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Abstract—The operation of rooftop photovoltaic (PV) systems
can be challenged by the electric characteristics of the low voltage
(LV) feeders. On this subject, high-impedance LV feeders can
result in PVs facing the loss of synchronization due to instability
in the phase-locked loop (PLL) unit of their inverter, mainly
because PLLs are commonly designed to operate under nominal
grid conditions and their performance can be highly affected
when the loading of the feeder deviates from the nominal one.
One way to avoid such a problem is by characterizing the
network impedance at the PV connection point, and use this
characterization to provide a robust PLL design. This paper
presents a methodology to construct a stochastic representation
of the network impedance seen at the PV point of connection.
To do so, the distribution of the grid resistance and inductance,
under various operational scenarios, is extracted using a Monte
Carlo simulation framework and then modeled via a Gaussian
distribution. This distribution is employed to obtain an ellipse
that embraces the values of the aforementioned resistance and
inductance. This ellipse determines the range of the variations
of the network impedance to be regarded in the robust design
of the PLL.

Index Terms—dynamic stability, low voltage distribution
networks, maximum likelihood estimation, phase-locked loop,
rooftop solar photovoltaic systems, stochastic modeling.

I. INTRODUCTION

The growing adoption of rooftop solar photovoltaic (PV)
systems in residential buildings is rapidly increasing the pen-
etration of this technology in low voltage (LV) distribution
systems. Besides the common technical problems associated
with large PV penetrations in LV grids, e.g., over-voltages,
and harmonics, another important challenge towards rooftop
PV integration is concerned with retaining the stable operation
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of the voltage source inverter (VSI) interfacing the PV with
the grid, under all expected network operational conditions.
The main function of this unit is to capture the frequency
and phase angle of the grid voltage and employing it in its
control loops to construct a rotating reference frame to perform
the abc to dq transformation [1]. One of the most applied
PLL designs is the synchronous reference structure consisting
of a PI controller and a voltage-controlled oscillator. In [2],
different PLL structures are compared.

When integrating PV systems in weak LV grids, there are a
series of aspects that must be considered in order to ensure the
stability of VSI during operation. Firstly, it is well known that
the design of the VSI PLL should be robust enough in order
to cope with potential harmonic voltage distortions, which
are expected to be prevalent in high impedance LV grids. In
addition, it has been demonstrated that PLLs can introduce a
low-frequency impedance that is in parallel with the open-loop
impedance of the VSI [3]. Such phenomena can influence the
VSI’s output impedance and give rise to low-frequency power
oscillations through its interaction with the grid impedance
under certain conditions [3]. Finally, it has also been recently
demonstrated that the grid impedance can influence the PLL
dynamics through its impact on the PLL self-synchronization
loop [4] and the PLL synchronization stability, which can be
important during current transients [5]. The impact of the grid
impedance on the PLL stability is investigated in [6].

Typically, one way to improve the PLL stability is to design
the PLL with reduced bandwidth. However, this comes at the
expense of making the PLL response very slow [7]. Such
paradigm creates a situation where a trade-off must exist
between increasing the dynamic response of the PLL and
improving the stability of the VSI [8]. To effectively deal
with this trade-off, there exist multiple approaches that can
help in the provision of a robust control design, e.g., the H-
infinity loop-shaping technique. These approaches commonly
require identifying the bound of the deviation between the
nominal value of the parameters used in the design and the
actual values encountered in practice. On this subject, one978-1-6654-4875-8/21/$31.00 ©2021 IEEE



influential parameter is the impedance at the PV’s common
point of connection, Zg , which possible variations can be
characterized by exploring its magnitude under all expected
operating conditions of the grid.

Multiple approaches have been proposed for characterizing
the variations of Zg in front of potential changes in the
network’s loads and configuration, and the local and upstream
grid. In [9], the data generated from multiple operating condi-
tions is used as an input for a clustering technique to obtain a
reduced number of representative impedance patterns. The on-
line method in [10] provides a parametric multivariate model
of the network admittance. This method employs sensitivity
analysis and instrumental variable method for continuous-
time system identification. In [11], the authors estimate the
Thevenin equivalent parameters using phasor measurement
unit data. The proposed approach is tested under various
IEEE test networks. Finally, the work in [12] analyses a large
data set of measured access impedances at the LV level and
provides stochastic models for both resistance and reactance
components.

This paper proposes a stochastic representation of the grid
impedance at the connection point of a PV system in an
LV network. To do so, an ellipse that embraces the joint
variations of the grid resistance and inductance, with a re-
quested confidence level, is generated from the results of a
series of Monte Carlo simulations. The maximum likelihood
estimation (MLE) approach and confidence level analysis are
employed for this purpose. This extracted ellipse expresses
the codependent range of the variations of the resistance and
inductance of the connection point under different operational
conditions of the network. These ranges of variations can be
regarded in the design of the PLL unit of the PV system. In this
way, the stability of the PV system is secured under probable
network operational conditions. It should be emphasized that
the process of developing a robust design for the PV PLL using
this extracted confidence region is addressed in our future
works.

