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Based on the formal analysis of a resonant electrostatic vibration energy harvester operating in
constant-charge mode with a gap-closing transducer, we show that the system displays universal
behaviour patterns. In this paper, we treat the harvester as a nonlinear forced oscillator and bound
the area of control parameters where the system displays regular harmonic oscillations allowing the
conditioning circuit to operate in the most effective mode. Before the system exhibits irregular
behaviour, there exists a universal optimal value of normalised converted power regardless of the
system design and control parameters.

Conversion of mechanical energy to electrical at the
microscale level has become the subject of a growing
area of research [1, 2] since it promises autonomous en-
ergy supply for miniature wireless sensors and mobile de-
vices [3, 4]. Among the existing mechanical energy con-
version techniques, electrostatic transducers are particu-
larly suitable and compatible with microtechnologies [5].

Resonant VEHs employ high-quality resonators that
can convert vibration energy in a narrow frequency band.
Although for a large number of applications, the sources
of vibration energy can be described as wideband and
nonlinear techniques are required for effective energy har-
vesting [6–9], resonant harvesters are still the fundamen-
tal ‘building’ block of energy scavenging systems. Wide-
band systems are often obtained by a modification of
existing resonant VEHs prototypes. For this reason, a
deep understanding of the dynamics of resonant VEHs
is necessary for their design and the design of wideband
VEHs based on them. These system are very complex
and raise many analytical and conceptual difficulties.

Although many studies address capacitive (electro-
static) conversion of mechanical energy, nonlinear anal-
ysis of electrostatic vibration energy harvester (e-VEH)
dynamics in the coupled electromechanical mode is still
weakly developed. However, only this analysis provides
the information about converted energy for given pa-
rameters of the system. Studies [10–12] presented ex-
tended dynamical analysis of a very common configura-
tion of resonant e-VEHs based on a gap-closing trans-
ducer operating in constant-charge mode [1]. Refer-
ence [11] proposed a straightforward analytical descrip-
tion of the regular and desirable behaviour of the system
whose characteristics (the amplitude of oscillations, the
converted power, etc.) are calculated from parameters of
the system (a resonator coupled with a conditioning cir-
cuit) and from the environmental parameters (the magni-
tude and frequency of external vibrations). In addition,
work [10, 12] highlighted the existence of irregular and
undesirable regimes of such e-VEHs.

The study presented in this paper uses the results of
[10–12] to predict the maximum power that can be con-
verted by an e-VEH with the common gap-closing trans-
ducer. It was found that e-VEHs utilising the gap-closing

transducer and operating in the constant-charge triangu-
lar QV (charge-voltage) cycle [1] have a constant univer-
sal factor Πmax relating the maximum convertible power
to the product of the basic system parameters. This
study provides the values of the system parameters that
guarantee the optimal value of converted power. This re-
sult shows that there is a common behaviour pattern in
the system. From the standpoint of an e-VEH designer,
it allows one to find an optimal transducer geometry for
a given resonator and adapt the geometry of the system
to the operating condition.
A resonant e-VEH consists of a high-Q resonator, a

variable capacitor (transducer) Ctran, and a condition-
ing circuit that implements the constant-charge energy
conversion cycle [1]. The conditioning circuit discharges
the transducer to zero when the transducer capacitance
is at a local minimum and charges it to a charge Q0

when its capacitance is at a local maximum. The en-
ergy conversion is achieved when the transducer capaci-
tance decreases keeping its charge Q0 constant. During
this process, mechanical energy is converted into electri-
cal energy, and the transducer acts as a damper in the
mechanical domain. A detailed description of the con-
version cycle and a schematic view of the system can be
found in [13].
In [11], a normalised equation in the form of a nonlinear

driven oscillator was obtained to model the system. The
normalised displacement y of the resonator is described
by

y′′ + 2βy′ + y = α cos(Ωτ + θ0) + ft(y, y
′) (1)

where the prime denotes the derivative with respect to
dimensionless time τ . Nonlinearity of the oscillator is
introduced by the force ft(y, y

′) generated in the trans-
ducer:

ft(y, y
′) =

{

ν0
(1−ymax)

