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On the Bernstein operator of S. Morigi and M.
Neamtu

0. Kounchev and H. Render

Abstract. We discuss a Bernstein type operator introduced by S. Morigi and
M. Neamtu for D-polynomials in the more general framework of exponential
polynomials.
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1. Introduction

Let K be either the field of real or complex numbers, denoted by R and C re-
spectively. Assume that U, is a K-linear subspace of dimension n+ 1 of C (I, K),
the space of n-times continuously differentiable K-valued functions on an interval
I =[a,b]. A system py, , k =0, ...,n, in U, is called a Bernstein basis fora < b € I,
if each function p,, , has a zero of order k at a, and a zero of order n — k at b for
k =0,...,n. It is easily seen that a Bernstein basis is indeed a basis of the linear
space U, and that the basis functions p, ; are unique up to a non-zero factor, see
e.g. the proof of Lemma 19 and Proposition 20 in [8]. The existence of Bernstein
bases and their special properties have been discussed by several authors, see e.g.
[3], [4], [5], [6], [9], [10], [11], [12], [14], [15], [16]. Let us recall that a K-linear
subspace U,, C C™(I, K) of dimension n + 1 is an extended Chebyshev system (or
space) for the subset A C I if each non-zero f € U, vanishes at most n times in
A, counting multiplicities. It is not difficult to prove that a Bernstein basis exists
for U,, ¢ C™(I, K) if and only if U,, is an extended Chebyshev system for the set
{a,b}, see e.g. [3], [11] for the case K = R.
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Both authors acknowledge support within the project “Institutes Partnership” with the Alexan-
der von Humboldt Foundation, Bonn.



2 0. Kounchev and H. Render

In this paper we want to discuss and compare a recent result of S. Morigi
and M. Neamtu in [13] about the construction and convergence of a Bernstein
operator for so-called D-polynomials with our recent results in [1] for exponential
polynomials. Let us recall that the space of exponential polynomials for given
complex numbers Ag, ..., A, is defined by

Bovn = {recm @y (£ n) (L n) 0],

In the case that the exponents in A, ...., A, are equidistant, i.e., that there exists
w € Csuch that A\j = Ao+ jw for j = 0,...,n, the elements of E(y, .. x,) are called
D-polynomials in [7, Remark 2.1]. Note that in the case w = 0 and Ay = 0, the
set E(x,,...,\,) 18 the space of all polynomials of degree < n. Another important
example is the class of scaled trigonometric polynomials, defined for even n by

span {1,sin (22:/n),cos (2z/n),sin (42 /n), cos (4x/n) .....,sinx, cos x }.

and span {sin (z/n),cos (x/n),sin (3z/n),cos (3x/n) .....,sinz, cos x} for odd n.

In [1] we have discussed the existence of Bernstein bases for exponential
spaces FE(y,, .. x,) With complex exponents Ao, ..., A\,. We say that E, . x,) is
closed under complex conjugation if f € E(y,. ... x,) implies that the complex con-
jugate f is in E(x....n,)- If the space E(y,,...x,) i closed under complex conjuga-
tion then E(y,, .. x,) is an extended Chebyshev system over any interval [a, b] with
b—a < w/M, where

M, = max {|Im);|: j =0,...,n}, (1.1)

see [1]. Therefore there exists under this assumption a Bernstein basis in E(y,,... x,.)
for {a,b}. In particular, if Ao, ..., A, are real then M, is just zero and one obtains
the well known result that E(y,, . »,) is an extended Chebyshev system over any
interval [a, ] . In passing, we note that Bernstein bases for exponential spaces can
be defined in a simple and recursive way, for details see [1].

