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A practical formula of solutions for a family of linear
non-autonomous fractional nabla difference equations

Ioannis K. Dassios!*?
IMACSI, University of Limerick, Ireland

2ERC, University College Dublin, Ireland

Abstract. In this article, we focus on a generalised problem of linear non-autonomous
fractional nabla difference equations. Firstly, we define the equations and describe how
this family of problems covers other linear fractional difference equations that appear in
the literature. Then, by using matrix theory we provide a new practical formula of so-
lutions for these type of equations. Finally, numerical examples are given to justify our
theory.

Keywords: non-autonomous, matrix, nabla, fractional, difference equations.

1 Introduction

Difference equations of fractional order have recently proven to be valuable tools in the
modeling of many phenomena in various fields of science and engineering. Indeed, we can
find numerous applications in viscoelasticity, electrochemistry, physics, control, porous
media, electromagnetism and so forth, see [5], [6], [15], [20], [24], [25], [30], [32], [33]. At
this point it is strongly believed that the fractional discrete operators can have impor-
tant contribution in generalizing this idea to classical mechanics, non-relativistic quantum
mechanics and relativistic quantum field theories.

The theory of discrete fractional equations is also a promising tool for several biological
and physical applications where the memory effect appears. The dynamics of the complex
systems are better described within this new powerful tool. The nanotechnology and its
applications in biology for example as well as the discrete gravity are fields where the
fractional discrete models will play an important role in the future, see [6], [15].

There has been a significant development in the study of fractional difference equations
and inclusions in recent years; For some recent contributions focusing on the solutions of
fractional difference equations, see [1], [2], [B], [, [7], [8], [©], [10], [I1), [I4], [16], [17],
18], [211, [23], [27], [29], and the references therein. The stability of fractional difference
equations has been studied in [12], [19], [22], [28], [31], [33], [34].

In this article we will use the fractional nabla operator as defined when applied to a
sequence. The backward difference operator of first order, denoted by V (nabla operator),
when applied to a vector of sequences Yy : N — C™ is defined by:

VY, =Y, — Yi_1;



while the backward difference operator of second order, denoted by V2, is defined by:
VY, = V(VY;) = Vi — 2Yi1 + Yioo;

Similarly, the v order backward difference operator, VY, is defined by:

v

; 1
Z(_l) LG+ 1)I(v—j+1)

Jj=0

1
I(v+1)

VY, =

Where T'(+) is the Gamma function. In order to define the fractional nabla operator, see
121, 3], [, we set:
VY = fi.

Where fi, known vector of sequences. By solving for Y, we get:

1

k _
Y = 1153 g(k —J D) =V

Where b¢ = F(Fb(;c). Based on this expression, i.e. V7V f;, = ﬁ Z?za(k' — )T, i
we define N, by N, = {o,a+ 1,a+ 2,...}, a positive integer, and n fractional then the

nabla fractional operator of n-th order for any Y : N, — C™ is defined by:
k
VaYe=) bijY, (1)
Jj=a

where by_; = ﬁ(lﬂ —j+D" L i=a,a+1,.k—1k
Several type of systems of fractional nabla difference equations have been studied by
authors, see [2], [3], [, [7], [8], [9], [10], [I1I]. Linear systems can be summarised in the

following family of non-autonomous fractional nabla difference equations:
RV, =Yk GOY + Vi, k=a+la+2,.., (2)

Where F;wG;cj) : N, — C™*™ V., € C" are known matrices and Yy : N, — C™. The

symbol (j) on the matrix G,(f ) refers to the fact that this matrix is a coefficient of Y; in
. In this article we will focus on the case that » = m = 1, i.e. instead of a system we
have a generalized non-autonomous difference equation. Note that k in takes values
from a+ 1 while Y}, is defined for k greater than o and the matrix equation itself includes
Y.. We will provide more insight on this in the next Section.

Equation covers many linear fractional difference equations that can be found in
the literature. For example:

If we replace F, = 1,Vk € Ng; G,(f) =0,Vj = a,a+1,..,k Vi = V; we get the
fractional difference equation

VoY=V, Vk=a+1l,a+2,..



