Research Repository UCD

Title

Positivity properties for the clamped plate boundary problem on the ellipse and strip

Authors(s)

Render, Hermann, Ghergu, Marius

Publication date

2012-06

Publication information

Render, Hermann, and Marius Ghergu. “ Positivity Properties for the Clamped Plate Boundary
Problem on the Ellipse and Strip.” Wiley, June 2012. https://doi.org/10.1002/mana.201100045.

Publisher

Wiley

Item record/more
information

http://hdl.handle.net/10197/3820

Publisher's statement

Thisisthe author's version of the following article: Render, H. and Ghergu, M. (2012), Positivity
properties for the clamped plate boundary problem on the ellipse and strip. Math. Nachr., 285:
1052-1062. doi: 10.1002/mana.201100045

Publisher's version (DOI)

10.1002/mana.201100045

Downloaded 2026-05-01 23:45:53

The UCD community has made this article openly available. Please share how this access

benefits you. Your story matters! (@ucd_oa)

© Some rights reserved. For more information



https://twitter.com/intent/tweet?via=ucd_oa&text=Positivity+properties+for+the+clamped...&url=http%3A%2F%2Fhdl.handle.net%2F10197%2F3820

Mathematische Nachrichten, 21 February 2011

Positivity properties for the clamped plate boundary problem on the el-
lipse and strip

Hermann Render*' and Marius Ghergu** !
! School of Mathematical Sciences, University College Dublin, Belfield, Dublin 4

Key words Biharmonic operator, positive polynomial data, positive solutions; Fischer operator
MSC (2000) 35J40, 35J08, 31A30, 31B30

The positivity preserving property for the biharmonic operator with Dirichlet boundary condition is investi-
gated. We discuss here the case where the domain is an ellipse (that may degenerate to a strip) and the data is a
polynomial function. We provide various conditions for which the positivity is preserved.
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1 Introduction
Let £ be a domain in R™ and 0f2 its boundary and let A be the Laplace operator defined by

0? 0?
A=—+..+—.
0?2 Tt o2
The clamped plate boundary value problem is the problem of finding a solution u of the biharmonic equation
A’u=f inQ 60

satisying the boundary condition

u:%:()onéﬂ 2)
ov

where A?u = A(Au) and /v is the outer normal derivative at ). From a physical point of view the following
conjecture due to T. Boggio and J. Hadamard is very natural:

(P): Positivity of the data function f € C* (ﬁ) implies positivity of the solution w.

In case of the Laplace operator A subject to Dirichlet boundary conditions, the property (P) is true due to the
standard maximum principle. Here by f (resp. u) positive on {2 we understand f > 0 (resp. u > 0) in €.

It is not difficult to see that property (P) is equivalent to the statement that the Green function of the domain
Q is positive. In 1905, Boggio [1] proved the positivity of the Green function for the ball and conjectured that
this should be true for any reasonable domain. In 1908, Hadamard disproved the conjecture for an annulus but
only after 1949 numerous counterexamples to the conjecture of Boggio have been found, the most striking by
Garabedian [2] showing that the ellipse with ratio of half axes =~ 1.6 does not have a positive Green function. For
details we refer the reader to the excellent book [3] as well as [4]-[10].

In this paper we investigate the question whether for certain subclasses of positive data functions f on the
ellipsoid the solution u of (1)-(2) is positive expecting that additional properties at the data function may lead to
the positivity of the solution. The first main result of the paper shows that indeed for any affine positive function
f on an ellipsoid the solution u is positive on the ellipsoid. In case where f > 0 is a positive polynomial of
degree 2, the question of positivity of the solution is more subtle and we discuss only the case of the ellipse
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2 H. Render and M. Ghergu: Positivity for the clamped plate problem on the ellipse and strip

