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Geometric relation between two different
types of initial conditions of singular systems
of fractional nabla difference equations.

I. K. Dassios*

In this article we study the geometric relation between two different types of initial conditions (IC) of a class of singular
linear systems of fractional nabla difference equations whose coefficients are constant matrices. For this kind of systems, we
analyze how inconsistent and consistent IC are related to the column vector space of the finite and the infinite eigenvalues
of the pencil of the system and analyze the geometric connection between these two different types of IC. Numerical
examples are given to justify the results. Copyright © 2015 John Wiley & Sons, Ltd.
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1. Introduction

Difference equations of fractional order have recently proven to be valuable tools in the modeling of many phenomena in various
fields of science and engineering. Indeed, we can find numerous applications in viscoelasticity, electrochemistry, control, porous
media, electromagnetism and so forth, see [3], [12], [15], [21], [27], [28]. There has been a significant development in the
study of fractional differential /difference equations and inclusions in recent years; For some recent contributions on fractional
differential /difference equations, see [5], [6], [7], [8], [13]. [14]. [16], [18]. [19]. [201, [22], [23]. [24], [25]. [26]. [27] and the
references therein.

If we define No by No = {a, a + 1,0+ 2, ...}, ¢ integer, and n such that 0 < n < 1 or 1 < n < 2, then the nabla fractional
operator in the case of Riemann-Liouville fractional difference of n-th order for any Yi : N, — R" is defined by, see [2],

k
—-n _ 1 g n—1
voz Yi = r(n) ;:a(k J+ 1) n

We denote R™! with R™. Where the raising power function is defined by

a_ Tk+a)
e

We consider the singular fractional discrete time system of the form
FVeYk =GYr, k=1,2,.., (1)

with known IC. Where F,G € R™" and Yix € R™. The matrices F, G can be non-square (r # m) or square (r = m) with F
singular (detF=0).

In this article we will study the geometric relation between two different types of IC of system (1), the consistent and
the inconsistent. The paper is organized as follows: section 2 provides the necessary preliminaries used throughout the paper.
section 3 contains the main results. We analyze how inconsistent and consistent IC are related to the column vector space of
the finite and the infinite eigenvalues of the pencil of the system and provide a geometric connection of these two different
types of IC. section 4 contains examples to justify the results of the previous section and we close the paper with section 5 and
the conclusions.
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2. Preliminaries

Throughout the paper we will use in several parts matrix pencil theory to establish our results. A matrix pencil is a family of
matrices sF — G, parametrized by a complex number s, see [10], [11].

Definition 2.1. Given F, G € R™" and an arbitrary s € C, the matrix pencil sF — G is called:

1. Regular when r = m and det(sF — G) # 0;
2. Singular when r # m or r = m and det(sF — G) = 0.

In this article we consider the system (1) with a regular pencil, where the class of sF — G is characterized by a uniquely defined
element, known as the Weierstrass canonical form, see [I0], [11], specified by the complete set of invariants of sF — G. This
is the set of elementary divisors of type (s — a;)?, called finite elementary divisors, where a; is a finite eigenvalue of algebraic
multiplicity p; (1 <j < v), and the set of elementary divisors of type §9 = S%, called infinite elementary divisors, where q is the

algebraic multiplicity of the infinite eigenvalue. ZJ”ZI pj=pand p+qg=m.

From the regularity of sF — G, there exist non-singular matrices P, Q € R™*™ such that

) 0
IDFQ — |: 12 P.q :l ,
Oq,p Hq

(2

J, 0
roa=[ b %],
Og.p lq

Jp, Hq are appropriate matrices with Hq a nilpotent matrix with index g., J, a Jordan matrix and p+ g = m. With 04, we
denote the zero matrix of g x p. The matrix Q can be written as

Q:[Qp Qq}- (3)

