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Abstract— The aim of this paper is to show that it is possible X0
to excite selectively different mechanical resonant modesf a R@)
MEMS structure using Pulsed Digital Oscillators (PDOs). Ths
can be done by simply changing the working parameters of the
oscillator, namely its sampling frequency or its feedback fter. Fz)

A set of iterative maps is formulated to describe the evolutin ‘ G@)
of the spatial modes between two sampling events in PDOs. Wit _GF\
this lumped model, it is established that under some circum-
stances PDO bitstreams related to only one of the resonancean g 1. General single feedback topology of the pulsed aligiscillator.
be obtained, and that in the antioscillation regions of the PO
the mechanical energy is absorbed into the electrical domai
on average. The possibility of selecting for a given resonan . L . )
frequency the oscillation and antioscillation behaviour #ows one have been proposed to improve the sensitivity of graviretri
to obtain oscillations at any given resonant mode of the MEMS (or mass change) resonant sensors are based on increasing

structure. their operating frequency. For instance, parametric rasoa
systems (MEMS), amplification is an_exgmple of an efficient tec.hnique [91412
that allows the excitation of the same mechanical structtiee
higher frequency to improve sensitivity. In gravimetrioisers,

the use of higher order modes generally serves to increase th

Delay Filter

Index Terms— Microelectromechanical
microresonators, oscillators, sigma-delta modulation, mltimode
control, energy efficiency

List of symbols sensitivity to mass changes, whereas it is desired in ggpEs
(a) a Modulus1,a € R to avoid the activation of certain resonant modes of thetialer
la] Largest integer less or equal 9a € R mass [13]. Moreover, the activation of higher vibration resd
o Complex conjugate of € C to increase performance has been also reported in atomic
Re(z) Real part ofz € C force microscopes [14], [15] and in piezoelectric sensors
Im(z) Imaginary part ofz € C and actuators [16], where electrodes have been specifically
g.c.d.(M,N) Greater common dividerM, N € N designed to activate certain modes.

Thus, depending on the specific application, the selective
activation of different spatial vibration modes of a medbah
. INTRODUCTION resonator can be one way to improve performance for a large
There is a large set of applications based on MEMS workimgmber of MEMS sensors [17]. The purpose of this paper is to
in resonance, such as the sensing of acceleration, presssinew that Pulsed Digital Oscillators [18], [19], may be altoo
mass change, etc. These resonant sensors often detest doifselectively excite self-sustained resonant modes in IBEM
of the resonant frequency or amplitude changes of MEMSructures.
structures put in resonance in response to an externallssmu PDOs are simple circuits that allow linear resonators to
[1]-[4]. In most cases, resonant MEMS exploit structureshsumaintain self-sustained oscillations. The PDO generajlsin
as beams [3]-[6] or plates [2], [7] with additional suppogti feedback topology is depicted in fig. 1. The circuit topology
elements (springs, arms, etc.) that are excited in one af theonsists of a resonator, a 1-bit quantizer (sign functiany
mechanical modes. a simple digital feedback filter7(z). The position of the
With the development of the MEMS technology, a lot oMEMS resonator is evaluated at each sampling time, and short
efforts have been made to improve the sensitivity of resbngsulses of force are applied to the resonator. These circuits
sensors (see ref. [8] and papers cited there). In most dhges,allow changes in the resonant frequency of the resonatog to b
sensitivity of such sensors depends on the resonant freguemonitored simply by processing the binary sequence gesterat
of the MEMS structure, which is usually excited in one ot their output [20], [21]. The use of a pulsed actuation with
its mechanical resonant modes. Most of the methods tltainstant amplitude and simplified position/velocity segsi
OCopyright (c) 2009 IEEE. Personal use of this material ismpited requirements Over.comes some of th.e nonIingarities us.ua.t”y
However, permission to use this material for any other psepomust be found in MEMS with standard actuation techniques. This is
obtained from the IEEE by sending an email to pubs-permisg@ieee.org. Clearly the case for the example of thermoelectric actoatio



where the applied force is proportional to the square of the

applied voltage or current. The same approach can also be b

used to the electrostatic actuation case, if the variatioth® /

electrode gap is negligible (small signal displacement). 7 ~/h
In order to analyze the dynamics of PDOs working with z

MEMS resonators- Wlth.more than one resor.]ance It IS. ConV|:e|g_. 2. A schematic drawing of the clamped-free beam in th©PD

nient to obtain the iterative map of the dynamical systenmgis

a lumped model for the MEMS structure. The dynamics of

MEMS structures that display predominately one-dimer&lionypich |ater will allow the generation of the PDO iterative
behaviour, such as cantilevers or beams, are describestifiron, 5 actuating the MEMS resonator variables. We will start
1D partial differential equations (PDEs) [22]. A cOMMORom 5 general PDE that describes transversal deflectioas of
strategy is to reduce distributed systems in the form of PRES g ntilever and apply a strategy based on discretising itielin
lumped systems in the form of ordinary differential equasio yigyihuted system by means of a set of spatial eigenmode
(ODEs) [23]. This way, instead of using a PDE, this devicgnctionsy; (z, y, 2), which in the general case is infinite. As
can be described by a set of mass-spring-damper coupled ditagit, we will obtain a set of ordinary differential eqoas
ferential equations, the typical and yet effective way todlo ¢ represent the dynamics of each spatial mode as the mass-
the dynamics of a variety of MEMS [7], [19], [20], [24]-[27]. gpring-damper equation with appropriate parameters.

This is an important result that will allow us to link the MEMS Let us emphasise that in contrast to Refs. [30]-[32] that
geometry with the iterative map of the PDO working withy,amine MEMS devices with electrostatic actuation, we will
the resonator. We start with the partial dlffere_nt|al et focus on a system that is subjected to a different type of
(Sec. Il) that describes the transyersal .deflectllons of mbe@xcitation (driving by short pulses) and discuss the impdct
[22], [28]. Then a system of ordinary differential equaBon gch type of driving on mechanical modes generated in beams.
coupled via the external driving, is obtained. Based on theAccording to this, we assume that the MEMS cantilever is
pulsed nature of the actuation, in Sec. Ill a set of iterativg clamped-free beam shown in fig. 2 that is excited by the
maps is obtained to describe the evolution of the spatiale®od,yiarnal forceF (¢, 7). The dimensionless equation and the

between two sampling events. . __ Dboundary conditions that describe the transverse vibratid
Once the lumped model has been obtained, the iterative MaR peam are as follows [28]:

of the PDO working with a resonator with several resonances

»
»

is found in Sec. lll. The objective of Sec. IV is to show that o'u  %u  Ou r 1
under some circumstances the PDO is able to excite only one o T or2 + Tor T (&), @)
of the resonances of the resonator. In this case the bitstrea 5 3

at the output of the oscillator is related exclusively tottha (0, 7) = ou(0.7) _y 0 “(12’ n_2 u(lg’ T _o,

resonance. It will be shown that this behaviour may depend 9¢ 9¢ 9¢ @)

on the initial condition of the resonator. This implies tha\R/hereu(g,T) is the transverse displacement at the posigion

in order to selef:t a given resonance another “.“eCha”'SmaEﬁj timer. In (1), the dimensionless coordinate along the
needed. In [25] it was shown that under some circumstanges, axis¢, time r and the dissipation parameter due to
the actuation of PDOs on linear resonators may, on aver ’

) : rafcous dampingy are defined through the dimensional ones
extract energy out of the resonator. This mechanism is for

o . : .t andc:
the first time analyzed and characterized in a general Wayzln ¢
Sec. V. It will be used as a tool to generate selective o$icitia t |EI cl? 3
in MEMS resonators in part Il of the paper. £=2/L, T DA’ T= DAET’ ®)

whereF is the Young’s modulug is the moment of inertia of

the cross-section (for beams with a rectangular crossesect

I = bh3/12), p is the density,A is the area of the cross-
In order to obtain a suitable lumped model to generate t&ection,c is the dissipation coefficient, is the length of the

iterative map of PDOs actuating resonators with more than opeam,b is its width andh is its thickness.

resonance, it is necessary to analyze the mechanical rsema Next, the continuous equation (1) is discretized using the

of the structure. The general problem of transversal vilanat truncated set of linear mode shapes [23], [34]

on elastic beams has been considered, for instance, in books M

[22], [28], including direct applications to MEMS in the tat w(é, 1) = ZIi(TWZ’ ©), (4)

book. A number of papers have studied beam vibrations in the =1

context of MEMS [23], [29]-(33]. erez;(7) are time-dependent functions ang(¢) are the

