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Abstract—Probabilistic load flow is becoming a more useful
and needed power system analysis technique with the increase
of stochastic generation and demand. This paper improves
the usefulness of probabilistic load flow by demonstrating an
algorithm for modeling voltage regulators within the probabilistic
load flow solution. Previously, the voltage regulators have been
removed from the system before analysis. The proposed technique
is verified by comparing the solutions to those obtained by Monte
Carlo simulation.
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I. INTRODUCTION

Load flow, also referred to as power flow, is one of the
basic and most used tools in power system analysis [1]. There
are a variety of load flow techniques, most of which are
deterministic, accurate, and allow for a high level of detail to
be modeled within a system. However, traditional deterministic
load flow (DLF) algorithms rely on precise input variables,
which are generally unknown. As systems become more
uncertain, determining suitable input variables will become
difficult, if not unrealistic [2]. For example, to statistically
represent the output of wind generation in [3], [4] various
probability density functions (PDF) are proposed.

Probabilistic load flow (PLF) is a tool for modeling the
statistical uncertainties in generation and demand. Such un-
ncertainties in the power system are becoming of particular
interest today with push for renewable generation and dynamic
loads. [5], [6] are some of the first papers to propose a
PLF solution, however they relied upon a DC model. [7], [8]
introduced PLF with AC models. Research has continued to
progress with [9]–[11], however they use the Y-bus system
matrix and assume the shapes of the random variable’s (RV)
PDFs can be broken into a finite number of moments. [2]
introduces a direct PLF technique which takes advantage of
the topology of radial systems. This allows the solution to be
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found without explicitly using the Y-bus matrix. [12] expands
the PLF solution to three-phase, unbalanced radial systems.

None of the cited references account for voltage regulators
(VR). The ability to model VRs is becoming more impor-
tant as the addition of more dynamic loads and generation
on the distribution system will have adverse effects on the
voltage in the system [13]. This paper presents a method for
modeling VRs for use with PLF. The proposed method, with
modifications, could be applied to other controllable variables:
capacitor banks, reactors, etc.

II. VOLTAGE REGULATORS

Distribution system voltage levels can vary considerably due
to the high variation of system loads. The American National
Standards Institute (ANSI) requires that the customers’ voltage
stays within an acceptable level [14]. There are several ways to
control voltages in a system, one of which is the step-voltage
regulator.

A. Voltage Regulator Model

VRs can be divided into two main types: off-load and on-
load. Off-load VRs cannot change their voltage-ratio with an
active load connected. On-load VRs on the other hand can
actively change the voltage-ratio while a load is connected.
Here, it is not important which type of VR is in the system
as they both work in the same manner.

VRs consist of two main components: an autotransformer
and a tap changing mechanism. The voltage is regulated by the
autotransformer’s tap settings. The taps in turn are controlled
by the line drop compensator.

The generalized equations for the tap changing mechanism
and autotransformer, derived from [15], are:

TC =


ceil

(
VLL−Vmeas

SS

)
for Vmeas < VLL

floor
(
VUL−Vmeas

SS

)
for Vmeas > VUL

0 otherwise
, (1)

tap = tap+ TC, (2)

d =
1

1− SS · tap
, (3)

Vout = d · Vs, (4)
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Iout =
1

d
· Is, (5)

where:
TC tap change;
Vmeas measured line drop compensator voltage;
VLL voltage lower-limit;
VUL voltage upper-limit;
SS step-size;
tap tap setting;
d voltage ratio;
Vs, Is source voltage and current;
Vout, Iout output voltage and current.

Vmeas can be directly measured from a given node or it can
be approximated with a line drop compensator. In this paper
it is assumed that the regulated voltage is measured directly
from the voltage at the respective node.

III. FORWARD BACKWARD SWEEP

In a radial system, the load flow can be solved using a
forward backward sweep (FBS) technique. FBS allows the
solution to be found without explicitly using the Y-bus matrix,
as with the Newton-Raphson method which is a common load
flow algorithm. FBS is also robust and can typically converge
in a minimal number of iterations, even with a bad initial
estimate. A description of the modified FBS that includes VRs
follows.