In this paper we shall consider the case of equidistant exponents, i.e. A\; =
Ao+ jwy for 5 =0, ...,n. If w, # 0 one may try to define a Bernstein basis for [a, b]
directly by the expression

n—k

e)xo(z—a) E /11— ewn(z—b)
e [ ewn(z—a) _ - -
PO (@) = (e 1) (1 = ewn(a_b)> . (12

It is easy to see that p(y,,..x,)x 1S indeed an element in the exponential space

X

E(xo,...nn): clearly pixg,... 2.,k 1S @ sum of elements of the form
Asﬁte)\ozeswnzetwnz (13)

where A, is a constant and s € {0, ..., k} and ¢t € {0, ...,n — k} ; obviously elements
of the form (1.3) are in Ey,, .. x,). Moreover px,. . x,) has a zero in a of order
at least k and in b of order at least n — k. However, the definition of a Bernstein
bases requires that p, . has a zero in a of exact order £ and in b of exact order
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n — k. So in order to guarantee the existence of a Bernstein basis for equidistant
exponents one has only to require that

ewn(b=a) #1.

By Proposition 4 in [1], the existence of a Bernstein basis consisting of real-valued
functions is equivalent to the property that E(y, . x,) is closed under complex
conjugation.

In [13] S. Morigi and M. Neamtu introduced a Bernstein operator based on
D-polynomials. At first they consider the null space D of a differential operator of
the form

'—d—2+ i+6 ithy,0 e R
T da? ’de WL '

= (4w ()

with complex numbers g, 1 one sees that either pg, uq1 are both real or py = 7
and po ¢ R. They introduce the function

H1T __ oHOT —
d(z) = { (e e xe%gg(#l 1o) , ff;)rr /ioié H1
Ho M1,

Writing

and the space of D-polynomials of degree < n is defined by
D, :=span{d” ((-—1t)/n) : t € R}.

Note that the space D, is closed under complex conjugation since d is in D,,. For
given pg, pp define w,, := % (111 — po) and the equidistant exponents

Aj = po + jwy, for j =0,...,n. (1.4)

Then it is not difficult to see that P, is equal to E(y, ... x,) with exponents defined
by (1.4). In the case that pu; = pg, so w, = 0, one obtains the space of all
polynomials of degree < n multiplied by e*®. In the sequel we shall assume that
wy, # 0, since the case w, = 0 is covered by the classical Bernstein operator for
polynomials.

If pup # py the Bernstein operator of S. Morigi and M. Neamtu is defined by

n k n!
B, f(z) = kZ:Of (a + (b= a)> (n = k)! (ewn(b=a) 1)

for f € Cla,b] where p(x,,....x,).x is defined in (1.2). According to Proposition 3.1
in [13] the Bernstein operator B,, has the interesting property that

B, (") = €% and B,, (e'") = e/'7.

Do an)k () (1.5)

Moreover it is shown that B, f converges uniformly to f for each f € CJa,?]

provided that po and py are either real or fig = o ¢ R and b — a < 7/ [Impo] .
In [1] we have shown that an analogous Bernstein operator B, can be in-

troduced in the general setting of exponential polynomials, or more recently, for
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extended Chebyshev spaces in [2]. Indeed, if we suppose that a space U,, of dimen-
sion m + 1 possesses a Bernstein basis py i,k = 0,...,n, one may try to define a
Bernstein operator as an operator of the form

Buf = f(tx) akpnk (1.6)

k=0

with the property that two given function fy, f1 € U, are fixed by B,, i.e. that
By fo = fo and B, f1 = f1. (1.7)

In the first section we shall survey some recent results concerning this question. In
the second section we want to illustrate the results for the case that the exponents
are equidistant arriving at the construction of Morigi and Neamtu. The main aim
of the paper is to demonstrate that a sufficient criterion in [1] for the convergence
of Bernstein operators to the identity (see Theorem 2.3) can be used for the case
of equidistant exponents, giving an alternative proof of the convergence result of
Morigi and Neamtu in the case that g # u; are real.