: ) T . w
The aim of this section is to derive a reduced-order mod atial mode shapes. For a clamped-free beam, these fasictio
of a specific MEMS cantilever with the given external drivin%ge [28]: . ,

using one of the techniques described in review [23] an
successfully applied to MEMS in the above-mentioned papers; (§) = cosh(Q;€) — cos(2;€) + v;(sin(Q;€) — sinh(;8)),
This is a required step in order to obtain the lumped model, (5)

Il. ANALYSIS OF THE VIBRATION MODES OF ELASTIC
BEAMS
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Fig. 3. Functionsy 2,3(§) versus the axial coordinage

wherev; = (cos Q; + cosh Q;)/(sin Q; + sinh ©Q;), and(; are

the roots of the equation
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Fig. 4. Schematic drawing of the microbeam. The figure showassiple
position of the measuremenrgs) and actuation systeng().

and they are proportional to squared spatial frequeriejes

The first four frequencie$); calculated as the roots of

cosQcoshl = —1. (6) eq. (6) are as follows:
The first three functions) 2 3(€) (calculated according to O, = 1.8751, Qo = 4.69409,
(5) for the first three solutions of (6)) are shown in fig. 3 (12)

; ) . . Q3 = 7.85479 , Q4 = 10.9955.
as functions of the axial coordinate. Later in the paper, the 3 4

vibrations that correspond to these functions will be chlle Now let us return to the PDO and rewrite the system of
spatial modes with spatial frequenci@s. equations (9) for our specific case. To actuate the resgnator
Substituting (4) into (1) yields short pulses of forc§+Fy, —Fy} are applied to it [18], with

M the sign of the pulses defined by the signof the gain in
Z (#0s + v + 20"V = F(&,7) +er,  (7) the feedback loop and on the position of the resonator. (For
P the resonator of the paper, we assume that we actuate the

system by delta-pulses.) Position sensing is required anly
the fixed time instants defined by the sampling frequeficy
At these moments, the sensing system defines whether the
resonator position is above or below the steady-stateiposit
The actuation and sensing points in the cantilever can be
placed in the same place or separated (see for example fig. 4).
Let us denotef; as the coordinate along the beam axis at
! ! which the position of the resonator is measured by the sgnsin
/ Yide =1, /'l/)fﬂ/)jdf = 0ij , /wfijdé = Qf&j , (8) system and, as the coordinate at which the pulse of external
0 0 0 driving is applied to the resonator by the actuating system.
where §;; is the Kronecker delta, we obtain the system of Although we present the excitation in our model as a
ordinary differential equations sequence of Dlrgc Qellta pulses with a constant amplltudia, an
this model has its limitations, we suppose that this apgroac
&+ vai + Qi = Fy(1), i=1,...,M. (9) could be applied to a wider class of realistic MEMS devices
t{haet utilises pulsed driving to excite or stabilise ostitla of
mechanical structure. Let us give some discussion here.

where the overdot notation denotes differentiation witpezt
to time, and the superscripiV’ denotes the fourth derivative
with respect to position. According the Galerkin procedwe
require that the residue term be orthogonal to each eigen-
mode ;. Multiplying the latter equation by);, integrating
over the beam domain and taking into account that

1

Note that the system (9) presents each spatial mode asﬁ
mass-spring-damper system with appropriate parametets s _ . .
as the dissipation parameterand the temporal frequency .In practical reallsgtlons, force pulsét) always have flnlte

wo; = Q2. Using that set of equations allows us to describ idth T I—||ofwever, it fo 'pr <<_"1 "?dep <§ 1/;’ wheref?. |sd

the evolution of spatial eigenmodes separately from edotrot | 1€ _nat;_Jra t':quiﬁcydp ?SC' atlo?s an sdtbe tr;](.)rmﬂ'zz |
and to obtain the overall solution of the problem in the forrﬂ's’s'pa lon, then the displacemen ) cause TXJFT;S Snosepu
of a superposition of the modes. The functidrsin the right Az ~ 0 and the cha_nge of _velochAv ~ frn F(t)dt.
hand of the equations are the “projections” of the externgnerefore, mathematically this system can be reduced to one

force onto each eigenmode. They define what quantity of fffat is driven_by Dirac deltg pulsgs. Note that many _MEMS
force is transmitted to excite the oscillations of a mode: ~ are characterised by a refatively high frequency of oswites
and a highQ-factor, and these assumptions are typically valid.

Secondly, electrostatic short pulse actuation in the form
(10) F.(t) = F(t)/(1 — Az(t)/x0)?, where F; is the linearised
part of the force,Az(t) is the displacement and, is the
Using the expressions (3) that establish the correlatiop@pacitor gap, can be modelled to some extent as constant
between dimension and dimensionless parameters, thd radiaplitude pulses if oscillations of the resonator are snall
and cyclic dimensional temporal frequencies in eq. (9) are this case, we can neglect the nonlinear part of the force in

Fi(r) = / Gi€)F (€. m)de
0

) ) that formula. In addition, in ref. [35], for an electrostatily
woi = QO |EI Foi = 9 |EI (11) driven system short pulses were used as a compensation to
o\ pAT to2m? |\ pA’ avoid instability. Both cases were studied, the linearigede



F; and the nonlineaf,, and comparison of results were giverwhere the definitions of{; andb,, are given above. For sim-
there, showing that at high sampling frequencies the linedr plicity, the expressions (16) can be replaced by the folhgwi

approach is valid. one (on condition that); (¢5) > 0):
Thus, the external driving force for a beam embedded in
the loop of a PDO can be written in the following form: bn = sgN{@1(Tn) + B2 22(n) + ... + P 2 (Tn) },  (19)
F(&1)=-0F Y _sgnu(&, (n— L —1)T4))x where
" (13) Bi = i(&:)/1n (&) (20)

XQ(€ - 6@)6(7 - nTs) )
h is th it f th i Ui Formula (20) introduces a new family of parameters in order
where u(¢,7) is the position of the resonatod, + 1 is to avoid always operating in terms of the spatial functigns

the number of delays in the feedback (see fig.dl)is the Th . ;

. Y 5 . e parameterg); now define the geometry of the sensing
sign c_)f the_feedback Ioo_pfs = (f3/2n0%) -y EI/_pA IS system and the contribution of thih spatial mode to the
the dimensionless sampling frequend, = 1/f is the overall position of the resonator.

dimensionless interval of time between two impulség) In the same manner, we can introduce the paramgtetst

's the Dirac delta function an(_j son) is .the sighum fungu_on. defines the geometry of the actuating system and the impact
In the most general case, an impulse is applied to a finite ar

at the beam, and therefore the functi@t¢) represents the Gfthe external driving on théth mode excitation:
“density distribution” of the actuating force. In the sirifj@d . Foo— 1 Fhr 21
statement of the problem, this function can be replaced by th #i = Yilta) 1 (8a). 0i = At @1

Dirac delta function, i.eQ(§) = §(§). The latter means that | the case of two resonances, expressions (19), (20) and

the pulse is localised at the poiéit (21) can be simply written ak, = sgn{z1(7,,) + B22(7)}
Let us denoter,, = nT; as thenth instant of time at which ith 5 — Vo (&)/11(&) and Fpy = pFy with g =

we apply the force pulse. Using the general definition (1@) Ay (¢,) /11 (Ea)-
the specific form of the force (14), the functiofi$(T) may  Now the reduced-order model of the specific PDO system

be expressed in the following way: is defined by the set of egs. (18)—(21). In the obtained model,
1 only two parametersg and p, fully describe all possible
Fi(1) = —oF, A()SgNu(Es, T 1)) X positions of the actuating and sensing of the PDO on the
™) Ozn:0/¢ (©sartulc £-1)) MEMS resonator.

X Q€ = £a)8(T = Tn)dE = —0Fo; Y bp-r18(1 = 7)
' (14)

IIl. | TERATIVE SYSTEM FOR THEPDO

In the previous section we have converted the PDE to an
where the amplitude of the external driving for each mode @DE and obtained the system of equations (18) that describes

denoted by the evolution of spatial modes in the PDO. In this section we
1 discuss how the ordinary differential equations can behturt
B reduced to discrete-time iterative equations (maps).
Foi = Fo/wi(E)Q(E — Sa)dg, 15 The system (9) is subjected to pulsed excitation given by
0 the expressions (14) . Between two sampling instants, the
and the sequence of signs is introduced by resonator moves freely, and at each sampling event itsitgloc
" is instantaneously changed by the applied delta-pulses,Thu
b, — sgnz i (r ) (£5) (16) for the sequence of variables that we extract from the mass-

spring-damper equations (9) at the sampling instants, e wi
be able to formulate iterative equations.