, y′ ≤ 0

0 y′ > 0
(2)

To obtain this equation, the following normalised vari-
ables were introduced: displacement y = x/d obtained
from the dimensional displacement x, time τ = ω0t, dissi-
pation β = b/(2mω0), external frequency Ω = ωext/ω0 =



2

TABLE I: Parameters of the system

m 200× 10−6 kg
b 1.41× 10−3 Nsm−1

k 80 ∼ 300 Nm−1

d 10 ∼ 200× 10−6 m
S 10× 10−4 m2

W0 1 ∼ 320 × 10−9 J
Aext 0.2 ∼ 32 m/s2

1 + σ where σ is a small mismatch in the two frequen-
cies, α = Aext/(dω

2
0) and ν0 = W0/(d

2mω2
0). Here m

is the mass of the resonator, b is the damping factor,
ω0 =

√

k/m is the natural frequency, k is the spring con-
stant, d is the rest gap (i.e. the gap in the absence of all
forces), Aext is the external acceleration amplitude, ωext

is the external frequency, ϑ0 is the initial phase of the
external force and W0 is the energy that the condition-
ing circuit provides to the transducer at the beginning
of each energy conversion cycle (at each local maximum
of the transducer capacitance Ctran according to the QV
cycle implementation, see [10]).
Now we select a minimal set of design and operating

parameters required to define the system dynamics. We
divide them into three groups: environmental parame-
ters, fixed parameters and design parameters. The en-
vironmental parameters are defined by possible applica-
tions of the system. They are the acceleration amplitude
Aext (which can vary) and the frequency of external vi-
brations ωext ≈ ω0 (fixed for a given e-VEH configuration
as follows from the narrow band hypothesis).
The fixed parameters are S (the area of the trans-

ducer), m and k. The area S and the mass m are di-
rectly related to the maximum amount of convertible en-
ergy, and generally must be maximized. Their limits are
defined by the size of the harvesting system (typically,
by the maximal volume of 1 cm3 for wireless sensor [5]).
The spring constant k is linked to ω0 and m and is not
independent. The design parameters are those that a
designer is free to choose in order to obtain particular
system characteristics. They are W0 and d. Note that
for the same e-VEH, the designer can freely choose the
value of W0. In contrast to W0, d is fixed during the
fabrication of a particular harvester.
Note that for a particular harvester, we classifyW0 and

Aext as the control parameters of the dynamical system
in the form of eq. (1) as they can vary for a given e-
VEH and directly affect the behaviour of the system.
Typical parameters used in the numerical simulations of
later sections are listed in Table I.
The desired mode of the e-VEH operating regime is

steady-state harmonic oscillations. Indeed, the control
circuit works most effectively when only one maximum
of a waveform is detected per cycle of oscillations [14, 15].
Since the conditioning circuit requires power to run
switches, ideally switches should be opened and closed
once in a oscillation cycle. In the case when the sys-
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FIG. 1: Plane of parameter (W0, Aext) where the different
areas correspond to different regimes displayed by the system.
Line 1 is shows the onset (necessary condition) of steady-state
oscillations, line 2 is the doubling bifurcation and line 3 is
transition to irregular motion and chaos.

tem displays irregular oscillations, the harvester may not
convert any effective power given the power required to
supply the work of the system.
The harmonic steady-state solution of eq. (1) obtained

from the Multiple Scales Method [16] has the form [11]

y0(τ) = yav,0 + a0 cos((1 + σ)τ + θ0 − ψ0) (3)

where a0, yav,0 and ψ0 are the steady-state amplitude,
average displacement (constant shift) and phase of oscil-
lations. The amplitude a0 and the phase ψ0 are found
from the equations:

α2

4
=

(

βa0 +
b1(ym,0)

2

)2

+

(

a0σ +
a1(ym,0)