2. Bernstein operators for exponential polynomials

The assumption in Theorem 2.1 below, taken from [1], namely that the length of
the interval [a,b] is smaller than 7/M,,, implies that E(x,,.. x,), £(,,..,,) and
E(xo,2s...,\) are extended Chebyshev spaces over the interval [a,b]. In particular
there exists a Bernstein basis p(x,,... x.).k F = 0,...,n, in B¢y, ) for {a,b} and

we shall assume without loss of generality that it satisfies the condition

. P, An) k (T) k
B lim Sem b 20 0 (a) = 1. (2.1)

r—a,r>a (.Z' _ a)k B
Similarly there exists a Bernstein basis p(x,,.. x,).k & = 0,...,n — 1 for the space
E(z,,...x,) and a Bernstein basis p(xg.x,.,...,x,),k for the space By x,...1,) With the
corresponding norming condition. In the next result these bases are needed for
defining the nodes t; € [a,b]. In the next section we shall see that the Bernstein
operator of S. Morigi and M. Neamtu for real values pg # p1 is a special case of
the following construction.

Theorem 2.1. Let Ao, ..., A\, be complex numbers with Ao and A1 real and Ay < A1.
Suppose E(x,,...x,) is closed under complex conjugation and 0 < b —a < 7/M,,
where M, is defined in (1.1). Define inductively points to, ...,t, by setting to = a
and
o= A)(tr—timt) _ iy PQodzeedn) =1 (2)
@=b Py, An) k-1 (T)

fork=1,2,....n. Then

a=ty<t; <...<t,=hb
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Put ag = 1, and define numbers

T A poe. i (@)
oy = e~ Po(tk—a) (_1)k H lim 4= (Xos--An), (2.2)
=67t PO (2)
fork=1,....n. Then «ay, ...,a, > 0 and the operator B,, defined on C'[a,b] by
B,.f= Zf (th) kP (ro,. o An) b
k=0
(1.6) satisfies the equations
B, (e)‘f’z) =M% gnd B, (6/\11) = M7,

Next we recall from [1] a sufficient condition for the Bernstein operator B,
to converge to the identity. At first we need the following

Definition 2.2. For each n € N, let {a (n,k) : K =0, ....,n} be a triangular array of
complex numbers. We say that a (n, k) converges uniformly to c¢ if for each £ > 0
there exists a natural number ng such that |a (n, k) — ¢| < ¢, for all n > ng and all
k=0,..,n.

Theorem 2.3. Let Ao, A1, A2 be distinct real numbers and let Ay, = (Ao, A1y ey An),
where for j = 3,...,n the complex numbers \; are allowed to vary. Suppose each
E(xo,...n,) 18 closed under complex conjugation, and furthermore there erists a
positive number M such that for every n > 2 and every j = 0,...,n, we have
|[ImA;| < M. For each k <n set

Pxo, Az, An ),k (90)

a(n,k) = lim , 2.3
(. k) 2=b Py Ay An) sk () 23)
bnk) = lim POoAsdsedn) b (@) (2.4)

T=b  P(A; Az An )k (T) .

Let ty,, kK = 0,...,n, be the uniquely determined points given by Theorem 2.1.
Assume that

lim tk - tk,1 =0 (25)
uniformly in k, and likewise, that
logb (n, k
i 8000E) (2.6)

n—oo tp — 1l

uniformly in k. Then the Bernstein operator B,, defined in Theorem 2.1, converges
to the identity operator on C([a,b],C) with the uniform norm.