In order to do so, for each spatial mode with the indé&x “
we introduce the normalised damping faciar = v/(2Q?)
and the variable

=1
Equation (15) emphasises that tfth spatial mode receives
a portion of the external driving which is proportional teeth
value); (£,). Note that in the simple casg(§ —&,) = 0(€ —
¢.), the expression (15) is reduced to
Foi = Fobu(€a) (17) u === <M(T> o > '

Equation (16) uses the truncated expansion (4) to express {fy,y we can rewrite the ordinary differential equations a th
sensed positions of the beam. second order (9) in the symmetrical form
Now, expressions (9) and (14)—(16) can be used to specify

the equations that will describe the dynamics of the first d ( z;(T) ) _ 2 ( —pi  —/1—p? ) ( z;(T) )
spatial modesi(= 1,..,M) in the PDO withL + 1 delay dr \ wv;(7) i\ W/ —p? —pi ’
blocks in the feedback loop: () - o Fy,; ,

Vi(Tn —Vi\Thn—)= ——F7——=Un-L-1-
& + yE + Qa; = —o Fo, anfolfs(T —T),  (18) Q1= p}




The solution of (22) is given by Equations (24) introduce the iterative system as a set of
2D iterative maps and operate with variables such as the
( zi(7) ) = exp(— Q2 p;T)R(QZ74/1 — p?) ( zi(mo) ) ,  position of the resonator,, and the variable,, proportional
vi(7) vi(7o) (23) 1 the velocity of the resonator. Results presented in these
variables are easier to understand singeand v,, have an
obvious physical interpretation. However, it is convemign
work on the complex plane with appropriate normalisation
and introduce a set of complex 1D maps instead of 2D maps
written in real variables. By defining the following complex

( Tint1 ) — R f) ( iln ) " ( é) )bn—L, (24) variable

Vi,n+1 i,n

whereR(f) = (59 ~sinf) s the rotation matrix by the angle
0. If we define the sequende:; ., vi.n} = {zi(7n), vi(7,)} @s
the extracted values af;(7) andv; () at the sampling instants

Tn, the set of iterative equations will have the following form

Uijn = Lin — JVin,

for i = 1, M. Note that the valuels, are defined by (16). In the the evolution of the system is described now by the complex
set (24), we introduce the following dimensionless paranmset Map

Q2 Ui pt1 = Dillin — JCibn—L , (28)
i i _—
Pi =5 fi= 7V 1-p7, wherep; = o; exp(—3j27f;), and for definition ofw;, f; and
¢ (25) G see (25).
G = o Lo : o; = exp —2mpifi 7 The system (24) contains two coupled subsets — iterative
02\/1—p? V1-=p? equations that describe the first spatial mode component by

the variables:, ,, andv; ,, and the second spatial mode by the

where IF'H i; the dilmensfior)less dam[f)inr? parameptzegs the variablesz, , andwv, ,,. Later in the paper, dynamics that are
normaiised sampie ratio in terms of the paper [26] (or noj isplayed by the first subset of (24) will be referred as fiirst*
malised frequency in terms of the paper [20], both terms w

b d th h h i< th lised i atial modé (or the first mode, eigenmode or resonance),
e used throughout the papef).is the normalise Increment dynamics that are displayed by the second subset will

(note that it depends on the sign of the feedback loop)and be referred as thestcond spatial mode(or the second

is the contraction factor. In (24), the first letter of the emd mode). Note that the real position of the system is defined

:.e. b r.efers tofthe numher of a spat|albmode, and the secq the superposition of these two components according to
etter, i.e.n, refers to the iteration number. the formula (4).

In a similar way to the previous section, we draw attention
to the particular case of the first two spatial modes. It ig/ver
convenient to establish the correlation between the pamame S ) o )
that refer to the first and the second modes in explicit form. The objective of this section is to study the behaviour of

Therefore, we introduce the ratio of the spatial frequenioie PDOs working with resonators with more than one resonance.
the modes as follows: Now that we have established the possibility of extracting a

Q lumped model of the PDE governing a given MEMS structure,
= _27 (26) it is possible to continue the line of work introduced in [20]
U to study the dynamics of PDOs. The first result will show that
and apply it to connect the set of parameters for the modesnder some conditions, depending on the initial conditibn o
the resonator, it is possible to obtain bitstreams at theuiut

IV. CONTROL OF RESONANT MODES WITHPDOs

v

P1 . .
P2 = "5 of the oscillator related only to one of the resonant fregign
\/m of the resonator. It will be shown later that, at least in some
fo = 1/2f17p12 SR cases, the oscillation frequency may generally depend en th
v1-=p1 (27) initial condition of the resonator.
G = pG 1-pi pQ _On the other hanq, it has already been shown in [36]. that,
2T 2 \/W ~ e given a resonator with one resonance and a conflgura.tlon of
oW vy the oscillator, either the oscillator induces self-sustdioscil-
Qg = o) . P~y lations on it, or, on the contrary, tends to cancel any as@ilh

: extracting energy until some limit cycle is reached nbar t
Note that from the onset, our theory has included suéﬂ/. : 'ng dy unti y . .
orl%n. This behaviour will be used to selectively activatee

parameters as the frequencies of the e|gen.modes. As_a COlF%he resonances of a resonator with more than one resanance

guence, the parameters used for formulation of the |te1at|¥
i
0

system cannot be considered as independent ones, i.e.
values of controlling parameters have to be changed acuprdi
the expressions (27). For instance, in the experimentahset ) )
sampling frequency is measured with respect to the frequerft: ltérative map with two resonances

of the fundamental mode (i.e. the first spatial mode with the Let us focus on the case with two resonances. We will
lowest frequency), and so the sampling rafiois given as a assume that the feedback filter is of the fof#z) = =L —1.
“basic” parameter. The value g§ can be obtained simply by Using the general complex formula (28) to formulate the
re-calculatingf; with the ratiow. iterative equations we obtain the following equations:

e objective of Section V will be the study of this ‘anti-
Sillation’ behaviour.



Proof. It is obvious since in this case:

UL pt1 = PUL,p — JC1bn_r (29) ) . n-l i
Up i1 = qUan — jCabn_1, (30) To(z0) = | p"u1,0 —3C1p" Z;p '$(Tn-1(20)) ,
bn = sgNRe(u1,,, + Buz.n)) (31) n—1
n—1 A
where ¢; are normalized forces (253 = ay exp(—j27f1), ¢ 2,0 — jG2q z;q 5(Tn- L(’ZO))> =
q = asexp(—j2m f2) and s depends on the MEMS geometry. n ! n
In the case of a cantilever it would be defined as in eq. (20). = (P"u1.0 + CGhn(p,b), ¢"u2,0 + C2hn(q, b)) (35)
The dynamical system associated with these equations mg s(7,, (z,)) = b,, for all n > 0. O

be defined in the following wa
9 way: This is an important result because it is the mechanism we

T will use to prove that a given bitstream can be present at the

C*x B — C? x B* output of a PDO. A similar result has been previously used in

(w1, u2,br,-+,br) (pur — jCibr, quz — jCibr,  [20] to prove that under some circumstances the bitstream of
, SQNRe&u1 + Buz)), b, - - abéil) a PDO, working with a resonator with only one resonance,is

) an S sequence at the resonant frequency of the resonator.
whereﬁ’ = {-1L1} ui,us € C, by € B, 1 <i < L. FOr  pye 1o the presence of two different resonances in the
L=0: resonator, one might expect a bitstream related to a mixture

T Cc? — Cc? of both frequencies, most probably rendering the bitstream
(u1,us) (pur — jG1sgNRe(ur + Bug)), (33) useless, from the point of view of obtaining at least one of
,qua — jCasgnRe(ug + PBus)) the resonant frequencies directly from it. However, it vioié

proved that under some conditions, the bitstream at theubutp
of the PDO with two resonances may be related only to one
of them.

We will principally focus on a certain group of frequencies,
called 'tuned’ frequencies which were first found in [20].
The main reason to focus on these frequencies is that the
oscillator with low or no losses presents a regularity patte
that simplifies the analysis of its dynamics.