2

)2

α

2
sinψ0 = βa0 +

b1
2
,
α

2
cosψ0 = −a0σ −

a1
2

(4)

where ym,0 = yav,0 + a0 is the maximum displace-
ment. We have used the Fourier series for ft(τ) =
f0+a1 cos θ(τ)+b1 sin θ(τ) for the transducer force where
θ(τ) = [(1 + σ)τ + θ0 − ψ0] and the functions f0, a1 and
b1 are the standard coefficients of the Fourier series but
depend on the amplitude a0 and the average displace-
ment yav,0. Note that due to the zero harmonic in the
Fourier series, the oscillation (3) has the constant shift
yav,0 = f0.
For the gap closing transducer, the coefficients are

f0 =
ν0

2(1− ym)
, a1 = 0, b1 =

2ν0
π(1 − ym)

(5)

In works [10, 12] it has been shown that increasingAext

when all other parameters are fixed leads to irregular
motion of the resonator and therefore to an improper
operating mode of the harvester. It was shown that for
a given W0, there exists an optimum (maximum) Aext

at which the behaviour is regular, and which guarantees
maximum power conversion at a given parameter set.
The plane of the control parameters (W0, Aext) shown

in Fig. 1 summarises the results. Line 1 (blue) shows
the necessary conditions required to start steady-state
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harmonic oscillations in the resonator. Line 2 (black)
shows the doubling bifurcation and bounds the area of
steady-state oscillations with period 2. Finally, line 3
indicates when the system displays irregular and chaotic
oscillations.
The optimal regime of the harvester is reached if it op-

erates around the optimal line, i.e. around line 2 in the
plane of control parameters, that corresponds to the pe-
riod doubling bifurcation. Indeed, if one fixes energy W0

and starts increasing Aext, slicing the plane of parame-
ters in Fig. 1 in the vertical direction, power converted
by the harvester will only increase until the bifurcation
line 2 is reached.
We now study the power converted by the e-VEH,

which is one of the major characteristics of the system.
The goal of this analysis is to find the optimal pair of pa-
rameters (Aext,W0) globally optimising converted power.
In constant-charge mode, converted power is expressed as

P =W0

(

Cmax

Cmin

− 1

)

fext (6)

where Cmax and Cmin are the capacitances correspond-
ing to the maximal and minimal displacements in one
cycle and fext is the vibration frequency. In our case this
frequency defines the frequency of the variation of the
transducer capacitance.
For normalisation purposes, we introduce a quantity

P0 = d2mω2
0fext (7)

that has the dimension of power and is a constant for
a particular design of the device. Now let us rearrange
expression (6) using the definition of the normalised co-
efficient ν0 = W0/(d

2mω2
0) and the normalised power

Π = P/P0:

Π =
P

P0
= ν0

(

1− ymin

1− ymax

− 1

)

(8)

where we used the expressions Cmax = C0/(1 − ymax)
and Cmin = C0/(1 − ymin). The capacitance at rest
state is C0 = ε0S/d where ε0 is the vacuum permittiv-
ity. The normalised power Π is a dimensionless quantity
that shows what energy is converted by the devices with
respect to power P0.
Our aim is to study this normalised power Π as func-

tion of the control parameters Aext, restrictingW0 to the
values that belong only to the optimal curve. Therefore
in order to determine whether a peak value exists among
the values of Π, we will study Π(Aext,opt) by moving along
the optimal line as is shown by the arrows in Fig. 1.
The normalised power Π as a function of Aext,opt is

shown in Fig. 2 for the spring constant k = 80 N m−1

(note that the role of this parameter is to define the nat-
ural frequency of the resonator). The plot contains three
different lines that correspond to three rest gaps of the
transducer (d = 15, d = 20 and d = 25 µm). The solid
lines are obtained by employing a theory developed in [12]
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FIG. 2: Normalised power Π as a function of the acceleration
amplitude Aext,opt belonging to the optimal line. The spring
constant is k = 80 and the three different lines corresponds
to different rest gaps d = 15, d = 20 and d = 25 µm. The cir-
cles show the normalised power calculated from the numerical
simulations for comparison with theoretical results.
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FIG. 3: Normalised power Π as a function of the acceleration
amplitude Aext,opt belonging to the optimal line. The spring
constant is k = 300 and the three different lines corresponds
to different rest gaps d = 15, d = 20 and d = 25 µm.

