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 Abstract 

 In recent years there have been a growing number of publications on procedures for 

damage detection in beams from analysing their dynamic response to the passage of a moving 

force. Most of this research demonstrates their effectiveness by showing that a singularity 

that did not appear in the healthy structure is present in the response of the damaged 

structure. This paper elucidates from first principles how the acceleration response can be 

assumed to consist of ‘static’ and ‘dynamic’ components, and where the beam has 

experienced a localised loss in stiffness, an additional ‘damage’ component. The combination 

of these components establishes how the damage singularity will appear in the total response. 

For a given damage severity, the amplitude of the ‘damage’ component will depend on how 

close the damage location is to the sensor, and its frequency content will increase with higher 

velocities of the moving force. The latter has implications for damage detection because if the 

frequency content of the ‘damage’ component includes bridge and/or vehicle frequencies, it 

becomes more difficult to identify damage. The paper illustrates how a thorough 

understanding of the relationship between the ‘static‘ and ‘damage’ components contributes 
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to establish if damage has occurred and to provide an estimation of its location and severity.  

The findings are corroborated using accelerations from a planar finite element simulation 

model where the effects of force velocity and bridge span are examined.         

Keywords: beam; crack; dynamic; simply-supported; singularities; vibration.   
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1. Introduction 

The past decade has seen a growing amount of research in the area of Structural 

Health Monitoring.  Farrar and Worden [1] point out that this research is motivated by its 

potential life-safety and economic impact. Nondestructive damage identification techniques 

tend to fall into the category of local or global [2]. Localised methods include techniques 

such as acoustic emission, ultra sonic testing, magnetic field, radiography and eddy current 

methods. For these experimental methods to work, the vicinity of the damage needs to be 

known a priori and the area of the structure to be inspected needs to be assessable, which 

often may not be the case on civil engineering structures. The potential difficulties associated 

with localised experimental methods has resulted in the development and continued research 

in global methods of condition monitoring. These methods detect damage by examining 

changes in the dynamic behavior of the structure. The fundamental principle behind 

vibration-based damage identification methods is that damage causes a change in the physical 

properties of the structure (e.g. stiffness, mass, damping). Once the physical properties have 

been altered, the vibration characteristics of the structure (e.g. natural frequencies, mode 

shapes, etc.) will change. Therefore by identifying changes in the vibration characteristics, 

the presence of damage can be detected.   

A number of authors have published reviews on the most common vibration-based 

condition monitoring techniques [2-5]. Broadly speaking these methods can be categorized 

as: (i) natural frequency based methods, (ii) mode shape based methods and (iii) curvature 

based methods. The aforementioned methods are applicable across a broad range of 

engineering structures and their main features are summarized below.   

To implement natural frequency-based condition monitoring, it is generally necessary 

to develop a numerical model of the structure. The numerical model is used to simulate 
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damage scenarios at various locations in the structure and the corresponding natural 

frequencies are calculated. Vibration data is then collected from the structure and the damage 

location/severity is estimated by matching the observed natural frequencies to those 

calculated by the numerical model [6-8]. Salawu [8] presents a review of papers dealing with 

the detection of structural damage using frequency changes. He highlights that the advantage 

of the approach is that resonant frequencies can be measured relatively easily and are 

typically quite reliable. However, the disadvantages are that frequency changes caused by 

damage are generally quite small (< 5%) whereas frequency changes of 5-10% due to 

environmental conditions are not uncommon. Another disadvantage of frequency-based 

methods is that damage of similar severity at two different locations may cause the same 

amount of frequency change. 

Mode shape-based methods traditionally use differences in mode shapes between 

healthy and damaged structures as the basic feature for damage detection [9,10]. Compared to 

natural frequency-based methods, mode shape-based methods have the significant advantage 

of containing information that makes them more sensitive to local damages. They are also 

less affected by environmental effects such as temperature [5]. However, the disadvantage of 

the method is that many sensors are typically required to measure the mode shapes accurately 

and base line data from an experimental test on the intact structure (or an accurate structural 

model of the intact structure) is also necessary, but often unfeasible. To overcome the 

limitation of needing base line data, the development of response-based methods that only 

need experimental data from damaged structures has become an increasing focus of research. 

The principle behind this kind of approach is that the mode shapes from a structure that has 

experienced a localized loss in stiffness will contain a characteristic damage feature that can 

be extracted by signal processing techniques. The wavelet transform has obvious advantages 
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when trying to detect these features from mode shape data due to its ability to analyze a local 

portion of a larger signal [11-14].  

Despite the fact that mode shapes contain local information, one of the problems that 

persist is that the mode shape is not particularly sensitive to small levels of damage [15]. 

Therefore mode shape curvatures are often used, because typically changes in the curvatures 

of mode shapes are highly localised in the region of damage. Pandey et al. [16] demonstrate 

the effectiveness of comparing the mode shape curvatures of healthy and damaged beams to 

locate damage. They also highlight the superior performance of this approach when 

compared to just using the displacement mode shapes directly. Other authors have developed 

signal processing techniques that use modal curvature without a requirement for base line 

data from the healthy structure [17,18]. In general, mode shape-based and mode shape 

curvature-based methods are better at locating the damage than natural frequency-based 

methods. However, the drawback of many mode shape-based methods is the necessity of 

having measurements from many locations. 

