Research Repository UCD

Title ISS of a Clamped-Free Damped String for the Configurations Associated with the Loss of the
Riesz-Spectral Properties
Authors(s) L hachemi, Hugo, Shorten, Robert

Publication date

2019-06-28

Publication information

Lhachemi, Hugo, and Robert Shorten. “ISS of a Clamped-Free Damped String for the
Configurations Associated with the Loss of the Riesz-Spectral Properties.” |EEE, June 28, 2019.
https://doi.org/10.23919/ECC.2019.8795806.

Conference details

The 2019 18th European Control Conference (ECC), Naples, Italy, 25-28 June 2019

Publisher

|IEEE

Item record/more
information

http://hdl.handle.net/10197/12741

Publisher's statement

© 2019 EUCA. Persona use of this material is permitted. Permission from IEEE must be obtained
for al other uses, in any current or future media, including reprinting/republishing this material for
advertising or promotional purposes, creating new collective works, for resale or redistribution to
serversor lists, or reuse of any copyrighted component of this work in other works.

Publisher's version (DOI)

10.23919/ECC.2019.8795806

Downloaded 2026-05-01 23:34:31

The UCD community has made this article openly available. Please share how this access

benefits you. Your story matters! (@ucd_oa)

© Some rights reserved. For more information


https://twitter.com/intent/tweet?via=ucd_oa&text=DOI%3A978-3-907144-00-8&url=http%3A%2F%2Fhdl.handle.net%2F10197%2F12741

ISS of a Clamped-Free Damped String for the Configurations
Associated with the Loss of the Riesz-Spectral Properties

Hugo Lhachemi' and Robert Shorten!

Abstract— This paper deals with the Input-to-State Stability
(ISS) of a clamped-free damped string with respect to boundary
disturbances for the configurations associated with the loss of
the Riesz-spectral properties. Specifically, for most of the values
of the physical parameters (namely the stiffness parameter
and the damping coefficient), the ISS property of the clamped
free damped string can be established based on the fact that
the underlying disturbance-free operator is a Riesz-spectral
operator. However, such a Riesz-spectral property does not
hold true for certain configurations of the physical parameters
of the damped string. This paper specifically investigates the
establishment of an ISS estimate for these configurations. The
proposed strategy relies on the projection of the original system
trajectories in a Riesz basis obtained by adequately completing
the set of eigenvectors of the disturbance-free operator.

I. INTRODUCTION

The study of the Input-to-State Stability (ISS) proper-
ties [1] of infinite dimensional systems is an active research
topic [2]-[4]. For infinite dimensional systems such as de-
scribed by PDEs, there exist two types of perturbations: the
distributed (or in-domain) disturbances and the boundary
disturbances. The second type of perturbation occurs in
numerous practical applications including, e.g., robotics [5],
[6], aerospace engineering [7], [8], and additive manufactur-
ing [9].

While many results have been reported regarding the ISS
properties with respect to distributed disturbances [10]-[16],
the establishment of ISS estimates with respect to boundary
disturbances remains challenging [17]-[21]. One of the most
popular approaches relies on the search of an adequate
Lyapunov function [17], [22]-[24]. Alternative approaches
relying on functional analysis tools were investigated in [18],
[25]. The ISS property for disturbances evaluated in the
uniform norm is obtained in [25] for a class of analytic
semigroups by embedding the problem into the extrapolation
space while invoking admissible conditions for returning to
the original state-space. A different approach that avoids the
incursion into the extrapolation space was developed in [18]
for the analysis of 1-D parabolic equations. Specifically,
the ISS estimate was obtained by projecting the system
trajectories onto a Hilbert basis formed by the eigenvectors
of the underlying disturbance-free operator. By doing so, it
was shown that the ISS estimate can be derived from the
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study of a countably infinite number of ordinary differential
equations (ODEs).

The latter approach was further investigated in [26], [27]
to establish the ISS property of a clamped-free damped
string [28]-[30] in the presence of both distributed and
boundary disturbances evaluated in either the uniform or the
L? norm. It was shown that for most of the numerical values
of the string parameters, namely the stiffness parameter
« > 0 and the damping coefficient 3 > 0, the underlying
disturbance-free operator is a Riesz-spectral operator. More

precisely, the Riesz-spectral properties hold true if and only

NG
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if the quantity defined by ((a, 8) = —— — 3 is such that

C(a,B) ¢ N. In this case, the ISS estimate was obtained
by projecting the system trajectory onto a Riesz basis [31]
formed by the eigenvectors of the disturbance-free operator.
The study of the boundary-to-displacement asymptotic gains
for a similar damped wave equation but with different
boundary conditions was also reported in [32].