Now, following a similar approach to [20], we define:

Definition 1: The projectionsmy : C? x BY — (2
and m;, : C x BY - B, 1 < i < L are
defined as mo((u1,u2,b1,---,b)) = (u1,u2), and
Wi((ul,’u,g,bl,' s ,bL)) = bz

We will consider thatr®(z), z € C? x BL, is the identity
and thatr"(z) is the result ofn applications of the function
710 z,n > 0. In order to simplify notation we further define:B. Lossless resonator case

Definition 2: The functionT,,(z) : C? x BX — C2,n >0 Now, we will obtain sufficient conditions for oscillation at
is defined asro(7"(2)). one of the resonant frequencies of the resonator. Thistresul
will be valid for frequenciesf; = %—11 and fo = %—22 with
Definition 3: The functions : C* — B is defined as g.c.d.(Ny, N») = 1, and g.c.d.(M;, N;) = 1. Furthermore,
s(u1,u2) = sgn(Re(uy + Bug)). we will assume that frequency; is 'tuned’ [20], i.e., for
sgn(¢y) = 1
Definition 4: In the case L > 1, the functions
bi(z) : C x B — B are defined as;;(7"(2)), 1 < i < L, _ N, even: (L& n lj B (L+1)M1) mod Ny = 0
n>0.1f L=0,00(z) is defined ass(T, ())n>0 42 '

N1 1
If L > 1 the feedback loop of the oscillator ensures that ~ V! odd: <L 5 T 2J (L+ 1)2M1> mod 2Ny = 0.
bi(2) = s(Th-i(2)),1<i<Ln—i>0.1fn—i<0,n>0, (36)
thenb;, (z) = mp,—i|(2).
Now, for a given binary sequendd) we may define the
sequencé, (p, b) as:

In the case sdig;) = —1, the former conditions are:

— N; even: (L% + lj —(L+ 1)M1> mod Ny =0
hn(p,b) “Zp by,  m>0 (34) 4 2
with ho(p,b) = 0,p € C, and test for the admissibility of that 2 (37)
binary sequence:
Lemma 1:Given a sequence (b) and =z = Under the above conditions it has been proved, [20], that
(u1,0,u2,0,b_1,---,b_1) € C> x BE, if s(p'uio + if p = e 7%/, with f being a tuned frequency ang, =
Cihn(p,b),q"u20 + Cohn(g,b)) = by,n > 0, then sgn(Re(p™uo)), for ug € C, then:

$(Th(z)) = bp,n > 0.
sgn(Re(hyn(p,b))) = by, (38)



for n — oo, which is a result greatly simplifying the use
of Lemma 1 for sequences of the form @f). Now, we may
state the following theorem:

Theorem 1:If an oscillator with two lossless
resonancesfi = %+, p = e *1 and f, = 42,
q = e ¥ with g.cd.(M;,N;) = 1, is tuned to

fi, and w10, uz0 € C are such thatRe(p™uio)| >
|Buz,o| + |C1ln mod Ny + |8(2|N1N2,0 < n < Np, then
s(T(u1,0, u2,0, SGNRE(p~ u10)), -, SGNRE(p™Fu10))))
sgnRe(p"uq0)),n > 0. (The proof is given in Appendix I.)

This last result shows us that under some circumstances i
possible to obtain a bitstream at the output of the PDO relat
to only one of the resonances of the resonator. Among t
conditions needed to ensure this oscillation we find theainit
condition in both resonators.

C. Leaky resonator case

A similar result may be found for the leaky case.
Theorem 2:For any oscillator with two leaky resonances

such that <f1> = %—11 = m7p = e_j277f1 and
(f2) = Hq = 720 < apa, < 1, with

g.c.d(Ms,N2) = 1, g.cd(Ni,No) = 1, there exist a
ng > 0 and ad; > 0 such that ifl —; < a, < 1 then
there is a constanf’,, € R* such that foru, g, uz9 € C,

with [Re(app"u10)] > Ca, + |[Buzol,0 < n < ng, then
s(T(u1,0, u2,0, SYN(RE(p~u1,0)), -+, SGARE(p™Fu10)))) =

Imiu,)

\m(uz)

0.8
0.6
04

oer

-0.2p
041
-0.61

-0.81

501

=50

100 i i i I i i i I I i
-1

0o -80

Fig. 5. Evolution of a PDO, wit, = 2,0 = 1 and a lossless resonator with
two tuned resonanceg; = 3/35, fo = 1/12, 8 = 1. The initial conditions

sgnRe(p"u1 o)), n > 0. (The proof is given in Appendix II.) of both resonances arei o = 1000je/™/3%, us o = 10je7™/6.
This result extends the previous one on lossless resonances
It has been proved that under some conditions it is possible

to obtain a bitstream related to only one of the resonances
of a PDO working with a leaky resonator.

D. Discussion

These results provide some insight into the fact that tt
oscillation frequency of a PDO working with more than oni
resonance generally may depend on the initial conditiohef t
resonator. Let us assume that we have a resonator with t
tuned frequencies. The above results state that, depending
the initial conditions of the resonator, the oscillatioaduency
will be one or the other. This is reflected in Figures 5 and |
As it can be observed, depending on the initial condition ¢
the resonator, the oscillator may oscillate at the first coed
resonance. This means that in order to control the select
activation of a given resonance we need a new mechanis
the ‘anti-oscillation” mode.

The objective of the next Section is to show that, dependit
on the normalized frequency of the resonator and the fed&db:
filter of the PDO, either the PDO on average tends to provic
energy to the resonator, or, on the contrary, tends to extri
it until a limit cycle is reached near the origin. This secon
behaviour is called the ‘anti-oscillation’ mode. By chawgan
appropriate feedback filter and a sampling frequency, it wi

be possible to put a given resonance in the ‘oscillation’ enod

\m(uz)

1000

-100
-1

-0.51

R

P R S

100

and the others in the ‘anti-oscillation’ mode. This meckani Fig. 6. Evolution of a PDO, witl, = 2, 0 = 1 and a lossless resonator with

will allow the selective activation of the vibration modef o
the structure.

two tuned resonanceg; = 3/35, f2 = 1/12, 3 = 1. The initial conditions
of both resonances are o = 105e77/35 ug o = 10005e77/6,
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Fig. 7. Response of the oscillataf, = 1, as a function of the normalized Fig. 8. Response of the oscillatak, = 3, as a function of the normalized
resonant frequency when no change of signs is made in théddekdoop resonant frequency when the feedback sign is changed inntieseillation
(o = 1), for a resonator witlp = 0.0005. regions, for a resonator with = 0.0005.

V. ANTI-OSCILLATION MODE the resonant frequency of the resonator. This behaviour can
be observed in Figure 7. As can be seen, there are some
‘forbidden’ segments{((f(L + 1)) € [1/2,1)) where the PDO

From the behaviour observed experimentally and in Simygaq ot follow the resonant frequency of the resonator, [25]
lations, given a configuration of the oscillator and a reslatmlnatg':]3 ]

twollpl)ossmle behawourslfof the ',DDO arellgl)o-ssmlle: eithere) th |, order to obtain self-sustained oscillations for all veq-
oscillator generates a self-sustained oscillation in ésenator, cies it is necessary to change the sign of the feedback filter

or b) it tends to cancel out any oscillation in the resonator. (o) in the forbidden frequency segments. Figure 8 shows the
In the first case, the excitation being applied to the reswnag giiation frequency of a PDO, with = 3 andp — 0.0005, in

_tends on average to mtroduce_ energy to the resonator, mer\ﬁhich the sign of the feedback loop is changed in the forhidde
in the second case, the excitation extracts energy from ions. Figure 9 shows a similar result for an oscillatathwi

resonator until a limit cycle is reached near the origin. The™_ | ;14 a resonator with heavy losses £ 0.01). As

iterative map that we W'"_ consider is that of a PDO working,, e ghserved the oscillation frequency follows closkéy t
with only one resonance: resonant frequency of the resonator in the first case, wherea

A. Simulation results

Uni1 = apun — joCbn_1L, n>0 (39) inthe second case large differences can be observed due to th
_ plateaus of the fractal response of the oscillator. Thetiogla
wherep = e2"f, f = Lo/1—)p? is the normalized petween the sign switching and the oscillation-antiostith
resonant frequency; is the normalized forcel + 1 is the pehaviour will be shown in Sec. V-C.
number of delays in the feedback loo@ (k) = 2~"~'), and:  |n the antioscillation frequency segments the oscillagaori
Com g average extracting energy from the resonator. This effaot c
a=e 1-0? (40) Dbe seen in Figures 10 and 11. In Figure 10 the initial conalitio

of the resonator is near the origing(= 1+ j5). It is seen that

This iterative map is the same as thatin equation (28), W'ﬁ?e final orbit reaches an amplitude of approximat&ly. In
parameters (25), except that the sign of the feedback I'ﬁmp'this case the oscillator is working in the oscillation moadel a

is put in the map in explicit form. o ; .
. . - . it is on average always increasing the energy of the respbnato
In all the simulations the oscillation frequency is obtaine A
i o . : : n the other hand, in Figure 11, for the same frequeficy
by generating an auxiliary bitstream. As pointed out in [20 . . L2
3 . : ut changing the sign of the feedback loop and a large initial
any S° sequence can be converted to a first-order sigma-_ .. . .
. : ) ...~ 2 condition of the resonatoruf, = 50 + 50j), the oscillator
delta bitstream simply by edge detection. The new bitstrisam,. . . .
. : i finally reaches an orbit near the origin. This means that the
generated by applying the following rulg; = 1/2]b,,—b,,—1].