The use of finite element model updating to detect damage has been investigated by a 

number of authors. For this approach to be effective, the user must have a well correlated 

model of the structure in its undamaged state and experimental data (e.g. natural frequencies 

and mode shapes) from the damaged structure. Then the engineer must use his/her judgement 

to select the parameters that are to be updated in the model, so that the behaviour of the 

updated model matches the behaviour of the real structure.  For example, Sinha et al. [19] test 

finite element model updating on a cantilever beam and results show how the location of 

damage can be estimated to a high degree of accuracy (error < 5%) and its severity judged 

reasonably well (error < 30%). Teughels and De Roeck [20] also use finite element updating 

to identify structural damage in a Swiss highway bridge. Experimental eigenfrequencies and 
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mode shapes are taken from the healthy and damaged bridge to tune healthy and damaged 

models. Their updated model successfully identifies the location and severity of damage. 

Although finite element model updating techniques have been shown to provide high levels 

of accuracy, they rely on accurate and sufficient experimental data for model calibration 

which sometimes can prove to be difficult or expensive to undertake.  

 

In recent years, many authors have placed emphasis upon identifying localised 

damage in a beam from its response to a moving force, e.g., through the application of 

wavelets to the beam displacement [21,22] or acceleration response [23]. Others have applied 

empirical mode decomposition to the acceleration response [24,25]. All these approaches 

have something in common, the damage is visualised through the appearance of a singularity 

in a processed signal supposed to be smooth in a healthy case. This paper provides a deep 

insight into the different components that are present in the acceleration response of a beam-

type structure when traversed by a moving force and shows how this information can be 

exploited to improve the sensitivity of a damage detection algorithm based on the response to 

traffic data. Unlike other frequency-, mode shape- or curvature-based methods, the approach 

proposed here is model-free, it does not require baseline data from a healthy structure, it is 

not affected by temperature changes and it only needs a limited number of sensors.   

 

2. Understanding the components of the acceleration response 

2.1. Mathematical model for simulations  
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A bridge is modelled as a discretized simply supported finite element beam. The response of 

the beam to a moving  force is solved using the second order matrix differential equation 

given in Equation (1).   

 M a(t) + C v(t) + K y(t) = f(t)                                                                         (1)         

where y(t) contains the vertical displacement and rotation of the degrees-of-freedom of the 

model, and v(t) and a(t) their velocities and accelerations respectively. In this model, M, C 

and K are the consistent global mass, global damping and global stiffness matrices of the 

bridge which are assumed to be unaffected by the moving force. f(t) is the vector of applied 

forces at each degree-of-freedom, which is calculated by distributing the moving force to the 

nodes of the underlying element using the hermitian functions [26]. The global stiffness K 

and mass M matrices of the bridge are assembled from the elementary stiffness Ke and mass 

Me matrices given in Equations (2) and (3) respectively for standard 1D beam elements of 

density r, cross-sectional area A, Young’s modulus E, length Le and inertia I  [27].   

 

(2) 

 

(3) 

 

Damping is typically low in bridges and its effect on the forced response is neglected here. 

When the matrices M and K, and the forcing vector f(t) have been populated, Equation (1) 

can be solved using a discrete time integration scheme [28,29] yielding the unknowns y(t), 

v(t) and a(t). Damage is introduced in the model by allowing for a localised loss in stiffness 
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due to a crack. Dimarogonas [30] gives an extensive review of the different modelling 

techniques that can be used to model the damage due to a crack. The stiffness reduction used 

in this paper is the one proposed by Sinha et al. [19] which quantifies a gradual loss of 

bending stiffness that extends 1.5 times the depth of the beam at both sides of the crack (Fig. 

1). The latter is modelled by introducing a reduced moment of inertia in the elementary 

matrixes Ke of those elements close to the crack. Previous work on damaged beams has 

focused on rectangular beams, where the ratio of crack height (h) to beam depth (d) (denoted 

as delta in this paper) has often been used to characterize the severity of the damage. Delta 

values of 0.1 and 0.2 represent 73% and 51% respectively of the inertia of a healthy 

rectangular section. The same equivalency between delta and associated percentage of the 

healthy inertia value is maintained for the beam sections used in this paper. Using delta as a 

measure of damage severity maintains consistency with previous published work and allows 

meaningful comparison of results. The responses of the damaged beam to a moving force are 

found to be in agreement with those published by Mahmoud [31]. The numerical integration 

technique used in the simulations is the Wilson-theta method, further details on the structural 

model can be found in [23,32,33]. 

 

 

 

 

 

 

 

Fig. 1.  Sketch of discretised beam model subject to a moving force. 
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2.2. Components of different types of response 

To understand why there is a local singularity in the structural response as the force 

crosses a weakened section away from the measurement point, it is useful to break the total 

displacement from a damaged beam into a number of components, namely a healthy ‘static’ 

displacement yhealthy_static(t) (i.e., static response of the structure without localised losses of 

stiffness), a ‘damage’ static displacement ydamage(t) (i.e., the difference between the static 

response of the damaged and healthy structures), and a ‘dynamic’ displacement (i.e., the 

difference between the total (y(t) in Equation (1))  and static responses of the damaged beam 

due to a moving force). The values yhealthy_static(t)  and ydamage(t)  can be understood 

mathematically as follows: yhealthy_static(t) = Khealthy
-1

f(t) where Khealthy is the matrix stiffness 

of the structure in a healthy state, and ydamage(t) = ystatic(t) – yhealthy_static(t)  where ystatic(t)  = 

K
-1

f(t). In the latter, K is the stiffness matrix of the damaged structure as defined in Section 

2.1.  