The objective of this paper is to investigate the ISS
property of the clamped-free damped string (with pertur-
bations evaluated in both uniform and L? norms) for the
configurations associated with the loss of the above Riesz-
spectral properties, i.e., for a stiffness parameters « and a
damping coefficient 8 such that {(«, 3) € N. In this case,
the eigenvectors of the disturbance-free operator cannot be
selected to form a Riesz basis. Nevertheless, it is shown that
such a collection of eigenvectors can be adequately extended
to form a Riesz basis by adding one appropriate vector of
the state-space. The obtained Riesz basis is then used to
project the system trajectories. By doing so, the study of
the original system reduces to the analysis of a countably
infinite number of ODEs describing the time evolution of
the coefficients of the system trajectory when projected onto
the considered Riesz basis. Contrary to the case ((a, 8) ¢ N
investigated in [26] where the ODEs are totally uncoupled,
the case (o, 8) € N yields a coupling in the ODE associated
with the additional vector introduced to form the Riesz basis.
However, it is shown that such a coupling can be limited
by selecting adequately the corresponding vector. Then, the
desired ISS estimate is derived based on the study of the
obtained ODE:s.

The remainder of this paper is organized as follows.
Notations are introduced in Section II. The model of the
clamped-free damped string is presented in Section III. After
studying the properties of the underlying disturbance-free
operator in Section IV-A, the ISS estimate is established in
Section V. Concluding remarks are given in Section VL.



II. NOTATIONS

The sets of non-negative integers, real, non-negative real,
positive real, and complex numbers are denoted by N, R, R,
R%, and C, respectively. For any z € C, Re z denotes the
real part of 2. For any integer k£ € N, we define k2 k+1 /2.

For an interval / C R and a normed space (E,| - [|g),
C™(I; E) denotes the set of functions f : I — FE that
are n times continuously differentiable. For any a < b,
C%([a,b); E) is endowed with the usual norm || - [|co((q,1); )
defined for any f € C%([a,b]; E) by

1flleo(taeriey = sup (1) e
te(a,b]

The Hilbert space of square-integrable functions (with
respect to the Lebesgue measure) over an interval (a,b) C R
is denoted by ngja b) with the associated inner product
(f:9) r2(apy = [, f(€)g(§)d€. Denoting by f’, when it
exists, the weak derlvatlve of f € L*(a,b), we introduce the
Sobolev space H'(a,b) £ {f € L?(a,b) : f € L*(a,b)}.
Finally, H} (a,b) {f € HY(a,b) : f(a) = 0}
is a Hilbert space when endowed with the inner product
(f.9 >H1(ab) (f, g>L2(ab)

For a given linear operator L, R(L) and ker(L) denote its
range and its kernel, respectively. The time derivative of a
complex-valued differentiable function f : I — C is denoted
by f . For a given Hilbert space H, the time derivative of a
‘H-valued differentiable function f : I — H is denoted by
df/dt.

III. PROBLEM DESCRIPTION

A. Model of the clamped-free damped string

We consider the dynamics of a string with Kelvin-Voigt
damping [28]-[30] and clamped-free boundary conditions
described by:

Py 9 ( dy L0y ,
W_ax(aag;+ﬁ8t8x)_u’ IHR+X(071)
(1a)
y(t,O) =0, teRy (1b)
oy 0% _
(a&c + 5815833) (t,1) = d(t), teRy (o)

y(O,x) = yO(x)’ HAES (071) (1d)
ZZZ( z) =ywl(x), =€ (0,1) (le)

where o, 8 € R’ are constant parameters. Functions u €
CY(R;;L?(0,1)) and d € C%*(R4;C) represent distributed
and boundary disturbances, respectively. Functions yo €
H}(0,1) and yo € L?(0,1) are the initial conditions.
To facilitate the upcoming developments, we introduce the
following quantity:
A 2V 1
C(aa /B ) - T ﬂ 2
Assuming that the coefficients «, 3 € R’} are such that
C(a, B) ¢ N, the ISS property of the clamped-free damped
string described by (la-le), for disturbances evaluated in

both uniform and L? norms, has been established in [26]. The
objective of this paper is to study the configuration associated
with parameters v and 3 such that {(«, 8) € N.
B. Abstract form and well-posedness
The state-space associated with the studied evolution prob-
lem (la-1le) is the following Hilbert space:
H = H(0,1) x L*(0,1),

endowed with the inner defined for all

(w1, 22), (£1,22) € H by

<($1a$2)a(@17$?2)>7{=/0 arh (6)i

Then, (la-le) can be written under the following abstract
form:

product

1(6) + m2()@2()de.

