
Title The Use of the Forced Frequency of a Bridge Due to a Truck Fleet for Estimating Stiffness Losses 

at Low Speed

Authors(s) González, Arturo, Feng, Kun, Casero, Miguel

Publication date 2022-11-09

Publication information González, Arturo, Kun Feng, and Miguel Casero. “The Use of the Forced Frequency of a Bridge 

Due to a Truck Fleet for Estimating Stiffness Losses at Low Speed.” MDPI, November 9, 2022. 

https://doi.org/10.3390/app122211380.

Publisher MDPI

Item record/more 

information

http://hdl.handle.net/10197/13253

Publisher's version (DOI) 10.3390/app122211380

Downloaded 2026-05-01 23:38:54

The UCD community has made this article openly available. Please share how this access

benefits you. Your story matters! (@ucd_oa)

© Some rights reserved. For more information

https://twitter.com/intent/tweet?via=ucd_oa&text=The+Use+of+the+Forced+Frequency+of+a+...&url=http%3A%2F%2Fhdl.handle.net%2F10197%2F13253


 

 
 

 

 
Appl. Sci. 2022, 12, 11380. https://doi.org/10.3390/app122211380 www.mdpi.com/journal/applsci 

Article 

The Use of the Forced Frequency of a Bridge Due to a Truck 

Fleet for Estimating Stiffness Losses at Low Speed 

Arturo González *, Kun Feng and Miguel Casero 

School of Civil Engineering, University College Dublin, D04 V1W8 Dublin, Ireland;  

kun.feng@ucdconnect.ie (K.F.); miguel.caseroflorez@ucd.ie (M.C.) 

* Correspondence: arturo.gonzalez@ucd.ie 

Abstract: The influence of traffic loads on the dynamic features of a bridge is an external factor that 

can hinder the true condition of the structure. This paper aims to effectuate a shift in the way this 

factor is viewed. If the interaction between vehicle and bridge is modeled using the finite element 

method, the response is based on mass, stiffness, and damping matrices of a coupled vehicle-bridge 

system that vary with the location of the load at each point in time. The time-varying forced fre-

quencies of a beam bridge model due to a fleet of 3-axle trucks based on eigenvalue analysis (i.e., 

derived from the matrices of the coupled system) are compared to those obtained using dynamic 

transient analysis (i.e., derived from the frequency content of the acceleration response of the beam 

due to a truck crossing). Truck properties are randomly varied within a realistic range to obtain a 

pattern for the forced vibration due to a truck fleet traveling at an ideal speed of 1 m/s on a 15 m 

bridge with a smooth surface, and at 10 m/s on a 30 m bridge. These patterns reveal a trend that 

allows for locating and quantifying the stiffness loss associated with a crack using only the forced 

frequency. The implementation of this methodology requires the installation of accelerometers on 

the bridge, and a nearby weigh-in-motion system to identify the traffic fleet of interest. High re-

quirements for frequency resolution limit the application to bridges located on low speed routes. 

Keywords: vehicle bridge interaction; damage detection; forced vibration; bridge dynamics; struc-

tural health monitoring; frequency evolution; mahalanobis distance; truck fleet 

 

1. Introduction 

The dynamic parameters associated with a bridge are employed by vibration-based 

structural health monitoring (SHM) methods for damage to be either detected (known as 

‘level I’ damage detection methods), detected and located (‘level II’ methods), or detected, 

located, and quantified (‘level III’ methods). There is also a ‘level IV’ group of methods 

that not only detects, locates and quantifies damage, but also estimates the remaining life 

of the structure [1]. These dynamic parameters can be divided into two categories [2,3]: 

• Those directly related to the main modes of vibration of the structure such as natural 

frequencies, damping, mode shapes, frequency contour, nodes position, modal as-

surance criteria, mode shape curvature, modal strain energy, etc.; 

• Others such as coupling measurements, anti-resonances, frequency response func-

tions, cumulative absolute velocity, cumulative absolute displacement, distributed 

vibration intensity, mean cumulative vibration intensity, etc.; 

Accurate measurements of sophisticated dynamic parameters, i.e., mode shape cur-

vature, come at a cost, and typically require sensors (i.e., accelerometers) installed at more 

locations and with a higher resolution than needed for extracting simpler parameters. For 

instance, a low number of accelerometers may be insufficient to capture a curvature 

change in the mode shape associated with the location of damage, but it can easily capture 

a shift in natural frequencies. The magnitude of this shift can be associated with a localized 
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bending stiffness loss and will depend on the severity and the relative position of the stiff-

ness loss within the mode shape. In theory, frequencies can be obtained by simulating 

damage at different locations on a mathematical model of the structure, and then compar-

ing with measured frequencies to locate the damage. In practice, damage is difficult to 

characterize from frequencies alone due to the need to capture multiple modes, the sensi-

tivity to noise, operational and environmental loading, the dependence on the selected 

damage and structural models, and the non-uniqueness of the solution. Therefore, civil 

engineering structures are in urgent need of reliable assessment methods based only on 

the first few modes with simple assumptions about the behavior of the structure [4]. 

If traffic was used as the excitation force and the bridge was model-led using a finite 

element approach based on linear elastic elements, the frequencies of the bridge in free 

vibration are related to the time-invariant mass, stiffness, and damping matrices of the 

bridge. Nevertheless, periods of forced vibration involving vehicle-bridge interaction 

(VBI) will be difficult to avoid in locations where heavy traffic occurs regularly. The fre-

quency content of the response due to traffic will differ in free and forced vibration ac-

cording to the mass and frequency ratios of the vehicle to the bridge [5–7]. Shifts in forced 

frequency are affected by damage to an extent that varies with the location of the vehicle 

on the bridge [8]. 

Recently, the concept of using a traffic fleet to monitor bridges has drawn the interest 

of many researchers. For instance, Cantero and González [9] developed a level I damage 

detection technique that is based on the correlation between the weights measured by a 

pavement-based weigh-in-motion (WIM) system installed near the bridge, and the 

weights obtained by a bridge-based weigh-in-motion (BWIM) system for a specific truck 

fleet. WIM systems measure axle weights, spacings between axles, and the speed of the 

overpassing vehicles without interruption to the traffic flow. In the case of pavement-

based systems, the sensors (i.e., piezoelectric, bending plate, load cell) are embedded in 

the road [10–12]. In the case of bridge-based systems, the sensors (i.e., strain gauges) are 

attached to the soffit of a bridge deck. Traditional BWIM algorithms relate the measured 

response, usually strains, to the axle weights through the influence line [13]. More com-

plex BWIM algorithms apply moving force identification theory [14], but are difficult to 

implement in practice. OBrien et al. [15] explore the use of accelerations as input to a tra-

ditional BWIM algorithm to detect damage in a bridge from the weights inferred for a 

truck fleet. The algorithm is tested with one year of experimental data from a short-span 

reinforced concrete bridge in Slovenia. Further on, Wang et al. [16] apply the same concept 

based on the acceleration response to detect global damage, but using a moving force 

identification algorithm to estimate the weights of the vehicles. Following the same prin-

ciple of detecting damage from deviations in BWIM results, OBrien et al. [17] use a tradi-

tional static algorithm that adopts the rotation response of the bridge as input. The rota-

tion of 2D and 3D numerical bridge models due to real traffic fleets from a WIM site in 

Virginia (US) (i.e., almost 160,000 5-axle trucks recorded over a period of 4 years) is used 

for assessment purposes. 