Ey, = {(x, y) € R?: 22 4 by? < 1} which degenerates for b = 0 to a strip in R2. In the latter case, a fairly
simple proof shows that for any polynomial f of degree < 2 positivity on the strip implies positivity of the
solution u. On the other hand, the positivity property (P) is not preserved on a general elipse. We show in

Section 5 that for b = 19 and f = (x — %)2 the unique solution u of (1)-(2) is not positive in F1g. Indeed, as

we shall see later on in this paper, u has the form u = (x2 +19y2 — 1)2 q (z,y) where

1032855739 281 vt 1373 22 95 9
10542848322456 1468944 14711904 73559527

q(z,y) = (3)

is not positive on E1g since ¢ (1,0) < 0. Therefore we found a positive polynomial data f of degree two for
which the solution u of (1)-(2) is not positive. This seems to be the simplest counterexample to the Boggio
conjecture, cf. also [14] where the data function f (x, y) is a polynomial of degree 3.

The paper is organized as follows. In Section 2 we present some properties of the Fischer operator that will be
useful in our analysis; we also refer the reader to [11, 12, 13] for a systematic study on this topic. In Section 3 we
prove that positivity for the clamped plate problem is preserved for affine functions on the ellipsoids. In Section
4 we show that positivity is preserved for quadratic polynomials on the strip. In the last Section we give certain
criteria for polynomials of degree two for which positivity is preserved in case of an ellipse in the plane. These
conditions have led us to the simple counterexample (3).

2 Fischer operator
Let ay, ..., a, be positive real numbers. For z = (x1, xo, ..., x,) € R™ define
Y (z) = a127 + ... + a,x2 — land By, := {z € R" : ¢ (v) < 0}.

Let P<,, (R™) be the set of all polynomials of degree < m. The Fischer operator (see [11, 12, 13]) is defined
by

Fy (q) = A% (% (2) - q (x)) .

Note that F, maps P<, (R") into P<,, (R™) since ¢ has degree 4. By Theorem 3 in [11] the Fischer operator
F, is injective since 2 is an elliptic polynomial. Furthermore, we have:

Theorem 2.1 Let f € P<,, (R™) be a polynomial. Then, there exists a unique solution u of (1)-(2) in
Q = Ey. Furthermore, we have

D) u € P<mya (R™);
(i) u(z) = ¥*(z)q(z), for some q € P<p, (R™).
Proof. The uniqueness follows by applying the Green formula to (1) and using (2). Since
Fy : Pe (R”) = Py (RY)

is injective, it is also bijective so for any f € P<,, (R™) there exists a unique ¢ € P<,, (R™) such that F,(¢) = f.
Hence u := 1?2 - ¢ is the unique solution of (1)-(2). O

The Fischer operator can now be used for computing the solution of (1)-(2) with polynomial data. Assume
in the following that n = 2 and let £}, = {(x, y) eR? 1 2% + by? < 1} be an ellipse; note that the case b = 0
corresponds to the strip (—1,1) x R in R?. For ¢ (z,y) = 22 + by? — 1 we have defined the Fischer operator
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Fy(q) = A? (¢2 ) A straightforward computation gives the following information for 7' := 5 Fw'

T1)=1+ b+b2
T(z)= (5+2b+1b2)x,

T (y) = (1+2b+5b) y,
T(:vQ):(b+15+b2)x2+(2b2+2b)y2_2_§b’
T (zy) = (5+ 6b + 5b%) xy,

T (y7) = (24 2b) ® + (1 + 4 + 150%) y? —g_zb

Hence 1, z,y and zy are eigenvectors of the Fischer operator F';. The matrix associated with the linear map 7'
and the basis 1, z,y, 2, zy, y* is given by

1+ 20402 0 0 -2-2b 0 —2b— 2
0 5+ 2b + b2 0 0 0 0
0 0 1+ 2b + 5b2 0 0 0
0 0 0 4b + 15 + b2 0 2+ 2b
0 0 0 0 5 + 6b + 5b? 0
0 0 0 20% + 2b 0 14 15b% + 4b