Remark 2.4. Tt is not difficult to see that the assumptions (2.5) and (2.6) are
equivalent to say that a(n,k) and b (n, k) converge uniformly to 1, and that
17()(71,]{}) )\27)\0

. 2.
1—a(mk) M\ —Xo 27)
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3. A proof of the convergence result of Morigi and Neamtu

Let 1o # p1 be complex numbers. Define wy, := 1 (41 — o) and the equidistant
exponents \; = ug + jw, for j =0,...,n. Note that
Ao = o and A, = .
Assuming that e“»(v=9) =£ 1 one can define a Bernstein basis for the equidistant
exponents A\; = g + jw, for j =0,...,n by
n—Fk

e)\o(z—a) kE/1— ewn(x—b)
— wn(z—a) _
POosAnk () = klwk (e 1) (1 - ewn(a—b)> (3.1)
The factor in (3.1) ensures that condition (2.1) is fulfilled:
kM pex,,oxa) .k (@) / (2 = a)* =1. (3.2)

Since the exponents A, ..., A, are also equidistant with the same width w,, one
obtains a Bernstein basis for the space E(y, .. x,) by

eAl(xfa) o (o kE /11— ewn(mfb)
P () = S (070 1) (l_w)

n—1—k

Similarly we have

Ao(z—a) E/1— wn (z—b)
e &

_ "-’n(m_a) _

Do)k () = klwk (e 1) (1 - ewn(ab)>

A straightforward calculation shows that

n—1—k

d
di—1 := lim dzP Qo An) b () = — (n —k)wn e(b=a)(Ao—X1) (3.3)
@=b DAy, An)ik (T) 1 — ewn(a=b)
d
d R,
Dj_q:1 dzP(Xo,.. An).k (93) _ (Tl )wb ' (3'4)
2=b P(rg,erAn_1 ),k (T) 1 — ewn(a—b)
Thus we see that
lim PO nms) k1 () = di—1 — e(b=a)(Xo—A1) (3.5)
e=b Pag,ean) k-1 (@) D

Next we want to apply Theorem 2.1 and for this reason we shall require that pug
and pp are real. We remark that Theorem 2.1 could be generalized to the case
of complex conjugates u; = Tig (compare Theorem 4.3) with the same type of
calculations.

Proposition 3.1. Assume that pg # p1 are real numbers and wy, = (1 — po) /n-
Let A\j = Ao + jwy, for j =0,...,n. Define ty, :== a + % (b —a). Then the operator
defined by

wﬁe—/\o(%(b—an
P00, An) ik (T)

B.f (z) = Z

k=0

n!
I (tx) (n—k)! (ewn(bfa) _ 1)

n
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for f € Cla,b] satisfies
B, (") = e and B, (e/*) = e1”.

Proof. By Theorem 2.1, applied to the exponents Ag = pp and \,, = p71, the nodes
ti are defined by the equation

e()\ﬂ_)\n)(tk_tk'fl) — lim p(/\o,.‘.,/\nfl),kfl (-r) _ e(b—a)()m—)q)) (36)
T—=b D(Ay,...An),k—1 (x)
so we have \ \ )
0— A1
tp —tp_1 = b—a)=—(b—a).
E— k-1 )\O_)\n( a) n( a)

It follows that ¢, = a+ £ (b —a). According to (2.2) and (3.3) we have
) e(“’b)k“"wﬁ n!
(1 _ ewn(afb))k (n — k)' '

ap = e ) (LR gy gy = e Mo(R -

The following lemma will be needed later:

Lemma 3.2. Define Fonp(2) = (2a—1)* (28— 1)1 = S o, (1) 25
Then fork <n-—1

- e (0 )
puatoy = CLTRECASIS () (1) (5)

Proof. Clearly the n-th coefficient fa, r (n) of Fyy , is given by F2(Z)k (0) /n!. Ac-
cording to the Leibniz rule we obtain

1 n—1

R WP IS I S AN K d on—h1
o ) = 0 = 552 () g = 0 i (= 07 .

Note that the summation over [ is trivial for [ > k, and one obtains that

L) K o @n—k-1) et
fzn,k(n)n!;(l)(k_l)!al(1)kl(n_k_1+l)!/6’ oy Rt

The case fon (n — 1) is similar. O

Now we prove the result of S. Morigi and M. Neamtu for the case of real
numbers pg # p1. The result is also valid for complex conjugates uy = fig ¢ R
with the requirement that b—a < 7/ [Imyugl, see [13, p. 137]. For technical reasons
we consider only the case

A2n = ()\07 >\13 seeey )\277,)
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(so the last index is even) which guarantees that A\, occurs as a component of As,
for every n.