A. Backward Sweep

The first step in every iteration is to define the loads:

Sk = Pnomk

(
|Vk|
Vnom

)npk
+ jQnomk

(
|Vk|
Vnom

)nqk
, (6)

where Vnom is the system’s rated voltage and npk and nqk
depend on the corresponding load models (typically Z, I, PQ,
or a combination thereof). Vk is typically initialized with the
slack voltage for all nodes.

The current at each node is then:

Ik =

(
Sk
Vk

)∗
, (7)

and the current flowing through the branches is:

Ii−j =
∑
k∈Λj

dk · Ik, (8)

where Λj denotes the set of all of the nodes supplied via node
j including node j and dk is voltage ratio at the node k.

B. Forward Sweep

The next step is to update nodal voltages starting with the
slack bus and working forward (or down) through the radial
system. The change in voltage is:

∆Vi−j = Zi−j · Ii−j , (9)

and the voltage for each node is:

Vk = dk · VUk −∆Vi−j , (10)

where VUk is the upstream voltage of node k.

C. Voltage Regulator Ratio

After the voltages are updated, the status of the VRs are
checked (1) and the voltage ratios are updated if necessary
(3).

D. Convergence

The forward and backward sweeps are repeated with up-
dated voltage values until the convergence criterion has been
met:

max|Vkold − Vknew
| < Vthres, (11)

or after the maximum number of iterations have been executed.

E. System Losses

After the load flow has converged fully, the system’s losses
can be calculated as follows:

∆Si−j = Zi−j · |Ii−j |2. (12)

The total losses are just the sum of all of the line losses:

∆Stot =
∑
i−j∈β

∆Si−j , (13)

where β denotes the set of all the elements in the network.

IV. PROBABILISTIC LOAD FLOW

PLF is basically an extension of the load flow calculation.
PLF is used in cases when there is statistical uncertainty
regarding the load flow’s input variables. The input variables
are modeled with random variables and probability theory
methods are used to find the solution of the PLF.

The nonlinearity of the load flow equations is typically
addressed by linearizing around the expected operating points.
The solution of the PLF then becomes a sum of independent
RVs weighted by their sensitivity coefficients, (14), simplify-
ing the complex relations within the load flow equations.

f(x) =

n∑
i

1

ci
fi

(
yi
ci

)
, (14)

where:

fi PDF of random variable yi (the i-th element) ;
ci sensitivity coefficient for yi.

The solution can then be obtained by convolution, (15), [16]
using one of the number of numerical techniques.

f(x) =
1

|c1|
f1

(
y1

c1

)
∗ 1

|c2|
f2

(
y2

c2

)
∗· · ·∗ 1

|cn|
fn

(
yn
cn

)
(15)

The most common and efficient techniques are based on the
Fast Fourier Transform algorithm.

For this paper the PLF is modeled from [12]. It follows a
similar FBS algorithm as the deterministic load flow shown
in Section III, however it is not iterative. A description of the
PLF used for this paper follows.



A. Backward Sweep

The power flows for the branches are found using (6);
however, they are RVs and not deterministic values. Pk and
Qk are the real and reactive parts of Sk, respectively:

Pk = R (Sk) , (16)

Qk = I (Sk) . (17)

If the power losses are neglected at the moment, the real and
reactive power flows in the element i− j for a radial system
become:

Pi−j =
∑
k∈Λj

Pk, (18)

Qi−j =
∑
k∈Λj

Qk, (19)

where Λj denotes the set of all the nodes supplied via node j
including node j.

If (18) is rearranged around the expected values, P̄k, of the
input RVs, it becomes:

Pi−j =
∑
k∈Λj

P̄k +
∑
k∈Λj

(
Pk − P̄k

)
. (20)

The first term on the right hand side of (20) is an approx-
imation of Pi−j . When all of the inputs are at their expected
values, the approximation can be replaced with Pi−j0 . This
is the value obtained from the DLF, where the inputs are the
respective expected values which implicitly takes into account
power losses. Equation (20) becomes:

Pi−j = Pi−j0 +
∑
k∈Λj

(
Pk − P̄k

)
. (21)

The same can be applied for the reactive power:

Qi−j = Qi−j0 +
∑
k∈Λj

(
Qk − Q̄k

)
. (22)

B. Forward Sweep

Assuming the voltages in the distribution network operate
at a medium or low voltage level, the following two approxi-
mations can be made:
• Since the voltages in every node of the network do not

differentiate much from the rated voltage, the nominal
voltage can be used instead of the actual voltage in
calculating the voltage drop.

