX.
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By equating (7.2) and (7.3), we get for alln > 2,n € N

d d d
DT P =n | Palw) = 30D NTI T Tl | + e, e € X
j=1 i=1 j=1

J#i

The left hand side is non-negative and bounded, for all x € X, by Corollary
5.1, thus, so has to be the right hand side. Since Z‘Ll 2?21 |7 Tz ||P =
J#i

25:1 Z?=1 |T2T;z||P is constant for n > 4, this forces
J#i

d d
Py(z) = Z Z T3 T;x|P, Yz e X. (7.4)
i=1 j=1
J#i
Therefore,
d
ST | = ||z]|P, ¥n>4,n €N,Vz € X, (7.5)
j=1

Since T7T? = 0 for all 7 # j by Lemma 7.2, replacing x by T} x for v € N with
v > 2 in this last equation gives [T} z|| = HTJ’SJFV:Z:H for all n > 4, n € N, for all
reX.

Hence, the sequences (||Tjkx||)n@2; are constant for all j € {1,...,d}, forallz € X.
This is (i). -

Combining now (i) and (7.5), gives that we actually have

d
S ITgalP = lall?, ¥n>2neN Vo e X,

j=1

which is one of the two equations we had to show for (ii). Now replace z by Z?Zl TV x
for v € N with v > 2 in this last equation. Then, again, since Tij2 =0 for all ¢ # j,
we get that for all n,v > 2, n,v € N,

d d d
1N Tva|” =Y Ttealr = S 17|, Vo e X.
j=1 j=1

Jj=1

This is the second equation we had to show.
(iii): The equation in (ii) implies that ||z| > maxj=1, 4 ||Tj3x||, for all z € X.

(iii.a) If ||z = TPz, for some j € {1,...,d} then obviously ||T?z|| = 0 and
x € N(T?) for all i # j, again by (ii).

(iii.b) Assume [|z]| > max;_; . q[|T?x]. (Note that this implies d > 1 and that
we have more than one non-zero operator.)
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Since |70 > [|2]] and 2] = max,ena | T%2]| = max|q—3 [|Tz||, it follows
that

2
7)o = i':nllil.}id”Ti Tjx|.

(Since T;T; Ty = 0 for distinct ¢, j, k by Lemma 7.2.)
Let |#]o = |T2 Tj, x| for some ig # jo, io,jo € {1,...,d}. Then

I Tll? = > TP Tyl + |73 Lo |” + |75, ]|
j=1,0d
J#i0,J0
& Tl = Y T Tl + Jaff + T3 2|17
j=1,0d
J#i0,J0
Since |z|oo > ||T%z|| for all @ € N? simply by definition, we certainly have
x e N(T3).

We conclude that in any case, x € N(TJ3) for some j € {1,...,d}.
In other words, X = Uj:l,...,dN(Tjg)' Hence, N(T]?:)) =X, ie T} =0 for one
jo € {1,...,d}. This gives T} = 0 by (i). O

Corollary 7.3. Let T = (Ty,...,T;) € B(X)? be a (2,p)-isometric tuple and a
(2, 00)-isometric tuple. Assume further that one of the following holds:

(i) One of the operators T1, ..., Ty is injective.
(i) One the operators T, ..., Ty is surjective.
(11i) T does not contain a non-zero nilpotent operator.
(iv) We have d = 2.
(v) We have p=1 and X is stricly convex.
(vi) We have 0 < p < 1.

Then one operator Tj, is an isometry and all other operators satisfy (TJ(O)B =0 for
all B € N1 with |B| = 2, and are, in particular, nilpotent of order < 2. In case
(111), T consists actually of one isometry and zeros. In case (ii), Tj, is actually an

isometric isomorphism.

Proof. (i): Let Tj, be injective. Then, by Lemma 7.2, all the other operators T}
for j # jo are nilpotent of degree < 2. In particular, by Proposition 7.3.(ii), Tj20 is
an isometry. Without loss of generality, assume 77 is an isometry and Tj2 =0, for
all j € {2,...,d}. Then, by (7.4) and since (||T]"x||)n@2; are constant,
n
d d d
Pi(@) = S ST Tall = 3 [Ty 7.

i=1 j=2

=

J:,
J#

<
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Now, by definition, P;(z) = —||z||? + ijl | T;x||P, for all z € X. Therefore,
d d
el + 1 TiellP = Y I Tiell? & —llell? + | TaellP =0, Ve X,
j=1 j=2

and T} is an isometry. Then we have (77)? = 0 for all 8 € N¢~! with |3] = 2 by
Proposition 4.3

(ii): Let Ty, be surjective. Then T is surjective and, since || T3 x| = || T} z|| for
all x € X, by Proposition 7.3.(i), the operator T}, is actually an isometry. Then
(T},)? = 0 for all 5 € N1 with || = 2 by Proposition 4.3

(iii): Assume T = (T1,...,T;) does not contain a non-zero nilpotent opera-
tor. Then, by Proposition 7.3.(iii), 7' must contain an operator which is the zero-
operator, say T,. But then we can reduce T to (71, ..., Ty—1) and repeat the argument
until T' = (Tj,) for some isometric operator Tj,.

(iv): Let T' = (T3, T3). By Propposition 7.3.(iii), one operator T4, say, is nilpotent
of degree < 2. Then, 7.3.(ii) forces T7 to be an isometry. But then T} is injective
and the result follows from (i).

(v): If p = 1, by Proposition 7.3.(ii) we have that, for each x € X, the triangle
inequality becomes an equality for the vectors fo. If X is strictly convex, this
implies that there exist A;j, € R with T7z = X; ;. T7x for all 4, j, for all z € X.
But then 7777 = 0 for all i # j implies \; j» = 0 or TPz = T72 = 0. Therefore,
there exists a jo with sz = 0 for all j # jo and, by Proposition 7.3.(ii), TjQ0 is an
isometry. Thus, Tj, is injective and the statement follows from (i).

(vi):Assume 0 < p < 1. Then, by Proposition 7.3.(ii),

1/p

d d d
Izl = { D_ITF2l” | =D WTFal = 1) Til = |lall, VzeX.
j=1 j=1 j=1

That is, [|z]| = 2?21 ||Tjgw|| = (Z?:1 ||Tj2$||p)1/p for all x € X. (In particular,
(TZ,..,T2) is a (1,p)-isometry and a (1,1)-isometry.) Hence, for all z € X, the
vectors (| T2x||, ..., |T2z|) lie on the same circle with radius ||z|| in R? with respect
to both |||, and ||.|[,. This means that, for all z € X, (||[T{z], ..., || T7z|) is of the
form (J|z||,0,...,0) with respect to some permutation (which, at this stage of the
argument, may depend on z). Hence, each x € X is in the kernel of d — 1 operators
T?, ..., T; while the remaining operator, say T}, acts isometrically on x. But then
max;—y . q||T7z|| = [lz]| for all z € X and (TF,...,T;) is a (1,00)-isometry. By
Proposition 7.2, Tj20 is an isometry and therefore T}, is injective. O

These results lead to the following question:

Question. Is every tuple of commuting bounded linear operators
T = (T1,...,T;) € B(X)? which is simultaneously an (m, p)-isometric and an (u, 00)-
isometric tuple actually of the form of Proposition 4.37
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That is, is one operator 7}, an isometry and all other operators satisfy (T;O)B =0
for all 3 € N~! with |3| = m, and are, in particular, nilpotent of order < m? More-
over, is an (m, p)-isometric tuple an (m, co)-isometric tuple if, and only if, it is an
(m, q)-isometric tuple for all ¢ € (0,00)?
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