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ROGERS-RAMANUJAN TYPE IDENTITIES FOR ALTERNATING KNOTS

ADAM KEILTHY AND ROBERT OSBURN
Dedicated to Wen-Ching Winnie Li on the occasion of her birthday
ABSTRACT. We highlight the role of g-series techniques in proving identities arising from knot

theory. In particular, we prove Rogers-Ramanujan type identities for alternating knots as con-
jectured by Garoufalidis, Lé and Zagier.

1. INTRODUCTION

Two of the most important results in the theory of ¢-series are the classical Rogers-Ramanujan
identities which state that

qn2+sn 1
Z = (glts. g5 4=s. ;5 (1.1)
= @ (@7%56%)0 (@75 6%)o0
where s =0 or 1 and
n
(@) = (a30)n = [ (1 — ag*"1),
k=1

valid for n € NU {oo}. In 1974, Andrews [1] obtained a generalization of (1.1) to odd moduli,
namely for all £ > 2,1 <1 <k,

N2+ N2+ +N2_ +N;+N;p1++Np_ i, 2k+1 2k+1—i. 2k+1 2k+1. 2k+1
L T (@57 ) eo (@ T M oo (6T 2 ) o

> -

P21 >0 (Q)m (Q)m T (q)”k—l (Q)OO

(1.2)
where N;j = n; +nji1 + -+ ni_1. There has been recent interest in the appearance of these
(and similar) identities in knot theory. For example, Hikami [14] considered (1.1) from the
perspective of the colored Jones polynomial of torus knots while Armond and Dasbach [6] gave
a skein-theoretic proof of (1.2). For similar identities related to false theta series, see [13] and
for other connections between g-series and quantum invariants of knots, see [7]-[9], [11], [15] and
[16].

In this paper, we consider recent work in [10] whereby the ¢-multisums ®x(q) and ®_x(q)
were associated to a given alternating knot K and its mirror —K. The ¢g-multisum ® g (¢q) occurs
as the 0-limit (or “tail”) of the colored Jones polynomial of K (see Theorem 1.10 in [10]). In
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2 ADAM KEILTHY AND ROBERT OSBURN

Appendix D of [10], Garoufalidis and Lé (with Zagier) conjectured evaluations of ®x(q) for 21
knots and of ®_(g) for 22 knots in terms of modular forms and false theta series and state
“every such guess is a ¢-series identity whose proof is unknown to us”. Before stating these
conjectures, we recall some notation from [10]. For a positive integer b, we define

bn(n+1) n
o =hi(g) =Y e(n)g

nez
where

(=)™ if b is odd,
ep(n) =14 1 if b is even and n > 0,
-1 if b is even and n < 0.
Note that hi(g) = 0, ha2(q) = 1 and h3(¢) = (¢)eo- For an integers p, a and b, let K, denote

the pth twist knot obtained by —1/p surgery on the Whitehead link and T'(a, b) the left-handed
(a,b) torus knot. The 43 conjectures from [10] are as follows:

K Px(q) | P-x(q)
31 hs 1
44 hs h3
51 hs 1
5o hy h3
61 hs h3
69 hshy h3
63 h3 h2
71 hr 1
) he h3
73 hs hy
7 n2 hs
7s hshy hy
Ts hshy | B2
7r h K2
81 h7 hs3
82 h3hg hs3
83 hs hs
84 hs3 hahs
85 ? h3
Kp, p>0 hgp h3
Kp, p<0 h2‘p|+1 hs
T(2ap)7 p> 0 h2p+1 1
TABLE 1.

Here, we have corrected the entries for 61, 73, 81, 84, 85, Kp, p < 0 (and their mirrors) and
75 in Appendix D of [10]. Three of these Rogers-Ramanujan type identities, namely
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®3,(q) = hs, ®a,(q)=hs and ®g,(q) = hj (1.3)

have been proven by Andrews [4]. Motivated by his work (and in conjunction with (1.3)), we
prove the following result.

Theorem 1.1. The identities in Table 1 are true.

In principle, one can use either Theorem 5.1 of [6] or Theorem 4.12 of [13] to give a skein-
theoretic proof of Theorem 1.1. Here, we have chosen to highlight the role of ¢-series techniques
in proving such identities. For example, one can use the Bailey machinery to quickly prove
identity (2.7) in [13]. The paper is organized as follows. In Section 2, we provide the neces-
sary background on ¢-series identities and the Bailey machinery. In Section 3, we clarify the
construction of the ¢g-multisums @ (q) and ®_k(g) from [10] (see also [11]). In Section 4, we
prove Theorem 1.1. Tt is interesting to note that the proofs for 5; and —8, require (1.1) while
those for 7; and T'(2, p) utilize (1.2). Although, one can simplify ®g.(g) using the techniques in
this paper, a conjectural evaluation is still currently unknown. Moreover, it is not known for a
general alternating knot K if ®(q) reduces as in the current pleasant situation.

2. PRELIMINARIES

We first recall five g-series identities. The first two are due to Euler (see II.1 and II1.2, page
236 in [12]), the third is the z = 1 case of Lemma 2 in [4], the fourth is the g-binomial theorem
(see I1.4, page 236 in [12]) and the fifth is the Jacobi triple product (see I1.28, page 239 in [12]):

=" 1
(@ (Doo’ 21)

o0 (_1)ntnqn(n—1)/2

n=0

o qn2 +An 1

= (Dn(@n+a (@)oo

for any integer A,

and

2
D 2" = (240700 (—0/ % 0700 (65 6 oo (2.5)
nez
Here and throughout, we use the convention that

(@)n

for n < 0. In addition, one can easily check that for a, b > 0,
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(q—a—b)a B (_1)a 7%7Qb (Q)(H‘b

(@)a (@)a(@)

We now derive a key result which follows from a generalization of Sears’ transformation (see
II1.15, page 242 in [12]).