Qp € R™? is a matrix with columns the p linear independent (generalized) eigenvectors of the p finite eigenvalues of sF — G;
Qq € R™ 9 is a matrix with columns the q linear independent (generalized) eigenvectors of the g infinite eigenvalues of sF — G.
Moreover note that while Q is a matrix with columns the m linear independent (generalized) eigenvectors of the m (finite and
infinite) eigenvalues of sF — G, it is easy to observe that

colspan@ =R". (4)
Furthermore from (3), (4)
colspanQ, ® colspanQq = R", (5)

where
dim(colspanQ,) = p, dim(colspanQq) = ¢

and @ is the direct sum of colspanQ, and colspanQy.
Definition 2.2. (See [I], [4]) Let J, be a Jordan matrix as defined in (2). Then with Fn,(Jy(k 4+ n)") we will denote
the discrete Mittag-Leffler function with two parameters defined by

Frn(p(k+ )" =>" J[,% (6)

i=0
The following results have been proved.

Theorem 2.1. (See [5], [6], [7], [8]) We consider the system (1) with a regular pencil. Then, its solution exists if and
only if all finite eigenvalues of the pencil are distinct and lie within the open disk S = {s € R : |s| < 1}; Then, the solution of
system (1) for k > 0, is given by the formula

Y = Qu(k + 1) Fon(Jo(k + n)") (I, — Jp)C.

Where C € RP is a constant vector. The matrices Q,, J, are given by (2), (3). The discrete Mittag-Leffler function with two
parameters is defined by (6).

Definition 2.3. Consider the system (1) with known IC. Then the IC are called consistent if there exists a solution for
the system (1) which satisfies the given conditions.

Copyright © 2015 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2015, 00 [1
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Proposition 2.1. (See [5], [6], [7], [8]) The IC of system (1) are consistent if and only if
Yo € colspanQp.

Proposition 2.2. (See [5], [€], [7], [8]) Consider the system (1) with given IC. Then if there exists a solution for the initial value
problem, it is unique if and only if the IC are consistent. Then, the unique solution is given by the formula

Y = Qp(k 4+ 1)  Fon(p(k + )" (I, — o) ZE. (7N

Where Z§ is the unique solution of the linear system Yo = Q,Z¢. For inconsistent IC (Y ¢ colspanQ,) it is has been proved
that the system (1) has infinite solutions.

From the above already established results, we can conclude that if there exists solutions for system (1), then this
solution is unique and given by (7) if and only if the IC are consistent. Inconsistent IC lead to infinite solutions. This makes the
relation of this two different type of IC important. This relation has also been studied for singular discrete time systems, see [9].
Another known result that we will use in the next section is the orthogonal projection Theorem.

Theorem 2.2. (see [17]) Let W be an inner product space and let V be a finite dimensional subspace of W. Then
Yw € W there exists unique vectors v; € V and v, € V*, where V* is the orthogonal complement of V, such that w = v1 4+ v»
and v; is the orthogonal projection of w on V, i.e.

Vi = projyw.

3. Geometric relation between a consistent and an inconsistent initial condition

In this section we will study the relation between a consistent and an inconsistent IC of the singular fractional system (1). It has
been proved (see the previous section for references) that if for the singular system (1) with known IC there exists a solution,
then it is unique and given by (7) if and only if the IC lie inside the domain colspan@, (consistent IC). However it is possible
for a system to have IC that pro exist and are not in the above mentioned domain; i.e. to be inconsistent. Then the system
at k = 0, almost instantaneously is being transferred into another new situation at time k = 1, described by system (1). This
phenomenon is called impulsive behavior of the system at kK = 0. In order to study the relation of these two different type of IC
we have to study further the case of the inconsistent IC of the system.

Lemma 3.1. Let J, be a Jordan matrix as defined in (2) with ||Jy]] < 1. Then for k =0, the discrete Mittag-Leffler
function with two parameters F, ,(J,(k + n)™), defined in (6), takes the form

Fan(Jp(n)") = ﬁ(/p — )

Proof. By replacing k = 0 into (6) we get

Fn,n(-/p(n)ﬁ) = ZJ;ﬁ'

=0

or, equivalently,
oS T(n+in)
Fon(do(n)") = ;me'

or, equivalently,

Funlb(n)') = o 2
i=0

and since it is assumed ||J,|| < 1,

Frn(o(n)") = e (s = Jp)

r(n)

The proof is completed.