Unless otherwise specified, the bridge under investigation has 40 m span length, 15 m 

width and the cross-sectional properties are based on 10 SY6 precast concrete beams spaced 

at 1.5 m centres with a 195 mm thick deck slab. The latter results into an inertia of 6.02 m
4 

and a cross-sectional area of 10 m
2
. A Young’s modulus of 3.5x10

10
 N m

-2
 is assumed which 

leads to a first natural frequency of 2.88 Hz for the healthy structure. The bridge is modelled 

using 40 discretized beam elements and the time step Dt used in the simulations is 0.0005 

seconds. Fig. 2(a) shows the total mid-span displacement as a constant force of 10 tonnes 

crosses the bridge at 6 ms
-1

. The bridge has a crack at the 1/3 point of the span with delta 

equal to 0.2. The x-axis in the figure shows the normalised position of the force on the bridge 

(0 and 1 when the force is at the start and end of the bridge respectively). Figs. 2(b) and 2(c) 

show the velocity and acceleration of the mid-span section, which are obtained by 
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differentiating the mid-span displacement once and twice respectively with respect to time. 

Fig. 2(d) shows the components of the total mid-span displacement. The ‘static’ component 

refers to the displacement that would be experienced at mid-span if the force was statically 

applied and moved incrementally across the healthy structure. The ‘damage’ component is 

the additional static displacement experienced at mid-span due to the presence of damage. It 

must be noted that the ‘damage’ component is quite small compared to the ‘static’ component 

and that the maximum value of the ‘damage’ component occurs when the force is at 0.33L, 

i.e., over the damaged section. The ‘dynamic’ component is simply the displacement due to 

the inertial forces of the bridge. If the ‘static’, ‘damage’ and ‘dynamic’ components of 

displacement are added together, the result is the total mid-span displacement shown in Fig. 

2(a). Fig. 2(e) shows the three components of the velocity response, which are obtained by 

differentiating each of the three components of displacement with respect to time. Similarly, 

the three components of the acceleration signal (Fig. 2(f)) are established by differentiating 

the components of the velocity signal.  The sum of the three components in Figs. 2(e) and (f) 

is equal to the total response shown in Figs. 2(b) and (c) respectively. When comparing 

displacements, velocities and accelerations of the mid-span section, it can be seen that the 

‘dynamic’ component becomes increasingly larger with respect to ‘static’ and ‘damage’ 

components as the order of differentiation of the type of response increases. 
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Fig. 2. Total response of the mid-span section and its components due to a force travelling at 

6 m s
-1

: (a) total displacement; (b) total velocity; (c) total acceleration; (d) components of 

displacement; (e) components of velocity; (f) components of acceleration.  
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Fig. 2 has shown how damage manifests in three types of responses. However, it may 

not be easy to record displacements or velocities to the required level of resolution and 

scanning frequency on site. Therefore, from this point forward this paper focuses on the 

acceleration response.  

 

2.3. Effect of velocity on the shape of the singularity 

 

The ‘static’ and the ‘damage’ components of acceleration are very small relative to 

the ‘dynamic’ component, thus, they practically look like straight lines in Fig. 2(f). Figs. 3(a), 

(b) and (c) show the ‘dynamic’ component of mid-span acceleration due to force velocities of 

6, 12 and 24 m s
-1

 respectively, for a 40 m bridge with a delta of 0.2 at the 1/3 point of the 

span. The ‘static’ and ‘damage’ components shown in Figs. 3(d)-(f) are very small relative to 

the ‘dynamic’ component and are plotted at a much smaller scale. Figs. 3(a)-(f) show that as 

the velocity increases, the length of the signals becomes shorter and the amplitude of 

‘dynamic’, ‘static’ and ‘damage’ components increase.  
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Fig. 3. Time domain representation of the components of mid-span acceleration for different 

velocities of the moving force: (a) ‘dynamic’ at 6 m s
-1

; (b) ‘dynamic’ at 12 m s
-1

; (c) 

‘dynamic’ at 24 m s
-1

; (d) ‘static’ and ‘damage’ at 6 m s
-1

; (e) ‘static’ and ‘damage’ at 12 m s
-

1
; (f) ‘static’ and ‘damage’ at 24 m s

-1
.  

 

It can be seen that the ‘static’ component increases linearly from zero to a maximum 

at the measurement location, and then decreases linearly back to zero, while the ‘damage’ 
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component is zero everywhere except near the damaged location. Therefore, if an appropriate 

method of filtering the ‘dynamic’ component out was employed, it should be possible to 

locate damage in a bridge by analysing its acceleration response. However, to successfully 

extract particular features within a given signal, it is necessary to have an understanding of 

the frequency content of its components.  

 

2.4. Frequency content of acceleration components  

 

Figs. 4(a)-(c) show the result of calculating power spectral density (PSD) functions 

for the ‘dynamic’ components given in Figs. 3(a)-(c), and the dominant frequency of 

vibration of the bridge is evident, i.e., 2.76 Hz. Figs. 4(d)-(f) show the frequency content of 

the ‘static’ and ‘damage’ components given in Figs. 3(d)-(f). One significant difference 

between the PSD of the ‘dynamic’ component and the PSD of the ‘static’ and ‘damage’ 

components is in relation to the range of frequencies that they cover in the spectrum. The 

PSD of the ‘dynamic’ component shows one distinctive narrow peak at the first natural 

frequency given by the main mode of vibration of the beam, whereas the PSD of the ‘static’ 

and ‘damage’ components occurs across a broader range of frequencies. Fig. 4(d) shows the 

frequency content of the ‘static’ and ‘damage’ components when the velocity of the force is 6 

m s
-1

. The PSD content of the ‘static‘ component primarily occupies the range of frequencies 

0.0 Hz - 0.3 Hz while the ‘damage’ component approximately occupies the range of 

frequencies 0.0 – 1.45 Hz. Fig. 4(e) shows the frequency content of the ‘static’ and ‘damage’ 

components when the velocity of the force is 12 m s
-1

. This time, most of the PSD content of 

the ‘static‘ component is contained between 0.0 Hz and 0.6 Hz. By increasing the velocity of 
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the force from 6 m s
-1

 to 12 m s
-1

, the ‘static’ component has shortened by a factor of 2 in the 

time domain (Figs. 3(d) and (e)), so naturally the upper frequency of the ‘static’ component 

has also increased by a factor of 2. Similarly, the upper limit of the frequency range defining 

the ‘damage’ component has increased from 1.45 Hz to 2.9 Hz when the velocity is doubled. 