(2.6)

Lemma 2.1. For any n > 2 and integers cy,

n— n—2, k k n—1k—1
nalatl) o4, Zlck ne2 k3 (z ij> (1+Z i].)+ Y Y e
k=1 1 IEDIRY; k=1 j=1 j=1 k=2 j=1
N T D M A
n- Doo . 4 n— n—
a=0 (@)a [T (@)a+e, % i1yin—220 IT(@i, IT(a) &«
k=1 k=1 k=1 cp+ _le]-
7=

Proof. We first use that

1 n(n—1)
lim (7) t" = (-U%Tla
t/n

t—0

then apply Corollary 1 in [5] and simplify to obtain

naletl) _ata "il Ck a (nflJrni:1 ck)
q 2 k=1 1 (l)n tna =
Z(_l)na = lim La
n-l1 n—1 t—0 n—1
=0 @a [T @ater  [T@e 20 (g)a [T (¢%+1)a
k=1 k=1 k=1
n—1
n—1+ 37 ¢k
R N s NV SRS N
= t—0 1+n§
n— Cr
kl;ll(Q)c’“ (groo(t?g  *=1 oo
taC2 LY (pgestlyintiz | L (pgCn—1H+1)i1tiz e tin_2
< ¥ (tg ") (tg™="") (tq )
11 4eeeyln—2>0 (q)ll (q>'b2 T (q)in72

()i (Dintiz - (F)in izt tin_2
()i, (@2 )iy i -+ (@211 )i g i
(tq61+1)i1 e (tqcn—2+1). (tq01+1). (t2q2+01+c2+i1)

in—2 i1 12

. (tanqn72+c1+...+cn—2+i1+...+in_3)

in—2

X
(tnilqnilJrclJr"'JrC"_l)i1+.--+in—2
1 n—2 k . k . n—1k—1 .
n= IS (2 a) (S i)+ X X e
1 =1 j= j=1 k=2 j=1

2 k
_Z ij q k=1 j=1
= (Q)oo Z (_1)k71]71 n—2 n—2

O

We now recall the Bailey machinery as initiated by Bailey and Slater in the 1940’s and 50’s
and perfected by Andrews in the 1980’s (for further details, see [2], [3] or [18]). A pair of
sequences (aup, On)n>0 satisfying



ROGERS-RAMANUJAN TYPE IDENTITIES FOR ALTERNATING KNOTS 5

n

Bn=> @ (2.7)

is called a Bailey pair relative to a. If (ap,Bn)n>0 is a Bailey pair relative to a, then so is
(v, Br)n>0 where

r_ (O)n()nlag/bo)"
“n = ag/b)alag/)n " (2.8)
and
; )i(aq/bc)n_i(ag/be)*
kZ:O aq/b n(aq/C)n(@n—k B (2.9)

Iterating (2.8) and (2.9) leads to a sequence of Bailey pairs, called the Bailey chain. Putting
(2.8) and (2.9) into (2.7) and letting n — oo gives

S (0)n(e)nlag/be)" B, = (QQ/ oo aq/ Coc Z o /b GQ/ LN (2.10)

For example, if we consider the Bailey pair relative to ¢ (see B(3) in [17])

1— 2n+1 —_1)" 3p24ln
Ny ) e o
l—gq

and

(2.12)

then one application of (2.8) and (2.9) with b, ¢ — oo yields

A e o o Vil
(07

N 2.1
" 1—¢q (2.13)
and
' nL gk
P = 2 (@ (2.14)
while [ — 2 applications, | > 2, of (2.8) and (2.9) with b, ¢ — oo at each step produces
1 — g2ntly(—1)n 2-1,2 20-3,
ozg_Q) = (1-4q )(=1)"q 2 2 2.15)

1—g¢q

and
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-2

kzl Nk (’I’Lk-i-l)
(1-2) _ =
BU=2) = > — . (2.16)
=ML -25 M1 20 (g) kl:IZ(q)nkfnkfl

Inserting (2.13) and (2.14) into (2.10), then letting b — co and ¢ = ¢ gives

(k+1)+ 2t

Z (_1)n qk 2 (Q)n — Zq3n2+2n(1 _ q2n+1) (2'17)
(@)k(@)n—k

n,k>0 n>0
while substituting (2.15) and (2.16) into (2.10), then letting b — oo and ¢ = ¢ leads to

1—2
> ng(ng+1)+

k=1
Z (_1)7”71 q — (Q)n171 _ Z qln2+(l71)n(1 _ q2n+1). (218)

ny—1,M1—-2;..,n120 (@ny 11 (Dng—np_; n20
k=2

np—1(nj_1+1)
2

3. ®x(q) AND ®_k(q)

Let K be an alternating knot with ¢ crossings and D its associated diagram. We checkerboard
D with colors A and B such that the exterior X is colored A (here, we identify D with the planar
graph obtained by placing a vertex at each crossing and an edge at each arc) and let Tx be the
Tait graph of K (or, equivalently, of D). The reduced Tait graph 7}, is obtained from 7Tk by
replacing every set of two edges that connect the same two vertices by a single edge. Let E(D)
be the set of edges, R the set of faces, R4 the set of A-colored faces and Rp the set of B-colored
faces in D. The idea is to assign variables to each face of D, including X. Thus, we let

S={s:R—Z:s(X)=0}.