While the aforementioned publications deal with direct methods, i.e., measurements 

taken from sensors installed in the bridge, there is also an increasing interest in indirect 

methods such as vehicular measurements while crossing a bridge [18–20]. The latter is the 

line of research followed by Corbally and Malekjafarian, who derive the response of the 

contact point between the wheel and the bridge from sensors mounted on the vehicle for 

damage detection purposes [21]. The method is applied to a monitoring campaign using 

a vehicle fleet for a period of 2 years by means of theoretical simulations [22]. The authors 

were able to account for temperature effects and various vehicle speeds, although they 

considered the same vehicle in all the simulations, i.e., a fixed set of vehicle properties. As 

an example of practical implementation, smartphones located in regular traffic or public 

transport can be used to monitor a network of bridges [23–25], i.e., the vehicle fleet does 

not consist of specialized vehicles fitted with high-end sensors. Preliminary results show 

promise in terms of smartphones providing enough accuracy for the identification of 
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frequencies. In this regard, the road profile is known to affect drive-by measurements; 

thus, its characterization can contribute to the increased accuracy of indirect methods. 

Keenahan et al. [26] met this task by exploiting the data collected in multiple crossings of 

a vehicle fleet. Using numerical simulations, the authors were successful in extracting the 

road profile without prior knowledge of the vehicle properties. A general view of the chal-

lenges and opportunities associated with the use of an Intelligent Transport System (ITS) 

to enhance the performance of SHM systems is provided by Khan et al. [27]. Indirect mon-

itoring in combination with ITS, i.e., traffic cameras and detectors, are presented as a po-

tential precursor for connected vehicle technology, where wireless signals are used to 

transmit data between vehicles and/or to the bridge infrastructure. 

This paper aims to exploit the features contained in the forced response of the first 

mode of vibration that are not present in free vibration to develop a novel damage detec-

tion method. Bridge frequencies associated with the first mode are calculated in forced 

vibration for each position of a planar 3-axle truck on a bridge beam model using eigen-

value analysis of the coupled system matrix. These calculations cover multiple damage 

locations and severities, assuming that the damage is modeled as a crack that leads to a 

loss of bending stiffness at selected elements. Ideally, a relatively large sample of trucks 

from the operational traffic flow would be employed for gathering information about the 

bridge. For this reason, the analysis was extended to a truck fleet with a similar static 

configuration, but differing in dynamic properties. Hence, this method would require the 

presence of a WIM system onsite for classifying trucks according to their static weights 

and axle spacing, as well as locating them on the bridge based on their speed. An eigen-

value analysis conducted on a finite element model of the bridge is computationally very 

fast, and allows a quick picture of the expected impact of damage on the forced frequency 

pattern of the fleet to be gathered. When carrying out the eigenvalue analysis on a vehicle 

fleet, it is possible to define probability distributions for the values of the forced frequen-

cies. Moreover, these distributions will change depending on the position of the vehicle 

and on the location and severity of the damage, hence allowing for the creation of a data-

base. In the absence of field measurements, transient analysis was employed to simulate 

the acceleration of data collected on the bridge. The transient analysis was performed for 

a traffic fleet independent from the calibration fleet used in the eigenvalue analysis. The 

Short-Time Fourier Transform (STFT) was applied to the time-history of accelerations to 

extract the time-varying frequencies associated with each vehicle crossing. Finally, spe-

cific values of the transient forced frequencies were compared to the distributions from 

eigenvalue analysis to establish whether damage has occurred or not, where, and to what 

extent. The Mahalanobis distance was used to infer the probability distribution of the da-

tabase to which a fleet is more likely to belong. 

Section 2 describes the research methodology, including the fundamental equations 

for the VBI model, as well as the main tools used, i.e., STFT and Mahalanobis distance. 

Section 3 provides details on the specific bridge and traffic fleet models used for testing 

the methodology. Section 4 illustrates the variation of the forced frequency of the 1st mode 

of the bridge, and how the probability distribution of forced eigenfrequencies can be ob-

tained from a traffic fleet. Section 5 shows the challenges associated with obtaining the 

forced frequencies from transient analysis due to the effect of the road profile, vehicle 

speed, and damping, and how local and global damage affects the forced frequencies. 

Section 6 presents results for two damage scenarios in two bridge spans traversed by a 

traffic fleet at two different speeds. Finally, Section 7 draws conclusions and makes sug-

gestions for future research. 

2. Research Methodology 

Damage is seldom localized and quantified considering only the first mode of a struc-

ture; it is often necessary to combine this information with data from other modes and 

dynamic measurements. This paper attempts to overcome this challenge by exploiting the 

information stored by the time-history of forced frequencies due to a vehicle to estimate 
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the location and severity of the damage induced by a crack. While this paper uses only 

the frequency associated with the first mode, it is also making the most out of the unique 

coupling of a specific vehicle fleet with the first frequency of the bridge for the different 

positions of the vehicle on the bridge. This section presents the basic steps for implement-

ing the methodology, including the practical aspects, as follows: 

(1) Build a finite element model of the bridge. For this purpose, it is necessary to know 

the properties of the healthy bridge, which can be obtained based on original draw-

ings and measurements on site to identify the mass ([𝑀𝑏]), stiffness ([𝐾𝑏]) and damp-

ing ([𝐶𝑏]) matrices that are involved in the equation of motion of the bridge (Equation 

(1)). 

[𝑀𝑏]{𝑢̈𝑏} + [𝐶𝑏]{𝑢̇𝑏} + [𝐾𝑏]{𝑢𝑏} = {𝐹𝑏} (1) 

where {𝑢𝑏}, {𝑢̇𝑏} and {𝑢̈𝑏} are vectors representing the displacement, velocity and 

acceleration of the Degrees of Freedom (DoFs) of the bridge, respectively; whereas 
{𝐹𝑏} is the vector representing the time-varying forces applied to the bridge. 

(2) Build a multi-body dynamic model of the vehicle representative of the truck fleet. 

The statistical data for axle spacings and static axle weights of the fleet can be col-

lected from a WIM site near the bridge. In the absence of vehicular measurements, 

the dynamic properties of the vehicle can be gathered from the literature. Equation 

(2) represents the equation of motion of the vehicle: 

[𝑀𝑣]{𝑢̈𝑣} + [𝐶𝑣]{𝑢̇𝑣} + [𝐾𝑣]{𝑢𝑣} = {𝐹𝑣} (2) 

where [𝑀𝑣], [𝐾𝑣] and [𝐶𝑣] correspond to the mass, stiffness and damping matrices 

of the vehicle, respectively; {𝑢𝑣}, {𝑢̇𝑣} and {𝑢̈𝑣} are vectors representing the dis-

placement, velocity, and acceleration of the DoFs of the vehicle, respectively; and 
{𝐹𝑣} is the vector representing the time-varying forces applied to the vehicle. 

(3) Based on steps (1) and (2), 𝑛 mass and stiffness matrices are assembled for the cou-

pled vehicle-bridge system for each position of the vehicle on the bridge. VBI model-

ling is an efficient approach to estimating the bridge response (i.e., forced vibration) 

due to a moving vehicle, and has been widely used in past research works [28]. It is 

important to note here that bridge damping is neglected in the current analysis. Also, 

eigenvalue analysis does not contemplate the road profile, therefore, the methodol-

ogy is best suited to bridges with very low roughness coefficient. 