LetT—! = 24F, ! be the inverse matrix of T It is not difficult to find that (3b2 +2b+ 3) T~ is equal to

3 0 0 2 9b3441b24+11b+3 0 2 3b3411b%24+41b49
) 3 5bT+2007+78b%+200+5 3 567200747862 +200+5
3b2+2b+3
0 Sropo , 0 0 0 0
362 +2b+3

0 0 T+26+562 0 0 0

0 0 0 1 (3v°+26+3) (14156 +4b) 0 o (3v°+2043)(b+1)
3 5b%7+20b3+78b2420b+5 "~ 3 B5b1420b3+78b2420b+5

3b>+2b+3

0 0 0 0 5+6b+5b2 0

0 0 0 o b(3b°+2b+3)(b+1) 0 1 (3b°+2b+3) (4b+15+b7)
"~ 3 5b%420b3+78b2420b+5 3 5b14+2003+78b2+20b+5

For computational convenience we introduce
S := (5b* 4 20b° + 786" + 206+ 5) - (3> +2b+3) - 24 - F . )

Let f (z,y) = ag + a1x + a2y + a3x? + aszy + asy? be a polynomial of degree < 2. Then we can write
S (f)(x,y) = Ag + Az + Agy + Asz® + Agxy + Asy®. 5)

where the coefficients Ag, ..., A5 can be read off from the matrix representation:

Ay = 3(5b4+20b3+78b2+20b+5)a0+ (90° + 416% + 110 + 3) a3
2
+§ (3% + 11b% + 416+ 9) as, ©)
Cpar Chras Chay

! 54+20+b62 7 14+26+502 7 ' 5+6b+5b2 @
302+ 2b+3

dy = IS (14150 4 ) g —2 0+ D as) ®
3% +2b+ 3

A5 = T (<2 b+ Dag+ (4b+ 1546 as) ®)

where Cj, = (5b* 4 200° + 78b + 20b + 5) (3b* + 2b + 3).

Copyright line will be provided by the publisher



4 H. Render and M. Ghergu: Positivity for the clamped plate problem on the ellipse and strip

3 Positivity of solutions for affine data functions on the ellipsoid

In this section we discuss the positivity preserving property (P) in case the data function f is affine.

Proposition 3.1 Let o € R and v = (71, ...,7n) € R™. An affine non-zero function f (z) = o + (v, x) is
positive on the ellipsoid E,, = {ale + ot a2 < 1} if and only if

)
a>0 andz’y—'jga?
y

Proof. If f > 0in E, then f (0) = a > 0. If @ = O then f (z) = (v, z) and since f is positive this implies
that v = 0, so f = 0. Thus we may assume that o > 0. The case v = 0 is trivial, so we may assume as well

v # 0.
An affine function is harmonic, so it attains its maximum on the boundary. We apply the method of Lagrange

multipliers in order to determine the minimum of f on the boundary. Let A € R be such that V f () = AV (z)
for some = € OE,. Then
0
97 () =vj = A5— = N2a,z;.

Ox; Oz
Since v # 0 we infer that A # 0. Thus z; = v;/2a;\ and since = € OE,,

- 1
1:Za]~ /\7
Jj=1 j

oY

(10)

Thus the critical points  on the boundary are of the form +(;/2a1 A, ..., ¥,/2a, A) and

=ax = i .
-« Z”z s Zm o, S W)
We conclude that f is positive on E,, if and only if > =1 2a ‘ N < « which in view of (10) is equivalent to the
statement of the proposition. O

Proposition 3.2 Let ¢ (z) = Y.} axzi — 1 and define A =Y} _ arand B= >, _, ai. Then
A% (- (a+ (v,2))) = a (8BA® +16B) + Y (8A% + 16B + 32Aax + 64a}) . (11)
k=1
Proof. Recall that A (fg) = fAg+ 2(Vf,Vg) + Af - g where V[ is the gradient of f. Define q (z) =

a+(v,z) . Since Ag = 0 we conclude that A (*q) = A (¥2) ¢ +23°7_, 7 % (¢?) . We apply the Laplace
operator to the last equation, and using again that Aqg = 0, we obtain

" 9
A? (¥%q) = A% (Y?) -q + 4 E yjA—axl (¥?). (12)
i=1 !