Proposition 3.1. Assume system (1) and let Yy be inconsistent IC. Then if there exist solutions for (1)

Yo € N,colspan@Q;". (8)
Math. Meth. Appl. Sci. 2015, 00 |1 Copyright © 2015 John Wiley & Sons, Ltd.
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Where Q, is defined by (3), Q;l is the left inverse of the matrix Q,, i.e. Q,'Q,=/, and N, is the right kernel of the set
colspanQ;?.

Proof. The IC are assumed inconsistent and thus they don't satisfy (1). Hence
Yo ¢ colspanQp.

From (4), (5)
Yo € R" — colspan@,,

or, equivalently,
Yo € colspanQq. (9)

By using the transform
Yi = QZx, (10)

[z
SEN

Yo = QPZ(I)) + Qqu-

where Z7 € RP, Z] € RY, by using (3) we get
But from (9) we have Z5=0 and
Yo = QqZS. (11)

By replacing (10) into (1) we get
FVoQZk = GQZ,

or, equivalently,
FQV§Zk = GQZy.

Whereby multiplying by P and using (2) we obtain
Lo % sz | =Lae )12
O0gp Hq VezZl | | Ogp g zZ] |
From above expressions, we arrive easily at the subsystems
VizP = J,2° (12)

and
HeVoZl = Z}. (13)

The subsystem (12) takes values for k > 1 and has the solution
Z0 = (k+ 1) Fun(do(k + )Y (Ip — Jp) 28, VK> 1.
For a proof of this solution see [2]. Since Z§=0, by using the Heaviside function H,
m={o K20}
we give the solution the following form
Zp = Hic1 (k)" Fon(Jp(k = 1+ n)") (I — Jp) 20, Vk >0, (14)
i.e. a solution Yk > 0. The subsystem (13) takes values for k > 1 and its solution is given by
Z] =0q1, Vk>1

For the proof see [B], [6], [7], [8]. But from (11)

Zg 7é Oq.l
and thus by using the Dirac function d,
-] 1 . k=0
710 ., k#0 [
Copyright © 2015 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2015, 00 [1
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we can have the solution of (13) in the following form
70 =62, Vk>0. (15)

Therefore the solution of system (1) Vk > 0 can be written as

41
Yk:QZk:[Qp Qq ] Zq ’
k

or, equivalently,

v=l0 a Hes (k) Fon(Jp (k= 1 n)") Uy = 1) 28 !

528

or, equivalently,

e[ @ Q] { Hk_l(k)ﬁFn,n(Jp(O/;p— L+ 0)") (I = Jy) Do } [ Z } ,

or, equivalently,

Yo=[Q Qo] { Hk,l(k)n—an,n(Jpg:;1+n)ﬁ)(/p—Jp) g:é } { éfl } n { Op1 })_

Let Yi be a consistent value for the system (1). Then from Proposition 2.1
Y1 € colspanQp.
By using (11) and the above expression combined with (3), (10), i.e. Y1 = Q,Z%, we have

kal(k)ﬁFn,n(Jp(k -1+ ”)ﬁ)(/p —Jp) Opgq
/

Og.p kiq

n:[Q)qu ]Qﬂ%+%)

Since it is assumed that there exists solutions for system (1), from Theorem 2.1, ||J,|| < 1. Then for k =1 and Lemma 3.1 we
obtain

Yl — [ Qp Qq ] (1)ﬁr(1n)(lp _JP)_l(/P _JD) Op.q Q—l(yl +Y0)y
Oq,p 51/q

or, equivalently,

F(14+n-1) 1 | — -1 | — 0
Y, = [ Qy Qq ] [ T(1) r(n)( PO ) (p ) Op,q
q.p a.q

]Q%%+%)
or, equivalently,
Ogp Ogq

-1 _ Q;l
-] %].

where Q' € RP*™, Q' € R™™. From Q7'Q = I, we have that the matrix Q;" is the left inverse of the matrix Q,, i.e.
Q,'Qp = Ip. Then

M= o e et

Let

-1
@
-1

%:[Qp Om,q][Qq

} "1 +Yo),

or, equivalently,
Yi=QpQp (Y4 + Yo)

and by multiplying from the left by Q;l we arrive at
Q@510 =01,

or, equivalently,
Yo € N,colspan@,".

