Research Repository UCD

Title

Analytic Loss Minimization; A Proof

Authors(s)

Cuffe, Paul, Dassios, loannis K., Keane, Andrew

Publication date

2016-07

Publication information

Cuffe, Paul, loannis K. Dassios, and Andrew Keane. “ Analytic Loss Minimization: A Proof.”
|EEE, July 2016. https://doi.org/10.1109/TPWRS.2015.2479408.

Publisher

|IEEE

Item record/more
information

http://hdl.handle.net/10197/7023

Publisher's statement

© 2015 |EEE. Personal use of this materia is permitted. Permission from IEEE must be obtained
for al other uses, in any current or future media, including reprinting/republishing this material for
advertising or promotional purposes, creating new collective works, for resale or redistribution to
serversor lists, or reuse of any copyrighted component of this work in other works.

Publisher's version (DOI)

10.1109/TPWRS.2015.2479408

Downloaded 2026-05-02 00:27:49

The UCD community has made this article openly available. Please share how this access

benefits you. Your story matters! (@ucd_oa)

© Some rights reserved. For more information



https://twitter.com/intent/tweet?via=ucd_oa&text=Analytic+Loss+Minimization%3A+A+Proof&url=http%3A%2F%2Fhdl.handle.net%2F10197%2F7023

Analytic Loss Minimization: A Proof

Paul Cuffe, Ioannis Dassios, Andrew Keane

Abstract—Loss minimizing generator dispatch profiles for
power systems are usually derived using optimization techniques.
However, some authors have noted that a system’s K; matrix
can be used to analytically determine a loss minimizing dispatch.
This letter draws on recent research on the characterization of
transmission system losses to demonstrate how the K1 matrix
achieves this. A new proof of the observed zero row summation
property of the Yo matrix is provided to this end.

I. INTRODUCTION

Various works [1], [2] have noted that the K matrix
allows the direct calculation of a generator dispatch profile that
appears to minimize active power losses. The literature offers
scant explanation for how this result is achieved. The recent
work of Abdelkader et al. [3], [4] offers useful insight here.
Crucially, [4] shows how network losses can be separated into
three distinct components. One of these loss components arises
solely because of mismatched generator voltages, which cause
circulating currents to flow through the system [3]. This letter
demonstrates how the K, matrix can give an ideal generator
dispatch profile which equalizes generator complex voltages,
so no circulating currents will flow and this loss component
is nullified.

II. SEPARATION OF SYSTEM LOSSES
A. Partitioning

The Yy,s is reordered, per [5], such that the m generator
buses (G subscript) and n load buses (L) are grouped together:

Ia| _ |Yoa Yar| |Va 1)
I Yia Yio| |VL
I and I}, are complex-valued vectors representing the nodal
currents at generator and load buses, respectively, while Vi

and Vp, are corresponding complex nodal voltages. Manipula-
tion of (1) gives:

V| _ |4 Fre | |1 ?)
I Kor Yooum| |Va
Where:
Yoorm =Yoc —YorZriYie 3
Frg=-Z11Ye = —Kgr (€]
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B. Loss Characterization

Per [4], the network loss is calculated as the difference
between aggregate powers on the generation and load sides
of the network. To find the total power generated, use the I
expression from (2), left-multiplied by Vi to give a single
complex value:

ng = ngz; = Vng;GMVg: + ngéLZzLIz o)

Equivalently, multiplying the Vi expression from (2) by I,
expresses the total load power consumed as a complex number:

STt =viry =18z, 15 - VEYIZE I (6)

Given their opposite signs, summing these expressions gives
the total system loss:

Tot
SLoss

_ Sgot + Sgot (7)
Which equals:
VG YeanVa+Va (Yoo Zin —YieZi )L +1L 2001 (8)

The system losses naturally separate themselves into three
distinct components. The first term is the circulating current
loss, and it depends solely on generator voltages. The middle
component, the mismatch loss, will only arise when branch
X/R ratios are heterogeneous, and will in any case generally
be small and imaginary [4]. The last component is the load
current loss, which cannot be affected by the system operator,
being a pure consequence of system topology and load cur-
rents. As will be shown, the Yggas matrix has the property
that its rows sum to zero, and so its product can be brought
to zero by right-multiplying it by a vector whose elements are
homogeneous. Thus, if generator voltages are uniform, there
will be no excess circulating current loss, and the active power
losses will reduce to the irreducible component which arises
from serving load currents.

III. ZERO ROW SUMMATION OF Yga

Theorem If every row of the Yj,s matrix sums to zero
and detYr # 0, then every row of Yggas sums to zero. If
every row of the Y;,s matrix sums approximately to zero, or
if it sums to zero but detY7 =0, then every row of the matrix
Yaan sums approximately to zero.

Proof The matrix Yggas can be written as

Yoeom = Yoc +YorFra, &)
since FLG = —ZLLYLg. Where
Y_l det(YLL) 7A 0
Z11 = LL» 10
. { Y, det(Yir) =0 (10

12,

For ease of notation set Yoo = [ai;]2=173 """, and similarly:



FLG = [Cij]nxm
YGGM = [gij]mxm

YGL = [bij]mxn

11
YorFre = [dijlmxm (v
By substituting the previous expressions into (9), for every
row ¢ = 1,2, ..., m we have:

m m m
D9 =D e+ di.
j=1 j=1 j=1

12)

In addition:
din = 3 p—y bikcr

dim - ZZ:l bikckm~
By taking the sum of the above equalities, Vi = 1,2,...,n we
arrive at:

RITES 9) ST a3)
j=1 j=1k=1

Disregarding shunt elements, the Y, is a weighted Lapla-
cian matrix [6], and so each of its rows will sum to zero.