Clearly % = 2a;x; and 8%’ = 2a; and therefore Ay = 22;:1 a; =: 2A. Furthermore, A(wz) =
J

21/)A( ) +23 (‘W) = 4A% + 8" a2a2, s0 A2 (42) = 842 + 1637 a? = 842 + 16 and
(1/}2) =8A - apxi + 16a,€$;c =38 (Aak + Qak) z. Now we infer from (12) that

Bmk
A? (y?q) = q- (8A% +16B) + 32 v (Aay + 2a3) =
k=1
which is equal to (11) using that ¢ (z) = o + (7, ) . O
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mn header will be provided by the publisher 5

Theorem 3.3 If an affine function f is positive on the ellipsoid Ey, then the solution q of A? (1/12q) = fis
positive on Ey.

Proof. For the affine function f there exists a unique affine function ¢ = a+ (-y, ) such that A? (¢2u) = f.
Let us define 6, = 842 + 16B + 32Aay, + 64a%, 1 < k < n. By Proposition 3.2

f=A? (wzq) = 8« (A2 + ZB) + Zxk'ykék.

k=1

Since f is positive on the ellipsoid, Proposition 3.1 implies that >, _, A’Eii < %64 (A% + 2B)2 . From the
definition of §;, we see that 6, > 8 (A2 +2B), so

o0 2
< — < a”.
Zak Zak 64 ( A2+2B)
Proposition 3.1 shows that ¢ is positive on the ellipsoid Ey,. O

4 Positivity for quadratic polynomials on the strip

In this section we consider the case 1 (x,y) = 22 — 1, so that Ej is a strip. Let f (z,y) = ao + a17 + asy +
asxz? + asxy + asy? be a polynomial of degree < 2 and consider the operator S defined in (4) and (5) by

S (f) (x,y) = 360F, " f (z,y) = Ag + A1z + Agy + Asa”® + Agay + Asy’. (13)
Using the formulae in Section 2 for b = 0 we obtain

Ay = 15a9 + 2a3 + 6as, Ay =3a1, A = 15a9,
A3 = as — 2a5 A4 = 3a4, A5 = 150,5.

Theorem 4.1 Let ¢ (z,y) = 2% — 1 and let f be a polynomial of degree < 2 such that f > 0 [—1,1] x R.
Then the unique solution u of (1)-(2) satisfies

2f > in [—1,1] x R. 14
> U f 20 in[-11] x (14)
Proof. According to Theorem 2.1, u = )2 - Fdjl(f). Thus, it is enough to show that
120- F;Y(f) > f in[-1,1] xR

1. Suppose that f (x,y) = ag + a1z + a2y + azx® + a4y + asy? is positive on the strip. It is easy to see that
this implies a5 > 0. In view of (13) and (14) it suffices to show that D (z,y) := S (f) (z,y) — 3f (z,y) > 0 for
all z € [-1,1] and y € R. Clearly

D (z,y) = 12ag + 2a3 + 6as + 12a0y + (—2a3 — 2as) x° + 12a5y>.