The proof is completed.

Proposition 3.2. Assume system (1) and let Yy be consistent IC. Then if there exist solutions for (1)

Yo € N,colspanQy". (16)
Math. Meth. Appl. Sci. 2015, 00 |1 Copyright © 2015 John Wiley & Sons, Ltd.
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Qq is defined by (3), Q7" is the left inverse of the matrix Qq, i.e. Q;'Qq=Iq and N, is the right kernel of the set colspanQ;".

ZP

Proof. If Z, = { ZE’ } where Z7 € RP, Z] € RY, by using the transform (10) and we get

Yo = Qng + Qqu-

But from Proposition 2.1 we have Z§ = 04,1 and
Yo = QpZ8. (17)

Let Y_; be an inconsistent condition for (1). Then from Proposition 3.1 and (8)
Y_1 € colspanQq

and Z?; = 0p,1. Thus
Yo = QqZY. (18)

By replacing (10) into (1) we get
FVQZik = GQZ,

or, equivalently,
FQVZk = GQZk.

Whereby multiplying by P and using (2) we obtain
I Opg VoZi 1 [ Jb Opg zy
O0gp Hg VSZE N Oq.p lq Z;’ '
From the above expressions, we arrive easily at the subsystems (12) and (13). The subsystem (12) takes values for k > 0 and

has the solution o
Z0 = (k+ 1) Fan(do(k +n))(p — Jp)Z8, k>0.

Since Z”,=0, by using the Heaviside function Hx we can give to the solution the following form
ZP = HkZP = (k4 1) Fon(dp(k + ) (Ip — 1) 28, Vk > —1 (19)
and thus have a solution for every k > —1. The subsystem (13) takes values for k > 0 and has the solution
Z] =0q1, k>0.
But as we stated earlier, Z9, # 04,1 and thus by using the Dirac function §x we can give to the solution the following form
Z] =6,k12%, Vk>-1 (20)

and thus have a solution for every k > —1. Then by using (10), (19) and (20), the solution of system (1) can be written as

Z
Yk:QZk:[Qp Qq] Zq '
k

or, equivalently, _
n—1 n
Y, = [ Q Qg ] { (k+1)" " Fon(dp(k +m)")(Ip — Jp) Z5 } ’

6/(—1231

or, equivalently, _
(k+ 1" Fan( ok + )" = Jp)ZE  Opg H Z3 }

Yi = [ Qo Qq ] { Ogq.p Ok-1lq z9,

or, equivalently,

Yo=[ Q» Q] { (k+1)ﬁFn,n(Jpé:p+ ") (I — Jp)Z8 531(,/6] ] { (igl ]+ { Op.1 })

and by using (17), (18)

n—1 n
V= [Q @ ][ (FDTRB D IZE Dee ] 0 4y,
q.p k—1lq

Copyright © 2015 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2015, 00 [1
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Then for k = —1 we obtain
Opp Opg

Ogp g

Ya=[Q Q] { }Q*(Yoﬂ/_l)

and if we assume )
1| @y
oo %],
where Q' € RP*™, Q7' € RY™, then from Q'Q = I, we have that the matrix Q' is the left inverse of the matrix Qq, i.e.
Q7'Qq = Iq. Hence

-1

Yoa=[0mp Q] [ g’il }(%Jrh),

q

or, equivalently,
Yo =QqQy (Yo + You).

By multiplying from the left with Q;* we get
Qy'Yo = 0q1,

or, equivalently,
Yo € N,co/spaanTl.

The proof is completed.

Theorem 3.1. Let Y; be a consistent condition of system (1) and Y§" an inconsistent. If there exist solutions for (1), Q
is the a matrix as defined in (2), (3) and orthogonal, then

Yo = projeoispan, (Yo + Yo'), (21)
i.e. Yp is the orthogonal projection of Yo + Y;" on the set colspan@, and

Yo = Projeotspana, (Yo + Y5, (22)
i.e. Yy is the orthogonal projection of Yo + Y5 on the set colspanQg.