(4) Using eigenvalue analysis, the time-history of the first eigenvalue of the coupled ve-

hicle-bridge model is calculated for the 𝑛 positions of the vehicle on the healthy 

bridge. The properties of the vehicle are varied randomly based on typical distribu-

tions for the fleet configuration under investigation, i.e., based on statistics from a 

nearby WIM site. Therefore, each point in the time-history of the first eigenfrequency 

has a statistical distribution associated with it. Equation (3) shows the eigenvalue 

analysis for a given position 𝑖 over the bridge of the vehicle with a set of properties 

𝑗. 

|[𝑀𝑔]
−1

[𝐾𝑔
𝑖,𝑗

] − 𝛼𝐼𝑔| = 0 with 𝑖 ∈ [1, 𝑛] 𝑎𝑛𝑑 𝑗 ∈ [1, 𝑠] (3) 

where [𝑀𝑔]
−1

 represents the inverse of the coupled mass matrix, which is independ-

ent of the position of the vehicle; [𝐾𝑔
𝑖,𝑗

] corresponds to the coupled stiffness matrix 

when a vehicle with a set of properties 𝑗 is located at position 𝑖 over the bridge; 𝛼 

is the vector of eigenvalues and 𝐼g, the identity matrix. Finally, 𝑠 represents the size 

of the fleet considered in the eigenvalue analysis. By solving Equation (3) for each 

value of 𝑖 and 𝑗 and keeping the first element of 𝛼, it is possible to obtain 𝑛 vectors 

of 𝑠  components that characterize the statistical distribution of the first forced 



Appl. Sci. 2022, 12, 11380 5 of 26 
 

eigenfrequency of the healthy bridge at each vehicle location for the selected fleet 

configuration. 

(5) The process described in step (4) is repeated here for a wide range of damage scenar-

ios. In addition to varying the properties of the vehicle based on typical values for 

the fleet configuration, the stiffness of the bridge is varied according to the parame-

ters of a damage model (i.e., crack location and severity). A specific set of parameters 

of the damage model leads to a specific set of statistical distributions of the first fre-

quency for each location of the vehicle on the bridge. Experimental data for the de-

velopment of damage models is limited mostly to beams tested in a lab, and there is 

a large degree of uncertainty surrounding existing damage or its evolution for a com-

plex structure. For example, the true shape of an existing loss of bending stiffness 

associated with a particular damage location in a bridge (i.e., a crack) and the as-

sumed mathematical model to characterize a similar damage at the same location 

may differ considerably. If the width of the shape is narrower in reality than in the 

mathematical model, then the methodology will be prone to underestimate the 

depth. Overall, it is expected that small changes in the shape would affect mainly the 

higher frequencies of the bridge, whereas the first frequency would only change to a 

small extent. Thus, predictions from the proposed methodology should still be able 

to point a bridge inspector in the right direction. 

(6) The acceleration response of the bridge is measured for 𝑝 crossings of random trucks 

within the selected fleet configuration. The latter entails the availability of a WIM 

system immediately before or after the bridge to identify those trucks that belong to 

the fleet. Here, the method is tested with theoretical accelerations due to the unavail-

ability of field tests. The interaction between the vehicle and the bridge is imple-

mented using MATLAB R2022a [29]. Therefore, the acceleration response is simu-

lated by integrating the equations of motion of the coupled VBI system defined in 

Equation (4). 

[𝑀𝑔]{𝑢̈𝑔} + [𝐶𝑔]{𝑢̇𝑔} + [𝐾𝑔]{𝑢𝑔} = {𝐹𝑔} (4) 

where [𝑀𝑔], [𝐶𝑔], and [𝐾𝑔] represent the global mass matrix, global damping ma-

trix, and global stiffness matrix, respectively; {𝐹𝑔} is the global force vector; and {𝑢𝑔} 

is the unknown displacement vector. The symbols   ̇ and   ̈ indicate the first and sec-

ond derivative with respect to time, respectively. The Newmark-beta integration ap-

proach (with 𝛾 = 0.5 and 𝛽 = 0.25) is used to obtain the bridge response, and more 

specifically, the acceleration of the mid-span section. Details about the integration are 

referred to González [28]. 

(7) The STFT of the acceleration response is calculated for each of the 𝑝 crossings, as per 

Equation (5). It should be noted that other signal processing tools can potentially be 

used instead of the STFT here to obtain the time-frequency representation of the ac-

celeration signal, i.e., Hilbert Huang Transform [30], wavelets [31], etc. 

𝑆𝑇𝐹𝑇{𝑢̈𝑔(𝑡)}(𝜏, 𝜔) = ∫ 𝑢̈𝑔(𝑡)𝑤(𝑡 − 𝜏)𝑒−𝑖𝜔𝑡𝑑𝑡
∞

−∞

 (5) 

where 𝑢̈𝑔(𝑡) represents the acceleration signal, 𝑤(𝜏) is the window function and 𝜔 

corresponds to the frequency. Acceleration signals of short duration will lead to a 

poor frequency resolution. Therefore, the methodology will perform best with a 

longer duration of the signal. An ideal scenario would consist of a long vehicle cross-

ing a long bridge at low speed, with speed having the greatest impact on accuracy. 

In practice, the latter limits the range of application to bridges where speed re-

strictions apply, i.e., located in an urban area, or close to a junction where a vehicle 

must slow down. Initially, the bridge can be assumed to be healthy, and the mean 
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pattern of forced vibrations obtained here can be used to calibrate the VBI model 

proposed in step (4). 

(8) For every vehicle crossing, a set of frequency values is selected within the time-his-

tory of forced frequencies. These values of frequencies correspond to the same spe-

cific locations of the vehicle over the bridge. It is essential to choose locations where 

the frequency estimation is not hindered by edge effects derived from the application 

of the signal processing tool. In this paper, the methodology is tested using only two 

vehicle positions (𝑖1, 𝑖2) and two frequencies, but it could be potentially extended to 

include more positions over the bridge. 

(9) As a result of steps (1) to (5), a database of bivariate distributions of the eigenfre-

quency values corresponding to the healthy bridge and each damage scenario is gen-

erated based on the frequencies corresponding to the two selected vehicle positions. 

Alternatively, a multivariate distribution of higher order would be employed in case 

of selecting more than two values from the time-history of forced frequencies. Then, 

Equation (6) is applied to obtain the Mahalanobis distance [32,33], 𝑀𝐷𝑟
𝑞, between the 

points defined by the frequencies in the 𝑞 = 1, 2, 3, …, 𝑝 vehicle crossings and the 

statistical distributions obtained using eigenvalue analysis (steps (4) and (5)). 

𝑀𝐷𝑟
𝑞

= √{𝑦𝑞 − 𝜇̅𝑟}
𝑇[𝑆𝑟]

−1{𝑦𝑞 − 𝜇̅𝑟}  𝑟 = 1, 2, 3, …, 𝑅 (6) 

where 𝑟 represents a distribution from the eigenvalue database, 𝑅 is the total num-

ber of the bivariate distributions, and 𝜇̅𝑟 and [𝑆𝑟] denote the sample mean and co-

variance of the reference bivariate distribution, respectively. [𝑆𝑟] is a square matrix 

with an order equal to the number of selected forced frequencies. For each vehicle 

crossing, there is an observation {𝑦𝑞} (i.e., set of selected forced frequencies) which 

is used to measure the Mahalanobis distance between the observation and the refer-

ence bivariate distribution. The superscripts T and −1 indicate the transpose of a vector 

and inverse of a matrix, respectively. 

(10) For vehicle crossing 𝑞 = 1, it is possible to calculate 𝑀𝐷1
1, 𝑀𝐷2

1, 𝑀𝐷3
1, …, 𝑀𝐷𝑅

1 ac-

cording to Equation (6). If there are 𝑝 vehicle crossings, a mean Mahalanobis dis-

tance is defined for each distribution 𝑟 as follows: 𝑀𝐷̅̅ ̅̅
𝑟̅ = ∑

𝑀𝐷𝑟
𝑞

𝑝

𝑝
𝑞=1 . The 𝑅 distribu-

tions are ranked in ascending order according to the mean Mahalanobis distance 

𝑀𝐷̅̅ ̅̅
𝑟̅. The location and severity associated with the statistical distribution yielding the 

lowest value of the mean Mahalanobis distance are used to estimate the damage. The 

Mahalanobis distance can be employed to assist in the selection of the frequencies in 

step (8). It is found that, generally, combinations of frequencies leading to high values 

of the Mahalanobis distance will yield more inaccurate results than combinations 

with low values of the distance. 