Fig. 4(f) shows the frequency content of the ‘static’ and ‘damage’ components when the 

velocity of the force is 24 m s
-1

. For this velocity, the PSD content of the ‘static’ component 

mostly occupies the range of frequencies 0.0 Hz - 1.2 Hz and the upper frequency limit of the 

‘damage’ component is approximately 5.8 Hz. For a velocity of 6 m s
-1

, the first natural 

frequency of the bridge (2.76 Hz) falls out of the zone of influence of the ‘damage’ 

component (0.0-1.45 Hz). However, for a velocity of 12 m s
-1

, and more clearly 24 m s
-1

, the 

first natural frequency of the bridge associated to the ‘dynamic’ component falls within the 

zone of frequencies occupied by the ‘damage’ component which will make it difficult to 

separate both components. The latter explains the falloff in the performance of damage 

detection techniques with increasing velocity of the moving force reported in the literature 

[33]. 
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Fig. 4. Frequency content of acceleration components for different velocities: (a) ‘dynamic’ 

component at 6 m s
-1

; (b) ‘dynamic’ component at 12 m s
-1

;  (c) ‘dynamic’ component at 24 

m s
-1

; (d) ‘static’ and ‘damage’ components at 6 m s
-1

; (e) ‘static’ and ‘damage’ components 

at 12 m s
-1

; (f) ‘static’ and ‘damage’ components at 24 m s
-1

.  
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3. Locating damage  

In Section 2, the total response has been divided in a number of components to 

visualize the damage-related frequency content to be targeted by a damage detection 

algorithm. Essentially, the goal is to use a signal processing technique to expose the ‘damage’ 

component of the acceleration signal if present. A Moving Average Filter (MAF) has been 

found to provide a robust approach to remove the ’dynamic’ component and crucially has the 

advantage of maintaining the area under the ‘damage’ curve (the significance of this will be 

dealt with in more detail later).  A MAF replaces each point in the signal, a(t), at an instant t, 

with the average )(ta of several adjacent points. More precisely the average is calculated here 

from an equal number of data points either side of a central value as in Equation (4).  

 

where Dt is the time step between consecutive inputs and M is the span of the MAF. For 

example if M is 7, point 20 of the filtered signal is found by calculating the average of points 

17 to 23 of the input signal a(t). If the acceleration signal in Fig 2(c) is examined, it can be 

seen that a given period of vibration has an approximately equal measure of positive and 

negative parts. Therefore if the span of the MAF is set to equal one period of vibration, the 

positive and negative parts will cancel each other out and as a result most of the dynamic 

oscillations will be removed. The dominant frequency of vibration of the total mid-span 

acceleration response shown in Fig. 2(c) (20 m bridge with a delta of 0.2) is found to be 2.76 

Hz (Fig. 4(a)), therefore the period of vibration is 0.362 seconds. The scanning frequency 

used to generate the acceleration is 2000 Hz, consequently a MAF with an M value of 

(2000*0.362=) 724 points will remove the first natural frequency. Fig. 5(a) shows the result 
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of applying the MAF to the acceleration of Fig. 2(c). It can be seen that there is a localised 

bump in the acceleration signal at approximately x(t)/L = 0.33, i.e., when the force stands 

over the damaged location. However, some high frequency components are present and 

neither the ‘static’ nor ‘damage’ components are particularly clear. Simply applying the same 

MAF a second time removes much of the remaining vibration and much clearer ‘static’ and 

‘damage’ components are obtained. So, Fig. 5(b) exposes the triangular shape of the ‘static’ 

component as well as the localised bump at 0.33L which is the location of the damage.  
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Fig. 5. Filtered total acceleration (a) after applying MAF once; (b) after applying MAF twice.   

 

The effect of the dual application of the MAF to each component of acceleration 

shown in Fig. 2(f) is examined in Figs. 6(a), (b) and (c). Fig. 6(a) shows the ‘dynamic’ 

component of the acceleration signal as well as the result of applying the MAF twice to the 

‘dynamic’ component which reduces it to an horizontal line. Fig. 6(b) shows the theoretical 

‘static’ and ‘damage’ components, and also the result of applying the MAF twice to the 

‘static’ and ‘damage’ components. It can be seen that ‘static’ component is essentially 

unaffected by the MAF. This is not surprising because the ‘static’ component has 

significantly lower frequency content than the frequency that the MAF is trying to remove 
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(Fig. 4(d)). However, the ‘damage' component covers a broader range of frequencies than the 

‘static’ component and it can be altered by the MAF to some extent, i.e., its amplitude and 

base can be reduced and widened respectively. Finally, Fig. 6(c) shows the PSD of the 

different components before and after the application of the MAF. The PSD of the ‘dynamic’ 

component shown in Fig. 4(a) before the application of the MAF, has effectively been 

reduced to zero in Fig. 6(c) after the application of the MAF. . The ‘static’, ‘filtered static’, 