X)) +U@E) ,t>0

>0 2

with the state X (t) = (y(¢, -),yt(t, -)) € H, the distributed
disturbance U = (0,u) € C'(R4;H), and the initial
condition X = (yo,y:0). The operator A : D(A) — H
is defined by
A(z1,22) =
over the domain
D(A) = {(z1,22) €H x5 € HL(0,1),
(ax) + Bab) € H'(0,1)},

(w2, (o + Ba5)")

while the boundary operator B : D(A) — C is given by
Bz, x2) = (o + Ba5)(1).

It is shown in [26] that (2) is a boundary control
systems [33, Def. 3.3.2], yielding the existence and the
uniqueness of the classical solutions X € CO(R,; D(A)) N
CH(Ry;H) associated with Xy € D(A), d € C*(R4;C)
such that BX, = d(0), and v € C}(R,;L?(0,1)). In
particular, the disturbance-free operator Ay £ A| D(Ao) with

D(Ap) = D(A)Nker(B) is the generator of a C-semigroup
T.

C. Main result

The objective of this paper is to demonstrate that the
following theorem holds true when the parameters «, 3 € R}
are such that ((«o, 8) € N (the case ((o,3) ¢ N follows
from [26]).

Theorem 3.1: For any initial condition Xy € D(A) and
any disturbances u € C'(R4;L?(0,1)) and d € C*(Ry)
such that BX, = d(0), the abstract system (2) has a
unique classic solution X € C°(Ry;D(A)) NCHRy;H).
Furthermore, there exist constants Cy, C1, Cs, C3,Cy € RY,
independent of X, u, and d, such that for all ¢ > 0,

1X(8) [ <Coe™ | Xolly + Cilldllcogo.y — 3)
+ Callullco(o.4:22(0,1))



and
1X ()|l <Coe™ | Xoll# + CslldlL2(0,1) 4)
+ Callull L2 ((0,6)x (0,1))»

where, denoting by [-] the ceiling function,

min (5”“) i [¢(8)] > 1
Ro = 8 ’8
% i [¢(a, B)] =0,

and is such that wyg = —ko < 0 is the growth bound of 7.

(&)

IV. PROPERTIES OF A

This section is devoted to the study of the spectral proper-
ties of both the disturbance-free operator Aq and its adjoint
A when constants « and 5 are such that ((«, 8) € N. In the
case ((a, B) ¢ N, it was shown in [26] that Ay is a Riesz-
spectral operator. We show here that such a result does not
hold true in the case ((«, 5) € N. Throughout the remainder
of the paper, we assume that {(«, 3) € N and we define the
integer ko as follows:
2y 1
7B 2
A. Spectral properties and Riesz basis

ko = (v, B) eN.

Straightforward computations show that the following
lemma holds true.

Lemma 4.1: Assume that parameters «, 3 € R7 are such
that ((«, 8) € N. Then, the eigenvalues of Ay are given by
op(Ao) = {Mke, £ € N\{ko}, € € {—1,+1}} U { A\, }
where

k2 B2 kmy/4a — k2(32m2
_kpBm + € , 0<k<ko—1;
A — 2 2
ke — 5 —
5232 kmy/ k28212 — 4o
- g” te 5 , k> ko1,
. (6)
with & = k 4+ 1/2, and Ay, = —2«/. Furthermore, the

associated eigenspaces are given by ker(Ag — A\ ly) =
vecte (¢g,e) with

|Ake| 2 . /7 . 7
e = : = sin(km-), Ag e sin(km-) |,
e = S T g s () Mesin(im))

(N
and ker(Ag — A\, Iy ) = vecte (¢, ) with

Do =

(sin(lzzoﬂﬂ), Ao sin(icoﬂ")) , (8)
ko

where [|gpell2 =1 and [|¢, [|l% = 1.
Based on the description of the eigenvalues of Ay given
by Lemma 4.1, the following properties hold true:

Yk € N\{ko}, Me.t1)e_1 = k2an?, 9)

2
VO <k <ko—1, Ve € {—1,+1}, Relp. < —'5%, (10)
VE>ko+1, A1 < Mpp1 < —%, (10

Moot v —kopa?, (12)
and

Ak, +1 P —a/p. (13)
In particular, we deduce that sup Rel = —kg with

A€oy, (Ao)
ko > 0 given by (5).