For F', F; and F; € R, define e(F) to be the number of edges of F, cv(Fj, F;) the number
of common vertices and ce(F;, Fj) the number of common edges between F; and F;. We now
consider the functions L : R — %Z and @) : R x R — Z given by

1 if F € Rpg,
L(F) :=
(F) {6@—1 if Fe Ry
and
0 ifiZj,F¢€RBOYi7éj,Fi,FjERA,
. N e— eFZ) ifi:j7Fi€RAa
QUEF)) =4 cy(F.F,) ifi#], Fy, F, € Rp,

ce(E,Fj) if ¢ 75], F; € Rp, FJ € Rpor F; € Ry, Fj € Rp.

We extend s € S to E(D) by defining s(e) to be the sum of the variables in adjacent faces.
Furthermore, suppose F' € Rp shares a common edge with the maximum number of faces in
Ry, If F' is not unique, choose a face in Rp that shares a common edge with the maximum
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number of faces in R4\ {X}. If this latter face is not unique, choose from any of the remaining
candidates of faces and let F'* denote this choice. Finally, we let

A:={seS:s(e) >0,Ve € E(D) and s(F*)=0}
and consider the functions L' : A — %Z'm_l and Q' : A — %Z'R‘_l defined by

and

Q) =5 > QF,F)s(F)s(F)).

1<ij<|R|-1
The g-multisum ® g (g) is now given by (see Theorem 1.10 in [10])
q@ (+L(s)

H (Q)s(e) '

e€E(D)

Prc(g) = (0)%SK = (@)% D_ (=11

sEN
Let us illustrate this construction for K = 75. We first consider
A 0
B [A) B ¢ [b) n
T D—q_ D
N) \)

In matrix notation, we have

s=le,de, f,g,h,a,0)", L'=1[1,1,1,1,1,1,2,0],

01000211
10100010
010100710
, 00101010
P=lo00010110 (3.1)
20001011
11111160
10000710 2

and
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A:{[Cad>eafagahaaab] GZS:a7b7c7da€7f7920ah:0}'

Thus, in matrix notation,

. . or/ quQ’s—i-L’s
(1)72((]) - (q)ooS72 - (q)oo E (_1) B H ( )
sCA q s(e)
ecE(D)

q3a2 +2a+b2+bet+actad+aetaf+agtedtdet+ef+fg+ctd+et+f+g

=L D

wpodg gm0 (@Dal@s(D)e(D)a(@e(@) (@)g(@Do+e(@are(@ata(@ate(Dats (Dary

To compute ®_x(q), we repeat the above process but swap A and B faces while still imposing
the condition that s(X) = 0 and choosing F* € R4. So, for —K = —Ta,

0
c b

t/

Here,
T , 1 1
SZ[C,d,@,f,g,h,Chb] ) L = 570707070757171 )

300 0O0O0T1T1

02000010

00200010

o = 0O 00 20010

10 0002010

000 0O0 211

1 1111101

10 00 01 1O0

and

A ={[a,b,c,d,e, f,g,h] € Z® : a,b,c,d,e, f,g > 0,h = 0}.

This gives us
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( ) ( )7 ( )7 Z( )QL’ quQ/s+L/s
@772 q) = \q 005772 =(q)x —1 I
seA eI;Ie(q)S(E)

a+b+ab+actad+aetaf+ag+be+ % +d24-e2+f2442

7 q
0 a,b,c,;mc,gzo (0)a(0)6(@)e(@)a(@)e() £ (@)g (@ate(Data(@ate(Dat(Date(@bse
Finally, by Theorem 2 in [6] or Corollary 1.12 in [10], if the reduced Tait graphs of two al-
ternating knots K and K’ are isomorphic, then ®x(q) = ®gs(q). Thus, in order to deduce
Theorem 1.1, it suffices to verify the conjectural identities in the following cases: 51, 5o, 69, 71,
T2, T4, 77, 82, 84, Kp, p >0, T'(2,p), —31, —77 and —84. For each of these 14 knots, we provide
the checkerboard coloring, assignment of variables and (reduced) Tait graph.

51 Ts,




>
=
=)

g
-«
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77 7-77

89 Ts,
84 Ts,

2p edges

11
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T(27p)’p >0 7}(2773)’ p> 0

_31 7-—31

—T7 T_7,
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4. PROOF OF THEOREM 1.1

We can now prove Theorem 1.1.

Proof of Theorem 1.1. For ®5,(q), it suffices to prove

w +ab+ac+ad+ae+be+cd+de+b+c+d+e

._ ya_ 4 _ 1
P PR R O X O X ey e o o 7 S

We now have

3i(i+1)

1 . 2
551 - - Z (_l)z-i-kq

(@oo ;. p it 50 (@)i(D)(Dr(@Dp(De(@a(@e(Dit(Ditjte(@itjtha
(apply Lemma 2.1 to the a-sum with n = 5)

1 Z (1) qw+j2+j+%+2ij+jk+ki+b+bc+c+ci+cd+d+di+dj
(@3, 50 (0)i(0);(Dr(D)6(0)e(@)a(@)itb(@)i+jte

(evaluate the e-sum with (2.1))

24 BEED 49454 ket kib+betotcitedt-d+ditdj+ded-e+eitej+ek

3i(i+1)+j2+j+ k<k;1)+2ij+jk+ki

_ Cqyitkd 2
~ (9)3 2 () (0)i(9);(q)k

°° 4,5,k>0

(evaluate the d-sum, c-sum and b-sum with (2.1))

i(i+1)

+52 4+ 2D 4k

L _qyitkd 2 it -
(@ i,j,Ek;O( E (9)i(9)j—i(0)k (shift j —j — 1)

9, . k(k+1) |
+j+ +jk
L T

1 .
= (q)go j’kzzo(_l) T (apply (2.4) to the Z—Sum)

= 1 Z qj2+j (apply (2.2) to the k-sum)
(@5 =5 (@);
_ (q;q5)oo(q4(;qq;)oo(q5;q5)oo (by (1.1))

hs (apply (2.5) with ¢ — ¢°/2, z = —¢°/?).