‘damage’ and ‘filtered damage’ plots in Fig. 6(c) are the PSD of the respective components in 

Fig. 6(b). The PSD of the ‘static’ component remains essentially unchanged by the 

application of the MAF. Unlike the ‘static’ component, it can be seen that the MAF has 

reduced the amplitude of the PSD of the ‘damage’ component significantly.  
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Fig. 6. Filtered (after applying MAF twice) and original (before applying MAF) acceleration 

components: (a) ‘dynamic’ component in time domain; (b) ‘static’ and ‘damage’ components 

in time domain; (c) Acceleration components in frequency domain. 
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It has been seen that applying a MAF to the total acceleration response is effective at 

removing the ‘dynamic’ component of the acceleration signal, while hardly affecting the 

‘static’ component but possibly altering the original ‘damage’ component to some extent. The 

influence of the MAF on the ‘damage’ component is investigated in Fig. 7 for velocities of 6, 

12 and 24 m s
-1

. It can be seen how the reduction in amplitude and broadening of the base of 

the ‘damage’ component is more pronounced at higher velocities.  

0 0.2 0.4 0.6 0.8 1
0

5

10

x 10
-4

x(t)/L

A
c
c
e
le

ra
ti
o
n
 (

m
 s

-2
)

0 0.2 0.4 0.6 0.8 1

0

5

10

x 10
-4

x(t)/L

A
c
c
e
le

ra
ti
o
n
 (

m
 s

-2
)

0 0.2 0.4 0.6 0.8 1

0

5

10

x 10
-4

x(t)/L

A
c
c
e
le

ra
ti
o
n
 (

m
 s

-2
)

original

filtered

original

filtered

original

filtered

(a)

(b)

(c)
 

Fig. 7. Effect of MAF on ‘damage’ component for force velocities of: (a) 6 m s
-1

; (b) 12 m s
-

1
; (c) 24 m s

-1
. 
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When the velocity of the force was 6 m s
-1

 (Fig. 5(b)), it was possible to clearly 

identify the damage location because the amplitude of the ‘damage’ component was 

substantial with respect to the amplitude of the ‘static’ component. At 24 m s
-1

, the amplitude 

of the ‘damage’ component has been considerably reduced through the filtering process (Fig. 

7(c)) and it is more difficult to identify damage (Fig. 8). If the amplitude of the ‘damage’ 

component is to be used to quantify damage, the vehicle velocity and smoothing effect of the 

MAF will need to be taken into consideration. However, the MAF has the property of 

maintaining the area under the ‘damage’ component, i.e. the area under each of the dashed 

(after filtering) curves in Figs. 7(a)-(c) is the same as the area under the solid curves (before 

filtering). This feature is exploited later in the paper to develop an area based algorithm that 

can identify damage at higher velocities. 
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Fig. 8. Total acceleration due to a force travelling at 24 m s
-1

 after applying twice a MAF.  
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4. Quantifying damage 

 

Section 3 has shown that it is possible to locate a localised loss of stiffness using 

appropriate filtering. This section intends to provide the operator a way to correctly interpret 

the severity of the located damage.  Therefore if the acceleration signal recorded on a bridge 

could be separated into ‘static’ and ‘damage’ components, it should be possible to quantify 

the severity of the damage by subsequently comparing both components.  

The first step towards facilitating a procedure to quantify damage is to examine how 

the ‘damage’ component changes for various damage scenarios.  The ‘damage’ components 

of the mid-span acceleration of a 40 m span with different damages traversed by a 10 tonne 

force at 6 m s
-1

 are shown in Fig. 9. The figure illustrates ‘damage’ components for two 

damage severities (delta = 0.1 and delta = 0.2) and three different damage locations (0.2L, 

0.33L and 0.5L). A plot showing the result of filtering the total acceleration of the healthy 

bridge is also included in the figure (Essentially the ‘dynamic’ component is removed from 

the acceleration signal so all that remains is the ‘static’ component). The filtering procedure 

consists of initially applying a low pass filter to remove noise and higher modes of vibration 

(this is particularly important when dealing with real signals or responses from complex 

vehicle bridge interaction models with interference of frequencies other than the dominant 

bridge frequency). It is found that setting the cut-off frequency of the low pass filter to 

approximately 4 times the dominant mode of vibration ensures that the ‘static’ and ‘damage’ 

components of the response remained unaffected. Then, the dominant mode of vibration is 

removed using a MAF as described in Section 3.  However, before applying the MAF each 

end of the signal is padded with a copy of opposite sign of itself. The purpose is to reduce the 

distortion that occurs at the ends of the signal derived from filtering a finite time series. Some 
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boundary effects are unavoidable, and even padding prior to filtering, a minor distortion still 

appears at the right hand end of the acceleration. 

Obviously the amplitude of the ‘damage’ component increases as the severity of the 

damage increases at a given location, but it varies for each location. For a damage of delta = 

0.2 at 0.25L, 0.33L and 0.5L, the ‘damage’ component has maximum amplitudes of 0.47x10
-4

 

m s
-2

,  0.77x10
-4

 m s
-2

 and 1.17x10
-4

 m s
-2

 respectively. Therefore, if damage is to be 

quantified, it will not simply be a matter of comparing the size of the ‘damage’ component to 

the size of the ‘static’ component, given that the distance from the measurement point to the 

‘damage’ peak must be taken into account.    
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Fig. 9. Estimated ‘static’ (or filtered total) and ‘damage’ components for different damage 

scenarios in a 40 m bridge traversed by a force at 6 m s
-1

.  
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The passage of a single point force of 10 tonnes is then simulated at velocities of 6, 12 

and 24 m s
-1

 over 10, 20 and 40 m bridge spans.  Table 1 provides the properties adopted for 

the three bridge spans.  