If we replace F, = 1,Vk € Ng; G;Ck) = —G, Gg) = 0,Vj # k; we get the fractional
difference equation
VoY +GYry =V, VE=a+1,a+2,..

If we replace F, = F,Vk € Ng; G,(ck) =G, G,(Cj) = 0,Vj # k; we get the fractional
difference equation

FV"Y, =GY,+ Vi, Vk=a+1,a+2,..

The rest of the paper is organized as follows: in Section 2 we provide our main results,
i.e. we obtain a new practical formula of solutions for based on matrix methods and
in Section 3 numerical examples are given to justify our theory.

2 Main Results

In this section we will provide our main results. As mentioned in the introduction, in
the discrete variable k takes values for k > o + 1 while Y}, is defined for k > «. If was
holding for £ = « then

FoViYe =Y GOY;+V,

j=a

or, equivalently, from

[0 (0%
B Y b %= 36O 4V

Jj=a Jj=a

or, equivalently,

F.Y, =GYY, +V,,
. pe—" F(1—n—1
since by = 7F(in)(1) I = 7F(in) f-n-1) (1) ) = 1.
should hold, which can not always be guaranteed.

This means that the above equation

We may now present the following Theorem:

Theorem 2.1. Consider for r = m = 1 and with a given initial condition Y,. Then
if Foq; # GltD Vj € N there exists always a unique solution for Vk = a,a+1,...

a+j
given by:
a D;(f_)a ot : pF—e=idy, .
Yo = (_l)k (a+j) Yo it (=1) k—a : ; (a+5)]" (3)
Iy [Faﬂ Gotj } i=0 0 i [Fa—&-j —Goyy }



For 1 < i, ng_a_i) is the following i x ¢ determinant:

k—i k—i+1
A{(Cl;i'%l A%ﬁitrll; (k0‘+2) 0 o 0
-t —1 —1

Ak—i+2 Ak—i-},—2 Ak—i-j—Q O e 0
oy | ALY ARSI Al 4
s (@)

T I R

Al(ckfi) A](Ckfz#l) Al(ckfi+2) Al(ckfi+3) Al(ck,l)

and Dékia*i) = 1. Where

Ag):7(l€—j—l—1)_"_1(F;.C—Gg))7 Vi=a,a+1,.,k and k=a+1l,a+2,..

L(—n)
(5)

Proof. Since r = m =1 we have a fractional nabla difference equation. By replacing
into (2)) we get:

k ; e k j
By, {Zj:a ey (k=7 + D)7 =300, GIY; 4+ Vi, k=a+1,a+2,..,
or, equivalently,

S (g k=i + )T R = GO = Ve, k=a+la+2,.

Jj=a n)
If we set
A,(Cj) = = (k—j+1)"'F — G,(Cj), Vi=a,a+1,.,k and k=a+1,a+2,..,
the previous expression will take the form:
Sk LAY = Vi, k=a+la+2,.. (6)

We can define any two AE;X), V., € C such that:

Va
Hence we have:
A((la)Ya = Va;

By replacing k with k =a+1,a+2,...,.a+ M, M € N random, in @ we get:

A(O‘_zlya + Agfll)YaH =Vyy, for k=a+1;

0%

A&?2Ya + AgC:;l)YaH + AS:;Q)YQH = Va2, for k=a+2;

ADY, + A TY 4+ + AV Yy =V, for k=a+ M =N.
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Equivalently, the above equations can be written in matrix form as:

AP0 0 - 0 |Tv,]1 [Wv
A, A&“ﬁi) 0 0 Yar1 Virt
ALy AZS) ATEY 0 | Yan | = | Vo,

The above expression is an algebraic system of M + 1 equations, M + 1
unknowns (where N = o+ M) and has a unique solution if and only if the
determinant of the matrix in non-zero, i.e.:

A,ik) #0, VE=a,a+1,...