3. Vehicle-Bridge Interaction Model 

3.1. Bridge Model 

A 15 m span bridge is modeled as a simply supported Euler-Bernoulli beam discre-

tized into 150 elements 0.1 m long each. Hence, there are 151 nodes in total with 2 DoFs 

per node, representing the vertical translation and in-plane rotation of each node. The 

elementary mass [𝑀𝑒] and stiffness [𝐾𝑒] matrices are expressed in Equations (7) and (8), 

respectively. 

[𝑀𝑒] =
𝑚𝐿𝑒

420
[
 
 
 

156 22𝐿𝑒 54 −13𝐿𝑒

22𝐿𝑒 4𝐿𝑒
2 13𝐿𝑒 −3𝐿𝑒

2

54 13𝐿𝑒 156 −22𝐿𝑒

−13𝐿𝑒 −3𝐿𝑒
2 −22𝐿𝑒 4𝐿𝑒

2 ]
 
 
 

 (7) 
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[𝐾𝑒] =
𝐸𝐼

𝐿𝑒
3

[
 
 
 

12 6𝐿𝑒 −12 6𝐿𝑒

6𝐿𝑒 4𝐿𝑒
2 −6𝐿𝑒 2𝐿𝑒

2

−12 −6𝐿𝑒 12 −6𝐿𝑒

6𝐿𝑒 2𝐿𝑒
2 −6𝐿𝑒 4𝐿𝑒

2 ]
 
 
 

 (8) 

where 𝑚, 𝐿𝑒, 𝐸, and 𝐼, represent the mass per unit length, length of each element, mod-

ulus of elasticity and moment of area, respectively. The vertical translation of the left end 

node and its associated rotation are represented by the 1st and 2nd rows of the matrices 

in Equations (7) and (8), and similarly for the right end node by the 3rd and 4th rows. By 

assembling all the elementary mass and stiffness matrices, it is possible to obtain the 

bridge mass and stiffness matrices used in Equation (1). The dimensions of these matrices 

are 302 × 302 in this paper. 

Table 1 summarizes the values of the bridge properties, based on a reinforced con-

crete solid slab with a constant cross-section [34,35]. 

Table 1. Parameters of the bridge model. 

Parameter Value Unit 

Length, 𝐿𝑏 15 m 

Width, 𝑤 15 m 

Depth, ℎ 0.75 m 

Mass per unit length, 𝑚 28,125 kg/m 

Modulus of elasticity, 𝐸 35 × 109 Pa 

Second moment of area, 𝐼 0.5273 m4 

The first three frequencies associated with the longitudinal modes of vibration of the 

bridge are 5.655 Hz, 22.622 Hz, and 50.900 Hz. These values are consistent with the liter-

ature [36,37], in terms of the relationship between the bridge fundamental frequency and 

its span length, i.e., approximately 85/𝐿𝑏 for the first frequency of a 15 m concrete bridge. 

Damping is usually low in bridges, and it is neglected in this paper unless otherwise spec-

ified. For instance, Castellanos-Toro et al. [38] report that nearly 60% of the damping ratios 

of vehicular and pedestrian bridges fall within the 1–5% range, with the majority of values 

concentrated around a value of 3% for vertical frequencies. 

Sinha et al. [39] propose a linear stiffness reduction as an approximation of the expo-

nential function developed by Christides and Barr [40] for modeling the decay in stiffness 

due to a crack in steel beams. A different non-linear function is available to model the 

stiffness loss due to a crack in reinforced concrete beams [41], and it has been used by 

other authors in the context of moving vehicular loads [42]. For simplification purposes, 

the linear approximation by Sinha et al. is applied here to represent the stiffness loss in a 

reinforced concrete bridge. The damage severity of the crack, typically labeled as 𝜆, is 

defined by the ratio of the crack depth to the total beam depth. The crack is assumed to 

extend across the width of the entire section. If the total beam depth is ℎ, stiffness in-

creases linearly from a minimum at the crack location to a maximum (healthy condition, 

i.e., 0.5273 m4) at a distance of 1.5ℎ (Figure 1). If ℎ = 0.75 m and 𝜆 = 15%, the crack has a 

depth of 11.25 cm and the relative stiffness loss in percentage at the cracked section is 

approximately (1 − (1 − 0.15)3)  100 = 38.59% based on a rectangular cross-section. For 𝜆 

= 5%, the crack depth is 3.75 cm and the relative stiffness loss is 14.26%. 
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Figure 1. Vehicle-bridge interaction model. 

3.2. Vehicle Model 

Figure 1 depicts the planar 3-axle rigid truck model employed in the simulations. 

The truck model has 5 DoFs, namely the vertical displacements of the front axle, rear 

tandem and body masses (labeled in the figure as 𝑤𝑣1, 𝑤𝑣2 and 𝑤𝑣3, respectively) and 

the rotations of the rear tandem mass (𝜃1) and the body mass (𝜃2). The mass [𝑀𝑣], damp-

ing [𝐶𝑣], and stiffness [𝐾𝑣] matrices used in Equation (2) are given in Equations (9)–(11). 

[𝑀𝑣] =

[
 
 
 
 
𝑚1 0 0 0 0
0 𝑚2 0 0 0
0 0 𝐼1 0 0
0 0 0 𝑚3 0
0 0 0 0 𝐼2]

 
 
 
 

 (9) 

[𝐶𝑣] =

[
 
 
 
 
 
 
 
𝐶11 + 𝐶12 0 0 −𝐶11 𝐶11𝐿𝑣3

0 𝐶21 + 𝐶22 + 𝐶32

(−𝐶22 + 𝐶32)𝐿𝑣2

2
−𝐶21 −𝐶21𝐿𝑣4

0
(−𝐶22 + 𝐶32)𝐿𝑣2

2

(𝐶22 + 𝐶32)𝐿𝑣2
2

4
0 0

−𝐶11 −𝐶21 0 𝐶11 + 𝐶21 −𝐶11𝐿𝑣3 + 𝐶21𝐿𝑣4

𝐶11𝐿𝑣3 −𝐶21𝐿𝑣4 0 −𝐶11𝐿𝑣3 + 𝐶21𝐿𝑣4 𝐶11𝐿𝑣3
2 + 𝐶21𝐿𝑣4

2 ]
 
 
 
 
 
 
 

 (10) 

[𝐾𝑣] =

[
 
 
 
 
 
 
 
𝐾11 + 𝐾12 0 0 −𝐾11 𝐾11𝐿𝑣3

0 𝐾21 + 𝐾22 + 𝐾32

(−𝐾22 + 𝐾32)𝐿𝑣2

2
−𝐾21 −𝐾21𝐿𝑣4

0
(−𝐾22 + 𝐾32)𝐿𝑣2

2

(𝐾22 + 𝐾32)𝐿𝑣2
2

4
0 0

−𝐾11 −𝐾21 0 𝐾11 + 𝐾21 −𝐾11𝐿𝑣3 + 𝐾21𝐿𝑣4

𝐾11𝐿𝑣3 −𝐾21𝐿𝑣4 0 −𝐾11𝐿𝑣3 + 𝐾21𝐿𝑣4 𝐾11𝐿𝑣3
2 + 𝐾21𝐿𝑣4

2 ]
 
 
 
 
 
 
 

 (11) 

where 𝐶𝑖𝑗  represents the damping values; 𝐾𝑖𝑗 , stiffness values; 𝐿𝑣𝑖 , distances; 𝑚𝑖 , 

masses; and 𝐼𝑖 , mass inertias of the vehicle. 