 

Table 1 – Parameters of bridge models. 

span (m) width 

(m) 

inertia 

(m
4
) 

modulus of 

elasticity (N m
-2

) 

area (m
2
) 1

st
 natural 

frequency (Hz) 

40 15 6.00 3.5x10
10

 10.0 2.88 

20 15 1.36 3.5x10
10

 7.3 6.24 

10 15 0.28 3.5x10
10

 9.1 10.40 

 

 

Damage severities of delta = 0.1 and delta = 0.2 are introduced at 0.2L, 0.33L and 

0.5L of each span under investigation.  For a given damage location and severity, the ratio of 

the area under the ‘damage’ curve to the area under the ‘static’ curve is found to be 

approximately equal regardless the force velocity and bridge span. Moreover if the ratios 

obtained for the three spans are all plotted together with respect to the position of the damage, 

those with the same damage severity (i.e., delta = 0.1 data or delta  = 0.2 data) are practically 

linear as shown by the trend line in Fig. 10. The means of the ratios obtained for all 

spans/velocities are also plotted in the figure and they sit almost exactly on the trend line, i.e., 

for a given delta, the ratio is proportional to the distance between the damaged location and 

the mid-span measurement point.  The significance of Fig. 10 is that the information 

portrayed in it can be used to construct damage contours, i.e., a line that defines a given level 

of damage (delta = 0.1 contour, delta = 0.2 contour, etc.). Therefore, it will be possible to 
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estimate the damage severity by merely calculating the ratio of ‘damage’ to ‘static’ areas and 

locating this point on a damaged contour drawing.      

 

 

Fig. 10. Ratios of ‘damage’ area to ‘static’ area with respect to the position of damage.  

  

When the simulated acceleration of Fig. 2(c) is filtered using a MAF, the ‘dynamic’ 

component is removed and Fig. 5(b) made of ‘static’ and ‘damage’ components results. In 

order to calculate ‘damage’ and ‘static’ area ratios to assess the damage severity, first it is 

necessary to separate these two components. For this purpose, from Section 2, it is 

understood that the ‘static’ component of the acceleration response is triangular in nature, i.e., 

zero when the force is over the supports and maximum when the force is at the measurement 

point. The ‘static’ component of acceleration at mid-span, as(t), due to a single force of 

magnitude P travelling at velocity v is symmetric and it is given by Equation (5) when the 

force is located between the left hand support and mid-span. 
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EI

tPv
tas

2
)(

3

=  (5) 

where t is time, and E and I are Young’s modulus and inertia respectively.  Using an 

iterative process, a series of triangles of different heights is postulated and subject to the same 

MAF as the original acceleration prior to comparisons. Then, that filtered triangle that gives a 

better correlation with the filtered total acceleration is used to establish the ’static’ 

component. The ‘static’ triangle/component shown in Fig. 11 is obtained using this 

procedure. Finally, the ‘damage’ component can be extracted by subtracting the estimated 

‘static’ component from the filtered total acceleration. 
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Fig. 11. Extraction of ‘damage’ component from filtered total acceleration.  

 

 The ‘static’ area is determined by calculating the area under the ‘static’ triangle and 

the ‘damage’ area is found by calculating the area under the ‘damage’ plot. For the case in 

Fig. 11, the ratio of ‘damage’ area to ‘static’ area is found to be 0.078. This ratio (labelled 

‘40m, 0.2@0.33L,6m/s’) is simply plotted on the general damaged contour drawing of Fig. 

12 to quantify the severity of the damage. The delta = 0.1 and delta = 0.2 contours in Fig. 12 
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are reproductions of the lines in Fig. 10.  The x-coordinate of this data point locates the 

damage, and it corresponds to the x-coordinate of the point of maximum value in the 

associated ‘damage’ plot of Fig. 11. Fig. 12 shows that by just calculating the ratio of 

‘damage’ to ‘static’ areas of the filtered mid-span acceleration, it is possible to correctly 

identify the location and severity of the damage based on pre-established delta contours. The 

effectiveness of the proposed damage identification procedure is also illustrated in Fig. 12 for 

other bridge spans with different damages under a constant force moving at a range of 

velocities.  
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Fig. 12. Location and quantification of damage based on the prediction of ratio ’damage’ to 

‘static’ area obtained for different damage scenarios (’40m,0.2@0.33L, 6 m s
-1

‘ in the figure 

indicates the bridge had a 40 m span with a damage of delta = 0.2 at 0.33L and was traversed 

by a force at 6 m s
-1

). 

By dividing the ‘damage’ curve into a number of zones and calculating the area under each 

zone, multiple damage locations can also be identified and quantified. For example, Fig. 

13(a) shows the result of analysing the mid-span acceleration from a 40 m bridge with two 

damage zones, damage 1 (crack of delta = 0.1 at 0.3L)  and damage 2  (crack of delta = 0.2 at 
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0.66L) when traversed by a 10 tonne force travelling at 6 m s
-1

. The ratio of ‘damage’ area to 

‘static’ area for damages 1 and  2 are indicated on Fig. 13(b) using triangular and circular 

data markers respectively. Fig. 13(b) also shows the performance of the algorithm when the 

the same damage is modelled but the bridge has a modal damping ratio of 3%. The latter is 

implemented assuming Raleigh damping in accordance with [35]. It can be seen that the 

consideration of bridge damping makes little difference to the results obtained. This is not 

surprising given the light damping (typically found in bridges), which will only reduce the 

amplitude of the total forced response to a small extent, and it will have a relatively small 

influence on the accurate extraction of ‘static’ and ‘damage’ components. 
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Fig. 13. Detecting multiple damages (a) Extraction of ‘damage’ component from filtered 

mid-span acceleration with two damaged locations; (b) location and quantification of damage 

based on ratio of ‘damage’ to ‘static’ area for two different levels of damping. 