II. METHODOLOGY

In this section, Monte Carlo simulations are employed to
explore different operating points of an LV network. Then,
the joint probability distribution of the network’s resistance
and inductance at the PV’s connection point is extracted and
the MLE approach is employed to model the provided joint
probability distribution as a 2-variate Gaussian distribution.
Confidence level analysis is employed afterward to extract a
region that embraces the impedance variations with a requested
confidence level. Finally, a normality test is conducted.

A. Monte Carlo Analysis To Explore Impedance Variations

To capture the variations of the network impedance over a
variety of network operating points, one effective approach is
to obtain the probability distribution of these variations. Let
ZHk denote the network impedance at the connection point
Hk. ZHk consists of the resistance, RHk, and inductance,
LHk, as ZHk = RHk + j2πfsLHk, where fs is the power

system frequency. Since RHk and LHk are correlated, to
obtain the probability distribution of ZHk, the joint probability
distribution of RHk and LHk should be extracted.

B. Maximum Likelihood Estimation

MLE is aimed at constructing a representation of a stochas-
tic phenomenon. Let x denote a stochastic process consisting
of d stochastic variables. Assume that the probability density
function (PDF) of x, i.e., f , belongs to a known parametric
family of densities, i.e., {f(.|θ)|θ ∈ Θ}, where θ = [θ1, ..., θm]
is a vector of m unknown parameters, and Θ is its corre-
sponding parameter space. Given a set of n observations,
X = [X1, ..., Xn], with Xi (∀i = 1, ..., n) a vector of size d,
the objective is to find a set of parameters, θ̂, such that under
the derived PDF, f(x|θ̂), the observations are most probable.
This is achieved by maximizing a log-likelihood function,
γ(θ|X), over the given observation set, as [13]:

θ̂ = arg max
θ∈Θ

γ(θ,X) (1)

Assuming that γ(θ|X) is differentiable in θ, a necessary
condition for θ̂ to maximize γ(θ|X) in (1) is that the partial
derivatives of γ(θ|X) with respect to all the parameters at θ̂
be equal to zero, as [13]:(

∂γ/∂θj
)
|θ̂ = 0 ∀j = 1, ..,m (2)

Solving the set of equations in (2) yields the optimum set
of parameters for the assumed distribution.

C. Maximum Likelihood for Impedance Characterization

Here, the Gaussian distribution is employed to describe the
joint probability distribution of RHk and LHk, as (3), where
g represents the PDF of RHi and LHi. g contains the mean
vector, MHi, and the covariance matrix, ΣHi. The suitability
of the 2-variate Gaussian distribution for this problem is
examined using the kurtosis test, in Subsection II-E.

g
(

[RHk, LHk]|{MHk,ΣHk}
)

=
(
1/(2π|ΣHk|)0.5

)
×

exp
(

([RHk, LHk]−MHk)Σ−1
Hk([RHk, LHk]−MHk)T

)
(3)

Considering (3), for each connection point, Hk, the corre-
sponding parameters, i.e., MHi, and ΣHi, should be estimated.
To this end, given the provided samples of RHk and LHk
by Monte Carlo simulations, the log-likelihood function is
constructed as in (1) and the set of equations in (2) is solved.
Consequently, the optimal estimation for MHi, and ΣHi,
denoted by M̂Hi, and ˆΣHi, are achieved.

D. Confidence Level To Capture Impedance Variations

Different phenomena can cause the network impedance seen
at the PV connection point to change, i.e., change of the value,
power factor, and type of the demand of different network
buses, change of the topology of the LV feeder, change of the
impedance of the upstream network, change of the voltage of



the head of the feeder, and integration of distributed energy
resources at other network nodes. The impact of some of these
phenomena on the network impedance and the performance
of the proposed approach to capture the impedance variations
under these scenarios are investigated in the following section.

The main purpose of modeling the probability distribution
of the samples via a Gaussian distribution is to capture the
range of the variations of RHk and LHk to design a robust
PLL. The confidence level analysis is a prominent method
for this purpose. Given M̂Hi, and ˆΣHi, and considering a
desirable confidence level, α, the confidence level analysis
proposes an ellipse that encounters the data samples with a
probability of α as [14]:

E = {y ∈ R2|(y −MHK)Σ−1
HK(y −MHK)T = r2} (4)

where E determines the perimeter of this ellipse, and r is the
Mahalanobis distance, given as:

r =
√
−2 log (1− α) (5)

In our study, a confidence level of 95% is considered to
include the majority of LHk and RHk variations. The 95%
confidence ellipse achieved by (4) is denoted by 95-CE.

