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Abstract: In this article we define a fractional forward discrete operator. Then, for a
family of linear non-autonomous fractional difference equations constructed by using this
fractional discrete operator, we provide a practical formula of solutions. This family of
problems covers several linear fractional difference equations that appear in the literature.

Numerical examples are given to justify our theory.
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1 Introduction

Let Y : Z — C™ be a vector of sequences. Then the backward difference
(or nabla) operator of v-th order, denoted by V¥, is defined as:

V'Y, = Z(—l)j < V ) Yk—ja veN.

=0 J

The v-th order forward difference operator, denoted by A” (delta discrete
operator), is defined as:

AYY), = Z(—l)yij ( V > Yk+j7 v eN.

j=0 J

Both the nabla and the delta operator can then be used to form difference
equations that construct models related to macroeconomics, storage, exports
and imports, biology, psychology, and time scale analysis, see [1, 2, 3, 4, 5].

In recent years, research has been expanded into studying the nabla
difference operator of fractional order, see [6, 7, 8, 9], which is a backward
operator. This backward operator has helped in constructing fractional



difference equations for the modeling of tumour growth, storage, electricity
markets, macroeconomics and logistics, see [10, 11, 12], and mostly aims to
extract information from the past.

In this article we will use the fractional forward delta operator as defined
when applied to a sequence.

The paper is organized as follows. The main results of the paper are
presented in Section 2. Section 3 discusses numerical examples that justify
our theory. Finally, conclusions are drawn in Section 4.

2 Main Results

In this section we provide our main results. Firstly it is important to under-
stand how the fractional forward delta operator is constructed. We present
the following Proposition:

Proposition 2.1. Let k € ;Z = {...,0,1,2,...,b}. If n is a fractional
number, then the fractional forward delta operator of n-th order is given by:

b
VAT =D di Y, k€L, (1)
j=k

where d;_j = U= Gk b+ 1k 42,0,

Proof. We recall the delta operator of first order AY;, = Y41 — Yi ap-
plied to a vector of sequences Yy : ,Z — C™. By using this operator, and
by considering a known vector of sequences f;, : ,Z — C™, we consider the
following system of difference equations of first order:

AYp = fr, Yo =01, k€L
Considering a fixed N € ,Z, we have from the last equation:

Y, = Y1 = fo1
Yoo1-Yy 0= fo

Yni1 —Yn = fn.

By taking the sum of the above equations we get Y, — Yy = Z?;}V fj- Hence
the solution to the system is Y = Z;’;i fj. Similarly, if we consider the



following system of difference equations of v-th order:
AVY]{: = fka }/}) = Y})—l = .. = }/;)—(V—l) = Om,la ke bZ7

we receive the solution:

b—1 . (k-1 —1
T SR s
j=k

Where I'(-) is the Gamma function, and (j—(k—1))" T = F(j}((l;:%lif(ll;;l)) =

% The solution of the above v-th order system of difference equations
can be also expressed as:
Y, =AY f.
Hence we have that:
b—1 ,. Py
- (G — (k-1
ATV = .
fk’ Zk F(l/) fj
J:

Based on this expression, if n is a fractional number, then the fractional
forward delta operator of n-th order is defined as:

b—1
I AT =) diYs, ke, L,

j=k

or, equivalently:
b
VAT =D di 1Y), k€T,
j=k
_ Gt -
where d;_j, = I Y e k.k+1,k+2,...,b. The proof is completed.
One important difference between the fractional forward delta operator of
n-th order (n fractional) and the forward delta operator of v-th order (v
natural) is that when AY is applied to Y; we receive an expression that
includes Yy, Yiy1, Yito, ..., Yit, whereas when ,A™" is applied to Y} we
receive an expression that includes Yy, Yii1, Yiio, oy Y5
Consider the following linear system of non-autonomous difference equa-

tions of fractional order:

b
By A5 =Y AYY + Vi, ke (2)
j=k



Where Yy ¢ ,Z — C™, and By, AY) :,Z — C"™*™ V, :,Z — C". The symbol
(7) on the matrix A,(f ) refers to the fact that this matrix is a coefficient
of Y; in (2). For simplicity, in this article we will focus on the case that
r =m = 1, i.e. instead of a system we have a generalized non-autonomous
difference equation, and provide a practical formula of its solutions. We

prove the following theorem:

Theorem 2.1. Consider (2) for r = m = 1. Then if Vk € ,Z and E}, # A,(fk),
there always exists a unique solution for (2) given by:

b—1
Vi (D o St DRy ez ()
I, Di j=k I Di

Where Dy, = 1, and for j # k, Dy, ; is the determinant of a (j — k) x (j — k)
matrix:

Dij+1 Drpy2  Dipss -+ Dpj—1 Dy
Div1 Dryigkre Drtig+s o+ Drt1j-1 Drrayg
5 0 Diio Digok+s -+ Ditaj—1 Dita A
kj = 0 0 Diys o Dpysj—1 Drgsj |- (4)
0 0 0 o Dj1 Dj_q;

In addition C is constant, and:

A (k— 1)) T
Dk,j = j*kEk - A](CJ), djfk = (j (I‘(n) )) , Dj= Djvj' (5)

Proof. By replacing (1), i.e. ;A™"Y}, = Z?:k d;_1Yj, into (2) we get:

b b
By dihY; =Y AVY + Vi, ke z,
=k j=k

or, equivalently: ‘
S (di—i By — ADYY; = Vi,
whereby setting Dy ; = d;j_pE), — A;(gj)a and Dj = Dj ;:

b

> DusY; = Vi,
j=k



with
1

_Db
1

Yy Vp.

Dp—_1p

(6)

It is easy to observe that ¥, 1 = DHVH — Db—lDb‘/}). We will replace k

with k=b—-2,b—-3,....,b—m, m € ,Z. For k=5b—2:

Dy_9Dy_1Dy,

Whereby using mathematical induction for k = b—m and m € ,Z, we arrive

at:
1 Dy p—(m—1)
Yoo = Vo — : Ve tm—1)+--- (=)™
’ Dy Dy Dp—(mm—1) bmm=h) (=1)
Where
Db—m,b =
Dbfm,bf(mfl) Dbfm,bf(mf2) Dbfm,bf(mf?))
Dy (m-1)  Dom-1)p—(m-2) Db—(m—-1),b—(m-3)
0 Dy_(m—2) Dy (m—2),b—(m—3)
0 0 Dy (m—3)
0 0 0
Equivalently:
b D,
Yo = 1)J—(b—m)__Z0—m.j
’ _Z - )
j=b—m i=b—m
Where Dy, p—m = 1, and for j # b — m:
Db—m,j =
Dbfm,bf(mfl) Dbfm,bf(m72) Dbfm,bf(mfl%)
Dy m-1)  Do—(m-1)p-(m-2) Do—(m-1)b—(m-3)
0 Dy_(m—2) Dy (m—2)p—(m—3)
0 0 Dy (m—3)
0 0 0
and hence:
b D, .
Y, = ) i ——
k 2( ) H]_sz J
J= 1

Dy p—1 Dy_mp

)

Dy_(m-2)p-1 Dp—(m—2)p
Dy (m-3)p-1 Do—(m-3)

Dy Dy_14

Dy j—1 Dy j
Dy (m-1)j-1 Do—(m-1),
Dy (m—2)j-1 Dp—(m—-2),;
Dy_(m-3)j-1 Dp—(m-3),;

Dj_1 Dj_1;




Where Dy, ; is defined by (4). Equivalently:

b—1
_ Dk’b i Dk i
b ki’D%-f-E (1) F 2y,

Ye=(-1)
H?:k Hg:kDi

or, equivalently, by using (6):

Dy — Dy
_(_1\b—k ; _1\i—k J v
Vo= () T B0+ D P
j=k i=k1
or, equivalently, and by setting Y, = C, C constant:
D G D
k=1 =D Z( P Y
= ]_k‘ i=k

The proof is completed.

Remark 2.1. If the condition Y} is known, then the solution is unique
and is given by:

Dy
Vi, = ——Y, +§ i—k 2y,
b= (1" Hb 1D b _,D;

Remark 2.2. We consider (2) for r = m = 1, and V; = 0. Then (2) is
homogeneous and:

D
Y= (1) ke
Iy Di
Remark 2.3. For (2) and » = m = 1 the general solution can be written
as:
Yi=YM4+v? ke,z,

with

(h) 0 _ N D

h b—k j—k__ Yk

Y =(-1 C, Y -1 ==V,
= o = ey

Where Y(h) is the solution of the homogeneous equation Ej , ,A7"Y, =
Z] kA(] Y;, and Y(p) a partial solution of (2).