2. Consider the case a; = 0. Suppose that there exists ¢ € [—1, 1] such that as + aqxo # 0. Since f(zo,y) =
ap + a1xy + agzvg + (a2 + agzo)y > 0 for all y € R, we obtain a contradiction. Hence as + a4z = 0 for all
x € [—1,1] and this implies that ay = a4 = a5 = 0. It follows that f (x,y) = ag + a1z + azz? and

D (z,y) = 12ag + 2a3 — 2a3x® > 10ag + 2 (ao + as) (1 — 1132) >0

since ag = f(0,0) > 0and 0 < f (£x,0) = ap = a1 + az, so ag + az > 0.
3. Now assume as > 0. We prove that the polynomial y — D (x,y) is positive on R for all z € [—1,1]
which means that the discriminant

4-12as5 (12&0 + 2a3 + 6as — 2a3x? — 2a5x2) — 122a§ >0,

Copyright line will be provided by the publisher



6 H. Render and M. Ghergu: Positivity for the clamped plate problem on the ellipse and strip

for each « € [—1, 1]. Dividing by 48, this amounts to
p(z) = (—2a5a3 — 2a§) 2% + 12asa0 + 2asaz + 6a% — 3a3 > 0,
for all z € [—1, 1] . This is equivalent to
p(£l) = 4ai+ 12a5a0 — 3a3 = 4a2 + 3 (dasag — a3) > 0
p(0) = 12asag + 2a5a3 + 6a§ —3a2 > 0.

To this aim, we shall use the fact that f is positive on the strip. Since y — f (x,y) is a positive polynomial, we
conclude that

A (z) := 4as(ag + a1z + azz?) — (ag + a4a:)2 >0,

for all x € [—1,1]. For z = 0 we infer that 4asag — a3 > 0. It follows that p (1) > 0.
4. If a polynomial g () = a + Bz + ya? is positive on [—1,1] then g (1) =a £ B3+ > 0,50 a +v > 0.
We apply this fact to  — A (z) using that

Alx) = (4a5a3 — ai) 22+ (dasar — 2aza4) x + 4asag — a%.

Hence 4asaz — a3 + 4asag — a3 > 0 and therefore 4asas > a3 + a3 — 4asag. This inequality provides the
estimate

2p (0) > 24asag + a3 + aj — 4asag + 12a3 — 6a3 = 5 (dasao — a3) + aj + 12a2 > 0.
Hence the proof is accomplished. O

Remark 4.2 Positive polynomial data functions of higher degree do not lead in general to positive solutions.
By calculating the inverse matrix of the Fischer operator on the space of all polynomials of degree < 4 one
obtains that

41 11 12 3 4
— o1 () = _ 2 2 4 % 99 4
q(z,y) oY) 300 3L TRV Tt TRy ty

Since ¢ (1,0) = —8/105 < 0 it follows that ¢ < 0 in a neighborhood of (1, 0) so the solution u = t?q is not
positive.

5 Positivity for quadratic polynomials on the ellipse

Throughout this section ¢ (x,y) = 2% + by? — 1 and E, = {x € R? : ¢)(x,y) < 0}. We start this section with a
result that gives a necessary condition for a quadratic polynomial to be positive on an ellipse.
Proposition 5.1 [fthe polynomial f (x,y) = ag+ a1z +axy+azx? +asxy+asy? is positive on the ellipsoid
FE) then
ag >0, ag + az > |a1| and bag + a5 > |az| .

Proof. Clearly f(0,0) = ag > 0. We know that H (z,y) := ag + a1x + a3x? + asy? > y (—as — asx)
on Ey. Since H (z,y) = H (x, —y) we conclude that H (x,y) > |y (as + asx)| > 0. Since (+1,0) € E} and
H (£1,0) > 0 we infer ag + az > —ay - (1) which implies that ag + az > |a|. Similiarly ag + asy + azz? +

asy? > |a1z + aszy| and since (O, :I:l/\/l;) € E,, we obtain ag + as+ > |as| /Vb. O

Now we state our main result:

Copyright line will be provided by the publisher
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Theorem 5.2 Let by = 18.94281916 be the unique positive solution of the equation
—116% + 178b° + 531b* + 796b° + 811b% + 210b + 45 = 0. (15)

Let f (z,y) = ao + a1x + azx? be a positive polynomial on the ellipse Ey,. If one of the following conditions
hold

(i) a3 <0, (i) |a1]® > 4apaz, (ii4) 0 < b < by,
then the unique solution u of (1)-(2) is positive on Ey. Furthermore, for each b > bg there exists ay, in [%, 1) such
that if f = (x — ab)2 then the unique solution u of (1)-(2) is not positive on Ejy,.