• Since the imaginary part of the voltage drop in any
element of the network comparing to the real one is much
smaller, it can be neglected. This is equivalent to saying
that the phase angle differences among the voltages at
different nodes are small.

Then, (9) becomes:

∆Vi−j ≈ R
[
Zi−j ·

(
Pi−j + jQi−j

Vnom

)∗]
. (23)

The total voltage drop from the substation (slack) to node
k, is the sum of all the voltage drops in the elements in the

supply path, Πk, starting from the slack up to node k. The
total voltage drop for node k is:

∆Vk =
∑

(i−j)∈Πk

∆Vi−j . (24)

Along with the approximations above, the voltage drop is
linearized around its expected values in much the same way
as (21) and (22):

∆Vk ≈∆Vk0 +

n∑
i=1

R

[

Zik ·

((
Pi − P̄i

)
+ j

(
Qi − Q̄i

)
Vnom

)∗ ]
.

(25)

The voltage for node k is then:

Vk = V0 −∆Vk. (26)

C. System Losses

As in Sections IV-A and IV-B the system losses, (27), are
split into their real and reactive components:

∆Si−j = (Ri−j + jXi−j)
Pi−j

2 + Qi−j
2

|Vi−j |2
, (27)

and linearized around their expected values:

∆Pi−j ≈∆Pi−j0 + R

[
2Zi−j
Vnom

·

∑
k∈Λj

Pk ·
∑
k∈Λj

P̄k +
∑
k∈Λj

Qk ·
∑
k∈Λj

Q̄k

−

∑
k∈Λj

P̄k

2

−

∑
k∈Λj

Q̄k

2
],

(28)

∆Qi−j ≈∆Qi−j0 + I

[
2Zi−j
Vnom

·

∑
k∈Λj

Pk ·
∑
k∈Λj

P̄k +
∑
k∈Λj

Qk ·
∑
k∈Λj

Q̄k

−

∑
k∈Λj

P̄k

2

−

∑
k∈Λj

Q̄k

2
].

(29)

The total real and reactive power loss in the network
become:

∆Ptot =
∑
i−j∈β

∆Pi−j , (30)

∆Qtot =
∑
i−j∈β

∆Qi−j , (31)

where β denotes the set of all the elements in the network.



V. METHODOLOGY

A VR can be accounted for in PLF with a simple determin-
istic methodology. Fig. 1 shows a three bus part of a system
that includes a VR. This is just a portion with the VR of a
larger system. The rest of the system is solved by using the
previously explained and referenced methodology. The VR is
assumed to be lossless and it is monitoring the voltage at node
three, V3. For simplicity the VR is able to read the voltage
directly from node three (or the VR’s line drop compensator
models line2−3’s impedance perfectly).

! " #

Fig. 1. Example three node voltage regulator part of a system.

To account for a VR in PLF a simple recursive shifting
method is applied:

1) Solve the PLF for the system without the voltage regu-
lator.

2) Determine the section of the monitored voltage PDF that
is within the bandwidth of the VR (as in Fig. 1).

3) If the complete voltage PDF is within the bandwidth
of the VR or the upper and lower tap limits have been
reached, go to step 7.

4) Shift the sections of the original voltage PDF outside of
the VR’s bandwidth to at tap change of ±1 accordingly.
Increased tap for lower part and decreased tap for upper
part of PDF.

5) Determine the equivalent section of the PDF within
the VR’s bandwidth: sum the shifted sections with the
section of PDF in the bandwidth of the VR.

6) Repeat steps 3-5 until the entire PDF of the monitored
voltage has been accounted for or until the tap is at its
max/min.

7) If the tap limit has been reached, add the corresponding
voltage PDF sections shifted accordingly by the tap
settings to those within the VR’s bandwidth.

8) Repeat steps 2-7 for all phases in a polyphase VR.
A flowchart of the corresponding code demonstrating the

methodology above is shown in Fig. 2. The flowchart gives a
more detailed look at how the methodology works and should
be repeated for all phases of the VR.