Table 2 lists typical values of properties for a 3-axle truck, calibrated experimentally 

[8,43]. These values are assumed to be the mean values for a truck fleet that will be defined 

further on. An eigenvalue analysis led to five vehicle frequencies, 2.153, 2.671, 14.806, 

15.572 and 15.827 Hz, representing the body mass bounce, the body mass pitch, the rear 

axle pitch, the front axle hop and the rear axle hop, respectively. 
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Table 2. Parameters of the vehicle model. 

Parameter Value Unit 

Geometry   

Spacing between front and 1st rear axle, 𝐿𝑣1 5.40 m 

Spacing between 1st and 2nd rear axle, 𝐿𝑣2 1.20 m 

Distance between 𝑚1 and 𝑚3, 𝐿𝑣3 4.40 m 

Distance between 𝑚2 and 𝑚3, 𝐿𝑣4 1.60 m 

Weights   

Gross Vehicle Weight, 𝐺𝑉𝑊 241.00 kN 

Front axle, 𝑃1 64.11 kN 

1st Rear axle, 𝑃2 88.45 kN 

2nd Rear axle, 𝑃3 88.45 kN 

Masses   

Front axle unsprung, 𝑚1 500 kg 

Rear tandem unsprung, 𝑚2 1450 kg 

Body sprung, 𝑚3 22,625 kg 

Mass moments of inertia   

Rear tandem unsprung mass, 𝐼1 732 kg∙m2 

Body sprung mass, 𝐼2 162,162 kg∙m2 

Spring stiffness   

Front suspension, 𝐾11 1577 kN/m 

Rear suspension, 𝐾21 4724 kN/m 

Front tire, 𝐾12 3146 kN/m 

Rear tires, 𝐾22, 𝐾32 4724 kN/m 

Damping coefficients   

Front suspension, 𝐶11 22.40 kN∙s/m 

Rear suspension, 𝐶21 66.84 kN∙s/m 

Front tire, 𝐶12 13.30 kN∙s/m 

Rear tires, 𝐶22, 𝐶32 10.00 kN∙s/m 

3.3. Truck Fleet 

The parameters for the truck fleet were generated based on the normal distributions 

defined in Table 3. The mean and standard deviation of the distributions for the static 

mechanical parameters in Table 3 (i.e., geometry and weights) are based on histograms of 

WIM data recorded in a motorway in Auxerre, France [44]. Particularly, Table 3 adopts 

the values of the normal distribution fitted to the peak of the histogram associated with 

fully loaded 3-axle trucks, in line with common WIM practice. Additionally, the mean 

values of the rest of the parameters in Table 3 (i.e., mass, spring stiffness, damping coeffi-

cient) were taken from the literature [43], and their corresponding standard deviations are 

based on Cantero et al. [45]. It is worth mentioning that some other vehicle design stand-

ards [46] and road safety guidelines [47] are taken into consideration to have reasonable 

minimum and maximum values. In other words, the distributions are truncated to ensure 

that a realistic range of values will be sampled. 

Table 3. Statistical distributions of vehicle parameters for the truck fleet. 

Parameter Mean STD Min Max 

Geometry (m) 

𝐿𝑣1 5.4 0.2 5.2 5.6 

𝐿𝑣2 1.2 0.2 1.1 1.3 

Weights 

𝐺𝑉𝑊 (kN) 241 57.5 183.5 299 
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𝑊1(%) (*) 26.6 2.1 24.5 28.7 

Masses (kg) 

𝑚1 500 50 400 600 

𝑚2 1450 145 1160 1740 

Spring stiffness (kN/m) 

𝐾11 1577 236.55 1103.9 2050.1 

𝐾21 4724 1181 2362 7086 

𝐾12 3146 786.5 1573 4719 

𝐾22, 𝐾32 4724 1181 2362 7086 

Damping coefficients (kN∙s/m) 

𝐶11 22.40 6.72 8.96 35.84 

𝐶21 66.84 20.05 26.74 106.94 

𝐶12 13.30 3.99 5.32 21.28 

𝐶22, 𝐶32 10.00 3.00 4.00 16.00 

(*) 𝑊1 represents 𝑃1 from Table 1 as a% of 𝐺𝑉𝑊. 

The Monte Carlo method was used to randomly sample values from the distributions 

in Table 3. As a result, a fleet composed of 𝑠 = 1000 different trucks was generated. Figure 

2 shows the histogram of frequencies associated with the first five modes of vibration of 

the 1000 vehicles. There is reasonable agreement between the histogram of frequencies 

and the past research by Cebon [48] and White [49], i.e., frequencies for the body mass 

bounce and pitch vary between 1.5 and 3 Hz (as Figure 2a,b), and frequencies for the rear 

tandem hop and pitch and the front axle hop are found between 7 and 20 Hz (as Figure 

2c–e). 

 

Figure 2. Histogram of frequencies of vibration of the fleet for: (a) the 1st mode, (b) the 2nd mode, 

(c) the 3rd mode, (d) the 4th mode, and (e) the 5th mode of vibration. 

4. Eigenvalue Analysis 

4.1. Healthy Bridge 

Figure 3 shows the first bridge eigenfrequency versus the location of the front axle of 

the vehicle for a healthy version of the bridge, obtained as described in steps (1) to (4) of 

the methodology presented in Section 2. The value of the eigenfrequency corresponding 

to a truck based on the mean values of Table 2 is represented by a black solid curve. The 

red dash-dotted and blue dashed curves correspond to the values of mean and mean ± 

standard deviation, respectively, of the 1000 eigenfrequencies obtained for each position 

of the fleet (Section 3.3) on the bridge. The black solid and red dash-dotted curves become 
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closer as the size of the sample increases, being a reasonable match for the 1000 trucks 

calibration sample. 

 

Figure 3. Bridge eigenfrequencies vs. location of the 1st axle on the bridge. 

In Figure 3, there are four vertical dashed lines indicating the 2nd and 3rd axles en-

tering the bridge (5.4 and 6.6 m) and the 1st and 2nd axles leaving the bridge (15 and 20.4 

m). Vertical solid lines signal the frequency 𝐹3, associated with the 1st axle located at 3 m 

and the frequency 𝐹9 associated with the 1st axle at 9 m. The selected locations at 3 and 

at 9 m seek a compromise between a low sensitivity to the variability of the fleet, and a 

relatively far distance from singularities associated with the entrance and exit of axles. 

The values of the eigenfrequencies at these two locations (𝐹3 and 𝐹9) will be used as ref-

erences in subsequent analyses. 

It is noted that the standard deviation increases significantly after the 3rd axle of the 

vehicle enters the bridge (𝑥 = 6.6 m), and it decreases when the 1st axle is about to leave 

the bridge (𝑥 = 15 m). The eigenfrequencies for locations between 10 and 15 m are most 

sensitive to the variability of the truck fleet. The use of frequencies in this 10–15 m range 

would only be advisable in the case of having a large fleet available for testing, in order 

to get a good approximation of the mean value. It is worth mentioning that the variability 

displayed in Figure 3 belongs to a general population of 3-axle trucks, but could be further 

reduced by limiting the characteristics of the fleet. For example, the fleet was generated 

by sampling axle weights and axle spacings of a 3-axle truck randomly based on normal 

distributions from real WIM data as per Table 3. However, a WIM or BWIM system would 

allow measuring these static properties to narrow down on a subset of the general 3-axle 

truck fleet that could be used to derive a more specific Figure 3. Although some variability 

will remain as a result of the uncertainty on the dynamic properties of the subset, this 

uncertainty would be considerably smaller than when also covering for the static proper-

ties. 