Proof. 1. We know that S (f) = Ag + Ao + Azx® + Asy?, cf. (5) and using ay = 0. In the first case
assume that a3 < 0. From (8) and (9) and the fact that a5 = 0 we infer that As < 0 and A5 > 0. Then A5y% > 0
for all y and it suffices to show that Gy, (x) := Ag + Ayx + Azx? > 0 for all x € [—1, 1] . The polynomial G} is
concave since Az < 0 and it suffices to show that G}, (£1) > Ag — |A1]| + A3 > 0.

So let us consider the expression Ay — |A1| + A3 (without the assumption a3 < 0). Since f is positive,
Proposition 5.1 implies that ay £ a3 + ag > 0. Further

302 +2b+3
5+ 20+ b2

Hence Ag — |A1| + A3 = Ag + A3 — c1ap — cra3 + ¢1 (ag — |a1| + ag) . It suffices to show that

Ay = cra; withey = (56" + 20b° + 78b% + 20b + 5) . (16)

M = (5 + 2b+ b2) (AO — C1Qg + A3 — Cla/B) Z O

Since a; = 0 we obtain

2

Ay = 3(5b* + 200 + 78b% + 20b + 5) ag + 3 (96 + 410* + 116+ 3) a3
b? + 2b

Ay = #(14—1%24—4@&3.

A calculation show that
M = 4(b+3) (5b" + 200 + 78b* + 20b + 5) ag — (720" + 320 + 4b + 128b* + 20b°) a3

Since ag > 0 and a3 < 0 (by the first case) we infer that M > 0 and the positivity of S (f) is established for the
case (i).

2. We shall need later the following statement: if a3 > 0 and ay > agz then M > 0. Indeed, the inequality
ap > as is used to estimate M and a direct calculation shows that the remaining sum is positive.

3. Now assume that ag > 0. Then A3z > 0and A5 < 0 (if b # 0) and S (f) (x,y) = Ao+ A12+ Az2? + Asy?
does not have a local minimum. Thus S ( f) takes its minimum on its boundary. It suffices to prove that

Gy (x) := Ay + %Ag) + Az + (A3 — 2A5) 22 >0
forall z € [—1,1]. From (8) and (9) it is easy to see that

Az — %As = (3b +2b+3) (56 +2b+1) a3 > 0. (17)
Hence, the leading coefficient of Gy, () is positive. Further we compute

1
Ao+ 745 =3 (56" + 200° + 78b> + 20b + 5) ag + 4b (b + 6b + 1) as. (18)

In order to prove that G is positive on |

—1, 1], we first consider the case that G has a critical point 2o € [—1, 1],
ie. that mg == —Ay /2 (A3 — +45) € [-1,1

,1]. Then

|A;] <2 <A3 - 2,45) =2 (5" +2b+ 1) (30> + 2b + 3) as.

Copyright line will be provided by the publisher



8 H. Render and M. Ghergu: Positivity for the clamped plate problem on the ellipse and strip

Using (16) this is equivalent to

2 (56 +2b+1) (5+ 2b+b?)

<
lai| < (564 + 2003 + 78b% + 20b + 5)

as. (19)

On the other hand, a straightforward calculation yields

1_ (5% +2b+ 1) (5 + 2b + b?)
2 = (5b* +20b3 + 782 + 200 +5) —

which combined with (19) leads us to |a;| < 2as3. Hence, the assumption that G} has a critical point in [—1, 1]
implies that the critical point of f is in the interval [—1, 1] and it follows that a? < 4agas.