By filtering the oscillation frequency is now easily obtadne oscillator has extracted energy stored initially in theoresor

Although this result has been only proved f8# sequences, until the limit cycle near the origin is reached.
simulation as well as experimental results, [21], show thigt ) _ )
procedure can be used in practical applications. B. Regions with no tuned frequencies

If the sign of the feedback filter is kept constant for all It was proved in [20] that a necessary condition to obtain
frequencies there are whole frequency segments where $ledf-sustained oscillations at the resonant frequencylofs
oscillation frequency extracted from the bitstream is dimpless resonator is that the resonant frequency must be tuned.
‘wrong’, in the sense that it is not related in any way t&xtensive simulations have been carried out showing theat th
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Fig. 9.
resonant frequency when the feedback sign is changed inntieseillation
regions, for a resonator with = 0.01.

PDO does not generate oscillations in the frequency segme

(f(L+1))€0,1/2) wheno > 0 and (f(L +1)) € [1/2,1)

wheno < 0. The purpose of this section is to show that ir i
these frequency segments there are no tuned frequencies
therefore it is not possible to find perfest sequences at the
resonant frequency of the resonator in the lossless case.

Now, let us assume that = +1, then if a frequencyf =

X, g.cd(M,N) = 1, with N even, is tuned there is an

integerm such that:
| Z+1-(L+1)M

m= N (42)
which means that:
R R

and thereforg/(L + 1)) ¢ (3, 1). Now, for N odd, m is:
N 1
|43 - @ +1)2M
m = 5N (43)
and therefore:
M 1 1
(L+D)5) =71 1w (44)
which means that(L + 1)) € (4, ]. In both casesN odd
or even, we have that for any integer
M 1 k 1 k
N¢<2(L+1)+L+1’L+1+L+1> (45)

Following a similar procedure for the case= —1, it can
be shown that(L + 1)&) € [3,1] and therefore:

M k 1 k
~ ¢ : +
N L+1'2(L+1) L+1

Taking into account [20], this result tells us that oscidas

(46)

500
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o

-100

-200

-300

-400 -

-500 i i i i i i i i i i
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Response of the oscillatal, = 1, as a function of the normalized Fig. 10. Oscillation mode for a PDO witfi = 1/7, p = 0.0001, o = —1,

F =1, L = 3 and initial condition of the resonatary = 1 + j.

80

60

20

velocity
o

-80

position

Fig. 11. Anti-oscillation mode for a PDO witfi=1/7, p = le—4,0 =1,
F =1, L = 3 and initial condition of the resonatary = 50 + 507.

although it is completely consistent with the antiosdidiat
modes that are always observed in simulations.

The above result, together with Proposition 2 of [20], shows
that there are frequency segments on whictSarsequence at
the resonant frequency of a lossless resonator is not pessib

C. Energy considerations for PDOs in the Antioscillation
mode

It has been shown in [38] that under some conditiéfis
sequences at the resonant frequency of the resonator provid
asymptotically a maximum in energy transfer to the resanato
The objective of this section is to show that, under some
conditions, PDOs working in the antioscillation mode may
provide maximum energy extraction from the resonator, i.e.

giving rise to perfectS® sequences at the resonant frequen@bsorption of the mechanical energy of the resonator irgo th
of a lossless resonator are not possible in these regions. Télectrical domain.

is not a complete result because it does not provide anyEach time a delta of force of amplitude is applied to a
information regarding what happens in those forbidden gpneesonator at time = 7,,, the energy delivered to the resonator
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is (see the appendix of [19]): Definition 6: The energy efficiency 3, of a given finite-
5 time pulsed actuation with amplitudés, 0 < ¢ < n on a
AE(r,) = o + P2/ () (47) linear resonator with initial condition, is defined as:

where m is the mass of the resonator and(r,) is the o

resonator velocity at time = 7,,. This means that when a == Z bisgn(vi)

delta of force is applied to a resonator, depending on the sig =0

and magnitude of both the excitation and the instantaneomBere v; is the velocity of the resonator at time = iTs

velocity of the resonator, we may either increase or deereashen the resonator is actuated withdeltas with amplitudes

its stored energy. b;,i=0,---,n— 1, and the initial condition of the resonator
If we look again at the iterative map of a PDO with ds wy.

lossless resonator, (39), if at a given timave have that:

(50)

We will now analyze the energy efficiency of PDOs in anti-
sgn(Im(puy,)) = —sgn(c)b,— 1, (48) tuned frequencies.

. . _ . Theorem 3:Given a PDO with a lossless resonator with
taking into account that | = , i.e., the . PR o i
9 un) = Ungr Jwo an anti-tuned frequencyf = £, if the initial condition,

imaginary part ofpu,, is proportional to the instantaneous™ n N n
velocity of the resonator just before the delta is applieﬁo’ is such that|Re(p"uo)| > nC, [Im(p"uo)| > ng, for

then the energy transfer to the resonator at that sampli gﬂ? <PTS’(])V;FL’ t?_en theﬁer};er?y effflezcy of t]r\]]e aCt?ﬁtlon
time has been maximum. In the case where(kgfpu,)) = ? net i rom timen = 0 n = L+ mnolV on the
sgno)b,,— 1, the contrary happens, the energy extracted fro sfo ?VO S: ithem — —1 _ N_o d
the resonator has been maximum. E‘ for N e\(/j((ejn e'lth e B _1 ormn W an
Let us first define the set of “anti-tuned” frequencies: ) for N odd, eithem = —1 or n = — 7.
Definition 5: A rational frequency of the resonatgr— Proof. The actuation the oscillator feeds into the
. [ N . .
is said to be an anti-tuned frequency of a PDO if either [fSONator is  sgiRe(u1,—)). From Lemma 2, it

ion ri ion (37) angfollows that sgiiRe(u,)) =  sgn(Re(p"ug)) and
2b>eyosf equation (36) and < 0, or it obeys equation (37) a dqn = sgn(Im(pu,)) = sgnRe(—jp"*1up)),0 <n < noN. If
L <n <nogN + L, thenb,,_ 1, = sgnRe(p"~Luy)).

From the results of the previous section we know that no o . )
permanent oscillation at the resonant frequency is passibl W& may distinguish three different cases:
any anti-tuned frequency. However it is possible to obtain a® N = 4K, K € N: |nLth|s casg ™"t = —Jj, and therefore
bitstream of the fornd,, = sgn(Re(p™uy)), out of any PDO, at bn-r = sgr(Re(pf“rl* “lug)) = ng(Re(*Jpr_”r_luo)) =
least for some clock cycles, depending on the initial caadit SINIM(p"uo)). This means the the energy efficiency of this
of the resonator. actuation isn = —1.