 

5. Identification of damage when the bridge is traversed by a two-axle vehicle model  

5.1. Use of the beam acceleration due to two moving constant forces  
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Fig. 14(a) shows the total mid-span acceleration due to two constant forces crossing a 

40 m bridge with a delta = 0.2 crack at the 1/3 point of the span at 6 m s
-1

. The magnitudes of 

the first and second forces are 5 and 10 tonnes respectively and the distance between forces is 

5.5 m. The first thing to note in Fig. 14(a) is that there is an abrupt change in the amplitude of 

the total acceleration signal when the rear axle enters the bridge (0.91 s) and when the front 

axle leaves the bridge (6.66 s). Fig. 14(b) shows the ‘dynamic’ component of the acceleration 

response and the same abrupt changes in amplitude are evident as the axles pass on and off 

the bridge. Fig. 14(c) shows the ‘static’ and ‘damage’ components of the acceleration 

response. The slope of the ‘static’ component changes abruptly as the axles cross the 

measurement location and again as they pass on and off the bridge. The ‘damage’ component 

shows two peaks, i.e., one per axle crossing over the damaged location.   

 

Fig. 14. Mid-span acceleration response due to two constant forces crossing a 40 m bridge: 

(a) total acceleration response; (b) ’ dynamic’ component of acceleration; (c) ‘static’ and 

‘damage’ components of acceleration; (d) filtered total acceleration.  
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The ordinates of the solid plot in Fig. 14(d) correspond to the main vertical axis and it 

shows the result applying the MAF to the signal in Fig. 14(a). The filtered signal is 

dominated by two large troughs at 0.91 and 6.66 seconds as the axles enter and leave the 

bridge. The heavy plot in Fig. 14(d) corresponds to the secondary vertical axis and it is a 

magnified view of the central portion of the filtered signal (in effect the sum of the 

components shown in Fig. 14(c)). Unlike the case of a single constant force, here the ‘static’ 

component is no longer triangular, and there are two damage peaks in the ‘damage’ 

component even though there is only one damaged location. However by recognising that the 

‘static’ and ‘damage’ components shown in Fig. 14(c) are simply the sum of the individual 

axles shifted in time and by assuming the principle of superposition applies to ‘static’ and 

‘damage’ components, it is possible to recreate the ‘static’ and ‘damage’ components due to a 

single moving point force.  González [36] and OBrien et al. [37] describe alternative 

approaches to calculate the bridge response due to a single moving point force from the 

bridge’s response to the passage of a multi-axle vehicle of known axle weights and spacings 

(i.e., by shifting and scaling the signal). Once the response of the truck is obtained as if it was 

applied as a single point force, the same damage detection technique developed in Section 4 

for one moving force can be implemented for multi-axle vehicles.  

Using this technique, Fig.15 shows the estimated area ratios for three bridge spans 

(10, 20 and 40 m), two velocities (6 and 24 m s
-1

) and two damage severities: delta = 0.1 and 

delta = 0.2 at the 1/3 point. For the 20 m and 40 m spans the damage is correctly identified 

for both velocities and damage severities. For the 10 m span and a velocity of 6 m s
-1

, the 

damage of delta = 0.2 is identified correctly, and the damage of delta = 0.1 is estimated with a 

reasonable degree of accuracy. However, when the velocity of the force is 24 m s
-1

, damage 
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cannot be identified in the 10 m span. The source of this inaccuracy is the relative large 

wheelbase of the vehicle (5.5 m) compared to the bridge span (10 m), and the short length of 

the usable signal between the rear axle entering the bridge and the front axle leaving which 

makes the accurate reconstruction of the ‘damage’ component very difficult. 
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Fig. 15. Location and quantification of damage based on prediction of ratio ’damage’ to 

‘static’ area obtained from mid-span accelerations due to two-constant forces for different 

damage scenarios. Span (m): O 40, £ 20 and Δ 10; damage severity: delta = 0.2 (large 

marker size) and delta = 0.1 (small marker size).  (a) velocity 6 m s
-1

, (b) velocity 24 m s
-1

.    

5.2. Use of the beam acceleration due to a 2-axle sprung model on a smooth road profile  

A planar vehicle-bridge interaction simulation model is implemented using the 

iterative approach described in [23,38,39]. The vehicle represents a 2-axle rigid truck with 

four degrees of freedom: the pitch and vertical displacement of the sprung mass and the 

displacement of the two unsprung masses. The properties of suspensions and tyres are similar 

to those of a semi-tractor unit with twin wheels in the rear axle and are summarized in Table 
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2, [40,41]. The natural frequencies of the vehicle for bounce, pitch, and front and rear axle 

hops are 1.43 Hz, 2.07 Hz, 8.60 Hz and 10.22 Hz respectively.  