4. Now assume case (ii), so az > 0 and a% > 4agasz. Then the critical point of f, namely zo = —a1/2a3, can
not be in the interval [—1, 1] since f is positive on [—1, 1] and

1a? 1
f(xo) =aog — Za—; = rq?, (4a0a3 — a%) .
Thus |a1| > 2a3. Now ag + az > |a1| > 2a3 implies ag > az. Since a? > 4agasz we know that G (z)
does not possess a critical point and G}, takes its extremum at the point 1 or —1. Thus it suffices to show that
Gy (£1) = Ag — |A1| + As, i.e. M > 0. This follows now from part 2 of the proof.

5. Now assume case (iii), 50 0 < b < by, a3 > 0 and a? < 4agas. Since

2 2
= ag + a dagas — a
f(z,y) = ao+ a1z + aza® = (@JJ B ) 03 1

2\ /as 4(13
is a sum of a positive polynomial with discriminant O and a positive constant it suffices to show the result for

polynomials with 4agaz = a?.

6. We shall show that Gy, (1) = Ao — | A1|+ Ao is positive for b < by. A straightforward computation shows
that Ayg + A3 = yag + y3a3 where

Yo = 3 (5b* + 206% + 78b* 4 20b + 5) and 3 = 46b* + 15b* + 200 + 12b + 3.
Using the notation A; = cja; from (16) and 4agaz = a? we can write
Gy (£1) = yo0ao — c1|ar| + y3a3 = Yoa0 — c12y/agas + yzaz = as (7022 —2c12 +73)

where 2 := y/ag/as. It is clear that G}, (1) > 0 for all choices of z if and only if 4yyy3 > 4c?. A further
calculation shows that

(5+2b+b2)” (v075 — 2)

= —116% 4+ 178b° + 531b* + 79653 + 811b% + 2100 + 45.
2 (561 1 200% 1 7802 + 200 + 5) LISDT A oa1b A 70T A ST A 2100 +

Note that the right-hand side in the above equality is exactly the polynomial in (15) whose unique positive rooth
is bg. Thus for b < by we have proved that Gy, (1) > 0.
If b > by we consider the polynomial

2 2
f(a:,y):a0+a1x+a3x2zzcl—201x+x2:<x—cl> .
Yo o Yo

Then Gy, (+1) < 0 since with z = y/ap /a3 = ¢1/70 we obtain that

2
Gy (£1) = a3 (7022 —2c12 +73) = ag (_71 +’YS> <0.
0
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Further we see that

o _ 13 +2%+3 [l
Y 3 5+2b+b2 57 )"
So for b = 19 we obtain the polynomial f (x,y) = (w — %)2 which was presented in the introduction.

7. We still have to prove that Gy, (x) > 0 for all z € [—1,1] in the case az > 0, a? = 4apaz and 0 < b < by.

If G, has no critical points in [—1, 1], then G}, attains its minimum at +1 and since Gy, (1) > 0 for all b < by
it follows that G, > 0 on [—1, 1] for all b < by.

Assume next that G}, has a critical point in the interval [—1, 1] which is actually the local and global minimum
of G. It is easy to see that G, > 0 in [—1, 1] holds if

1 1
4 <AO 4 bA5) <A3 - bA5) —A2>0.

From (17) and (18) we infer that

D=4 <A0 + 2A5> <A3 — ZAE,) = (30> +2b+3) (50 +2b+1) - Dy

where Dy := 3 (5b* + 20b® + 78b2 + 20b + 5) 4agag + 4b (b* + 6b + 1) 4a3. Thus, D — A} is positive if and
only if

(5+2b+ %) (D — A2)
(5b* + 2003 + 7862 +20b+5) —

D1 =

Since 4azag = a% and Ay = ciaq (cf. (16)), we arrive at

D,

(5+2b+ %) (36% + 2b + 3) (56 + 2b + 1) 33

(5+2b+b2)"4b (b2 + 6b+ 1)
(5b% + 206% + 78b% + 20b + 5)

— (3% + 2b+3)” (5b* + 20067 + T8> + 20 + 5) a3,

(3> 4 2b + 3) (56% + 2b + 1) 4a3

which is equal to
Dy = 4(b+1) (30> +2b+3) (—b" — 12b° + 42b* + 20b + 15) a}

(5+2b+b2)"4b (b2 + 6b+ 1)
(5b% + 206% + 78b% + 20b + 5)

(3> 4 2b + 3) (567 + 2b + 1) 4a3.