E. Kurtosis for Normality Test

There are several measures to test the normality of a data
set, i.e., whether the Gaussian distribution is a suitable fit
for describing the distribution of the data samples. Here, the
main purpose of employing the 2-variate Gaussian distribution
is to extract the 95% confidence regions. Therefore, the
most important feature is that the fitted Gaussian model has
effectively embraced the data samples that are away from the
mean. A suitable test for this purpose is to evaluate the kurtosis
of the data samples and compare it to the kurtosis of an
ideal Gaussian distribution. Kurtosis is the fourth standardized
central moment of a distribution. Considering the data samples
X = [X1, ..., Xn] in Subsection II-C, kurtosis is defined as
[15]:

κ =
( n∑
i=1

|(Xi −MHK)Σ−1
HK(Xi −MHK)T |2

)
/n (6)

where κ stands for the kurtosis of X , and |.| denotes the
euclidean norm operator.

Given that kurtosis is proportional to the fourth central
moment, it naturally gives higher importance to the data
samples that are away from the mean of the distribution.
Therefore, kurtosis highlights the departure from normality on
the tails of the distribution which is, as stated, more favorable
for the proposed modeling approach.

Fig. 1 summarizes the algorithm applied in this paper for
the grid impedance characterization.

III. RESULTS

A. Test System

The Cigre LV distribution benchmark for residential Euro-
pean feeders is considered as the test system [16]. This system

serves 6 loads with an overall rated power of 404 kVA. This
network is modified by integrating three single-phase loads at
buses 11, 15, and 18, with a rated power of 15, 10, and 8 kVA,
respectively. These loads represent the household consumers
that intend to be equipped with a PV system. Therefore, the
impedance of the network is analyzed from these connection
points, i.e, H1, H2, and H3, respectively. Fig. 2 depicts a
schematic diagram of this feeder.

B. Monte Carlo Analysis

Analyzing the Irish standard load profiles in 2019 [17], pro-
vided by ESB Networks (an Irish electricity supply company),
reveals that the ratio of the mean of annual consumption to the
rated power, denoted by µ, is 0.4 for residential consumers in
Ireland. In addition, the coefficient of variation, CV , is equal
to 0.4, where CV is defined as the ratio of mean to standard
deviation. It is also assumed that a correlation of 0.6 exists
between the consumption values corresponding to each pair
of network loads. Let ρ denote this correlation. The power
factor of each load is a random number between 0.9 lag to 1.
Loads are assumed to behave as purely constant active and re-
active power (Constant PQ). Monte Carlo simulations generate
10,000 pairs of active and reactive powers for each network
load. EPRI’s OpenDSS (a distribution system simulator) is
employed to run the power flow equations. Consequently,
10,000 operating points are provided for this test network.
Afterward, at each operating point, the network’s impedance
at each of the considered connection points is evaluated by
injecting a small-signal current into the connection point,
∆IHi, followed by calculating the corresponding node voltage
variation, ∆VHi, and then finding the ratio of ∆VHi to ∆IHi,
as ZHi = ∆VHi/IHi (∀i = 1, 2, 3). Having ZHi, RHk and
LHk can easily be evaluated. Therefore, three data sets are
provided for the MLE analysis.

C. Results of The MLE Analysis

The MLE analysis is employed on the provided data sets
to extract the Gaussian distribution of RHk and LHk. Figs.
3, 4, and 5 show the actual joint probability distribution of
RHk and LHk, together with the fitted Gaussian distribution
by MLE. Table I presents the corresponding κ of each data
set. The kurtosis of an ideal 2-variate Gaussian distribution
equals 8 [15]. As seen, for all the connection points, the value
of the evaluated κ is close to the kurtosis of an ideal Gaussian
distribution, which verifies that the Gaussian distribution is a
suitable fit for modeling the distribution of these data sets.

D. Results of The Confidence Level Analysis

Following the extraction of the Gaussian distributions, the
confidence level analysis is employed to construct the 95-CEs.
These ellipses represent the range of the variation of RHk
and LHk, with a confidence level of 95%. To examine the
accuracy of the proposed approach, the portion of the data
samples placed inside the extracted 95-CEs are evaluated.
Table I presents the results. As seen, for all the connection
points, this portion is very close to the expected 95%, which



Fig. 1. The block diagram of the proposed approaches.

Fig. 2. The schematic diagram of the CIGRE LV distribution feeder.
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Fig. 3. The joint probability distribution of RH1 and LH1: a) simulation
results, b) the fitted Gaussian distribution.
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Fig. 4. The joint probability distribution of RH2 and LH2: a) simulation
results, b) the fitted Gaussian distribution.
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Fig. 6. The 95-CE corresponding to H3, together with the data samples.

emphasizes that the extracted 95-CEs effectively represent the
variations of the network impedance. As an example, Fig.
6 shows the 95-CE corresponding to H3, together with the
Monte Carlo data samples. This figure demonstrates how the
extracted 95-CE encircles around 95% of the data samples.