_
(@)%

For ®5,(q), it suffices to prove

q2a2+b2+ac+ad+ae+bc+cd+de+a+c+d+e

1
Ssyi= Y. =0 hy. (4.2)

wbiodeso (Dal@p(@)e(D)a(@)e(@p+e(Da+e(D)ara(@)a+re %

Thus,
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202 +actad+ae+cd+de+a+c+d+e

1 q
Ss, = ——
F (@ a’g;zo (9)a(@)e(D)a(De(@)ate(Dara(@)ate
(evaluate the b-sum with (2.3))
1 Z 1y qi2+i+j27+j+ij+di+e(i+j)+cd+de+c+d+e
(@3, ; Zso (0)i(0);(0)e(@)a(@)e(@)i+e(@)itj+a
(apply Lemma 2.1 to the a-sum with n = 4)
1 ' qi2+i+j22+ I 4ij+ditcdtctd
= —0 —1)/ evaluate the e-sum with (2.1
ot 2 TV oo (2.1)
1 A qi2+z‘+@+zj
= 05 Z (—1)]W (evaluate the d-sum and c-sum with (2.1))
> i,j>0 I
2_ . .
1 ‘qi2+i+7 =L —ij
= — S (1YL (shift i —i— )
(@)3% ”ZZO (@)i—i(a);
1 o240
= OE Z(—l)zq > (apply (2.4) to the j-sum, then use (2.6))
% >0
1
(@)%
(consider i = 2n, i = 2n + 1, then let n — —n — 1 in the second resulting sum).
For ®¢,(q), it suffices to prove
Z 1) q2f2+f+%+ab+af+bc+bf+cd+ce+cf+de+a+b+c+d 1
e (@)a(@)p(De(@)a(D)e(D) (D at s (@or £ (Dete(Derp(Dare (D)%

2 P2 f+ ) L abtaf4betbfFedef +detatbietd

1 e
Sy = @ > (=1

% hede >0 (@a(@b(@)e(@)a(D)e(@) £(@)at £ (Dbt (D ete(Des s
(apply Lemma 2.1 to the e-sum with n = 3)
= Yt
N (@©)a(@)p(0)e(@e() £ (Dat £ (@)o15(Dets
(evaluate the d-sum with (2.1))

224 f+ XD L abtaf+betbfcf+atbte
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1 q2f2+f+ab+af+bc+bf+cf+a+b+c
" @ evaluate the e-sum with (2.2
(@)oo a,,,%;zg (0)a(@b(@)e(@) §(@Dar (Dbt f(Der s ( (2.2))
1
- th; (let (a,b,c, f) = (c,d, e,a), then proceed with (4.3)).

For @7, (q), it suffices to prove

Z qia(W;LS) +ab+actad+ae+af+ag+betced+detef+ fg+b+ctd+e+f+g
Sy, = (—1)®
R P (@)a(@b(@)e(@)a(D)e(@) 1(2)g(Datt(@)a+e(D)atd(@)at+e(@)at £ (@atg
1
= hr.
(D)%
Thus,
1 B e L
S = o, 2 (D @@ @DH@ @
00 i ke Lmib,c,d>0 q)i\q);\q)k\q)i1\d)m
qbc+cd+de+ef+fg+b+c+d+e+f+g
X
(D6(@)e(@)a(@)e(a) £(q)g
3k 2l i 3k 214 e 2Kkl cid(iH]) e(iHjHh)+F (R +g (i Hht+m)
X

(Do+i(@)etits (D dtijrk (Deritijrh+1(@) fitjthtiem
(apply Lemma 2.1 to the a-sum with n = 7)

5i(i+1) +2j(j+1)+3k(’;+1) +l(l+1)+m("2l+1)

_L _\itktmd 2
=L 2 Y @@ @

o0 i:jykzl)mzo
4ij+3ik+2il+im+35k-+2;1+jm+2kl+km+Im

(0)i1(@)m

(evaluate the g-sum, f-sum, e-sum, d-sum, c-sum and b-sum with (2.1))

q

X

D 49 (4 1)+ 2D (14 1) O 4 35k 4214 jmA-2ki+kmm

_L _ 1\i+k+m 4
=L 2= 1 D@ @

o0 i7j7k7l?m20

(shift j — j —4)
25 (j+1)+ EEED (1) 4 D 4 35k 4 2514 jmeA-2ki4+-km+lm

_ - _ \k+m 4
=L 2 Y @@ @D

4 kl;m>0
(evaluate the i-sum with (2.4))
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25 (j+1)+EEED (14 1)+ 2D 4 k42514 jmet-im

1 q
= — —1)ktm shift | — 1 — k
(@)% j’k%zo( ) (@k(@)i-k(@)m ( )
. m(m+1) . imlm, .
1 Z (_1)mq2j(3+1)+l(l+1)+72 +2jlkmtlm (145,
(@)% (@)i1(@)m
J,lm>0
(evaluate the k-sum with (2.4))
q2j J+1)+1(14+1)+251
= 5 Z (evaluate the m-sum with (2.2) and simplfy)
00 51>0
4;9 )oo\q54 )oo\q 54" )oo . .
= (6 47)ec (Q)Zl ( ) (by (1.2) with k =3, ny =1, na = j)

1

= wa (by (2.5) with ¢ — ¢"/2, 2 = —¢°/?).