Then the matrix is invertible (its a lower triangular matrix) and the solution
of the system by inverting this matrix is given by:

_ v
AL
Y. AR, 1
\% o _A(a)A(a+1) Va + At Va+1
ot 4@ glatD) _ y(at) gl O AletD)! )
atl’ " at2 a+1 a+2 a+2
Yoye | = NGOG Vo — J@FD 4(@F2) Vas1 + 2Ty Voo
. «Q a+1 a+2 a+1 a—+2 a+2
Y, ' ;
- S (D e
i=0 M (at+3)
L ’ M= nr—iAat; i
Where

M (M—i)
D, Vi a—i
YN _ YaJrM _ Z(_l)z 7 M+

M (a+j) *
i=0 Hj:M—iAa+j

(M—1)

%

(M)

For the determinant D we have that Dy’ =1 and Vi > 1, see [13], [20]

its values are given by:

DZ(M—i) _
AShih ALY 0 0 -0
AP ALY AT 0
ASSYs ATIELY ARNE ARNEE o
Aghi) ASIT AL AT Al
AT AT AR AGRTTY AR




By generalizing the above results we have:

k—a (k—a—1)
i Di Vi—i
Y, = E (—1) e g’ Vk=a,a+1, ...
i=0 j=k—a—i‘ta+j

Where D(()k) = 1 and for 1 < 4, ngfi) is a i x i determinant given by (4).
The elements A,(j), Vi=a,a+1,...,kand k =a+1,a+ 2,... are given by
. The above sum can be written as:

&t DRy (e D Y,
Yk - Z (_1) Hk—a A((X+j) + Hk—a A(a+J) ’
1=0 j=k—a—i* tat+j j=k—a—(k—a)* Tatj

or, equivalently,

Vo (1o P v, +’”“1( 1y Doy,
k=T h—a 4 (ats - h—a aty)’
;25 Aéﬂj) i—0 Hj:kfafiAr(JHrj])

or, equivalently,

0 k—a—1 —a—1
Y= (-1 DiaVo (-1 2T
—a p(a+j oY k—a (otg)
[H§:1 A&J:;j)] AY S I iAoy

And since we set , by substituting it in the above expression we get

(0) k—a—1

D - plkasiyy
V= (D o—— oy 4+ Y (-1 L
k—a q(at+j) "¢ k—a (at7)’
Hj:l Aa—i—j] =0 Hj:k—oa—iAoH-j]
From for j = k we have
1

AW =

e O -],

or, equivalently,
APV = -G VkE=a+1,a+2,..

Hence
A(Oé-ijj)

(a+7)
a+j G ’

= Fapj — GG
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And thus Vk = a,a + 1, ... we have

D(O) k—a—1 - D(kfafi) Vi »
Vi= (R ] ot > (=) l : :
IR |

a+j

The proof is completed.

Remark 2.1. We consider for r = m = 1 but with the initial condition
Y, not given. Then we can set Y,, = C, C' € C constant and if F,,,; # Gﬁf ),
Vj € N there exist always solutions for Vk = a,a+1,... given by:

D](CO) kza:l A
vl =

a+j

D(kfozfi)‘/kii

k—a (a+j7) '
Hj:k—a—i Fa+j - Ga+j

Ykz _ (_1)k—a

For 1 <1, ka_a_i) is given by (4), D™ = 1 and A,(cj), Vi=a,a+1,..k,
k=a+1,a+2,..is given by .

Corollary 2.1. We consider for r = m = 1, with given initial con-
dition Y, and Vj =0, i.e.

RV =Yt GV, k=a+la+2,.., (8)

Then is the homogeneous fractional nabla difference equation of and

if Fopj # G((ff:;-j ), V7 € N there exists always a unique solution Vk = a +

1, +2,... given by:

PO
Ve = (—D)h - Lo ) Yo 9)
ke [Faﬂ» _ gLt ]

a+j

For 1 <, Dz(k*a*i) is given by , D(()kfafi) =1and A,(j), Vi =o,a+1,.. k,
k=a+1,a+2, .. is given by (5).