A visual illustration of the solution methodology is shown
in Fig. 3. It shows how the regulated voltage PDF is chopped
and shifted into the acceptable voltage bandwidth and the
corresponding probabilities are summed together. The first plot
is the PDF of the monitored voltage from the PLF solution.
The next plot shows the section of the PDF that is within
bandwidth of the VR, while in its neutral setting. The third plot
shows the section of the PDF within the VR bandwidth and
that of the original voltage PDF which is in the VR bandwidth
after the tap is moved up by one. The last plot shows the two
PDFs summed together giving the PDF of the voltage with

Start

Run PLF without VR
Determine PDF within VR BW

Stop

PDF within VR BW
||

Tap Limits Reached

Tap Limits 
Reached

Tap ± 1

Shift Lower PDF Data by Upper Tap Setting
Determine Lower PDF within VR BW

Shift Upper PDF Data by Lower Tap Setting
Determine Upper PDF within VR BW

Sum PDFs within VR BW

Sum Upper & Lower PDFs 
with PDF within VR BW

No

Yes

Yes

No

Fig. 2. Flowchart for modeling voltage regulator output for a single phase
or balanced three phase system.

the VR in the system. Fig. 4 compares the final plot in Fig. 3
to that found using a Monte Carlo simulation as explained in
the following section.
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Fig. 3. Step-by-step process of modeling voltage output of a voltage regulator.



VI. EXAMPLE

In order to illustrate the proposed method in a general
unbalanced case, the subsystem shown in Fig. 1 is used. The
focus on the three bus subsystem allows for easy display of
the response of the VR and the effectiveness of the proposed
methodology in accounting for the VR within the PLF solution
of the whole system. The data for the subsystem are given
in Table I. For simplicity, the loads in all three phases are
represented as constant PQ models in a wye configuration.
For the PLF, the loads are considered to be correlated with
one another and the load PDFs are assumed to be Gaussian.
Once the solution of the PLF is found, the proposed method is
applied to each phase to account for the VR between nodes one
and two. As before, the voltage at node three is the controlling
voltage.

TABLE I
DATA FOR EXAMPLE SUBSYSTEM.

Branch Voltage Level Bandwidth Ref. Node
VR 1-2 126 volts 2 volts 3

Branch Impedance (pu)
0.045+0.079j 0.009+0.029j 0.009+0.029j

2-3 0.009+0.029j 0.045+0.079j 0.009+0.029j
0.009+0.029j 0.009+0.029j 0.045+0.079j

Node Load (pu)
3 0.209+0.002j 0.157+0.001j 0.194+0.003j

The voltage level of the VR is set to 126 volts with the
standard bandwidth of 2 volts on a 120 volt base. This gives
the VR a mean voltage of 1.05 pu, a minimum voltage of
1.0417 pu and a maximum voltage of 1.0583 pu.

To verify the solution, a Monte Carlo simulation is per-
formed using one million experiments of the FBS load flow
described in Section III. Figures 4 - 6 show a comparison of
the voltages at node three produced by the proposed method
and those obtained by the Monte Carlo simulation. The overlap
of simulation with analytical results prove the validity of
the proposed approach. The proposed method also has a
faster solution time than the Monte Carlo simulation, seconds
compared to minutes, respectively.

For all three phases, the voltage at node three falls outside
of the VR’s bandwidth. The proposed method accounts for
any degree of the voltage outside of the VR’s bandwidth.
Fig. 4 shows the phase A voltage at node three. As shown
in the previous section, about one third of the voltage from
the PLF originally falls below the bandwidth of the VR. The
methodology implementing the VR is more than capable of
accounting for the times the voltage drops to low. In the case
of the phase B voltage, shown in fig. 5, only the tail of PDF is
outside of the VR’s bandwidth before the VR is accounted for
in the methodology. The phase C voltage PDF from the PLF
is below the VR bandwidth approximately fifty percent of the
time. Again, the proposed method compensates for the low
voltage occurrences as shown by the Monte Carlo simulations
in Fig. 6.
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Fig. 4. PDF of phase A voltage at node 3.
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Fig. 5. PDF of phase B voltage at node 3.
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VII. CONCLUSION

PLF solutions provide more qualitative information about
a power system compared to the standard deterministic ap-
proach. However, it is difficult to model nonlinear components,
like VRs, in a PLF. VRs play an important role in distribu-
tion systems, but previous research in the area has ignored
them due to their non-linearity. This paper proposes a simple
iterative method which successfully models voltage regulators
within the PLF algorithm with improved solutions times over
Monte Carlo simulation.
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