For ®7,(q), it suffices to prove

qBa2 +2a+b2+bet+ac+ad+aetaf+ag+cd+detef+fg+ctd+etf+g

o1 = abcgﬁgm (@a(@(@)el@)a(@)e(@) (Do (Dpte(Dase(Dasa@ateDarsDars

Thus,

2i(i+1)+ 2 | (1) LD

1 1 1q
Sy, = —— (_1)J+l
t0% i,j’k,lg;e,ﬁgzo (9)i(9);(@)x(a):
3ij+2ik+il+25k+jl4+kl+dite(i+§)+ f(i+7+k)+g(i+i+k+1)+cd+detef+fg+ctd+et f+g

><q

(@ eti(@ariti (Detitith(@) p+itith+1(D)e(@)a(@)e() f(@)g
(evaluate the b-sum with (2.3) and apply Lemma 2.1 to the a-sum with n = 6)

1 o 2i(i+1)+ 2UE 4k (k4 1)+ LD 4 3654 20k il 425k +j14-kL

_ 4 o q
=L 2 Y (@@, (@)

1,5,k,0>0

(evaluate the g-sum, f-sum, e-sum, d-sum and c-sum with (2.1))
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1 Z 1y 2D+ I k(1) ) i 2kl b (shit i > i — )
_ _ shift 4+ — i — j
(@)i-j(2);j(@)k(a)

SOED 4 (k1) + ) 4 2k il 4kl

_ i+ 42
=L 2 U R

O 4,k,1>0
(evaluate the j-sum with (2.4), then use (2.6))
3D | k(k4-1)+ U5 120k —il ki

1 q
= (—1)+! (shift k — k —1)
(@)% MZIZO (@r-1(a)
3i(i+1) | k(k+1)
_ e itk 2 P M)k
(9% % ;1 1>0 (@)i(9)x
(evaluate the [-sum with (2.4), then use (2.6) and simplify)
1 Waah h(htl)
— > (- (@)s (shift k — k — 4)
O =0 (@)i(@)k—i
1
) Z 3n? +2n 2n+l) (apply (2.17))
q n>0
1 .
(q) he (let n — —n — 1 in the second sum).

For ®7,(q), it suffices to prove

q2f2+f+292 +g+ab+ag+bct+bg+cd+cf+cg+de+df +ef+a+b+c+d+e

Sui= D (0)a(9)6(0)c(@)a(D)e(D) (D) (D a+g(Do+g(D et (Detg(Ddrr(@ets

a7b7c7d761f7g20

Thus,

1 l 24 AU g2 o g WD 4y Rl die(i5) +bre(k+H) +abtbeed+-det-atbtctde
Sz, = (—1)*
bo@% mb’c’d;mkm (9)a(@)6(D)e(@)a(2)e(D)i ()i (Dr(D1(Datr(Dbih+1(@eri(@avivi

(apply Lemma 2.1 to the f-sum and g-sum with n = 4)
2 L) g2 o KB 45
Y Z (-1

(@3, 4750 (@)i(@)j(@)r(a)
(evaluate the e-sum, d-sum, c-sum, b-sum and a-sum with (2.1))
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1 iU e LD
=N (—1)J+lq : ’ (shift i - i —jand k — k — 1)
(2)5 i,4, k>0 (@)i—j(@)j(Dr—1(q)
1 o G k(1)
- W (_1)Z+kq%+% (evaluate the j-sum and l-sum with (2.4), then use (2.6))
k>0
1
= Whi (as in the proof of (4.2)).
4)

For ®7.(q), it suffices to prove

32 e 3f% f 3% g
s t+5+°5-+5+5+5+tabtad+aetaf+bf+cd+cg+de+dg+atbtctd

— _etfrg_ 4
R D B S 7 7 7 P X Y RO R 5 O P R P S P

a7b707d?e7f7gzo
1
Y
(9)5%
Thus,
T L N e
S +5+5 +5+% +3+ab+ad+aet+bf+cd+cg+atbtctd
1 6+f+gq2 2T TaT Ty
St= S (-1

(@3, p e i 0 (@)a(@)s(@)e(@)a(@)e(@) £(D)g(@)are(Da+ £ (@) drg

(apply Lemma 2.1 to e-sum, f-sum and g-sum with n = 3)
elet) | FUF+D) | 9(gt1)
R oD Dl | AEAA I
(@)% , 7=, (@)e(@)£(9)g
(evaluate the c¢-sum, b-sum, a-sum and d-sum using (2.1))

= (evaluate the e-sum, f-sum and g-sum using (2.2)).

For ®g,(q), it suffices to prove

302420+ 2% 4 adtaetaf+agtahtbetbdtcddetef+ fgt+ghtctdtetf+g+h

,: b
o a,b,c,d;,g,hzo( Y o0 @ @7 @ @@ @Doea @l Do @ars @ara@arn
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1 q3a2 +2a+ 20D 4 adaetaf+agtahtbetedtdetef+fg+ghtetdtetf+gth

5% = (= > v

Doo oy edoTghs0 (0)a(D)s(@)e(D)a(D)e() £(@)g(@)n(Dbt+d(Da+d(@)ate(@)at £ (@)atg(Datn

(apply Lemma 2.5 to the b-sum with n = 3)

1 X q3a2+2a+7b(b;1> +ad+aetaf+ag+ah+detef+fg+gh+d+etf+g+h

B 30 X X P PP o e A e
(evaluate the c-sum with (2.1))

1 q3a2+2a+ad+ae+af+ag+ah+de+ef+fg+gh+d+e+f+g+h
(@ a7d76%7h20 (0)a(0)a(0)e(@) £ (D)g(Dn(Datd(@ate(@)ats(@)a+g(@as+n

(evaluate the b-sum with (2.2))

1
= ——hg (let (a,d,e, f,g,h) = (a,c,d,e, f,g), then follow the proof of (4.4)).