Lemma 2:Given a PDO with a resonator and an initial

condition, ug, such thatRe(p"ug)| > n ¢, [Im(pmug)| >n¢, P N = 4K +2,K € N: then P_L:_;l —jel /N,
for 0 < n < no, then sgiRe(u,)) = sgnRe(p™uo)) and N this case, bpr = sgr(Re(p" u)) =
sgr(Im(pu,)) = Sgr(Re(—jp"*ug)), for 0 < n < no. sgr(Re(—jc™/Np"ug)). Now, if (8(—jue)N) € [0.5,1),
where ©(u) is defined as©(u) = 1/4 — arg(u)/2m,
Proof. From the map of the oscillator, (39), we have that: then sgiRe(—je™Np"+lug)) = sgnRe(—jp" ),
and thereforen = —1. On the other hand, if
. P = (©(—jug)N) € [0,0.5), we will see that the difference
Un = p"ug — joCp" Y pTbiL (49) petween the sequences &88(—jei™/Npntly,)) and
=0 sgnRe(—jp™Ttug)) is of two bits eachV bits, and therefore
Now, if |Re(p"ug)| > n¢ for 0 < n < ny, n=-222
then sgfRe(w,)) = sgn(Re(p™ug)), becausen >

|Cp"_12?:_01p_ibi_L|. On the other hand, from equation The S® sequencey, = sgnRe(—jp"tlug)) may be ex-
(49), it is easy to see thatfim(p™ug)| > n¢, for0 < n < ng, pressed in the following form:

then sgiim(pu,.)) = Sgr(Re(—jp"™*uo)). O

This last result, means that for an unbounded set of initial SONR&(—jp" " ug)) = ((n + 1) f — 1/2+ O(—juo)) —
conditions of the resonator, regardless of the configunatio

the oscillator, the bitstream is dominated at least for some —((n+1)f +O(—juo)) =
time directly by the initial condition of the resonator. Und .

these circumstances it is possible to study the energyesffigi = ((” + M - N/2+ 9(_3“0)N>_
of the PDO actuation while actuating the resonator, i.e, th N

number of times the sign of the delta of force applied to the (n+1)M + O(—jug)N

resonator coincided with the sign of its velocity. —( N ) (51)



Now, if the collection of setsA4,, is defined asA,
{0,--- ,n—1}, we may further define a functioly : Z — Ay
as:

Io(n) = [((n + 1)M + O(—juo))

which allows us to rewrite the sequenge as:

N| mod N (52)

— N/2 + (8(—juo)N),
N

= L 2N, Do), (59
Then, for anyn € N, ¢, = 1 if Iy(n mod N) < N/2,

andg, = —1 otherwise. On the other hand, ti$8 sequence
bn_1 = sgnRe(—je/™/Npntlyug)) may be written as:

Qn:<

Io(n) —

N/2-1/2+ <9(*qu)N>>7

= ~

Io(n) = 1/2+ (8(=juo)N)
It is clear that if (©(—jug)N) € [0.5,1) then both bit-
streams are identical. o (—juo)N) € [0,0.5) then:

bnfL

(54)

b <(Io(n) —D-N/2+(1/2+ (9(—qu)N>>_
n—L N
) 1) + 12+ (O jun)
N
(Ip(n) —1) mod N — N/2 (Ip(n) — 1) mod N
- i A )

11

2N
o Il(n)—N Il(n)
which implies that if;(n) < N theng, = 1, ¢, = —1
otherwise. Now, if we look at the sequene r.:
n—L — N
Ii(n) — 1/2 4 (©(—juo)2N)
Once again it is clear that fO(—jug)2N) € [0.5,1) then

qn = bn_r, implying thatn = —1. When (0(—jug)2N) ¢
[0.5,1):

— N+ (1/2 4+ (©(—jug)2N)
2N )=
2N

<(Il(n) - 1)

bn—L =

(I1(n) —1) mod 2N — N

2N

(I1(n) — 1) mod 2N

)
2N (60)

and in this case it means that only one bit change® ibits
betweeng,, andb, 1, because for any twa,,ny € Z with

)=

=

ny —ng mod N # 0 itis |I1(n1) — I1(n2)| > 2. Now the
energy efficiency is) = — 2L, a

and therefore2 in each N bits change from the sequence Corollary 1: Given a PDO Wlth a lossless resonator

N-=2 2

b, with regard tog,,, which means thay = ==

c) N odd: thenp= L~ = —jei™/2N and thereforé,,_;, =
sgn(Re(—jed™ 2N pntly)). Now, if (©(—jug)2N) € [0.5,1)
then sgiiRe(—je/™/ >N p"1ug)) = sgrRe(—jp"* uo)) and
therefore the energy efficiency is= —1.

Now, the S® sequencey, = sgnRe(—jp""1ug)) may be
expressed in the following form:

¢n = SGr(Re(—jp" " 1ug)) = ((n +1)f — 1/2+ O(—juo)) —
—((n+1)f +O(—jug)) =
(n+1)2M — N + ©(—jug)2N

= 2N

>,
(n+1)2M + O(—jug)2N
— ) (56)

Following a similar procedure as before, we may defi
I, :Z — Asn as:

L(n) = |((n + 1)2M + ©(—ju))2N | mod 2N

and therefore:

(57)

Li(n) = N 4 (6(—juo)2N)

2N

>,

Qn:<

with a tuned frequencyf = %I, if the initial condition,
up, is such that|Re(p"ug)| > n¢, [Im(p™uo)| > n¢, for

0 < n <ngN + L, then the energy efficiency of the actuation
of the PDO from timen = L ton = L + ngN on the
resonator is:

a) for N even eithem =1 orn =
b) for N odd, eitherp =1 orn =

and
NN ]

Proof. It follows step by step the proof of the previous result
but taking into account that now the frequency is tuned, tvhic
means that eithen = 1, n = (N —2)/N orn = (N —
1)/N, depending on whethe¥ is even or not, and the initial
condition of the resonator.

Now, the following result can be proved for leaky res-
onators:

Theorem 4:For anyng € N and any anti-tuned frequency,

AL, there are some maximum losséss< ag < 1, such

f=

rFgat for any PDO with a leaky resonator withy < |p| <

1, if the initial condition,u, obeys|Re(p"ug)| > (L2~ bl

Ipl
lIm(p™ug)| > ¢2 T ‘f“ , for 0 <n < noN + L, then the energy
efficiency of the actuation of the PDO from time= L to

n = L + ngN on the resonator is:

a) for N even eithem = —1 or n = —%, and
b) for N odd, eitherp = —1 or p = — &L,
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Proof. Due to the fact that, is finite, it is possible to find  Now, considering that = 1, for nq large, in order to have
0 < ap < 1, such that ifag < [p| < 1 and|Im(p™ug)| > n < 0, on average for all initial conditions, it must He +

11_pr‘ln >0itis for0 <n <noN + L: (L+1)f) €[0,1/4)U[3/4,1), which means that:
(L+1)f)€0.5,1) (65)
"(nTs™)) = | & — pRe(p" 1 .
sgn’ (nTs 7)) = sgriim(p™uo) — pRe&(p"uo)) (61) and these are precisely the frequency segments where the
or, equivalently: antioscillation behaviour is found (far > 0). In cases < 0

P then ((L +1)f) € [0,0.5).
sgn(Im(p" uo) — \/T—pQRe(p"uO)) = sgn(im(p"uo)) (62)

. o . . VI. CONCLUSIONS
Now, following a flmllar approach as in Lemma 2, if . . )
IRe(p"uo)| > C17|p| m(puo)| > le‘p" for 0 < The dynamics of PDOs working with MEMS resonators

1=|p[ 1=|pl i i
n < noN + L, then sgtRe(un)) — sgn(p™uo) and with more than one resonance were anaI_yzed.We startec_i with
n B 1 a lumped model of coupled ordinary differential equations
sgriim(p"uo)) = SQURE—jp"* 'uo)),0 < n < nol. obtained for clamped-free beams. Each ODE is related to
Finally following a similar procedure as before the resalt i P j .
one of the resonances of the beam, which result from the
obtained. 0 decomposition in eigenmodes of the solution to the partial
differential equation governing the motion of the beam.nkro
M . this lumped model a set of iterative maps has obtained that
f = &, there are some maximum lossés< o < 1, such . . . .
. : serve to describe the dynamics of a PDO working with
that for any PDO with a leaky resonator with < |p| < 1, :
if the initial condition, uy obeys |Re(p™ug)| > bl resonator with more than one resonance. It has been proved
1 7o pto 1=[p] " that under some circumstances PDOs can activate one of the
Im(p™uo)| > ¢F=f;, for 0 < n <noN + L, then the energy resonances of the MEMS structure, but that this fact can
efficiency of the actuation of the PDO from time= L t0 depend on the initial condition of the resonator. In order to

Corollary 2: For anyny € N and any tuned frequency,

n =L +noN on the resonator iS;V_Q achieve an active control on the activation of the resorance
a) for \Veven eithen) = 1 or 7 = o and another mechanism is necessary: the anti-oscillation mode
b) for N odd, eitherp =1 orn = “%. This mode has been analyzed and it has been shown that

_ the energy efficiency of the actuation in the anti-osciiati
Proof. It follows step by step the proof of the previous resulequency segments is negative. This mechanism will be used
but taking into account that now the frequency is tuned.  |ater in part Il to actuate different resonant modes on a MEMS
cantilever.

D. Characterization of the anti-oscillation frequency sents

We have seen that if what governs the immediate evolution VIl. ACKNOWLEDGEMENTS
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the resonant frequency of the resonator is tuned or angigtun

The objective of this section is to establish a conditioryful VIIl. A PPENDIX|: PROOF OFTHEOREM 1
characterizing the Anti-oscillation frequency segments.