Using (19) we obtain
Dy > 4(b+1) (30> +2b+3) (—b" — 126° + 42b* + 20b + 15) a}

4b (0> +6b+1)

(50% +2b+ 1)

We see that Dy > 0 for b < 21. 601, since the right-hand side of the above inequality multiplied by (5b% + 2b +
1)/a? equals

(3b> 4 2b + 3) (5" + 206 + 78b* + 20b + 5) af.

180 + 960b + 17 216b° + 3824b% + 9280b% + 17720b* + 3776b7 + 1278465 — 204p°
which is positive for all b < 21.601. The proof is accomplished. O

It seems to be difficult to characterize those parameters b for which all positive quadratic polynomials f have
positive solutions u. In Theorem 5.2 we investigated polynomials f which depend only on the variable x. Next
we prove positivity for data function f (x,y) which have no linear terms. In that case the following is true:
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Theorem 5.3 Suppose that f (x,y) = ag+ azx® +asxy+ asy? is positive on the ellipse Ey. Then, the unique
solution u of (1)-(2) satisfies

24

> = if> in Ey.
UZ ey V20 ik

Proof. Using the definition of the Fischer operator and the fact that S = 24C, F; !, it suffices to show that
(54 6b+5b%) - S(f) = Cyf in E,. For this purpose, let

D (z,y) == (5+6b+5b%) - S (f) — Cuf.

We have to show that D (x, ) is positive on Ej,. By a straightforward computation, D (x,y) = Bo+Bsx?+Bsy?,
where

By = (5b* +200° + 78b + 20b + 5) (12 + 16b + 12b%) ag
2
+3 (54 6b+ 5b%) (9b° + 416> + 11b + 3) a3
2
+3 (54 6b + 5b°) (30 + 116> + 41b + 9) as,
3B3 2 3 4 2
————— = (—10—130b° — 34b + 50b b)az —2(b+1 b+ 5b
T (—10 — 1306 — 34b + 50b° + 60b*) a3 — 2 (b + 1) (5 4 6b + 5b°) as,
3B5 2 2 3 4
= —2b(b+1 b+ 5b b — 1300 — 34b® — 106*) as.
S 2b 13 (b+1) (5+ 6b+5b%) as + (50b + 60 — 130b° — 3 0b*) as

We write D(z,y) in the trivial way:
D (x,y) = Bot (¢, y) + (Bo + Bs) 2° + (bBo + Bs) y°. (20)

If we know that By + B3 > 0 and bBg + Bs > 0 then D (x,y) is a sum of positive polynomials on the ellipse
and the positivity of D (x,y) is evident. The positivity of By + Bs follows from the identity

By+Bs = 4(5b%+6b+5) (96° + 416 + 11b + 3) ag
+4b (34b 4 306" + 400% + Tb + 2 + 156°) (ag + as)
+4 (5% + 6b + 5) (b* 4 6b+ 1) (a5 + bag) ,

and the positivity of the coefficients ag + as and bagy + as, cf. Proposition 5.1. Similarly, bBy + Bs is positive
since it is equal to

bBo+ Bs = 4b* (5+ 6b+ 5b%) (3b® + 110> + 416+ 9) ao
+4b% (54 6b + 5b%) (b* + 6b + 1) (ao + as)
+ (8b° + 28b* + 160b° + 136b° + 120b + 60) (a5 + bag) > 0.

The proof is now complete. O
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