(9)%

For ®g,(q), it suffices to prove

@ +aetbetab+atb+c?+bet-d2+bd+ f24+af+g2+ag+h?+ah

Ssoi= > (-1 q

ab,c,de,f,g,h>0 (q)a(q)b(Q)C(Q)d(Q)e(Q)f<Q)g(CI)h(Q)a—i-e(Q)a+f(q)a+g(q)a+h(q)b+c(q)b+d(q)b+e
1
o1
Thus,
1 . o5 raetbetabtath
= 0%, 2 T @ @
(evaluate the c-sum, d-sum, f-sum, g-sum and h-sum with (2.3))
1 . q@+be+ab+a+b ‘
= m mg;o(—l) CRCRORC (apply Lemma 2.1 to the e-sum with n = 3)
1 05T :
= O ;(1) @ (evaluate the b-sum and a-sum with (2.1))

1
= Ok (evaluate the e-sum with (2.2)).
q)oo

For ®7(2)(q) with p > 0, it suffices to prove
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2p—1
W.,_a Z b+ Z brbnt1+ Z b,

aq n=1
ST(2p) = Z (=1) 2p

601y b2p 20 (@a 1T (@)b, (Dats,
n=1
1

= ————hopi1.
op+1 ' 2p+1
(9)s8*

Thus,
121)71 k . k 2p k—1 2p—1
21 k5 D) (Z zj)(lJF_Z Z])+ > Z bklfrz b+ Z bbi+1
1 > szq k=1 j=1 j=1 k=2 j= k=1
_ _ 1\ k=1 j=1
St(2p) = @oo .. Z (=)=t 2p—1 2p—1 2p
it 20 @ 110 o T
k=1 k=1 bxt+ _lej k=1
J=
(apply Lemma 2.1 to the a-sum with n = 2p + 1)
2p—1 k k
s b 2 (20) (14 E i)

- . Z (_1) kz::1 jgl g Mt =

( )2P+1 2p—1

V=" iz T (),

k=1
(evaluate the ba,-sum, bg,_q-sum, ... and bi-sum with (2.1))
P 5 2 dak—1(lok—1+1)+ 30 dap—1 D0 d25+ 30 (Z 12;)(2 Z2j+1)
1 Z ( 1)};7:1121%1 q k=1 k=1 j=1 k=1 j=1 j=1
( )2P+1 4 ' D p—1
OO dp,.,i2p—120 kljl(q)i%*l kljl(q)izk—izkﬂ
(Shift lop —> o —iop—q for k=1,2, ..., p— 1)
i i —1, &
M#—mp 1 Z 223+p2 (Z ia )(Z ZQJ+1)

. et BEmE

(Q)gg—H (q)i2p71

12,84,..,82p—2,02p—1>0

(Q) k
Z i2;

];[ (@i

Z 12

(evaluate the i1-sum, g3-sum, ... and igp_3-sum with (2.4), then simplify)
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p—1

iop—1(igp—1+1) | . r=l ko
Ly e R R () (R
2p+1

(Q)oo 12,04,...,i2p—2,i2p—1>0
(Q)pf 1

2k

B (simplify the product)

(q)i2p71 pﬁl (@)ia
k=1

E(Z lza)(Zk: ig;+1)
qk 1 4= j=1

1
= Z — (evaluate the ig,_j-sum with (2.2))

2p P
(@)% 45 14, iy 220 I (@)i,
k=1

1
= ——ho
2p+1 '2p+1
(9)38"

(let n; =i; and k = pin (1.2) and ¢ — q2p2+1, z = q% in (2.5)).

cint,

Before turning to the ®, (q), p > 0 case, we note that for any given set of indices {11, 2, .

if we let 49 — 49 — 41, 93 — 43 — 19, ..., tp —> In — in—1, then

-1 1

n n
1
zj> <1 + Zz]) — i+ 1) =) ik Y iy =Y (i +1) + Sin(in +1). (4.5)

k=1 k=1 1 1

E

3
|

DN |

M»

2

W.
Eond
Il

j=1
For @, (q) with p > 0, it suffices to prove

2p—1 2p—2 2p—1
pa’+(p—1)at+a > en+b?+bci+ > cncntit Y. cn

+ q n=1 n=1 n=1
SKp T Z 2p—1
,0,C15:sC2p-120 (0)a(@)6(Dorer TT (Den(@aten

n=1

1

T (g2 "o

Thus,
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2p—1 2p—2 2p—1
) pa?+(p—1)a+ta kxl ck+ kZI ckCry1+ kxl Ck
+ q - - -
SKp (@)oo Z 2p—1
@:C1yeesC2p—120 (@Da [T (@Der(Dater
k=1