Theorem 3.3. (S. Morigi, M. Neamtu) Let iy # 1 be real numbers and define \; =
140 —&—jﬁ (1 — po) for j =0,...,2n. Then By, .. x,.)f () converges uniformly to
f for all f € Cla,b].

Proof. 1. We apply Theorem 2.3 to the triple \g = po, Aoy, = p1 and A\, =
2 (11 + po) (instead of Ao, A1, A2). Note that

te+1(2n) — ti(2n) = % (b—a)

converges uniformly in k to 0 for n — oco. By formula (3.6) this is equivalent to
say that

a (n, k) := lim PO0,-Aan1) k (z) — e(Po=A2n)(tkt1—tk)
5= DA, Aan) ke ()
converges uniformly to 1.
2. By A2, \ A, we denote the vector where we have deleted the number \,,.

By Theorem 14 in [1] there exists a constant C’,? 0An £ 0 such that

Phon Ak () = DO da o) () = Co0 Dy g () (3.7)
It follows that

X
b(n,k) = tim — PRk () g oy Phanien (8)
2= D(As Aaye.han) b (T) 2=b P(A; Ao, dan ),k (T)

Furthermore, by (1.2) and the definition of pa,, k+1 ()

PAsn kt1 (T) R ( wan (z—a) 1)
= ewn —-1).
PO Agsdan )k () (k+1)wap,
Hence
1 —wan (b—a)
b(n,k) =1+ O g (et =),
Wan

3. Now we determine C,i‘ oA from equation (3.7): we expand the functions
occuring in (3.7) according to the basis e*% € Ex,... xs,) for j = 0,...,2n and
compare the coefficient for the basis function e**. Since pa, \x, x € Eayn\n, it
is clear that the coefficient of pa, \x, x is zero.

In order to keep the notation simpler, let us put

an = e~ %2 and 3, = e Wb (3.8)
and consider the polynomial

Fong (2) = (zan — 1)F (28, — 1)+
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defined in Lemma 3.2. Then with z = e“2"® we have
ero(z—a)

Phanti1 (7) = (k+ D (1 — ewen(a—t)) =R (zan = 1) Fon.i (2)

( ) e)\o(m a)efwz" . ( )

p sA250A2n )5 r)= n—k— Z n,k z)-

()\1 A2 A2 ) k klwéfn (1 _ ew2n(a—b))2 k—1 2

The n-th coefficient of (zay, — 1) Fan i (2) is equal to ap fonk (n — 1) — fonx (n)
where fa,, 1 (n) is defined in Lemma 3.2. Hence

f2n,k (TL - 1)
anf2n,k: (n - 1) - f2n,k: (n)

Cpot = —e¥20% (k4 1) way,

and

1—b k) = —wanb wan(b—a) 1 f2n,k (n )
(n7 ) ‘ (e ) aann,k (n - 1) - f2n,k (TL)

Note that o, fonrx (n—1) and fa, x (n) have opposite signs by the formulas in
Lemma 3.2. Thus we obtain

lafonk (n—1) = fank (N)] > a|fank (n —1)].

Then 1
b, k) = 1 < et [ewant) | 2
!
and we conclude that b (n, k) converges uniformly to 1.
4. Next we consider
—wan(b—a
71 ¢ <n’ k) = eUJan 1 _76 ’ ( ) an — 71‘2”7]6 (n) . (3.9)
= (n, ) e 1 Fonck (n— 1)

The first two factors on the right hand side converge to 1. By (3.8) «,, converges
to 1. Hence, if we prove that
f2n,k (n)
f2n,k (n - 1)
converges to —1 then (3.9) converges to 2 = (Aap, — Ao) / (A — Ag) . By Remark
2.4 and Theorem 2.3 we conclude that B,, converges to the identity operator. In
order to show the convergence of (3.10) we define