 

Table 2. Parameters of vehicle model. 

dimensional data (m)   

 wheel base 5.5 

 dist from centre of mass to front axle 3.63 

 dist from centre of mass to rear axle 1.87 

 overall length of truck 6.5 

mass and inertia    

mass (kg) front axle mass 700 

 rear axle mass 1,100 

 sprung body mass 13,300 

inertia (kg m
2
) pitch moment of inertia of truck 41,008 

suspension    

spring stiffness (kN m
-1

)  front axle 400 

 rear axle 1,000 

damping (kN s m
-1

) front axle 10 

rear axle 10 

tyre stiffness (kN m
-1

) front axle 1,750 

 rear axle 3,500 

 

Fig. 16 shows the result of analysing a series of mid-span accelerations when the 

bridge is loaded by the sprung model defined in Table 2. The damage scenarios are the same 

as those presented in Fig. 15. Again, the simulations of the 10 m bridge lead to inaccurate 

results (particularly when traversed at 24 m s
-1

) due to the corruption of large part of the 
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response by axles entering and leaving the bridge. For the rest of simulations, damage is 

identified to a reasonable degree of accuracy, although there is a slightly greater spread of the 

data points than observed in Fig. 15 due to relatively less smooth filtered signals.  
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Fig. 16. Location and quantification of damage based on ratio ’damage’ to ‘static’ area 

obtained from mid-span accelerations due to a two-axle sprung vehicle model on a smooth 

profile for different damage scenarios. Span (m): O 40, £ 20 and Δ 10; damage severity: 

delta = 0.2 (large marker size) and delta = 0.1 (small marker size). (a) velocity 6 m s
-1

, (b) 

velocity 24 m s
-1

.     

The performance of the method for damage detection will be affected negatively by high 

levels of noise or road roughness. If the latter excited the modes of vibration of the vehicle 

sufficiently, the spectrum of the beam accelerations will contain vehicle frequencies in 

addition to the dominant bridge frequency. In this case, it may become necessary to apply a 

MAF to remove the ‘dynamic’ component associated to the vehicle motion in addition to the 
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MAF used for removing the natural frequency of the bridge. Provided that the frequency 

content of the ‘damage’ component is not altered to a large extent by noise, bridge, road or 

vehicle frequencies, the method will be able to detect damage. The lack of success in some 

scenarios will be related mainly to two factors: the portions at the ends of the response 

corrupted by axles entering and leaving the bridge, and the difficulty in safely removing 

frequencies interfering with the ‘true’ frequencies that define the ‘damage’ component. 

 

 

6. Conclusions 

The primary purpose of this paper has been to show how a localised loss in stiffness 

in a bridge beam model affects its acceleration response when it is traversed by a moving 

force and how his information can be exploited to detect damage. Many of the available 

signal processing techniques for damage detection demonstrate their effectiveness by 

analysing healthy and damaged signals and showing that a singularity that was not present in 

the healthy structure, appears in the response of the damaged structure. To the authors’ 

knowledge, this paper is the first investigation that establishes the nature of the damage 

singularity in an acceleration response and discusses how the singularity changes with 

damage location and severity and with the properties of the beam and moving force. 

Understanding how this singularity manifests in the response is a crucial first step to improve 

the sensitivity of an algorithm to damage.   

For this purpose, the total acceleration response has been divided into three distinctive 

components: ‘dynamic’, ‘static’ and ‘damage’. A damage detection algorithm should aim to 

enhance the ‘damage’ component while hindering the influence of the other two components. 
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A number of issues have arisen when trying to highlight the ‘damage’ component. Firstly, the 

upper limit of the frequency range defining the singularity increases as the velocity of the 

force increases. Secondly, it has been shown that the location of the damage relative to the 

measuring location has a significant impact on the amplitude of the ‘damage’ component. 

The latter has important implications for operators trying to interpret the severity of damage. 

It has also been demonstrated that the ratio of the area under the ‘damage’ component to the 

area under the ‘static’ component is common across a range of bridge spans and force 

velocities. These ratios can then be used to quantify damage. Using a MAF to remove 

unwanted frequencies has been found to be effective because it preserves the area under  the 

‘damage’ and ‘static’ components (and obviously their ratios) while removing the ‘dynamic’ 

component. It has been shown that if the frequency range of the singularity contains bridge 

and/or vehicle frequencies, the ‘damage’ component cannot be isolated easily. The addition 

of a second moving force further increases the complexity of the problem due to the 

dependence of the results on the vehicle properties and the interference of forces entering and 

leaving the bridge. One way of addressing the challenge of a multi-axle vehicle is to derive 

the response due to a single point force from the total response due to a vehicle of known axle 

weights and spacings. The latter facilitates a common framework for identifying damage 

regardless of the vehicle configuration.  
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span (m) width 

(m) 

inertia 

(m
4
) 

modulus of 

elasticity (N m
-2

) 

area (m
2
) 1

st
 natural 

frequency (Hz) 

40 15 6.00 3.5x10
10

 10.0 2.88 

20 15 1.36 3.5x10
10

 7.3 6.24 

10 15 0.28 3.5x10
10

 9.1 10.40 

 

 

table1



 

dimensional data (m)   

 wheel base 5.5 

 dist from centre of mass to front axle 3.63 

 dist from centre of mass to rear axle 1.87 

 overall length of truck 6.5 

mass and inertia    

mass (kg) front axle mass 700 

 rear axle mass 1,100 

 sprung body mass 13,300 

inertia (kg m
2
) pitch moment of inertia of truck 41,008 

suspension    

spring stiffness (kN m
-1

)  front axle 400 

 rear axle 1,000 

damping (kN s m
-1

) front axle 10 

rear axle 10 

tyre stiffness (kN m
-1

) front axle 1,750 

 rear axle 3,500 

 

 

table2