Let us assume an initial condition of the resonator th?t
guarantees a “natural evolution” of the resonatorigr+ L ol
clock cycles. In the case of a lossless resonator the conditi
might be |Re(p™ug)| > n¢, |Im(p™ug)| > n¢, for 0 < n < g-c.d.

In order to obtain the proof of Theorem 1 we need first the
lowing result:

Lemma 3:Given M;, M,, N;, Ny € N, with
(N1,N2) =1, andg.c.d.(M;,N;) =1,i=0,1, then:

no+L. In the case of a leaky resonattiRe(p"ug)| > ¢=12° M M

ol A oy 222y k=0, NNy — 18—
|Im(p”y0)| > g_l___fpl , for 0. < m < ng + L. Therefore, N, VN, ) T e -
assuming the initial condition of the resonator is in these Eol
regions, we have that, ; = sgnRe(p" Luy)) and ¢, = {<F1’ E) tk=0,--- N1 —=1,1=0,--- Ny — 1}
Sgl’(lm(pun)) = Sgr(Re(—jp”+1u0), L <n < nyg+ L. (66)

Therefore: Proof. The result is evident fotV; = N, = 1. Now, for
1 N1N> > 1, let us assume that the first set does not have
b =(n—L)f - 5t O(ug)) — ((n — L) f 4+ O(ug)) = N, N, elements, and therefore the above equality does not
1 hold. This means that for a givel < ky < NiN it is
= (1) f=(LA1) [ =540 (uo)) —((n+1) f=(L+1) f+O(uo)) (ko ) = (ko2) = 0, or what is the samekoM; mod
(63) N; = koMs mod No = 0. Now, taking into account that
and: g.cd.(M;,N;) = 1, i = 0,1, we have thatky = mi NV,
1 1 1 and ky = mgN,, for somemy,my € Z. On the other
qn = <(n+1)f*§+Z+@(Uo)>*<("+1)f+1+@(uo)> (64) hand, becausg.c.d.(N1, N2) = 1, thenky = mo Ny Na, with
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mo € Z, and thereforés ¢ {1,---, Ny Ny — 1}, which is a IX. APPENDIXIl: PROOF OFTHEOREM 2

contradiction. We begin with an auxiliary result:

This only reflects the fact th&&/N,Z x Z/N,Z is a group ~ Lemma 5:Given a binary sequenceb,, , =
isomorph toZ/N; NoZ if and only if g.c.d.(N1, No) = 1. O (sgn(Re&(p™u1,0))), with p = exp(—j27r1‘]§—11), ug € C

= —iop M2 i _

This result allows us to bound the response of a giv&?dqu* ]\e[Xp(_ {27 ﬁj())’lw;th g'c'd'(NBv ]::2) = ;6 a”(‘)j
resonator, of resonant frequengy = M,/Ns, to an S° glc-h-(th it7f q 5 t= i or anye > 0 there Is ao >
sequence, of frequendgly = M; /N, of a different frequency, SUC" NALTOR — o < a <L
if their respective frequencies under the conditions of bem 1 — " mod NiN>
3, at times multiple ofN; N-. [fin (@, buy )| < N te (72)

Lemma 4:For any binary sequenceb,, , =
(sgr(Re(p"u1,0))), With p = exp(—j2n%t),u10 € C,  Proof. For anyn > 0:

if ¢ = exp(—jQﬂ%—Ij), with g.c.d.(N1,N3) = 1, and
g.cd(M;,N;) = 1;i = 0,1, then |h,(¢,bu,,)| < B (00, By o) = T mod Ny N, (0, Buy o)+
n mod N1N2. Y '

| ol wiva [

1—aNil2

Proof. From Lemma 3, we have that: o med Nilognp o vy (g, b, ) (73)

Nlﬁzfl jQW%is (Rl . ) = Now, due to the continuity ofx, n, (g, by, ,) as a func-
e g e u1,0)) = tion of a, and taking into account thaty, v, (¢, b, ,) = 0,

=0 then fora — 1 we have that
Nao—1 CNi—1

— Z Ay Z sgnRefe @ ¥ uy o)) =0 (67) hniwa(ag,by,,) — 0, and the result is easily obtained.]
=0 k=0 Corollary 3: If to the conditions of Lemma 5 we add that
and thereforéy, v, (¢, bu, ,) = 0. Now, due to the fact that: (A7, /Ny) # 0 or (M/N) # 0 then there is & > 0 such
thatforl —§ < a < 1:

n
hn(q7 bul,o) = \‘N N. J hN1N2 (qa bu1,0) (68) 1—a” mod N; Ny
v |hn(aq7bu1 o)| <— (74)
+hn mod N1N2(q7bu1,o) Y -«
which means thah, (g, by, ,)| < n mod Ny No. O [
) . With the above results we may proceed to prove the second
Now, we may proceed with proving Theorem 1: theorem:
. o Proof. of Theorem 2For anyn > 0 we have that:
Proof of Theorem 1Following a similar approach to that
used for proving Theorem 2 in [20], it can be shown that for B
a binary sequencb,,, , = sgn(p™u, o) we have that: fn(0pPy Bu o) = im mod Ny N, (0P Py )+
n +anpnhN1N2 (app7 bul, ) (75)
hn (P, Bus o) = Bn mod ny (P u1,0) + {EJ p"hn, (P, u1,0) . i
(69) whereaq,, is:
Now, due to the fact thatf; is a tuned frequency, ) [ﬁp\m\@
it is sgn(Re(p”"hn,(p,u10))) = SNRePp u1p)) or Uy = —F g med N (76)
sgnRe(p™hn, (p,u1,0))) =0, n > 0. On other hand, retaking I—ap'™

Lemma 5, we have thath,(q,by,,)] < 7 mod NiNy.
Therefore for a sufficiently larges, it is for n > ny,

1
Sgr(Re(pnul,O)) = Sgr(Re(glhn (pv bu1,0)) and: n—>£iongc—>1 a_hn (appv bu1,0) = pnhN1N2 (pa bu1,0) (77)
|Re(C1hﬂ(p7 bu1,o)| > |ﬁ Re(qnu2,0 + Cth(Q7 bulo))| (70)
and therefore:

which means that:
Now, taking into account that foff;) = m:

1
sgn(Re(p"ul,o + Clhn(I% bulyo)'i_ <(Z arg(thNz (pa bul,o))/27r) N1>

1
= o 70 (79)

Ny
Ba"uz0 + Ghn (g, bus o)) then, becauskn, v, (pp, by, ,) iS continuous as a function of
= sgn(Re(p"u1,0)), n>ngp (71)  «,,thereis &, > 0 such that for, € (1—dy, 1-+d), we have

Finally, if [Re(p"u1 o) > |Busol + |Gi|nmod Ny + At SOMRED Avyns (app: Dusy))) = SIMREP 1 0)), 1 2
18¢2| N1 N2, 0 < n < Ny, then equation (71) is also true for 0. Finally, taking into account expression (77) and Lemma 5,
- _ there exists & < ¢; < Jp such that forl > o, > 1 —¢; and
n > 0, and therefore Lemma 1 can be applied. U a sufficiently highng it is for n > ng:



[15]
1—04;LN1”N2JN1N2 d Ny N.
Re 1_ Ole No ay, ' 2}9 hN1 No (app7 bul,o) > [16]
P
n mod Np N n mod Np N
1—ap 1Nz 1—ar 1Nz
> +10] >
1— Oép 1-— Oéq [17]
Z |hn mod N1 No (appv bu1,0)| + |Bhn(aq% bu1,0)| (79)

. 18
which means that sgRe(h,(app, by, ,) + Bayq uzo + [18]
ﬁhn(aqqa bulo))) = Sgr(Re(pnuLO)) for n> no.

[19]

Finally, if |Re(a,p™u1,0)| > Cq, +|Buz,0l, for 0 < n < ny,
where: NN NN

> 7 [20]
Cayp = — +pl——t—+  (80)
- p - q
then SQ'ORe(hn (O‘ppv bu1,o) + Bagq™ua g + 21]
Bhn(qq, bu, ,))) = SIRE(p" u1 0)) for n > 0, and
therefore Lemma 1 can be applied. U 2
REFERENCES (23]

[1] S. D. SenturiaMicrosystem design Springer, 2004.

[2] K. B. Brown, W. Allegretto, F. E. Vermeulen, and A. M. Roison, [24]
“Simple resonating microstructures for gas pressure measets,”
Journal of Micromechanics and Microengineeringol. 12, pp. 204—

210, 2002.

