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VANISHING OF EIGENSPACES AND CYCLOTOMIC FIELDS

ROBERT OSBURN

Abstract. We use a result of Thaine to give an alternative proof of the fact that,
for a prime p > 3 congruent to 3 modulo 4, the component e(p+1)/2 of the p-Sylow

subgroup of the ideal class group of Q(ζp) is trivial.

1. Introduction

Let p > 3 be a prime, ζp a pth primitive root of 1, and ∆ the Galois group of Q(ζp)
over Q. Let q 6= p be a prime and n the order of q modulo p. Assume q 6≡ 1 mod p and
so n ≥ 2, p(q − 1)|qn − 1, and n|p− 1. Set f = (qn − 1)/p and e = (p− 1)/n. Let Q be a
prime ideal of Z[ζp] above q and let F = Z[ζp]/Q. Thus F ∼= Fqn , the finite field with qn

elements. Let α ∈ Z[ζp] be a generator of F× such that

αf ≡ ζp mod Q.

Now let A be the p-Sylow subgroup of the ideal class group Q(ζp), Zp the ring of p-adic
integers, ω : ∆ → Z×

p is the Teichmüller character defined by

ω(k) ≡ k mod p,

and er, 0 ≤ r ≤ p − 2, the idempotents
1

p − 1

∑

λ∈∆

ωr(λ)λ−1 ∈ Zp[∆].

As A is a Zp[∆]-module, we have the decomposition (see Section 6.3 in [9])

A =

p−2
⊕

r=0

er(A).

It is well-known that for r even, 2 ≤ r ≤ p − 3, er(A) can be identified with the
components of the p-part of the ideal class group of Q(ζp + ζ−1

p ). Vandiver’s conjecture
says that all even components er(A) vanish. Via K-theory, Kurihara [5] proved that the
“top” even eigenspace ep−3(A) always vanishes. Kurihara’s proof uses the surjectivity of
the Chern map

K4(Z) ⊗ Z/p → ep−3(A).

Soulé [6] extended Kurihara’s result and showed the following: Let n > 1 odd. If

log p > n224n4

, then ep−n(A) is trivial. Our main result is the following.

Theorem 1.1. If p > 3 is a prime congruent to 3 modulo 4, then e(p+1)/2(A) is trivial.

One can use the reflection theorem (see Theorem 10.9 in [9]) and the class number
formula for the imaginary quadratic field Q(

√−p) to prove Theorem 1.1. Precisely,
if e(p+1)/2(A) is non-trivial, then e(p−1)/2(A) is non-trivial and so (see Section 2 for the
definition of v) p | n−2v; but n−2v < p, a contradiction. Recently, Thaine [8] investigated
properties of certain numbers (see di and ak in Section 2) related to Gaussian periods
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and showed that they are useful in the study of certain components of the ideal class
group of Q(ζp). In particular, Thaine states: “We believe that the theorem [Theorem
1 in [8] or Theorem 2.2 below] can be used to show that, with l odd (1 ≤ l ≤ e − 1),
some of the components ep−ln(A) of A are trivial. The idea is to show that if ep−ln(A)
is non-trivial, then all prime numbers q of order n modulo p must have a certain form;
we hope this will contradict some version of Dirichlet’s theorem on primes in arthimetic
progressions.”

The purpose of this note is to give an alternative proof of Theorem 1.1 using Thaine’s
result. The proof will show that non-trivial eigenspaces lead to representations of certain
integers by binary quadratic forms with restrictive divisibility properties on the parame-
ters. A density calculation will show that that this divisibility property doesn’t occur for
all primes q of order (p−1)/2 modulo p and thus the eigenspace must vanish. It might be
of some interest to see if similar vanishing results can be obtained for other even indexed
eigenspaces er(A) by considering an appropriate quadratic form (see (2) of Remark 4.1).

2. Indices of Cyclotomic Units

We discuss a result of Thaine on congruences involving indices of cyclotomic units. Let
us consider the components ep−ln(A) for l odd, 1 ≤ l ≤ e− 1. For r even, 2 ≤ r ≤ p− 3,
let

βr =

p−1
∏

i=1

(1 − ζi
p)

ip−1−r

and let ir(Q) be the least nonnegative integer such that

βr ≡ αir(Q) mod Q.

It is well-known that er(A) is trivial if and only if βr is not the pth power of an
element of Z[ζp] (see Theorem 15.7 and the discussion preceding Theorem 8.14 in [9]). In
particular, we have the following.

Proposition 2.1. For r even, 2 ≤ r ≤ p − 3, if ir(Q) 6≡ 0 mod p, then er(A) is trivial.

In order to study the indices ir(Q), we need to introduce certain numbers. Let g be a
primitive root modulo p. For k ∈ Z, we define

ak = nqv
e−1
∑

i=0

gnkidi,

where di is defined (see (14) in [8]) as

di =
ηgi − η0

qv

for 0 ≤ i ≤ e − 1 where the ηi’s are the Gaussian periods (0 ≤ i ≤ p − 1)

ηi =

f−1
∑

j=0

ζT (αi+pj)
q .

