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ABSTRACT
A companion paper in this conference considers travelling and standing waves in cascaded, lumped, mass-spring systems, controlled by two boundary actuators, one at each end, when the system is uniform. It first proposes definitions of waves in finite lumped systems. It then shows how to control the actuators to establish desired waves from rest, and maintain them despite disturbances. The present paper extends this work to the more general, non-uniform case, when mass and spring values are arbitrary. A special “bi-uniform” case is first studied, consisting of two different uniform cascaded systems in series, with an obvious, uncontrolled, impedance mismatch where they meet. The paper shows how boundary actuator control systems can be designed to establish, and robustly maintain, apparently pure travelling waves of constant amplitude in either the first or the second uniform section, in each case with an appropriate standing wave pattern in the other section. Then a more general non-uniform case is studied. A definition of a “pure travelling wave” in non-uniform systems is proposed. Curiously, it does not imply constant amplitude motion. It does however yield maximum power transfer between boundary actuators. The definition, and its implementation in a control system, involves extending the notions of “pure” travelling waves, standing waves, and input and output impedances of sources and loads, when applied to non-uniform lumped systems. Practical, robust control strategies are presented for all cases.
1. INTRODUCTION

This paper considers defining, creating and maintaining wave-like motion in systems consisting of strings of lumped masses and springs, connected in series, driven by two actuators, one at each end, such as in Fig.1. The lumped, cascaded system is not assumed to be uniform: the mass and stiffness values, mi and ki, can vary throughout. It is assumed that two boundary actuators are necessary and sufficient to achieve wave-like behaviour within the system [1]. The paper studies how to control these two actuators, first to establish, and then to maintain, any desired, physically possible, travelling wave, standing wave, or standing wave ratio, within the non-uniform system. It also considers how to maximise the power transfer between actuators, for example if Actuator 1 is considered to be a source and Actuator 2 a load, actively controlled. 
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Figure1 A lumped mass-spring string controlled by boundary actuators

Even when the cascade is uniform, with equal masses and springs, it proves surprisingly challenging to design actuator controllers which can achieve and maintain desired wave behaviour. A prior challenge is to define, for finite lumped systems, wave concepts such as pure travelling waves, standing waves, standing wave ratios, wave speed, wave power and wave impedance. A previous paper [2] addressed these issues for the uniform case and presented actuator control strategies to achieve any desired wave-like behaviour in a robust way. 

The present paper extends this work to the more testing non-uniform mass-spring case. Just defining a “pure travelling wave” becomes even more problematic. First a “bi-uniform” case is considered, consisting of two different uniform systems in series. Then a periodic non-uniformity is studied. The extension to an arbitrary non-uniformity follows. 

In this work it will be assumed that the actuators are ideal and the damping is negligible. These assumptions are not essential and could be relaxed if desired. They are adopted here simply for brevity. Furthermore, the analysis will focus mainly on achieving steady-state, harmonic, wave motion of a specified frequency.

A search of the literature revealed little or no work by other researchers on boundary control of travelling waves in short, lumped systems, such as Fig.1, and nothing for the bi-uniform or arbitrarily non-uniform cases. If such work exists, the authors are unaware of it.
2. WAVE ANALYSIS OF LUMPED SYSTEMS
The challenge
Waves concepts are generally applied to distributed systems of various kinds. A key feature of that analysis is that there is a finite delay before motion in one part of a system affects another part. The analysis can, therefore, be purely local (uncoupled from the totality of the system). Mathematical modelling is characterised by PDEs, derived by analyzing vanishingly small system elements, whose inherent dynamics are independent of the rest of the system and of its boundaries. This local, spatial independence helps clarify and validate many classical wave concepts, such as wave speed and wave impedance.

By contrast, in the lumped cascaded system the motion and inherent dynamics of every part are instantaneously linked to that of all the other parts of the system, and to the boundaries. The analysis of all parts of such systems should be global rather than local, including all boundary conditions, static and dynamic. There is no propagation delay, at least not as generally understood. At first sight therefore, “waves” in lumped systems are not possible, certainly not as classically defined.  Defining such concepts as local wave speeds or wave impedances within a system such as Fig.1 is even more challenging.

The equations of motion of lumped systems are ODEs. The concept of a transfer function is often used with ODEs and can help the analysis. The coupling and immediate interaction among all lumped system components can be described by transfer functions relating the motion of any part of the system, or boundary, to that of any other part. This formulation highlights the absence of a locally definable propagation speed, as everything moves together in an interconnected way.