6



3 Numerical Examples

In this section we present illustrative examples that justify our theory.

Example 3.1.
We consider the following fractional equation:
AT, =AY+ K, ke sz,

with Yj, : 5Z — C and A € C with A # 1. From (3) the solution is given by:

Dy v Drj 3
Y, = (1) F 2+ 1)~ — % kegZ.
I}, D; Z I_,D;

This is a practical formula of solutions. For example at k = 3 we get:

D , Ds ;
}/3 — 3,5 O+Z(_1)]—3 _ 3,J j3.

I} 3D; = IT_4D;

_ (G=27%" : _ o3 _ TEE
Where D3 ; = “15=y— for j # 3, and Dj = 5=y — A = 1—A. In addition:

(0.5) (0.5)
2)=05  (3)=05
Dys — ‘ D34 D35 | (r(o_s) (rz@ - ‘ 0.5 % ’ _3A-1
’ Dy Das | @ |7 1-A4 05| ’
! o 1-4 '(0.5) 8
and L
D D (2)°° =0.5, D 1
3,4 3,4 I'(0.5) ) 3,3 =
(2705 s s 1 (3795 r@s5  _ T@5)
Note that r@©5 — T@r©5 — 2r(5 — 20 T05 ~— TEI05) — 23r@s) —
3.
Thus:

3 o, 2 3
8(1 — A)? 1-A (1-A)?%

In Figure 1 we see Y3 for C, A € [-400,400]. In Figure 2 we set the condition
Ys; = C = 200 and see Y3 as A changes.

-Y'3:



Figure 1: A vs C vs Y3, Example 3.1.
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Figure 2: A versus Ypg for C = 200, Example 3.1.

Example 3.2.

We consider the following fractional equation:
k1oAY, = (k - g)Yk + (k= 7)Y,

0
A




with Y} : 1gZ — C. Its solution is given by (3):

D
Y = (—D)ok R0 o0 ez

I1?_, D;
At k=7 we get:
D710
Yo = -0 ¢
II_;D;
From (5) we have dy = 1, dy = 0.5, dy = ,d:%,D7:D8:D9:2,

and: .
D7g=diE7 — A$) =1
2

Dro = dyEr — AY) =
Dr10 = dskr — A(710) =3
Dgg =d1Es — AY) =3

In addition:

7 21 35
D75 D79 D710 5 3 16 245
Drio=| Ds Ds9g Dsio |=|2 3 3 |= g
0 D9 Dag 19 0 2 _%
Thus 245
Y. = —2UC
T 64

Example 3.3.
We consider the following fractional equation:
12A700Y = AP,

with Yy : 19Z — C and A € R with A # 1. From (3) the solution is given
by:

k: 12
Y, = (—=1)27*k C + — A ke 2.
L, D; Z Hg kD

At k =10 we get:

Vo= Lo 3y P
i=10D §=10 IT;_ 10Di
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Figure 3: A vs C vs Yig, Example 3.3.
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Figure 4: A versus Ypg for C = 200, Example 3.3.

From (5) we have do = 1, d1 = 0.5, d2 = %, and D10,11 = D11’12 = 0.5,
Dio,12 = 2, D1p = D1y = 1. In addition:

Dio1s — Dip11 Dioi2
’ D11 D11

o5 2 1
|1 05



Thus: ]
Yip = —gc + A0 — 054,

In Figure 3 we see Yy for C, A € [—400,400]. In Figure 4 we set the condition
Y12 = C = 200 and see Yjg as A changes.

4 Concluding remarks

We studied a class of non-autonomous linear fractional difference equations
which are constructed by using a fractional delta-forward discrete opera-
tor. We obtained a practical formula of solutions and provided numerical
examples to justify our theory.

As a further extension of this article we aim to use this fractional operator
to construct a new mathematical model for electricity markets which will
provide further insights in decision making. We also aim to extend the
results in [13] and construct a fractional forward operator for non-causal
systems of differential equations. With this regard, there is already some
research in progress.
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