while the circles represent the data that is obtained solely
from numerical simulations and is given for a comparison
with the theory. In numerical simulations, the bifurca-
tion point, ymax and ymin for formula (6) were obtained
by solving the original nonlinear equation (1).
Each line displays a peak of the normalised power

Π at certain Amax. This peak has the same value
Πmax ≈ 0.324 regardless of the gap d. Only three values
of d are presented in the plot, however in simulations we
obtain the same peak for a wide range of d = 10...200 µm,
and selected results are given in Table II. For each d,
the table gives the maximum Π and corresponding pa-
rameters: optimal (W0, Aext), displacement range and
maximal voltage Vmax across the transducer. The latter
is an important parameter since it indicates the voltage
that the conditioning circuit must support, which is in
practice limited to 100 Volts.
The important result is that the same pattern is dis-
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TABLE II: Peak values of the normalised power Π versus
the rest gap d and corresponding values of the other system
parameters.

k = 80 N m−1

d [µm] Πmax W0 [nJ ] Aext [ms−2] ymin ymax Vmax [V ]
20 0.325 3.5 1.71 -0.339 0.662 14.59
40 0.324 13.5 3.36 -0.351 0.668 28.79
60 0.324 31.5 5.12 -0.340 0.662 43.78
80 0.324 55.5 6.80 -0.342 0.664 58.18
100 0.324 88.5 8.58 -0.335 0.661 73.29

k = 300 N m−1

d [µm] Πmax W0 [nJ ] Aext [ms−2] ymin ymax Vmax [V ]
20 0.324 13.1 6.33 -0.339 0.662 28.26
40 0.324 52.5 12.65 -0.339 0.662 56.52
60 0.324 122.5 19.31 -0.327 0.656 85.95
80 0.324 210 25.31 -0.339 0.662 113.06
100 0.324 320 31.26 -0.347 0.666 139.99

played for different k. The same peak value Πmax ≈

0.324 is also reached for k = 150 N/m and k = 300 N/m
and we conclude that it is a universal constant for this
system. A set of three curves corresponding to various
d for k = 300 N m−1 is shown in Fig. 3. The maximum
power that can be converted by the harvester is

Pmax = Πmax × P0 (9)

Let us compare this value with the limit obtained in [17].
In the latter reference, the maximum possible convertible
power (the limit power) with a resonator of the mass m,
submitted to a sinusoidal external acceleration with the
amplitude and the frequency Aext and ωext and employ-
ing an ideal electromechanical transducer is given by

Plim =
1

2
ωextmXlimAext (10)

where Xlim gives the maximum range of the resonator
motion −Xlim < x(t) < Xlim. For gap-closing trans-
ducers, Xlim cannot exceed the gap d, it is generally
assumed for an estimation that Xlim = d. Expressing
Pmax through Plim, one obtains that

Pmax =
Πmax

π

d

Xlim

×
dω2

0

Aext

Plim. (11)

In order to give a numerical estimation, one should
calculate the ratio dω2

0/Aext when the maximum Πmax

is reached. In particular, from Table II one can see that
this ratio is constant ≈ 4.72±0.06 for all k and d. Substi-
tuting Πmax and dω2

0/Aext into formula (11), we obtain
that Pmax ≈ 0.49 Plim. This is the absolute upper limit
of the power that a resonant e-VEH with the gap-closing
transducer can convert for optimal values of the control
parameters.

Since the definition of Xlim is somewhat arbitrary,
Plim should be seen as a figure of merit for a given har-
vester geometry rather than an achievable power limit.
In our case, as is shown by Table II, the actual range of
the resonator motion is 2Xlim = d(ymax − ymin) ≈ d.
Based on that, we assume that Xlim = d/2 in (11)
and obtain a more realistic estimation maximal power:
Pmax ≈ 0.98 Plim. This result indicates that the har-
vester converts almost maximal possible power when op-
erating in the optimal regime.

The presented study provides designers with a simple
and comprehensive tool necessary to optimise the config-
uration of e-VEHs of the considered type. It is remark-
able that the limit of the regular behaviour is strongly
linked with the fundamental upper limit of the power
convertible with a given resonator. The results suggest
a use of smart adaptive conditioning circuit able to dy-
namically track the optimal operating mode.
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