(evaluate the b-sum with (2.3))
) ko ko o\ 2p=1k=1  2p=2 2p—1
2p=2 k5 > (Z Zj) (1+Z lj)+ > Z Crij+ D CkChyit+ D Ck
_ 1 Z ( 1) kgl 32:31 ijq k=1 9=l j=1 k=2 j=1 k=1 k=1
(@)5% Lyeensiop—2,C1seensCop 130 =5 =5 =
T @ . 1T

k=1 k=1 cpt 2o i k=1
=
(apply Lemma 2.1 to the a-sum with n = 2p)
2-2 , k k
w33 () (2 i)
1 kz 21 ij g k=1 =1 J=1
—1 =
(q)2p+1 Z (=1) ! 2p—2
O ig,ei2p220 knl (q)lk
(evaluate the cgp—1-sum, cgp_o-sum, ... and ¢;-sum with (2.1))
p—1, k k 1 p—1 p—1 k
p=1 X (Z i2j—l) (H—Z i2j71)+§ 2 dok(izk—1)— 3 dak 2 d2j-1
1 > ok qh=t =t J=1 k=1 k=1  j=1
(02", Z (1= Pl
i5eesizp-220 kHI(q)igkflfigk (Q)zgk
(Shift Tog—1 — Gop_1 — 9 for k = 1,2, ....,p— 1)
p—1 p—1, k k p—1 p—1 k—1
1 > dok-1 2 (E i2j—1) (1+Z 7;2]'—1)*% >~ dak—1(lap—1+1)— 37 d2p—1 27 izj-1
= ol >, (FpETgmE = - B "
(@) 4, 5. o520
p—1
[1(q) & '
k=1 le2j—1
i=
X 1
[T (@ige 1 (@)rs ]
k=1 '21 Q251
5=
(evaluate the ig-sum, ig-sum, ... and ig,_p-sum with (2.4), then use (2.6))
p—1 p—1, k k p—1 p—1 k—1
1 > dok-1 2 (Z i2j71) (1+Z i2j71)_% > dog—1(lop—1+1)— 2 dok—1 Y d25-1
— _— Z (—1)k=1 gk=1 9=1 j=1 k=1 k=1 j=1
p
(@)™ 4, 45 S50
(Q)pflA
> dok—1
X ;HL (simplify the product)
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—2
b iok—1(1+iok—1)+5i2p—3(izp—3+1)
= Y (et D
P+ —1
q =
( )OO s izp-320 (q)il ;}:[2(61%%71—1'%73
(let 13 —> 13 — 11, 5 —> 15 — 13, ..., igp_g — izp_g — igp_5, then apply (45))
1 2
= (VW qun +(p 1)n(1 B q2n+1) (apply (2.18))
o0 n>0
1 .
= (q)zwhgp (let n — —n — 1 in the second sum).
o

For ®_3, (g), it suffices to prove

a+b2+c2+ab+ac 1

q
S_3, = = )
' agc:zo (@a(@p(@e(@atp(@ate  (9)3
Thus,
1 q* .
S_3, = 73 (evaluate the b-sum and c-sum with (2.3))

(@3 5 (@)a

1

= O (evaluate the a-sum with (2.1))
9)%

For ®_7_(q), it suffices to prove

42 €GBt  JOIAD 4 24 abtadt-aetbetbetbf+cf+egratbie

- _1\etf q
S DA s I v X V7 1 P X T A K e e

Thus,
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e(3e+1)

_ b _qyetf_4
St vy DI s ek 7 e 7 R Y O e e

+ LB 4 abtaetbetbetbf+ef+atbic

(evaluate the d-sum and g-sum with (2.3))

letl) | FUAD | ahtbetbetcf+atbte

—L X Ut

% q b0 (0)a(@)p(D)e(@)e() £ (@)ate(Dbt s
(apply Lemma 2.1 to the e-sum and f-sum with n = 3)
1 ; qie(e;”) + LD 4 bt betatd
= — (—1)ct (evaluate the c-sum with (2.1))
(@)% a,,,;zo (0)a(2)6(0)e(@) £ (@)a+e
1 6(6;-1) f(f2+1)
== Z (—1)e+fq— (evaluate the b-sum and a-sum with (2.1))
(@ 5, (@)e(a)s
1
= Tk (evaluate the e-sum and f-sum with (2.2)).
)50

For ®_g,(q), it suffices to prove

qurZhQ +ab+ah+bet+bh+cd+cg+ch+detdg+ef+eg+fg+atbtctdtet f+h

Sgi= ». (-1

wbied T g k0 (@)a(@)s(@)e(@)a(@)e(@) £ (Dg (@) (@) atn (Do n(@)etg(@)e+n (D) drg(Detq (D) s+
1
RO
Thus,
S_s,
1 Z 1yt q@+z‘(i+1)+WT“)+ij+ab+a(i+j)+bc+bz'+cd+cg+de+dg+ef+eg+fg+a+b+c+d+e+ f
(@oo e aiFyiizo (@)a(2)6(9)e(9)a(9)e(9) (0)9(D)i (D) (Dtitj (Derg(@)eti(Darg(@)erg (D) f+9

(apply Lemma 2.1 to the h-sum with n = 4)

= W Z (—1)9+ q

% cdiesmiis0 (@)e(0)a(@)e(D) 1(D)g(0)i(0)j (D er9(Darg(@)era (@) s4g

(evaluate the a-sum and b-sum with (2.1))

9098) 1 j(i41)+ L9 it cdtegtdetdgtefregt fotetdtetf
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9G93 1j(i41)+1YZ1 it edtegtdet+dgtef+eg+ fgtetdtetf

T, 2

%0 die i >0 (@)e(@)a(a)e() 1 (0)g(9)i-5(0)j(@)e+g (D) arg(D)e+g (@) 144
(shift i — i — 7)
9(5g43) 4 GHD | gy cgtdetdgtefte ct+d+e
1 Z (_1)g+iq 913) 4 Nt edtcgtdet+dg+ef+egtfg+etdtetf
(D3, 457 50 (@)e(0)a(D)e(@) (D) g(@)erg(D)drg(De+9(a) s+
(evaluate the j-sum with (2.4), then apply (2.6))