Figure 4a,b show the number of vehicles versus the bridge eigenfrequencies (𝐹3 and 

𝐹9) for locations 𝑥 = 3 m and 𝑥 = 9 m, respectively. The histogram of eigenfrequencies 

appears to follow a normal distribution with a mean value of 5.658 Hz and a standard 

deviation of 0.0006 Hz for 𝐹3, and with a mean value of 5.673 Hz and a standard deviation 

of 0.0035 Hz for 𝐹9. In agreement with the discussion above, the uncertainty around 𝐹9 is 

clearly larger than for 𝐹3. 
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Figure 4. No. vehicles versus bridge eigenfrequencies associated with the 1st axle located at: (a) 3 m 

and (b) 9 m, from 1st support. 

A bivariate distribution can be fitted to the 1000 𝐹3 eigenfrequencies and 1000 𝐹9 

eigenfrequencies as per Figure 5. Here, the 𝑥-axis represents the individual distribution 

of 𝐹3  highlighted in red, the 𝑦-axis represents the individual distribution of 𝐹9 high-

lighted in blue, and the 𝑧-axis represents the probability. The ellipse highlighted in green 

is based on the individual mean and standard deviations of 𝐹3 and 𝐹9. This ellipse con-

tains 86.6% of all combinations of 𝐹3 and 𝐹9 inside its perimeter, i.e., 866 trucks. 

 

Figure 5. Bivariate distribution of bridge eigenfrequencies associated with the 1st axle located at 3 

and at 9 m. 

4.2. Damaged Bridge 

If different crack locations and severities are introduced in the coupled VBI finite el-

ement model, the values of the eigenfrequencies in Figures 3–5 will change. Figure 6 illus-

trates the result of adjusting a bivariate normal distribution to 𝐹3 and 𝐹9 for the same 

bridge and truck fleet, but with different damage scenarios (step (5) in Section 2). This is 

the database mentioned in step (9) of the methodology that will be used for comparison 

to the frequencies extracted from the acceleration signal. Only damage locations in the 

first half of the bridge (up to 7.5 m from the left support) are considered here. The ellipses 

in the figure represent the frequency distributions with 86.6% probability. Ellipses drawn 

with thick solid lines, dotted lines, and dashed lines represent cracks with 𝜆 = 5%, 𝜆 = 

10%, and 𝜆 = 15% respectively. It can be seen that the distributions align along a straight 

line approximately. For the same crack location, deeper cracks lead to lower frequencies. 

As expected, the distribution for the healthy beam, in solid thick black, is located in the 

upper right corner of the figure. For the same crack severity (𝜆), the 1st bridge frequency 
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tends to decrease as the crack location becomes closer to the mid-span of the bridge. For 

the smaller values of damage severity, ellipses are more closely spaced. 

 

Figure 6. Bivariate distributions of bridge eigenfrequencies at 3 m and 9 m associated with a healthy 

bridge, 18 local stiffness losses (six different damage locations and three damage severities) and 5 

global stiffness losses. 

In addition to the local stiffness losses defined by Sinha et al. [39] (Section 3.1), five 

global stiffness losses are also considered. Global stiffness loss is defined as a percentage 

(1%, 2%, 3%, 4% and 5%) of the healthy bridge stiffness (i.e., 18.4555 × 109 N/m2). The five 

bivariate distributions representative of a potential global damage are highlighted in Fig-

ure 6 as dash-dotted ellipses. It must be emphasized that global stiffness losses are not 

necessarily related to damage, but to environmental causes such as changes in tempera-

ture and humidity [50]. Hence, environmental conditions have to be monitored together 

with the frequencies. Figure 6 shows that the forced-frequencies due to local and global 

changes follow a similar pattern. A zoom onto two distributions next to each other, one 

local (green solid) and another global (orange dash-dotted), distinguishes small differ-

ences in their shapes, i.e., the global ellipse is larger than the local ellipse due to a higher 

value of the standard deviation for 𝐹9. 

5. Transient Analysis 

The dynamic transient analysis aims to simulate the response that would be meas-

ured in the field. The coupled equations of motion of the VBI system are integrated to 

obtain a time series of the acceleration response at midspan due to the passing of the ve-

hicle at a constant speed of 1 m/s. The very low selected speed has the purpose of assessing 

differences with eigenvalue analysis in the absence of other factors, such as the duration 

of the signal or edge effects. The STFT is employed to extract the time history of forced 

frequencies. 

5.1. Healthy Bridge 

There are various window function types that can be utilized in the STFT for instan-

taneous frequency extraction; the Hamming, Gaussian and Hann are amongst the most 

popular options [51]. Figure 7 shows the difference between these windows compared to 

the eigenvalue analysis for the vehicle given in Section 3.2. The Hann window outper-

forms the other two alternatives when intending to match the eigenvalue curve. In order 

to optimize the trade-off between time and frequency resolution [52], the selected length 

for the Hann window is 210, the hop size is 25 and the total number of fast Fourier trans-

form (FFT) points is 220. Figure 7 shows how the entrances and exits of the axles induce 
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significant deviations between the eigenfrequencies and the instantaneous frequencies 

due to edge effects. The locations for capturing the frequencies 𝐹3 and 𝐹9 were selected 

to avoid these “blind spots”. 

 

Figure 7. Comparison of the eigenvalue curve and the STFT of the undamped bridge response due 

to the truck travelling at 1 m/s on a smooth profile using three different window functions. 

Figure 8 compares the effect of damping on the instantaneous forced frequency ob-

tained from the bridge acceleration due to the same truck (Section 3.2) traveling at 1 m/s. 

Classical Rayleigh damping is employed here to model viscous damping on the bridge as 

a linear combination of the mass and stiffness matrices [53]. There are two constants re-

lated to the Rayleigh damping, pre-multiplying mass and stiffness matrices, defined as: 

𝛼𝑅 = 2𝜉𝜔1𝜔2/(𝜔1 + 𝜔2), and 𝛽𝑅 = 2𝜉/(𝜔1 + 𝜔2), respectively, where 𝜔1 and 𝜔2 are the 

first two angular frequencies of the bridge. The damped frequency, 𝑓𝑑 , is defined 

by 𝑓√1 − 𝜉2 [54], where 𝑓 is the undamped frequency and 𝜉 is the damping ratio. As 

the modal damping increases, the damped frequency decreases, but only slightly, given 

the low damping found in bridges. Values of 𝜉 = 1%, 2% and 3% in the figure do not 

show a significant deviation from the 0% damping adopted in this paper. 

 

Figure 8. Comparison of the eigenvalue curve and the STFT of the bridge response due to the truck 

traveling at 1 m/s on a smooth profile for four bridge damping ratios. 
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Figure 9 shows the history of forced frequencies for four different vehicle speeds, 

namely 1 m/s, 2 m/s, 4 m/s and 8 m/s. The STFT at 1 m/s offers the most reliable results 

regardless of the axle location. Although a higher speed could be employed, there are 

limitations related to a worsening of the frequency resolution, and to the contamination 

of the STFT by wider and more pronounced edge effects. Therefore, extreme caution 

should be placed in the selection of the vehicle positions when employing high vehicle 

speeds. For the two locations selected in the paper, i.e., 𝐹3 and 𝐹9, the STFT of the mid-

span acceleration when the vehicle travels at 4 m/s is still able to provide accurate results. 