Despite all this, it is intuitively attractive to imagine waves propagating in a mass-spring string, and so to think about such concepts as travelling waves, superposition of waves, standing waves, and wave power transfer. Also, lumped models of distributed systems are widely used in Engineering and Physics. Indeed Newton (who did not have PDEs) used a lumped model to estimate the speed of sound in air, a distributed medium. So it seems worth seeing to what extent wave concepts can be developed, rigorously defined, and applied, in finite, lumped systems.

The proposed solution: wave models

Building on previous work [2 to 5], this paper defines waves in lumped systems using the notion of a “Wave Transfer Function” (WTF). Before considering them, first consider a standard, single-input, single-output transfer function, which relates (the Laplace transform of) an output of some system (or subsystem) to its input. A transfer function is inherently “one-way”, in that its output is determined by the input and by the transfer function itself, and is not affected by any dynamic loading on the output. For valid modelling, therefore, all dynamic loading must either be included in the development of the transfer function itself, or it must be modelled by a return path from the output which then modifies the input appropriately, which in turn modifies the output.

The case of Fig.1, for example, is complicated by the presence of two external inputs. The transfer function between, say, the motion of Actuator 1 and that of the first mass, m1, depends on the entire system, as well as depending on the motion of Actuator 2 which constitutes a second, independent input. Rather than considering a dual-input transfer function, we define a single-input, single-output “wave transfer function”, WTF, as follows. The WTF (called G1 below) is the transfer function from Actuator 1 to the first mass, or from X0 to X1, based on the motion X1 would have, in response to the motion of X0, if the remainder of the system to the right were replaced by a passive system extending rightwards to infinity. In other words, to develop this WTF, we imagine Actuator 2 to be replaced by an indefinite extension of the system to the right, as suggested in the upper part of Fig.2. Equivalently, we assume Actuator 2 can simulate such an extension, in response to the rightwards-propagating motion of the last mass, Xn.

This notional extension to infinity in the definition of the WTF could be chosen in many ways. We here choose to make Actuator 2 behave as if it was a repeat of the nth mass, followed by mass (n-1), and so on, in a mirror image of the real system, back to Actuator 1, followed by a repeat of this entire double sequence, ad infinitum. This defines a precise dynamic loading on mass m1, which should be built into the WTF from X0 to X1. The resulting WTF can be written down relatively easily for the uniform case (see companion paper [2] or [3, 5]). For the non-uniform case it will grow in order and complexity with the system length, but, at least in principle, it can be determined exactly [3], if required. For many purposes, an approximate WTF is sufficient. (The question of evaluating and modelling such WTFs is the topic of another paper in preparation.)

The dynamics of such a notional system can be described as “one-way”, in so far as motion originating at X0 will propagate through the system and leave (via Actuator 2), as if entering the extended system, never to return. Despite the inherent dispersion arising from the lumped nature of the system, eventually all the motion originating at Actuator 1 will find its way into the notional, infinite system, and be gone from the real system for ever. 

There is also a deeper sense in which this system is “one-way”. The source of the motion for each mass is to its left, and each mass has a purely passive load to its right. Under the resulting rightwards propagating motion, each successive mass acts as an actuator for the entire system to its right. So, for example, the rightwards motion of mass m2 is determined by the rightwards motion of mass m1, with no regard for what might have caused that rightwards motion, as if m1 were an actuator in its own right. The response of m2 in response to the rightwards motion of m1 will be determined by the dynamic load to its right, extending to infinity, passively. So it is legitimate to model the system as a string of (one-way) transfer functions.
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Figure 2. The two notional, wave components of Fig.1, one-way left-to-right (above) and right-to-left (below). The xi of Fig.1 equals ai + bi of this figure.

In the upper part of Fig.2, the right hand actuator of Fig.1 has been replaced (at least notionally) by the extended system (unshaded), and to emphasise that the resulting one-way motion will generally be different from that of Fig.1, the motion variables are labelled Ai rather than Xi. The WTF G1 is shown, defined as A1(s)/A0(s) in this one-way system. Similarly, a succession of WTFs are shown, G2 to Gn+1, each giving the response of the following mass in terms of the motion of the given mass, under the action of the same one-way motion, travelling left to right, as if each mass was the actuator for the next mass.