=5 ()(02)"

=0

(3.10)

Then

fong(n) 9k ("v" L3
f2n’k (n - 1) 9k (TL - ].,'TL, %)

The following identity is elementary:

(I4+zy)" (1+y)° ng T, 8, T)
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Now we consider for a fixed x the polynomial

2n—2

Qn () =0+ay)" " A+y)" ' =D (@)
k=0
Clearly the coefficients g () are non-negative. Since gi (n,n — 1,z) is the k-th
coefficient of (1 + zy) @, (y) it follows that

gk (nyn —1,2) = qr () + zqp—1 () .
Similarly gi (n — 1,n,z) is the k-th coefficient of (1 + y) @, (y), so we have

g (n—1,m,2) = qr () + qr—1 (z).

Thus
g(nn=1a) || Jr-lgea@
gk (n—1,n,2) a () + qr—1 ()
Since & = way, converges to 1 (independent of k) we see that for k <n —1
1—a(n,k) A2n — Ao
R 9 2n T 70
1—b(n,k) An — Ao
uniformly. The case n — 1 < k < 2n follows by a symmetry argument. O

4. Bernstein operators for Chebyshev spaces

In this secton we survey some results from [2]. We need the following notation: for
a strictly positive function fy € U, C C™ [a,b] we define the space of derivatives

modulo fo by
D _Ja Iy,
foUn = {dl‘ <f0) :fe Un}

which is clearly a linear space of dimension n. A Bernstein basis p, 1,k =0, ..., n,
in a subspace U,, C C™ [a,b] is called non-negative, if p,, 1 (x) > 0 for all z € [a, ]
and k = 0,...,n. It is easy to see that a non-negative Bernstein basis exists if U,
is an extended Chebyshev system over the interval [a,b] which is closed under
complex conjugation. The following result is proved in [2]:

Theorem 4.1. Assume that U, possesses a non-negative Bernstein basis py i, k =
0,...,n for {a,b} C I, a <b. Let fy € U, be strictly positive, suppose fi € U, has
the property that fi/fo is strictly increasing, and assume that Dy, U, possesses
a non-negative Bernstein basis ¢n,—15,k = 0,...,n — 1. If the coefficients wy, k =
0,...,n— 1, defined by

d fl n—1
— = = E _ 4.1
dx fO k=0 WrGn—1,k ( )
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are non-negative, then there exist unique points to,...,tn € [a,b] with to = a and
t, = b and unique positive coefficients «y, ..., a,, such that the operator

Buf = f(tk) axpn (4.2)
k=0

satisfies By, fo = fo and B, f1 = f1.

It follows from the above construction that B,, defined in Theorem 4.1 is a
positive operator. From the last theorem one may derive the following two results
for Bernstein operators in the framework of exponential polynomials:

Theorem 4.2. Let \g, A1 be real numbers and fo(x) = e % and fi (x) = eM?®
if A1 # Ao and fi () = zeT if Ay = Xo. Suppose that E(x,,...n,) 18 an ex-
tended Chebyshev space for [a,b] closed under complex conjugation. Then there ex-
ist unique points to,...,t, € [a,b], and unique positive coefficients ay, ..., Qu,, such
that the operator By, : C'[a,b] — E(y,, ..\, defined by (1.6) satisfies the equations
B, fo = fo and By, f1 = fi.

Theorem 4.3. Let \g, ..., A\, be complex numbers such that Ay is not real and A\, =
Xo. Assume that the spaces Exo,..xn)s Era,.nn) and Ex, x,) are extended Cheby-
shev spaces over [a,b] closed under complex conjugation. Then there exist unique
points to, ...tn € [a,b] and unique positive constants o, ..., a, such that the oper-
ator B, : C'la,b] — U, defined by (1.6) satisfies the equations By, (e*) = e*o®

and B, (er"‘”) = o,
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