Contrary to the configuration («, 8) ¢ N studied in [26],
the family of eigenvectors ® = {¢p ¢, k € N\{ko}, € €
{=1,41}} U{¢x, } does not form a Riesz basis [31] of H.
Indeed, introducing the vector

b0 = +— (= sin(om), Mgy sin(Fom) ), (14)
ko
straightforward computations show that ||¢g||» = 1,
vk € N\{ko}v Ve € {713 +1}7 <¢07¢k,6>7{ = 07 (15)
and
(0, Pho )3y = 0. (16)

Thus, we have ¢ € spanC(QJ)L\{O}, assessing the fact that
spanc(®) # . However, introducing ® 2 & U {¢}, the
following result holds true.

Lemma 4.2: ® is a Riesz basis, i.e., ® is maximal and
there exist m,M € R such that for any sequence
(Ak,e)keN\{ko},ee{—1,41} € CN with finitely many non-zero
terms and any ay,,ag € C,

m S Jaol® + lag, >+ Y
keN\{ko}
ee{—1,+1}

|ak76|2

ak,e¢k,e (17)

< |laodo + ardo + D

keN\{ko}
ee{—1,+1} H

<M &

jaol® + lag, P+ D~ lane
keN\{ko}
e€{-1,+1}

Proof. First, we show that ® is maximal. Let 2 =
(21,22) € H such that (¢,z),, = 0 for all ¢ € ®. Then,
for all k € N\{ko} and all € € {—1,+1}, (¢r.e,2)5 = 0
gives

~ ~ / . 7 p—
akm <cos(k:7r ), z1>L2(071) + Aie <Sln(k:7r ), Z2>L2(o,1) =0,
which yields

~ k . 4
{alfﬂ' >\k71} <COS(/€W)’ZI>L2(071) =0
akm  Ap 41 <sin(lz:7r-), 2’2>
£2(0,1)
As k # ko, Cvffﬂ'()\k’+1 — Ag,—1) # 0, we ob-

tain that for all k& € N\{ko}, <COS(]%7T.)’Z£>L2(O y



<sin(l~m-),22>L2(O b 0. Furthermore, from (¢g,,2),, =

(¢o,2)4, = 0, we deduce that

For), ’>
<cos( 07+),s 2 ron| _,

{ akom
<sin(l;:07r-), 22>

~ )\ko
704115077 >\k0 L20.1)

Because 2a12:0mk0 #* 0, we obtain
o) 4, = (o) -

<cos( oT+), 2 ) 1201 sin(ko-) ~22 e

As both {cos(krw-), k € N} and {sin(kw-), k € N} are

maximal in L?(0,1), we deduce that 2} = z5 = 0. Based on

21(0) = 0, we conclude that z = 0 and thus spanc(®) = H.

It remains to show that there exist m, M € R% such that
(17) holds true. From (15-16), the fact that (¢, dr.c)y =0
for all k € N\{ko} and all € € {—1,+1}, and ||¢ol|x =
[¢xoll2e = 1, we deduce that

that

aoo + ardr, + Y

keN\{ko}
ec{—1,+1} u

>

keN\{ko}
ec{—1,+1} o’

ak,e¢k,e

2

= |ao|? + |ak, |* + Ok, cPk,e

Following [26], there exist constants m € (0,1) and M > 1,
independent of the sequence (@ ) e\ {ko},ccf{—1,+1} € CN,
such that

2

mo Y akd’ <
keN\{ko}
ee{—1,+1}

D

keN\{ko}
ee{—1,+1} 1

<M )

keN\{ko}
ee{—1,+1}

We conclude that (17) holds true. O

ak,ed)k',e

|ak.|*.