However, the STFT at 8 m/s resembles the eigenvalue curve only for a small portion be-

tween 10 and 11 m. It should be pointed out that a bridge span longer than the 15 m in-

vestigated here would potentially allow for higher speeds to be implemented. Firstly, a 

longer span captures a longer duration of the measurements, and, consequently, leads to 

a better frequency resolution. Secondly, the interference of axles entering and leaving the 

bridge that corrupts the forced vibration record will have a comparatively lesser impact. 

 

Figure 9. Comparison of the eigenvalue curve and the STFT of the undamped bridge response due 

to the truck travelling on a smooth profile at four different speeds. 

The simulations conducted in this paper adopt a smooth road profile. Figure 10 

shows the impact of increasing the roughness coefficient of the road, i.e., the geometric 

spatial mean in m3/cycle. The road profile was generated through an inverse FFT of its 

power spectral density function based on the usual assumption of being a zero-mean sta-

tionary Gaussian random process [55]. Although the tested three roughness coefficients 

(0.01 × 10−6, 0.1 × 10−6, 1 × 10−6, m3/cycle) correspond to a ‘very good’ profile (Class ‘A’ 

according to ISO standards [56]), the overall pattern, and more specifically the values of 

𝐹3 and 𝐹9, rapidly deviate from the eigenvalue curve. 
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Figure 10. Comparison of the eigenvalue curve and the STFT of the undamped bridge response due 

to the truck travelling at 1 m/s on four roads with different roughness coefficients. 

5.2. Damaged Bridge 

Figure 11a shows the instantaneous frequencies of a bridge in a damage scenario ‘A’ 

with a 15% crack at 5 m, using the truck of Section 3.2. The latter is assumed to be repre-

sentative of a large fleet of 3-axle configurations. In this investigation, only the values of 

𝐹3 and 𝐹9, marked in the figure with two vertical solid lines, were retained for further 

analysis. Figure 11b is the equivalent of Figure 11a for damage scenario ‘B’ with a smaller 

crack (only 5% of the depth of the beam) located at 7 m. As expected, the changes in ei-

genfrequencies for damage ‘B’ with respect to the healthy condition (Figure 3) are signif-

icantly smaller than for damage ‘A’. 
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Figure 11. Instantaneous frequencies by STFT vs. location of the 1st axle for scenarios: (a) 15% crack 

at 5 m, and (b) 5% crack at 7 m. 

6. Discussion 

6.1. Testing of a 15 m Bridge 

This section shows how eigenvalue analysis can be exploited to locate and quantify 

damage based on the changes in the forced frequencies 𝐹3 and 𝐹9. For this purpose, Fig-

ure 12 compares the forced frequencies of a fleet composed of 𝑝 = 1000 3-axle trucks to 

the associated eigenfrequencies for two damage scenarios. The forced frequency versus 

vehicle position for a 15% crack at 5 m is illustrated in Figure 12a. The solid and dashed 

lines represent the eigenvalue and the mean frequency value (𝜇) of the truck fleet, respec-

tively. Additionally, the shaded area surrounding the dashed line indicates three times 

the standard deviation (𝜎), i.e., [𝜇 − 3𝜎, 𝜇 + 3𝜎], which means that 99.7% of the estimated 

forced frequencies are located within the highlighted area and frequency range [5.48, 5.56] 

Hz. Figure 12b makes the same comparison for the 5% crack at 7 m. As expected, the fre-

quency range, [5.58, 5.66] Hz, is different for this second scenario, but the overall pattern 

remains. 
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Figure 12. Comparison between transient forced-frequencies due to the crossing of 1000 trucks and 

eigenfrequencies for scenarios: (a) 15% crack at 5 m, and (b) 5% crack at 7 m. 

The points along the two vertical lines signaling the frequencies 𝐹3 and 𝐹9 in Figure 

12 were selected for damage localization and quantification. Figure 13 plots the values of 

𝐹3 and 𝐹9 obtained for the fleet of 3-axle trucks (𝑝 = 1000) against the eigenfrequency 

database presented in Figure 6. Most of the points lie inside the ellipse from eigenvalue 

analysis corresponding to the true values of severity and location for both damage scenar-

ios. For the smaller damage scenario, the ellipses associated with 5% crack at 6 m and 5% 

crack at 7 m are relatively close, but there is no difficulty in distinguishing the true solu-

tion. More challenging scenarios will display clusters of points falling within overlapping 

ellipses. 
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Figure 13. Comparison between transient forced-frequencies (𝐹3, 𝐹9) due to the crossing of 1000 

trucks and eigenvalue database for scenarios: (a) 15% crack at 5 m, and (b) 5% crack at 7 m. 

The Mahalanobis distance provides a robust method to quantify the discordancy be-

tween frequencies in known-damage scenarios from eigenvalue analysis and unknown 

scenarios from transient analysis or measurements (steps (9) and (10) of the methodology). 

Figure 14 ranks the first 8 minimum values of the mean Mahalanobis distance for the two 

tested cracks when using 𝑝 = 1000 trucks. As expected, the first-ranked scenario matches 

the true damage severity and location in both scenarios. The size of the traffic fleet was 

varied, 𝑝 = 1000, 500, 250, 100, 50, 25 and 10 trucks, with no impact on accuracy. The in-

sensitivity of the results to the size of the fleet is attributed to the separation between the 

distributions illustrated in Figure 13, and to the proximity of the measured frequencies to 

the ellipse holding the true solution. 

 



Appl. Sci. 2022, 12, 11380 20 of 26 
 

 

Figure 14. Min value rank of Mahalanobis distance for scenarios: (a) 15% crack at 5 m, and (b) 5% 

crack at 7 m. 

6.2. Testing of a 30 m Bridge 

The analysis from the previous section is extended here to a 30 m span bridge (2nd 

moment of area 𝐼 = 2.2643 m4 and mass per unit length 𝑚 = 21,608 kg/m) traversed by a 

fleet of 3-axle trucks at a speed of 10 m/s. The first three longitudinal frequencies of the 

bridge in healthy condition are 3.385 Hz, 13.540 Hz, and 30.465 Hz. For comparison pur-

poses, the damage scenarios have the same relative locations with respect to the total span 

as in Section 6.1, i.e., damage ‘C’ is a 15% crack located at 10 m, and damage ‘D’ is a 5% 

crack located at 14 m from the first support. Figure 15a,b compare the difference between 

the forced frequencies extracted from a fleet composed of 𝑝 = 1000 trucks and its associ-

ated eigenfrequencies for damages ‘C’ and ‘D’, respectively. 
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Figure 15. Comparison between transient forced-frequencies due to the crossing of 1000 trucks and 

eigenfrequencies for scenarios: (a) 15% crack at 10 m, and (b) 5% crack at 14 m. 

As noted in the methodology section, the proper selection of the locations for fre-

quency estimation is essential. It is clear from Figure 15 that the combination of frequen-

cies used before, i.e., 𝐹3 and 𝐹9, does not work due to the edge effects caused by the axles 

entering and leaving the bridge. The higher speed has a negative impact on the estimation 

of the forced frequency by significantly widening the “blind spots” around the entrance 

and exit of vehicle axles. Nevertheless, there is a longer duration of available accelerations 

with respect to the 15 m bridge, making it possible to capture uncorrupted, instantaneous 

frequencies for positions of the front axle between 11 and 26 m. Therefore, the frequencies 

𝐹15 and 𝐹22, corresponding to positions of the front axle at 15 and 22 m from the start of 

the bridge, were proposed to establish the eigenfrequency database and the instantaneous 

frequencies from the dynamic transient analysis. As expected, the first bridge frequency 

decreased slightly more for damage ‘C’ than for damage ‘D’. For example, the range [𝜇 − 

3𝜎, 𝜇 + 3𝜎] within 11–26 m due to the 1000 trucks varies from 3.30 to 3.42 Hz for damage 

‘C’, and from 3.35 to 3.47 Hz for damage ‘D’. 