As outlined in [3], the WTFs can be determined by writing down the equation of motion of each mass in terms of its neighbours’ motions, using the WTFs to relate these motions. This provides 2n equations in 2n+1 unknown WTFs. The required extra equation comes from the periodicity condition, G2n+1 = G1. When these equations are solved for the Gi, (i = 1, 2, …, 2n), two related solutions emerge, giving two sets of WTFs. Only one of the sets gives WTFs which are strictly proper, so these are chosen. (The physical interpretation of the other set is considered in [3]).

Now the whole argument can be applied going right to left. Actuator 2 can be considered the source, and Actuator 1 imagined to respond as if the system were extended to infinity to the left, again in a mirror-image, periodic way. A second set of WTFs, Hn+1 down to H1 can thus be obtained. These also describe one-way motion in the system, now from right to left. 

The arrows in the lower part of Fig.2 show the reference mass displacement directions, not the direction of propagation of the wave motion, which is right to left. The sign convention adopted here is that the reference direction for motion of masses and actuators is always positive to the right, even when caused by leftwards-propagating waves. So these have positive instantaneous values when they contribute positive (rightwards) motion to a mass through which they are propagating. This implies that whereas positive outgoing (rightwards) waves are associated with compression of the springs, the leftwards waves (when positive) cause extension of the springs. 

Although not considered here, the WTFs so defined have many interesting properties, including the absence of finite poles or zeros, and a low frequency limiting value of unity. Also, under certain conditions, Hi(s) = Gi-1(-s).

Now, the entire motion of Fig.1 can be considered as the superposition of the two, counter-propagating, one-way wave systems represented in Fig.2 (or at least the shaded parts of the latter). This is because the equation of motion of each lumped element in each one-way system in Fig.2 is the same as that of the corresponding element in the original system, Fig.1, so their superposition obeys the same equation of motion. The two actuators in Fig.1 constitute the two moving boundaries of the system. Whatever motion each has can also be considered as the superposition of two motions, so X0 = A0 + B0, and Xn+1 = An+1 + Bn+1. Each actuator obviously has only one motion, determined by its inherent subcontroller, its internal dynamics, and the external dynamic load due to the flexible system. But whatever that resulting motion is, it can still be considered as the superposition of two component motions, one propagating rightwards, the other leftwards. This is a key point of this work.
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Figure 3 A complete wave model of the system in Fig.1, based on the WTFs defined by Fig.2. Xi=Ai+Bi
Assuming the motion in Fig.1 can thus be resolved into the component motions of Fig.2, the latter then provide a new model of the system, shown in Fig.3, a new way of decomposing the motion, like when the motion of vibrating systems is decomposed into modes. The relevance here is that this view provides a well-defined and logically consistent way to talk about waves in such lumped systems, whether long or short, uniform or not. It also gives a basis for generalising other classical wave concepts. Furthermore, if they can indeed be measured, the wave components at the actuators show how to control the system, to achieve practical effects, such as standing waves, travelling waves, and maximum power transfer.

The wave measurement problem will now be considered.

3. Measuring the waves

To measure the notional component motions of the actuator motion, consider the control arrangement for Actuator 1 in Fig.4. The WTFs G1 and H1 are the same as in Figs.2, 3. It is assumed they are known and can be modelled in the time domain. A0 is the component of X0 corresponding to the rightwards-going wave being launched into the system by Actuator 1. The notional motion A1 = G1.A0 is that which would be in m1 if the system extended indefinitely to the right, with actuation only from the left. The actual motion of m1, namely X1, will in general be different from A1 (because the real system does not extend rightwards to infinity, and Actuator 2 can have arbitrary motion, which generally will not simulate extension to infinity). This difference between A1 and X1 is considered to be a leftwards travelling wave motion in m1. It is called B1, as shown in the control diagram. It then passes through a second WTF, H1, to produce the leftwards wave component of X0, namely B0. (See Fig.2 lower system.) This is subtracted from X0 to get A0. In this way, the rightwards and leftwards components, A0 and B0, of the actuator motion X0, are determined.
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Figure 4   Resolving actuator motions into counter-propagating wave components, A & B.

A similar arrangement resolves the motion of Actuator 2, Xn+1, into two components, An+1 and Bn+1, going rightwards and leftwards, respectively.