B. Spectral properties of the adjoint operator Aj and
biorthogonal sequence of ©

In this section, we derive explicitly the biorthogonal
sequence U associated with the Riesz basis ®. This will
be useful in the next section for projecting the system
trajectories onto the Riesz basis P.

We recall that the adjoint operator Aj of Ay is defined by

Ab(x1,22) = (—x2, — (e} — Bz})") over the domain

D(A}) = {(z1,20) €H : 2o € HL(0,1),

(o) — Bh) € H'(0,1), (ax) — fah)(1) = 0}

The spectral properties of .4j are summarized in the follow-
ing lemma.

Lemma 4.3: Assume that parameters «, 3 € R7 are such
that ((«, 8) € N. Then, the eigenvalues of Af are given by
0p(A5) = (e k € N\{ko}, € € {~1,+1}} U {jui,}
where py e = A and pg, = Ay, = —2a/f. Furthermore,

the associated eigenspaces are given by ker(A§ — px I3) =
vecte (Yg,e) with

\/2 (|A,m|2 n /?:%wz)

Vie = —sin(kn- s ke SN kr ,
|)\k,e| (Nk,e - ﬂk,—e) ( ) ' ( ))
(18)
and ker(Af — A, I3) = vecte (g, ) with
Yy = (7 sin(kom-), fir, sin(ff(ﬂr')) =¢o. (19
Hio

We also have, for all k1,ks € N\{ko} and all €1,e2 €
{_1’ +1}’
<¢k1,617wk2,62>7{ = 5(]61,61)7(/62762)’
for all £ € N\{ko} and all € € {—1,+1},

<¢k,evwko>'ﬂ = <¢koawk,e>7{ - <¢kg,wko>7{ - < Oawk,5>7.[
=0,
and

(0, Vro)qy = 1.

We introduce the vector

o = (sin(icmr), ko Sin(ifoﬁ‘)) = Pko»

(20)
Mk

which is such that for all k € N\{ko} and all € € {—1,+1},
<¢k,€7w0>7—[ = <¢07¢0>’H = 07

and

<¢k0 ) w0>’;—[ =1

Then, we complete the family of eigenvectors ¥ =
{re, k € N\{ko}, € € {—1,+1}} U {9, } as follows
¥ = W U {¢)g}. Therefore, the developments above show
that U is the biorthogonal sequence associated with the Riesz
basis ®.

Finally, straightforward computations show that

Ajto = (— sin(koT-), 3k, Sin(icoﬂ'))
= UkoP0 + 2pko Uiy -

V. ESTABLISHMENT OF THE ISS ESTIMATES

2n

Let an initial condition Xy € D(A), a boundary dis-
turbance d € C?(R,4;C) such that BX, = d(0), and a
distributed disturbance u € C'(R;; L?(0,1)) be arbitrarily
given. We denote by X = (z1,22) € C°(Ry;D(A)) N
C'(Ry;H) the classical solution of (2). Because ® is a
Riesz basis with associated biorthogonal sequence U, the
projection of the system trajectory X onto this basis and the

use of (17) yields for all £ > 0,

IX ()15, <MY ey (), 22)
ped
and )
> lew(O)F < —[|Xal3,. (23)

el



where ¢y, = (X(-),%),, € C'(Ry;C). We introduce the
notation 1) £ (',1?). Integrations by parts can be used
(see [26]) to show that we have for all 1) € ¥ and all ¢ > 0,

élt) = (X(8), A}y, + d(O)T2(D) + / u(t)g2de.

In particular, we have A§yy ¢ = pg,eWr,e With i e = A e
Thus, cy, . satisfies the following ODE for all ¢ > 0

[— 1 PR
b (8) = ety (8) + (D07 (1) + / w() 97 de.

The integration of this ODE gives

t —
Cyp... () = ex’“tczpk,e(O)*/ M0 d(r)g} (1)dr
0

t 1 L
+ / e (t=T) / u(T)@/},% dédr, (24)
0 0 ’
which can be bounded above as follows
|cyp.. (B)] < e ey, (0)] + Yr.clldllco o, (25)
V2
+ 7%,4 wlleo(o,4;22(0,1))>

where . = [¢F (1)/ReAp| and ko is given by (5).
Similarly, as Ajtvw, = ik, Yk, We have

|y, (0)] < €70 ey, (0)] + oIl oo, (26)

NG
+ 5 ko llullcofo,4:22(0,1))

where vy, £ 1/|Re Ay, |. It remains to evaluate the coeffi-
cient ¢y, (t). Note that the above approach does not apply
because 1) is not an eigenvector of Aj. However, (21) can
be used to obtain the following ODE:

Cuo (t) = Ako Cypo (t) + 2)‘kocwk:0 (t) 27

1 _
(R + / w(tyURAE.