Accordingly:

m n
D aig+Y bij=0 Vi=12..,m (14)
j=1 j=1
By replacing (13) into (12) we get:
D9 = Z o + 3 buess (1s)
j=1 j=1k=1
and using (14):
> g == b+t ZZ ikChj (16)
j=1 k=1 j=1k=1
which equals:
n n m
= b+ D> bi(d cry) (17)
k=1 k=1 j=1
which equals:
n m
Z[_bik + bik(z Chj)] (18)
k=1 j=1
or, equivalently:
quzz 1+chj i]- (19)
j=1

k=1

As the authors have shown in [7], if det(Yr) # 0, then
every row of Frg sums to one, i.e. Z;nzl ck; = 1, Vk =
1,2,...n
Thus, from (19), E;"Zl gi; = 0, and so every row of Ygoanm
sums to zero. Similarly, if det(Yr) = 0, then every row of
Frc sums approximately to one, i.e. Z;":l cry; =1, Vk =
1,2,...n
Thus, from (19), E;"Zl gi; =0, and so every row of Yoa
sums approximately to zero.

With equivalent steps if every row of Y3, s sums approximately
to zero then every row of Ygaas sums approximately to zero.

IV. MINIMIZING LOSSES

Taken together, (8) and the newly demonstrated zero row
sum property of Yoo, and accordingly, its conjugate, im-
ply that losses are minimized when generator voltages are
homogeneous. As such, and disregarding machine limits, an
optimal dispatch can be directly calculated by setting all
Ve equal to the slack value, 1Z0, and solving the resulting
loadflow problem by the familiar iterative techniques. More
insightfully, though, one can use the previously derived block
matrix equations to see how this optimal dispatch relates to
load current demands. Recall from (2):

Ig = Kgrly +YeemVe (20

Minimum loss conditions implies that Vi will be homo-
geneous, and so the second term of (20) reduces to zero.
Therefore, we can infer the unconstrained generator dispatch
that would realise this flat voltage profile:

Ig = Kapdp, = SO @21

The equivalence of I and S¢ in these conditions is assured
because generator voltages are all at the slack value. Assuming
that load voltages are close to this value, we can further state
that S, =~ I . This interpretation of (21) in power terms shows
how to use the Ky and I;, to calculate an unconstrained
generator dispatch that precludes circulating current losses.
This explains the technique presented without proof in [1].

V. CONCLUDING EXAMPLE

Table I shows three possible dispatches for the 30 bus
system. For context, the second row shows the dispatch
achieved using the loss-minimizing optimization of [8]. The
Pg’) ¢ dispatch achieves slightly lower losses than this. The
largest row sum of this system’s Yoy is (—0.0028+0.0752;)
i.e close to zero.

TABLE I
IEEE 30 BUS SYSTEM DISPATCHES (MW)
G1 G2 G5 G8 Gl11 G13 Total
Initial 264.08  40.00 0.00 0.00 0.00 0.00 304.08
ACOPF 2442 36.57 76.82 55.62 5298 39.17 285.57
Pg”t 14.66 40.08 10589 70.27 19.16 3543 285.49
REFERENCES

[1] K. Visakha, D. Thukaram, and L. Jenkins, “Transmission Charges of
Power Contracts Based on Relative Electrical Distances in Open Access,”
Electric Power Systems Research, vol. 70, no. 2, pp. 153-161, Jul. 2004.

[2] D. Thukaram and C. Vyjayanthi, “Relative Electrical Distance Concept
for Evaluation of Network Reactive Power and Loss Contributions in
a Deregulated System,” IET Generation Transmission & Distribution,
vol. 3, no. 11, pp. 1000-1019, Nov. 2009.

[3] S. M. Abdelkader, D. J. Morrow, and A. J. Conejo, “Network usage
determination using a transformer analogy,” IET Generation Transmission
& Distribution, vol. 8, no. 1, pp. 81-90, Jan. 2014.

[4] S. M. Abdelkader, “Characterization of Transmission Losses,” IEEE
Transactions on Power Systems, vol. 26, no. 1, pp. 392400, Feb. 2011.

[5] P. Kessel and H. Glavitsch, “Estimating the Voltage Stability of a Power
System,” IEEE Trans. Power Delivery, vol. 1, no. 3, pp. 346-354, 1986.

[6] F. Edstrom, “On eigenvalues to the Y-bus matrix,” International Journal
of Electrical Power & Energy Systems, vol. 56, pp. 147-150, Mar. 2014.

[7] 1. Dassios, P. Cuffe, and A. Keane, “On the Unity Row Summation and
Real Valued Nature of the Fr o Matrix,” arXiv:1503.08652, Mar. 2015.

[8] R.D.Zimmerman, C. E. Murillo-Sénchez, and R. J. Thomas, “Matpower:
Steady-state operations, planning, and analysis tools for power systems
research and education,” Power Systems, IEEE Transactions on, vol. 26,
no. 1, pp. 12-19, 2011.