Thus, to resolve the motion of the lumped system into counter-propagating wave components, whether at an actuator or at any other point, two variables must be measured and two WTFs implemented in real time. It transpires that the exact WTFs in the s-domain are not easily converted to the time domain. They can however be approximated by standard transfer functions with rational polynomials in s, becoming more exact with increasing order. These can be implemented in the time domain. Some details are given in the companion paper for the uniform case. The non-uniform case is more complex, and will be the topic of another paper. But in principal sufficiently accurate, real time models can be developed for all the WTFs.

Some practical applications of all these considerations will now be presented.

4. Control of a bi-uniform system
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Figure 5 After transient, standing waves in first system, X1-X10; pure travelling waves in second, X11-X17.

The first non-uniform system to be considered is a “bi-uniform” mass-spring system, consisting of two mass-spring sections in series, each uniform but differing from each other. In the examples considered, the first section has masses m1, the second masses m2, and all springs are equal. The entire string is to be controlled by two actuators. Clearly there is some kind of discontinuity where the two sections meet, but neither actuator has direct access to this interface. So any control of this interface must be indirect, mediated by the dynamics of the two sections.

In the first arrangement, the WTFs in the control system of Actuator 1 were set to be those of a uniform system (extending to infinity) with mass m1, while those at Actuator 2 used the uniform, m2-based WTFs. A sinusoidal wave was given as the input to Actuator 1, at R in Fig.4. To this external input was added the measured return wave, B0, to cause the actuator to absorb it, as shown in Fig.4. At Actuator 2, the only input was the measured outgoing wave, An+1, so that in effect it was acting as an absorbing boundary. The results obtained are shown in Fig.5, starting from rest. There were 17 masses in total, 10 of mass m1=1kg, 7 of mass m2=4kg. The springs were all 1 N/m and the driving frequency is 0.2 rad/sec.   After the initial transient from rest, the system quickly settles to a steady pattern. In the first section of the system there is a standing wave pattern, with varying amplitude. In the second, there is a wave of constant amplitude travelling rightwards, which might be described as a pure travelling wave (at least when it is within this section). Figure 6 shows the corresponding amplitude envelope along the system a short time after the start-up.  This result is consistent with the theory outlined above.
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Figure 6 The amplitude envelope for Fig.5, showing standing wave pattern in masses 1 to 10, and an almost pure travelling wave in masses 10 to 17.

Thus, in the first section, the standing wave arises because part of the launch wave from the left is being reflected at the interface, superposing on the outgoing wave, creating the varying amplitude pattern, or standing wave. The reflected part travels back to Actuator 1, where it is absorbed by the effect of adding B0 to the actuator input, as shown. Meanwhile the transmitted part enters the second uniform session, and sees a boundary ahead which, by dint to An+1 in the input to Actuator 2, mimics a uniform system extending to infinity. At steady state, therefore, this becomes a pure travelling wave, of constant amplitude, travelling to the right. 

This was a good beginning to the work. It may be the first time such an effect has been achieved deliberately. Note that the controller can achieve the desired condition quickly from rest, or from any initial condition. Also, it is found that, if the system is disturbed, the control system quickly reacts to overcome the disturbance and recreate the pattern. In other words, the control system is both rapid and robust.

The next experiment was to try to eliminate the standing wave in the first section, to achieve a uniform amplitude there, like a travelling wave, propagating rightwards. To this end, a leftwards wave was launched at Actuator 2, input L, designed to cancel the reflected part of the wave arriving at the interface from Actuator 1. In this way a pure travelling wave, of constant amplitude, travelling rightwards could indeed be established in the first section. Meanwhile the second section displayed a standing wave pattern, due to the superposition of the bi-directional waves now present there. The result is shown in Fig.7, with the amplitude envelope in Fig.8.
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Fig. 7: After transient, pure travelling waves in first system, X1-X10; standing waves in second, X11-X17.
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Figure 8: Wave envelope corresponding to Fig.7, showing pure travelling wave and standing wave patterns.

Thus a uniform, pure travelling wave can be quickly established and maintained in either section of the bi-uniform system. But each case is always accompanied by non-uniform motion, or standing wave pattern, in the other section. So neither situation constitutes a pure travelling wave from Actuator 1 to Actuator 2, that is, across the entire bi-uniform system. In fact, it is not obvious how to define a pure travelling wave in such a non-uniform system, nor how it might be recognised once established. For example, it seems likely that the motion amplitudes will no longer be uniform in either section, as if there were standing waves in each of them. The question is more general than this bi-uniform case. How should (pure) travelling waves be defined in non-uniform systems in general?