Remark 2.2. The determinant is easy to construct and understand.
Suppose we want to compute the determinant Dé” ) at k = a+ M for random

q,p € N. For ¢ = 0 we have D(()p) = 1. For ¢ > 1, we know that we have a



q X q determinant which is the following:

a+ a+p+1
A%Jr]\}%qul A%er]\Zl)Jrl ( 0 » 0 0
a+p a+p+ a+p+
A?++M)—q+2 A((J‘++M—:1q)+2 A?++M;2q)+2 ( +0+3) 0
a-+p a+p Qa+p aTp
D(p) _ Aa+M—q+3 Aa+M—q+3 Aa+M—q+3 Aa+M—q+3 0
a+ a-+p+1 a-+p+2 a+p+3 a+p+qg—1
Agﬂ\?—l Agﬁ]\l/){ﬂ) Aéﬂ\?ﬂ) A&H\Z—l) Angr]\;L/,[:Zl :
AL AR AR Al Al
If d;; is an element of the determinant then d;; = 0 for j —¢ > 2.
Remark 2.3. In Theorem 2.1 we require that F; # G((f_:;j), Vj € N.

This is because of a lower triangular matrix that is used in the proof and has
to be regular in order to use its inverse. However, in the rare case that this
doesn’t hold and the matrix that appears in the Theorem is singular, we can
use optimization methods to have its pseudoinverse.

Now we will consider the system but for £ € N,,9, i.e. the discrete
variable k£ in the system takes values for k& > o + 2 while Y}, is defined for
k> a.

Corollary 2.2. Consider with r = m =1, for k = a4+ 2,a+ 3,...
and with given initial conditions Yy, Y,41. Then if F,.; # Gf;:;ﬁ, Vj e N
there exists always a unique solution for Vk=a+2,a+ 3,... given by:

k—a—2

k— D](CO,)QY(X - D](glf)aflya—&-l (—1)1D§k_a_z)vk-_z
Ne= DT, T T2 (a+9)]
1152 [Faﬂ‘ — Goyj } i=0 i) o [Faﬂ' = Goyj ]
‘ (10)
For 1 < i, Dz(k*OH) is the following i x i determinant given in and
DY = 1. Where ALY = Al — 1 A — 0 and AV vj =
a,a+ 1,k k=a+2,a+3,...is given by .

—Q—1

Proof. By replacing (1)) into (2)) and setting (5)) Vj = o, a+1,....k and k=
a+2,a+3, ..., we arrive after similar computations as in the proof of Theorem
2.1 at (). We can define the random values AW v A&Ofll Va1, Afﬁ)l eC
such that:

a a+1 a
Y, = V., Al = ALt — 4@ .

Ya+1 = Va+17 a+1

(11)
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Hence we have:
Ya - Va and Ya+1 - Va+1.

By replacing k with k = a+2, a0+ 3,...,a+ M, M € N random, in @ we
get:

A&CQ2Y04 + Agigl)ya—i-l + Agaf_;)ya—ﬂ = Va+27 for k=a + 2;
Agﬁ?)Ya + Afﬂl)YaH + A(()éo-(::O)Q)YOA+2 + A&O:gg)yaw =Vays, for k=a+3;

AWY, + Ay, L+ AV Yy =V, for k=a+M=N.

Equivalently, the above equations can be written in matrix form as:

1 0 0 0 Y., Va
(O) (1+1) (O+2) T 0 Yos1 Va1
Aacfk2 Aaoij Aaci2 0 Ya+2 = Va+2 ,
‘Ol a 1 a 2 K :N : i
| AR AR AR A L Y ] [ W

The above expression is an algebraic system of M + 1 equations, M + 1
unknowns (where N = o+ M) and has a unique solution if and only if the
determinant of the matrix in non-zero, i.e. A,(Ck) #0, VbE=a+2,a+3,....
Then the matrix is invertible (its a lower triangular matrix) and from the
solution of the system by inverting this matrix and working in a similar way
as in the the proof of Theorem 2.1 we arrive at the solution:

k—a (k—a—1i)
i Di Vi—i
Y = E (—1) e g’ Vk=a,a+1, ...
i=0 j=k—a—i‘ta+j

Note that from , Al = Ag’:f) =1 and Aﬁjﬁl = 0. Also, where D(()k) =1
and for 1 <1, ngii) is a 7 X 7 determinant given by . The elements Al(j ),
Vi=a,a+1,...,kand k= «a+2,a+ 3, ... are given by . The above sum
can be written as:

k—a (at7) k—a 4(a+)) k—a g(a+))
=0 Hj:k—a—iAOc—I—j Hj:l Aoc-i—j Hj:() Aa-i—j

" (1) D (1D Ve (1R DV,
Yi= )