[3] V. Cimalla, F. Niebelschutz, K. Tonisch, C. Foerster, Brueckner, [25]
I. Cimalla, T. Friedrich, J. Pezoldt, R. Stephan, M. Heind @. Am-
bacher, “Nanoelectromechanical devices for sensing egijgns,” Sen-
sors and Actuators Bvol. 126, pp. 24-34, 2007.

[4] G. Keskar, B. Elliott, J. Gaillard, M. J. Skove, and A. Ma® “Using [26]
electric actuation and detection of oscillations in mienttilevers for
pressure measurement§énsors and Actuators, Aol. 147, pp. 203— [27]
209, 2008.

[5] R. Legtenberg and H. A. C. Tilmans, “Electrostaticallyivén vacuum-
encapsulated polysilicon resonators. Part |I. Design amdicttion,” [28]
Sensors and Actuators, Aol. 45, pp. 57-66, 1994.

[6] A. Fargas Marques, R. C. Castello, and A. M. Shkel, “Mbdg the [29]
electrostatic actuation of MEMS: state of the art 2005,” udrsitat
Politecnica de Catalunya, Spain, Tech. Rep. |IOC-DT-P52D8, Sep.
2005. [30]

[7] G.K.Fedder and R. T. Howe, “Multimode digital control afsuspended
polysilicon microstructure,J. Microelectromech. Systol. 5, pp. 283—

297, Dec. 1996.

[8] T. Ono and M. Esashi, “Mass sensing with resonating 4hima silicon  [31]
beams detected by a double-beam laser Doppler viborom&egsure-
ment Science and Technologil. 15, pp. 1977-1981, 2004.

[9] W. Zhang, R. Baskaran, and K. L. Turner, “Effect of cubionfinearity  [32]

[10]

[11]

[12]

[13]

[14]

on auto-parametrically amplified resonant MEMS mass sé€nSensors

and Actuators Avol. 102, pp. 139-150, 2002.

W. Zhang and K. L. Turner, “Noise analysis in parametésonance [33]
based mass sensing,” iRroceedongs of 2004 ASME International
Mechanical Engineering Congress and Expositimaheim, California
USA, 13-20 November 2004.

——, “Application of parametric resonance amplificatiin a single-
crystal silicon micro-oscillator based mass sensBghsors and Actua-
tors A vol. 122, pp. 23-30, 2005.

L. A. Oropeza-Ramos, C. B. Burgner, and K. L. Turner, biast micro-
rate sensor actuated by parametric resonancerobust raigrcsensor
actuated by parametric resonanc8gnsors and Actuators, Aol. 152,
pp. 80-87, 2009.

C. Acar and A. M. Shkel, “Structural design and expenitaé character-
ization of torsional micromachined gyroscopes with nosereant drive
mode,” Journal of Micromechanics and Microengineerjngpl. 14, pp.
15-25, 2004.

T. Wu, W. Chang, and J. Hsu, “Effect of tip length and natrand
lateral contact stifness on the flexural vibration respsmseatomic force
microscope cantileversMicroelectronic Engineeringvol. 71, pp. 15—
20, 2004.

[34]

[35]

[36]

[37]

(38]

14

W. Chang, H. Lee, and T. Y. Chen, “Study of the sensitivitf the
first four flexural modes of an AFM cantilever with a sidewatbpe,”
Ultramicroscopy vol. 108, pp. 619-624, 2008.

J. Sanchez-Rojas and J. H. et al., “Piezoelectric msedasors/actuators
based on microplates applying surface electrode pattgfnim In proc.
of 15th International Conference on Solid-State Sensocjadors and
Microsystems (TRANSDUCERS-0®)enver, CO, USA, June, 21-25
2009.

X. Xia and X. Lin, “Resonance-mode effect on microckviéer mass-
sensing performance in airReview of Scientific Instrumentgol. 79,
p. 074301, 2008.

M. Dominguez, J. Pons-Nin, J. Ricart, A. Bermejo, andHFigueras
Costa, “A novelX — A pulsed digital oscillator (PDO) for MEMS,”
IEEE Sensors Jvol. 5, pp. 1379-1388, Dec. 2005.

M. Dominguez, J. Pons-Nin, J. Ricart, A. Bermejo, Egu€iras Costa,
and M. Morata, “Analysis of theZ — A pulsed digital oscillator for
MEMS,” |IEEE Trans. Circuits Syst,, Ivol. 52, pp. 2286-2297, Nov.
2005.

M. Dominguez, J. Pons-Nin, and J. Ricart, “Generalaigits of pulsed
digital oscillators,”IEEE Trans. Circuits Syst, vol. 55, pp. 2038-2050,
2008.

J. Ricart, J. Pons, M. Dominguez, A. Rodriguez, E.uEigs, M. C.
H. J. Gutiérrez, and |. Sayago, “Application of pulsed @ifbscillators
to volatile organic compounds sensin@énsors and Actuators, Bol.
134, pp. 773-779, 2008.

J. A. Pelesko and D. H. BernsteiModeling of MEMS and NEMS
Chapman&Hall/CRC Press, 2003.

A. H. Nayfeh, M. I. Younis, and E. M. Abdel-Rahman, “Rexal-order
models for MEMS applicationsNonlinear Dynamicsvol. 41, pp. 211—
236, 2005.

J. Wu and L. R. Carley, “ElectromechanicAl>> modulation with high-
Q micromechanical accelerometers and pulse density medufarce
feedback,”IEEE Trans. Circuits Syst., Ivol. 53, no. 3, pp. 274-287,
2006.

M. Dominguez, J. Pons-Nin, and J. Ricart, “Applicatiof pulsed digital
oscillators in 'reverse mode’ to eliminate undesired Miorgs in high-Q
MEMS resonators,” irProc. IEEE International Symposium on Circuits
and Systems 200Rlew Orleans, USA, May 27-30, 2007, pp. 925-928.
A. Teplinsky and O. Feely, “Limit cycles in a MEMS oseitbr,” IEEE
Trans. Circuits Syst. JIvol. 55, pp. 882-886, Sep. 2008.

E. Blokhina and O. Feely, “A kicked oscillator as a modsfl a
pulsed MEMS system/fhternational Journal of Bifurcations and Chaos
vol. 19, no. 1, pp. 187-202, 2009.

K. Graff, Wave Motion in Elastic Solids New York: Dover Publications
Inc, 1975.

H. A. C. Tilmans and R. Legtenberg, “Electrostaticatljiven vacuum-
encapsulated polysilicon resonators. Part Il. Theory agdopmance,”
Sensors and Actuators, Aol. 45, pp. 67-84, 1994.

E. M. Abdel-Rahman, M. I. Younis, and A. H. Nayfeh, “Chaterization
of the mechanical behavior of an electrically actuated ofieam,”
Journal of Micromechanics and Microengineerjngol. 12, pp. 759-
766, 2002.

M. 1. Younis and A. H. Nayfeh, “A study of the nonlinearsgonse of
a resonant microbeam to an electric actuatiddgnlinear Dynamics
vol. 31, pp. 91-117, 2003.

M. I. Younis, E. M. Abdel-Rahman, and A. Nayfeh, “A redut
order model for electrically actuated microbeam-based NSEMI.
Microelectromech. Systvol. 12, pp. 672-680, Oct. 2003.

W. C. Xie, H. P. Lee, and S. P. Lim, “Nonlinear dynamic s& of
MEMS switches by nonlinear modal analysis\onlinear Dynamics
vol. 31, pp. 243-256, 2003.

Y. C. Liang, W. Z. Lin, H. P. Lee, S. P. Lim, K. H. Lee, and
H. Sun, “Proper orthogonal decomposition and its appbceti- Part
II: Model reduction for MEMS dynamical analysisJournal of Sound
and Vibration vol. 256, pp. 515-532, 2002.

G. K. Fedder, “Simulation of microelectromechanicgstems,” Ph.D.
dissertation, U. C. Berkeley, 1994.

M. Dominguez, J. Pons-Nin, J. Ricart, and E. Figuetafie MEMS
pulsed digital oscillator (PDO) below the Nyquist limitSensors and
Actuators A vol. 136, pp. 690-696, 2007.

E. Blokhina, O. Feely, and M. Dominguez, “Dynamics o&tMEMS
pulsed digital oscillator with multiple delays in the feedk loop,” in
Proc. of IEEE International Symposium on Circuits and SystélSCAS)
2009 Taipei, Taiwan, 24—27 May 2009, pp. 1903—-1906.

M. Dominguez, “Energy efficiency of pulsed actuatioms linear res-
onators,”|IEEE Trans. Circuits Syst, in press.