The wave model provides an answer. Thus, a pure travelling wave in Fig.1 would cause it to move like the upper part of Fig.2. This in turn implies that the Xi = Ai, and that the Bi=0, for all i. In other words, there would be only a rightwards propagating wave in Fig.1 and zero leftwards wave. To achieve this, the uniform WTFs used in G1 and H1 would have to replaced by WTFs which modelled the bi-uniform system extending to infinity. As this is very challenging to implement, a simpler case was considered instead.

5. Periodic non-uniformity

The non-uniform system of Fig.1 was implemented with mass m1 followed by a different mass m2, followed by a repetition of the same m1 - m2 pattern. All the springs were the same. This choice of non-uniformity, with every second mass equal, was mainly to keep the modelling of the corresponding WTFs as simple as possible. The repeated unit has only two masses and two springs, which in turn keeps the order of the models of the WTFs to more manageable levels. The system, nevertheless, is still clearly non-uniform. A similar pattern of non-uniform units, repeating periodically, might be found in certain flexible structures, so the case may be of more than academic interest.
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Figure 9   Motion pattern in periodically non-uniform cascaded, lumped system

The WTF G1 was set to model the transfer function between the actuator and the first mass in this system if it extended to infinity. Similarly for H1, but with the order of masses reversed. The masses were chosen with m2 = 16m1, and 9 masses were used in total. Again a sinusoidal input was applied at R with the system initially at rest. The response is shown in Fig. 9. After the transient, a pattern of alternating amplitudes emerges. Curiously, the lighter masses have smaller amplitudes than the heavier. Even though the ratio of masses is 16, the difference in amplitudes is small. The small-scale periodicity in the response is not too surprising, given the small-scale periodic non-uniformity. This special case however confirms that pure travelling waves in non-uniform systems do not have uniform amplitudes.

It is not expected that new difficulties will arise in extending this work to arbitrarily non-uniform systems, other than the extra computational load in developing and implementing WTFs for these cases.

The problem is now considered from the perspectives of power and impedance.

6. Power and impedance

Power

Actuator 1 might represent a power source and Actuator 2 an active load, in which case the question would arise: how might Actuator 2 be controlled to maximize the power arriving there from Actuator 1? For a given harmonic motion of Actuator 1, changing the motion of Actuator 2 (in magnitude or phase) affects the power being absorbed at Actuator 2 and also the power being reflected back into the system. But in addition it affects the power coming out of Actuator 1 and how much power returning to Actuator 1 is absorbed there. Again, an apparently simple question proves deeper than expected. 

The ratio of average power-out to average power-in, at steady state, is not a useful measure of power transfer. It will always be unity, as there is no steady-state accumulation of energy within the system. It is here conjectured that the maximum power will be transferred, for minimum motion of any part of the system, when there is a pure travelling wave propagating from actuator to actuator, as defined above. 

In general there can be more motion with less power. In fact, in the limit there can be large motion with zero power transfer, corresponding to a pure standing wave. Maximum power corresponds to maximization of the travelling wave component, and a minimization of the standing wave component, even if this case is not easily recognized when the system is not uniform.

How might a pure travelling wave be recognized? One answer is that the instantaneous power at every point will never be negative, because, with a standing wave, the instantaneous power will be positive and negative at different points in a cycle. When these positive and negative values are equal, the average power will be zero, indicating a pure standing wave. But with a pure travelling wave, the instantaneous power will oscillate, twice per cycle, between a maximum positive and zero, without ever going negative. Depending on the varying mass or spring values, the amplitude of the corresponding motion will vary by just the right amount to ensure that the average power, or rate of energy transfer along the cascaded system, will remain constant.

Now consider the establishment of “real” standing waves in non-uniform systems. Due to the non-uniformity, the usual measure of the standing wave ratio, as the ratio of the maximum to minimum amplitude in the standing wave envelope, will no longer apply. But again the wave model provides a possible context. In the control system of Fig.3, the input to Actuator 2 is shown as An+1, the measured outgoing wave. This causes the actuator to absorb waves arriving at the actuator, thereby creating travelling waves. If instead An+1 is multiplied by a factor between 0 and 2, before entering the actuator, different reflection conditions can be set up, causing a reflection coefficient of between -1 and +1. Associated with each will be a precise standing wave ratio. The details will be exactly as in the uniform case, considered in [2]. This provides a way of both defining and achieving any desired standing wave ratio.