_ (q;4 Z (_1)r+t+i q

0 ¢ die first>0 (q)C(q>d(q)e(Q)f(Q)T(Q)S(Q)t(Q)C—H (@ dtr+s(Q)etrrrstt

Sl l) 4 s (s 1)+ 20 Lo s st

i(i41)
xXq 2

+cd+de+dr+ef+e(r+s)+f(r+s+t)+ctd+e+f

(apply Lemma 2.1 to the g-sum with n = 5)

Sl l) 4 (s1)+ 2D 4 opspt sy H0FL

_L 1yt 4
=n 2 OV @ @)

0 4,r,8,t>0

(evaluate the f-sum, e-sum, d-sum and c-sum with (2.1))

1 r<r+1)+s(s+1)+t(t+1)+5t+¢<¢2+1)

s g

(@)% ;570 (@)r(@)s—r(a)t

(shift s = s —1)

1 et e (G
— ()8 Z (_1)t+z D (evaluate the r-sum with (2.4))
Voo ; s3>0 q)t

1

T

q>°° >0 520

(s+1)

q)s

(evaluate the t-sum with (2.2), then simplify)
1

(@)%
(by (1.1), ¢ = ¢*/%, z = —¢*/? in (2.5) and the proof of (4.2)).

hahs

ACKNOWLEDGEMENTS

The second author would like to thank Stavros Garoufalidis for his talk on June 23, 2011
at the Institut Mathématiques de Jussieu and the subsequent correspondence, the organizers
(in particular, Ling Long and Holly Swisher) of the conference “Applications of Automorphic
Forms in Number Theory and Combinatorics”, April 12-15, 2014 at LSU, Oliver Dasbach and
Mustafa Hajij for their helpful comments and suggestions and George Andrews for his continued
interest and encouragement. He would also like to thank the organizers (in particular, Adam
Sikora) of the workshop “Low-dimensional topology and number theory”, August 17-23, 2014



26

ADAM KEILTHY AND ROBERT OSBURN

at Oberwolfach for the opportunity to present this work. Finally, both authors are very grateful
to the referee for their extremely careful reading of our paper.

[1]

2]

3]

[15]
[16]
[17]

[18]

REFERENCES

G.E. Andrews, An analytic generalization of the Rogers-Ramanujan identities for odd moduli, Proc. Nat.
Acad. Sci. U.S.A 71 (1974), 4082-4085.

G.E. Andrews, g-Series: Their Development and Application in Analysis, Number Theory, Combinatorics,
Physics, and Computer Algebra, volume 66 of Regional Conference Series in Mathematics. American Math-
ematical Society, Providence, RI, 1986.

G.E. Andrews, Bailey’s transform, lemma, chains and tree, Special functions 2000: current perspective
and future directions (Tempe, AZ), 1-22, NATO Sci. Ser. II Math. Phys. Chem., 30, Kluwer Acad. Publ.,
Dordrecht, 2001.

G.E. Andrews, Knots and g-series, Ramanujan 125, 17-24, Contemp. Math., 627, Amer. Math. Soc., Prov-
idence, RI, 2014.

G.E. Andrews, D. Bowman, The Bailey transform and D. B. Sears, Quaest. Math. 22 (1999), no. 1, 19-26.
C. Armond, O. Dasbach, Rogers-Ramanujan type identities and the head and tail of the colored Jones
polynomial, preprint available at http://arxiv.org/abs/1106.3948

K. Bringmann, K. Hikami, J. Lovejoy, On the modularity of the unified WRT invariants of certain Seifert
manifolds, Adv. in Appl. Math. 46 (2011), no. 1-4, 86-93.

S. Garoufalidis, Quantum knot invariants, preprint available at http://arxiv.org/abs/1201.3314

S. Garoufalidis, R. Kashaev, From state integrals to q-series, Math. Res. Lett., to appear.

S. Garoufalidis, T. Lé, Nahm sums, stability and the colored Jones polynomial, Research in the Mathematical
Sciences, to appear.

S. Garoufalidis, T. Vuong, Alternating knots, planar graphs and g-series, Ramanujan J., to appear.

G. Gasper, M. Rahman, Basic hypergeometric series, Encyclopedia of Mathematics and its Applications,
96. Cambridge University Press, Cambridge, 2004.

M. Hajij, The tail of a quantum spin network, preprint available at http://arxiv.org/abs/1308.2369

K. Hikami, Volume conjecture and asymptotic expansion of g-series, Experiment. Math. 12 (2003), no. 3,
319-337.

K. Hikami, Hecke type formula for unified Witten-Reshetikhin-Turaev invariants as higher-order mock theta
functions, Int. Math. Res. Not. IMRN 2007, no. 7, Art. ID rnm 022, 32pp.

R. Lawrence, D. Zagier, Modular forms and quantum invariants of 3-manifolds, Asian J. Math. 3 (1999),
no. 1, 93-107.

L.J. Slater, A new proof of Rogers’s transformations of infinite series, Proc. London Math. Soc. (2) 53
(1951) 460-475.

S. O. Warnaar, 50 years of Bailey’s lemma, Algebraic combinatorics and applications (GoBweinstein, 1999),
333-347, Springer, Berlin, 2001.

25 TURNBERRY, BALDOYLE, DUBLIN 13, IRELAND

SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY COLLEGE DUBLIN, BELFIELD, DUBLIN 4, IRELAND
E-mail address: adam.keilthy@gmail.com
FE-mail address: robert.osburn@ucd.ie