Proof. As we already stated in (5)
colspanQ, ® colspanQq = R™.

While Yp is a consistent condition, from Proposition 2.1 we have that
Yo € colspanQ,
and while Y5 is an inconsistent condition, from (9) we have that
Yo € colspanQy.

Furthermore
Yo+ Yy € R™.

Let Q be an orthogonal matrix, then QT Q = I, where Q7 is the transposed matrix of Q. If we assume
- (%]
q
where Q,' € RP*™, Q.1 € R¥™, then from Q'Q = I, we have that Q,' = Q), Q,' = Q] and from Proposition 3.2

Yo € Nrco/spaanl,

Yo € NrcolspaanT,

or, equivalently,
colspanQ] = (colspan@,)*.

But co/spanQZ:rowspaan and thus

rowspanQ, = (colspanQ,)*. (23)
Math. Meth. Appl. Sci. 2015, 00 |1 Copyright © 2015 John Wiley & Sons, Ltd.
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From (9)
Yy € colspanQg,

or, equivalently,
(Y5)" € rowspanQ,.

Then from (5), (9), (23), Proposition 2.1 and Theorem 2.2
Yo = projcolspanQp(YO + YO*)
and thus we proved (21). From Proposition 3.1 we have

Yy € N,colspan@;,

Yy € N.colspanQ)},

or, equivalently,
colspanQ] = (colspanQq)*.

But co/spanQZ:rowspanQp and thus
rowspanQ, = (colspanQq)™*. (24)

From Proposition 2.1
Yo € colspanQp,

or, equivalently,
Yy € rowspanQ,.

Then from (5), (9), (24), Proposition 2.1 and Theorem 2.2
%* = projco/spaan (% + %*)

and thus we proved (22). The proof is completed.

4. Numerical Example

We assume the system (1) with

1
s[5 11 0o 0 0
F=3| 2 -1 2|6G6=| -5 % 4§
0 0 0 2 2 1

Then det(sF — G) = s(s — %) and the pencil is regular. Hence, from Theorem 2.1 there exists a solution for system (1). By
calculating the eigenvectors of the finite and infinite eigenvalues we get the matrices

1 -2 2

1 1
Qp:§ 2 -1 ,Qq:§ -2
2 2 1

respectively.
Example 4.1.

We will begin with a simple example to justify the results of Theorem 3.1. We assume the IC

It is easy to observe that Yo € colspanQ, (consistent IC), Y € colspanQq (inconsistent IC) and (Yo +Y5)" =[ 1 -1 5 ].
Then Vo € R such that u; = aYs € colspanQ,, we have

-1
[1 -1 5]
‘ o (oY) Tu 1 ! N
ProjcolspanQ@p (YO + YO ) = > up = 1 = 1 =Y,
a3 18
4 4
Bl Copyright © 2015 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2015, 00 [1
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which justifies (21). In addition, Yu» € colspanQq we have

2
[1 -1 5]| =2
. o (o Ye) 1 § § :
proJco/spaan(YO +Y ) = 3 U = -2 = -2 =Y
HU2H2 9 1 1
which justifies (22).
Example 4.2.
We assume now the IC
4
o= | —4
2

It is easy to observe that Yy € colspanQyq, i.e. the IC are inconsistent. We will use Theorem 3.1 to seek a consistent IC Y; such
that system (1) will have a unique solution. Let

Yo = . x,y,zeR.

<

From (22) and Yu € colspanQq we have

. , . Yo+ Y5) u
YO = prOJco/spaan(YO + YO ) = M

llull3
or, equivalently,
4 1 2
—4 | ==(2x—-2y+z+18) | —2
9
2 1
or, equivalently,
2x —2y +z=0.
Hence
1 0
Yo €< 0 1 >= colspanQ,.
-2 2

5. Conclusions
In this article we studied the relation between two different types of IC of a class of singular nabla fractional discrete time systems.
We proved that these vectors are related to the column vector spaces of the finite and the infinite eigenvalues respectively and

also that a consistent initial value (and an inconsistent initial value) can be viewed as the orthogonal projection of the sum of a
consistent with an inconsistent initial value over a certain subspace.
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