To study how the 95-CEs are influenced by the variation of
network parameters, different study cases are constructed by
altering one of the parameters at each step, while keeping the
others as the main study case. On this subject, at first, besides
ρ = 0.4, two other values are considered for ρ, i.e., 0.4, and
0.8. Then, besides µ = 0.4, and CV = 0.4, two other values
are considered for CV , and µ, i.e., CV = 0.2, CV = 0.6, µ =
0.3, and µ = 0.5. Afterward, the impedance of the upstream
network, Zu, is altered by ±10%, i.e., Zu = 0.9Z0u, and
Zu = 1.1Z0u, where Z0u represents the original value of Zu.
Finally, the types of the network loads are changed to constant
impedance (Constant Z), and constant current (Constant I).

Figs. 7, 8, and 9 show the 95-CEs corresponding to the
connection points H1, H2, and H3, respectively, for different
values of ρ, CV , and µ. As seen, a change in ρ does not
influence the 95-CEs noticeably, whereas an increase in CV
makes the CEs taller along the major axis, symmetrically. The
influence of a change in µ depends on the connection point:
for H1 and H3, the 95-CEs expand towards the major axis,
but for H2, the 95-CEs expand along both of the axes. The
main reason for such patterns can be found by considering
that with an increase in CV , the network loads vary in a
wider range, mostly symmetrically around µ, therefore, the
95-CEs are expected to expand symmetrically. An increase
in µ, however, means the network is experiencing a higher
level of loading. In this regard, the feeder that connects H2



TABLE I
THE RESULTS OF THE NORMALITY TEST

Connection point H1 H2 H3
Kurtosis of the data samples 9.63 9.63 9.79

Portion of data samples inside the 95-CEs (%) 94.6 94.4 94.5
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Fig. 7. The CEs corresponding to the H1 connection point with different
values for the loads’ stochastic parameters: a) ρ, b) CV , c) mu.

to node 4 has quite different characteristics than the one that
connects H1 and H3 to the head of the feeder: the impedance
of the former is around 3.7 times larger (ohms/km), and the
resistance to reactance ratio is around 1.5 times higher (2.5 to
1.7). Therefore, an increase in µ has different influences on
the 95-CEs of H2 compared to those of H1, and H3.

Fig. 10 presents the impact of Zu on 95-CEs, for different
connection points. As seen, a change in Zu just shifts the 95-
CEs along the direction of the decrease or increase in Zu:
to a moderate extent for H1, which is closer to the head of
the feeder, and to a lesser extent for H2, and H3. Therefore,
it can be concluded that for practical European feeders that
are generally longer than this benchmark feeder, modeling
the variations of Zu is not of high importance, unless the
connection point is near to the head of the feeder.

Fig. 10 depicts the 95-CEs when different types of loads are
examined. As seen, the load type has a significant impact on
the 95-CEs, for all the connection points. On this subject, not
only the 95-CEs have been shifted in Fig. 11, but also the area
of the 95-CEs has changed to a great extent. This emphasizes
the importance of having a precise model of the load types
when the stability of the PV’s PLL is the subject of a study
in LV distribution networks.

IV. CONCLUSION

The MLE approach, together with the confidence level
analysis, was employed to present a stochastic representation
of the network impedance seen at the point of the connection
of a PV system to an LV distribution network. In this regard,
an ellipse was constructed that embraces the variations of the
resistance and inductance of the connection point together,
with a confidence level of 95%. Results show that the shape
and characteristics of these ellipses are highly dependant on
the location of the connection point. It was also concluded
that whilst the stochastic properties of the network loads can
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affect the shape of these ellipses, but the most important
feature is the type of the loads. Therefore, to accurately model
the variations of the network impedance, it is of prominent
importance to have a precise model of the network loads,
which will be considered in our future studies. The provided
stochastic representation of the network impedance in this
work determines the bound of the variations of this impedance.
This bound can subsequently be considered when a robust
control design technique is meant to be applied to set the
control parameters of the PV’s PLL, which is the subject of
our future work.

In this paper, the proposed approach was implemented
on a relatively small LV feeder. It would be interesting to
test this approach on more realistic large-scale LV feeders
to investigate its performance. In addition, instead of using
only one Gaussian distribution to model the distribution of
the network impedance, a mixture of Gaussian distributions
could have been applied which may result in more accurate
results. Another thing that could have been regarded in this
analysis is to consider the change of the topology of the LV
feeder and investigate if this approach can still effectively
model the variations of the network impedance under different
topologies.
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