Therefore, contrary to the case ((«, ) ¢ N studied in [26]
where all the ODEs are uncoupled, the case ((a,3) € N
yields a coupling in the ODE (27) due to the fact that the
set of eigenvectors ® of Ay is not maximal in the state-space
‘H. The integration of (27) gives for all ¢ > 0,

t
Cpo (£) = M0 ey (0) + 2Mk,g / o ey, (r)dr
0

t
+ [ Mo d(r)y2(1)dr (28)

+

S— —

1 E—
eAko(t_T)/ u(T)yadE dr.
0

Using (26) and noting that A\, = —2a/f < —a/B < —ko,
we have for all ¢ > 0,

t
)‘ko/ e’\ko(t_T)cka (r)dr
0

t
< P! / e (07T [ey,, (0)]

V2
+ Yio ldllco o,y + 7%0||U||c0([o,t];L2(o,1))
Ak

< |—__
H0+>\k0

e~ ey, (0)] 4 koIl o fo,e1)

V2
+ 7%0Hu||c0([o,t];L2(o,1))-

Furthermore, we have

t
/ eMo (tiT)d(T)de

0

< olldllcoo,0)

and

t 1 -
/ Mo (t=T) / u(r)P3de dr
0 0

with 79 2 1/|Re A\, |. Thus, we deduce from (28) that the
following estimate holds true for all ¢ > 0

Ak
Ko + )‘ko
+ (Y0 + 27kl dllco (0,1

V2
< < ollulleoo,;22(0,1)

| ey ()] e [y, (0)] + 2

e rot ’kao (O) |

V2
+ 7(% + 2k lullco(0,4:22(0,1) -

We obtain from (25-26) that

2 ok 2
ey (O] <Be™2 ey, (0)]” + 373 Nl dllZo o,y (30)

2 2
+ §'Yk,e||U||CO([0,t];L2(071))
and

2 on 2
|epny, ()] <320 ey, (0)] + 395, lldliZogo,gy B

+ 5’}’20||U\|30([o,t};L2(o,1))~
From (29), we have that

Ak
Ko + )‘k?o

+3(y0 + 27ko)2||d”%0([0,t])

ey, (1)]” <6 (lcwo(())l2 +4

2
|kaU (0) |2> ef2not
(32)

3
+ 5(70 + 2%0)2||u||30([o,t];L2(o,1))-

For k > ko + 1, straightforward computations show that

\/2 (|)\k76\2 + 1252047r2>
Vk,e =

k| Ae.c|\/ k28272 — 4o

From, (12-13), we obtain that

1 /2 V2

kel N~ A~ k=1 ™~ T 5
Vet ko400 km V T, k—+oo k23m2’



whence ;¢ is a square summable sequence. Thus, we can
introduce v € R defined by
2
Z ’Yk,e'

keN\{ko}
ee{—1,+1}

We obtain from (22-23) and (30-32) that for all ¢ > 0,

Y E R+ (0 + 2k ) +

2
Ak

M
X5, <6— | 14+4|—2—
IX @l <67 (144 25

e || Xol I3,

3
+ 3M~?|1dlZo 10,0y + §M’72HUH%O([O,t];LZ(O,l))'

It follows that the ISS estimate (3) holds true with

2

Ak
Co = ko
0 Ko + )‘k?o

)

M
6— | 1+4
m

M
Cy = vV/3M, and Cy = 7\/§. The ISS estimate (4)

can be similarly obtained by using the Cauchy-Schwartz
inequality in the estimation of (24) and (28).

VI. CONCLUSIONS

This paper established the Input-to-State Stability (ISS)
property of a clamped-free damped string for configurations
of the physical parameters associated with the loss of the
Riesz-spectral properties. Even if the set of eigenvectors
of the underlying disturbance-free operator is not maximal,
it has been shown that they can be completed with an
adequately chosen vector to form a Riesz basis. Then, the ISS
property of the system has been derived via the the projection
of the system trajectories onto this Riesz basis.
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