)



or, equivalently,

—x —Q k—a— i —a—1
Yoo CUTDL,y VD S DD
k= ko Aletd) @ Th—o pletd) atl Th—o Aletd)
j=2*“ta+j =2 ta+j i=0 j=k—a—i‘ ta+j

From the above expression we conclude to ((10). The proof is completed.

3 Numerical Examples

30000
20000

10000

-10000

-20000

-30000

Figure 1: A 3D graph for Y3 when G (bottom left axis) and the initial conditions
(bottom right axis) take values in the interval [—300,300].

In this Section we will provide numerical examples to justify our theory.
As it will be seen, the formulas , @D and are very easy to use since
they do not consist of infinite series as in other formulas that appear in the
literature.

Ezxample 5.1.
We assume the following fractional difference equation for £k = 1,2, ...
VY, = GY;, + k?

10



100

Figure 2: Graphs for Ys from different perspective of view, when G and the initial
conditions take values in the interval [—300, 300].

with Y, : N — C and G € C with G # 1. Then the above equation belongs
in the family of for:

a=0;
F,.=1 VkeN,;
GF =G and GV =0, Vj#k;

k j . —15 I'(k—7-0.5 .
AP —1-G and A,?’:m(k—%ﬂ) = s Vi
Vi = k2,

Since GG # 1 from Theorem 2.1 there exists a unique solution given by :

DY &, DY iy
Y, = (—=1)F—£t_Y, —1) = .

The above formula is very practical and easy to use. For example at kK = 3
we get:

DY 2 D30y
Y, = ——32 Y, —1) =L .
3 1 — G 0 + ;( ) H?:3—i [1 . G]

11



| = 1
-40 .20 ¢ ( 20 40
Ul

Figure 3: A plot between Y3 (y azis) and G (x azis) when the initial condition is
1.

Initially we have to compute the determinants:

'(0.5)
) Ago) Agl) 0 —F(}O('15)§(1) 1F(—0 ?‘ 0
0 1 2 5 5
D3” = Aé ) Aé : Aé V= [(—05)I(2) T(=0.5)I(1) -G
A0 40 4@ r'(2.5) I'(1.5) r(0.5)
3 3 3 T'(-0.5T(3) T(-0.5T(2) T(-0.5T(1)

By using the property that I'(n) = (n—1)I'(n—1) = (n—1)(n—2)['(n—2) =
(n—1)(n—2)(n—3)'(n—3), we get:

05 1-G 0 .
DY) =] 025 —05 1-G|= —5—(1-6)+(1-67
2 025 —05

Furthermore, D(()?’) =1, D§2) = A§2) = 1 and

1 2
AN AP

D _
2 Agl) AéQ)

—-05 1-G

1
158 kol
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Figure 4: A 3D graph for Yy when the two initial conditions (bottom left and right
axis respectively) take values in the interval [—300, 300].

Hence
i3t eyttt e L o
Y3—[ 8(1 G)+4+8(1 G) ]Yb—i—8(1 G) 2(1 G) 16(1 G) .

In Figures 1 and 2 we have graphs for Y3 when G and the initial conditions
take values in the interval [—300,300]. For a given initial condition, for
example Yy = 1 we get

_ 30—t 8 ety Ly
Vi=—S(1-0)+ 1+ (1-0) 7 = S1-0)2 = (1-6)7,

In Figure 3, we have a plot between Y3 and G for this case.
Ezxample 3.2.
We assume the following fractional difference equation for k = 1,2, ...

EVIY; = (k — 1)Ys + K2Ye 1,

13



with Yy : N — C. The above equation belongs in the family of for:

a=0;
Fo=Fk, VkeN,
P —k—1, GF V=8 and GV =V,=0, Vj£kk-1,
AV =R -GP =k—(k-1) =1

(k=1) _ 1 125 (k=1)y _ 1 - I'(0.75)
o F(<_)°'25>(2) -Gy ) = F(—O-(25)(k 5 k) = mmrcom (1 -
’ 1 . o075 D(k=j—05 .