Figure 16a,b plot the 1000 values ‘measured’ for 𝐹15 and 𝐹22, and their associated 

distributions for damages ‘C’ and ‘D’, respectively. Figure 16c,d show the ‘measurements’ 

for the two damages against the theoretical eigenfrequency database. In comparison to 

the 15 m bridge (Figure 13), there is considerable overlap between theoretical eigenvalue 

distributions associated with different damage scenarios. The reasons are twofold: (i) the 

change in the 1st bridge frequency due to damage is smaller in the 30 m bridge; and (ii) 

the standard deviations associated with 𝐹15 and 𝐹22 are larger than those associated with 

𝐹3 and 𝐹9. Regarding (i), even if equivalent damage scenarios cause a similar relative dec-

rement in frequency for both spans, the absolute change in frequency is smaller in the 

longer span because of its lower first bridge frequency. For instance, damage ‘A’ in the 15 

m bridge causes a reduction of −2.81% in 𝐹9 with respect to a healthy condition, whereas 

damage ‘C’ in the 30 m bridge results in a similar change of −2.75% in 𝐹22. However, the 

former is equivalent to a drop of 0.16 Hz, while the latter only represents a reduction of 

0.09 Hz. Regarding (ii), the standard deviations in the case of a healthy bridge are 0.0006 

Hz, 0.0035 Hz, 0.0145 Hz, and 0.023 Hz, for 𝐹3(15 m bridge) , 𝐹9(15 m bridge) , 

𝐹15 (30 m bridge), and 𝐹22 (30 m bridge), respectively. The locations of the frequencies se-

lected in the 30 m bridge are closer to the middle of the duration of the signal, where the 

variability of the forced frequency due to the vehicle fleet is larger, i.e., 𝐹3 and 𝐹9 exhibit 

a narrower shaded area in Figure 12 than 𝐹15 and 𝐹22 in Figure 15. Also, the variability for 

𝐹3 is smaller than for 𝐹9, which is closer to the middle of the signal. Indeed, the impact of 

the variability of the fleet on the first mode is felt more strongly when the vehicle is located 
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around the antinode, i.e., midspan. In any case, the majority of the fleet lies inside the 

ellipse from eigenvalue analysis corresponding to the true values of severity and location. 

 

 

 

Figure 16. Comparison between transient forced frequencies (𝐹15, 𝐹22) due to the crossing of 1000 

trucks and eigenvalue database: (a) distributions of 𝐹15 and 𝐹22 for damage ‘C’, (b) distributions 

of 𝐹15 and 𝐹22 for damage ‘D’, (c) Damage ‘C’ against database, and (d) Damage ‘D’ against data-

base. 
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Figure 17a,b rank the first 8 minimum values of the mean Mahalanobis distance with 

𝑝 = 1000 trucks for damage scenarios ‘C’ and ‘D’, respectively. In contrast to the 15 m 

bridge (Figure 14), there are smaller differences between the Mahalanobis distances for 

the top ranked solutions due to a larger degree of variability in the ‘measured’ frequency 

due to the fleet, and a significant overlap between the statistical distributions of eigenfre-

quencies associated with each damage. The 1st ranked scenario matches the true damage 

severity and location in both scenarios, although differences between the 1st and 2nd 

ranked solutions are as small as 1.8290 vs. 1.9123 for damage ‘C’ (Figure 17a). In Figure 

17b, the mean Mahalanobis distances for the first four ranked scenarios are 1.8363, 2.0133, 

2.0306 and 2.0412. 

 

 

Figure 17. Min value rank of Mahalanobis distance for scenarios: (a) 15% crack at 10 m, and (b) 5% 

crack at 14 m. 

Given that the Mahalanobis distances are relatively closer for the top ranked solu-

tions, and are more difficult to distinguish in the 30 m bridge than in the 15 m bridge, the 

size of the traffic fleet was expected to have an impact that was not found for the 15 m 

bridge. Fleet sizes composed by 𝑝 = 10, 25, 50, 100, 250, 500 and 1000 trucks, were tested. 

Results indicate that the size does not have any impact on damage predictions for the 

damage scenario ‘D’. Damage ‘C’ was accurately located and quantified for all fleet sizes, 

except for 𝑝 = 25 and 𝑝 = 10, when it is characterized as a 10% crack located at 14 m, 

rather than a 15% crack at 10 m. A relatively high number of trucks is recommended to 

ensure a robust prediction of damage when the selected frequencies are sensitive to the 

variability of the fleet. 
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7. Conclusions 

Level III damage detection methods can be achieved, in practice, using several dy-

namic parameters and a few modes of a bridge, yet their implementation is scarce due to 

the typically high number of sensors involved. The value of the frequency associated with 

the first mode of vibration of a bridge is easily extracted with only one or a few measure-

ment sensors, but it is insufficient for locating and quantifying damage. Traditionally, a 

unique value of frequency is retained for a mode while taking a relatively long measure-

ment period into account. However, this paper has demonstrated that the time-history of 

instantaneous forced frequencies associated with the different positions of a truck on a 

bridge stores information that makes damage identification possible. 

Using eigenvalue analysis, a database of bivariate distributions of the first bridge ei-

genfrequencies associated with a truck fleet when the 1st axle of the vehicle is located at 

two different positions on the bridge was derived for different locations and severities of 

a crack. These distributions allow the visualization of how the frequencies of the bridge 

vary with crack location and crack severity, and they have accounted for some of the un-

certainties related to the dynamic properties of a specific truck configuration. Instantane-

ous frequencies were calculated at the same two locations by applying a Hann-based STFT 

to the acceleration response of the bridge traversed by random trucks of the selected fleet. 

The instantaneous frequencies served to successfully locate and quantify two cracks when 

plotted over the wide range of bivariate distributions available from eigenvalue analysis. 

The Mahalanobis distance was proposed to discern scenarios where more than one solu-

tion was feasible. 

The theoretical testing was limited to two damage scenarios (15% and 5% cracks lo-

cated at 1/3 and 7/15 of the total span respectively), two speeds (1 m/s and 10 m/s) and 

two bridge spans (15 m and 30 m) with a smooth profile. Therefore, the 18 local damage 

scenarios included in the eigenvalue database covered the two crack scenarios tested in 

the two bridges. On the one hand, edge effects had a more profound impact in a shorter 

span, where the requirements for a lower speed are more strict in order to ensure a portion 

of uncorrupted frequencies sufficiently long. On the other hand, similar damages led to 

more uncertainty in the predictions for the longer span, where the size of the traffic fleet 

was proven to be a factor. It is acknowledged that there are multiple degradation pro-

cesses that affect bridges other than cracks. In practice, there could be damage scenarios 

for which the eigenvalue database does not have associated distributions. As a result of 

the ideal testing conditions, only discrepancies between eigenvalue and transient analyses 

can move the measured frequencies away from the true distribution. It was shown that 

these discrepancies significantly increase for higher speeds and rougher profiles. Differ-

ences between theoretical models and reality, as well as noise in the measurements, also 

deteriorate the accuracy of the results. As a suggestion for further research, the method-

ology needs to be assessed with other damage scenarios, higher speeds, rough road pro-

files, modeling errors, and experimental data. 
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