Impedance

In a lumped system such as in Fig.1, the apparent impedance at any point (that is, the ratio of spring force to mass velocity), has little meaning or usefulness. This applies even assuming harmonic excitation and steady state, when the ratio can be expressed as a complex number. That complex number will convey very little useful information.

But the decomposition of the system into two one-way systems allows the impedance concept to make more sense. The impedance value at any point in either of the one-way systems has clearer significance. It can be expressed quite precisely in terms of the WTF at that point [3] and so, for example, its frequency dependence can be quantified. In the first result described above, for the bi-uniform case, the transmission and reflection coefficient for the waves arriving at the interface between the two uniform sections corresponded exactly to the classical impedance mismatch condition.

The one-way systems also give a sound basis for giving impedance a direction, looking rightwards or leftwards. Indeed the very terms “input” and “output” impedance imply a direction. The wave model provides this directional aspect and clarifies it. So, for example, there is a basis for defining the impedance looking out from each actuator and also the impedance looking back into the actuators. The impedance looking into an actuator can be seen as its “internal” impedance.

The actuators are here assumed to be ideal. But even when ideal, the way they are controlled gives them an apparent internal impedance. This is determined by the way they respond to motion arriving to them: how much of these incident waves they reflect and how much they absorb. An ideal actuator can then simulate any desired internal impedance by suitable control. 

An extreme case, for example, is to have no absorption control whatever, by fixing the harmonic motion of Actuator 1 regardless of motion in the flexible system. This is implicitly making its internal impedance infinite, with total reflection of all incident waves. In physical terms, this would model a source whose inertia was much higher than that of the appended flexible system, such as a large vibrating structure, heavy vehicle, or an earthquake. The other extreme is total absorption, as in the arrangement shown for Actuator 1 in Fig.3, where the input impedance to the actuator matches that of the attached system. This would correspond to an open boundary, seldom encountered in finite lumped systems. Generally a given system will lie between these extremes, and can be simulated by varying the ratio of reflected to absorbed wave, as described in the companion paper for the uniform case.

The overall impedance picture for Fig 1 is complex. The impedance seen by Actuator 1 looking into the system will depend on the input impedance to Actuator 2. A measured impedance at Actuator 1 will also depend not just on Actuator 2’s input impedance, but also its own impedance. In other words, to discuss the impedance concept, the directional aspect is decisive.

Perhaps of most interest is the following. Consider the interface between Actuator 2 and the attached flexible system. In the arrangement for a pure travelling wave described above, the input impedance to Actuator 2 is made to equal the output impedance of the attached system. Thus at the system actuator interface, the dynamics looking forward (which begin by mirroring the real system) are identical to the dynamics looking backwards. This can be considered a generalization of the idea of matching input and output impedances for maximum power transfer.

At this point many results of classical wave and circuit theory can be seen to apply. Bringing together various viewpoints, it is proposed that the following concepts or conditions are exactly equivalent: a) maximum absorption of incident waves; b) minimum reflection of incident waves; c) pure traveling waves; d) no standing waves (or the minimum necessary to allow pure traveling waves); d) maximum power transfer; e) matching of input impedance of absorber to output impedance of system; f) the power not going negative at any instant or point. 

Without the concepts introduced above, and the notional resolving of Fig.1 into Fig.2, these results would not even have a defined meaning in the context of lumped, non-uniform systems. The work can therefore be seen as a generalization of wave theory, extending it from distributed systems to embrace lumped systems.

7. Conclusions

This paper has shown how pure travelling waves in cascaded, lumped, mass-spring systems can be a) defined, b) established, and c) maintained, by suitably controlling two boundary actuators, one at each end. These are not trivial challenges, despite first appearances, and despite the simple dynamical systems involved. 

A companion paper considered the uniform case. This paper extended this work to the non-uniform case. It proved necessary first to extend many classical wave concepts. The paper proposes specific ways to do this, defining such concepts as travelling waves, standing waves, input and output impedances, and impedance matching, all for non-uniform, lumped systems.

One of the practical benefits is the development of control strategies to enable real actuators to achieve desired wave effects in real systems, including a postulated maximum power transfer condition. The resulting control systems achieve the desired wave behaviour rapidly from rest, and maintain them robustly. 

Much of this work is believed to be novel.
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