Since the system is homogeneous, from Corollary 2.1 there exists a unique
solution given by @:
(0)
k D
Lh—1
If the initial condition is given, for example Yy = 1 and we need the value Y3
then:

Y= (-1) Yo

Lo
Y2=§D§).

Initially we have to compute the determinants:

0 1 2y I'(0.75)
Dy = A%i AE; et %{(70)'25)“2) 1r< 75)
2 = 0 1 1.75 0.75
A2 Az 2 '(—0.25)T(3) <_2) '(—0.25)T(2)

By using the property I'(n) = (n — )I'(n — 1) = (n — 1)(n — 2)I'(n — 2) =
(n—1)(n—2)(n—3)'(n— 3), we get:

0 1

0 _
D _‘ ~0.1875 0.5

‘ = 0.1875.

Hence
Ys = 0.09375.

Ezxample 3.5.
We assume the following fractional difference equation for k£ = 2,3, ... and

YkN—>(C )
VY, =28

14



From Corollary 2.2 there exists a unique solution given by . Where

a=0;
szl, VkEN,
GY =0 VjkeN;

(k) _ G) _ _ 1 ~ 15 _ _I(k—j—0.5) : .
A =1 and A —r(_o.s)(f/—l?;’;l) Y= Corayy Vi #ER
k=47
and then takes the form
k—2
Yi= (DMDYe = DY+ D (=10 2k
i=0
If we need for example the value Y}, then:
2 .
We compute the determinants:
0 1 _T@5
Ago) Agl) ((]2 ’ F(—F0(15)5§(1) F(;5) X
poO _ AP AP AP 0 | F(—05)0(2) (=051 1
4T A0 40 4@ 4B | T r'(2.5) r'(1.5) (0.5
3 3 3 3 T(—0.5)'(3) T(=05)1I(2) TI(—0.5)1(1)
A 4D 4@ 4B) I'(3.5) I'(2.5) (15 I'(0.5)
4 4 4 4 [(=0.5)(4) T(=0.5)T(3) T(-0.5)T(2) T(-0.5)T(1)
By using I'n) = (n —1)I'(n—1) = (n—1)(n —2)I'(n —2) = (n — 1)(n —
2)(n —3)I'(n — 3), we get:
—0.5 1 0 0
—0.25 —0.5 1 0
DY =757 T _os 1 | = 028125
i . )
s 13—6 —0.25 —0.5
Furthermore,
(1) (2) I'(0.5)
(1) Aa) A%Q) (23) F(_FO('15)5£(1) r((l) 5) "
Dy A7 Ay Ay = (050 T(—050() 1
AN 4@ 4B I'(2.5) r(1.5) '(0.5)
4 4 4 T'(-0.5T(3) T(-0.5T(2) T(-0.5I(1)




or, equivalently,

—05 1 0
DM =] -025 —05 1 |=—0.1875.

3

3025 —05
. 4 3 3 (0.
Finally, D" = 1, DY = AP = L0 = —0.5 and

'(0.5)
DY = A‘g A% = W r(t}m :‘ o ‘:0'5'

Al A (0512 T(=050() —0.25 0.5

Hence

Yy = DYy — DY, + 22D — 22D 1 24 DY,

or, equivalently,
Y, = 0.28125Y, + 0.1875Y7 + 22.

In Figures 4 we have a 3D graph between Y, and the two initial conditions.

Conclusions

In this article, we focused on generalized non-autonomous fractional nabla
difference equations in the form of . This family of problems covers many
linear fractional nabla difference equations studied by other authors. By
using matrix theory we provide a new practical formula of solutions for ([2)),
as well as for some alternative forms of this family of equations. Finally, we
provide three different numerical examples to justify our theory.

As a further extension of this paper is to study the family of systems of
non-autonomous fractional nabla difference equations as summarised in .
For this study, very good knowledge of matrix pencil theory will be required
since the coefficient can be non-square matrices or square and singular.
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