Here T is the trace from F to Fq . Given an integer a, denote by |a|p the smallest
nonnegative residue of a modulo p. Then v is given by (13) [8], namely

v = min
0≤k≤e−1

1

p

n−1
∑

l=0

|gk+el|p.

Note that v ≥ 1. The following theorem (see Theorem 1 in [8]) summarizes some prop-
erties of the numbers ak and di and will be useful when considering ep−ln(A).
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Theorem 2.2. (i) We have

e2qn−2v =

(

e−1
∑

i=0

di

)2

+ p

(

e

e−1
∑

i=0

d2
i −

(

e−1
∑

i=0

di

)2
)

.

(ii) The numbers ak satisfy the following congruences: a0 ≡ −1 mod p, and for l odd
(1 ≤ l ≤ e − 1),

l
∑

m=1

(−1)m

(

ln

mn

)

al−mam ≡ −l · ip−ln(Q) mod p.

3. Quadratic Forms

Let p > 3 be a prime congruent to 3 modulo 4. In this section, we study the repre-
sentation of primes and a multiple of a certain power of a prime by the quadratic form
x2 + py2.

Proposition 3.1. Let p > 3 be a prime with p ≡ 3 mod 4 and h be the class number of

Q(
√−p). Then there exists a prime q 6= p with

(

−p
q

)

= 1 such that if (u, v) is an integer

solution to the equation

x2 + py2 = q,

then p - v.

Proof. By Theorem 9.12 in [3], there are infinitely many primes q with
(

−p
q

)

= 1 such

that x2 + py2 = q has an integer solution. Let S1 denote the set of primes represented
by x2 + py2 and S2 denote the set of primes represented by x2 + p3y2. Suppose for every
prime q 6= p, we have p | v. Then the quadratic forms x2 + py2 and x2 + p3y2 represent
the same infinite set of primes and thus S1 and S2 have the same Dirichlet density. By
Theorems 7.24 and 9.12 in [3], we have the following: for p ≡ 7 mod 8,

S1 has density
1

2h

and

S2 has density
1

2ph
,

which is a contradiction. For p ≡ 3 mod 8,

S1 has density
1

6h

and

S2 has density
1

6ph
,

a contradiction. Therefore, there exists a prime q such that p - v. �

We now need the following result from [1] (see Theorem 2, page 224).

Theorem 3.2. Let p and q be distinct odd primes and assume that u2 + pv2 = q for
some relatively prime integers u and v. Let

β = u + v
√−p.

If s is an odd positive integer, define polynomials x(u, v) and y(u, v) by
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x(u, v) + y(u, v)
√−p = βs.

Then

(1) y(u, v) = v

(s−1)/2
∑

j=0

(

s

2j

)

(−pv2)(s−2j−1)/2(u2)j

and (x(u, v), y(u, v)) is a solution to x2 + py2 = qs.

Corollary 3.3. Let p > 3 be a prime with p ≡ 3 mod 4 and h be the class number of

Q(
√−p). Then there a prime q 6= p with

(

−p
q

)

= 1 such that if (C, D) is a solution of

the equation

x2 + py2 = 4qh,

then p - D.

Proof. By Proposition 3.1, there exists a prime q 6= p such that for the integer solution
(u, v) to the equation x2 +py2 = q, we have p - v. We also have that p - u since otherwise
p would divide q. Now take s = h in Theorem 3.2. By (1) and the fact that h is odd (see
Corollary 18.4 in [2]), we see that for the solution (x(u, v), y(u, v)) to the equation

(2) x2 + py2 = qh,

p - y(u, v). Multiplying (2) by 4, we have p - D. �

4. Proof of Theorem 1.1

Proof. Let p > 3 be a prime with p ≡ 3 mod 4, q 6= p be a prime of order (p − 1)/2

modulo p, and g a primitive root modulo p. Thus
(

−p
q

)

= 1. Suppose e(p+1)/2(A) is

nontrivial. Then by Proposition 2.1, i(p+1)/2(Q) ≡ 0 mod p. By Theorem 2.2, (ii), we
have that

a1 ≡ 0 mod p

and so by the definition of a1,

d1 ≡ d0 mod p.

By Theorem 2.2, (i),

4q(p−1)/2−2v = (d0 + d1)
2 + p(2(d2

0 + d2
1) − (d0 − d1)

2)

= (d0 + d1)
2 + p(d0 − d1)

2,

where p | (d0 − d1). We now claim that (p − 1)/2 − 2v = h where h is the class number
of Q(

√−p). To see this, note that n = (p − 1)/2 and so e = 2 and l = 1. Thus

v = min

{

1

p

p−3

2
∑

l=0

|g2l|p,
1

p

p−3

2
∑

l=0

|g1+2l|p
}

.

As g is a primitive root modulo p, the first sum, say R, appearing in v is
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1

p

p−1

2
∑

s=0
(

s
p

)

=1

s.

Similarly, the second sum, say V , appearing in v is

1

p

p−1

2
∑

t=0
(

t
p

)

=−1

t.

By [4], V + R = (p − 1)/2 and h = V − R. This implies that v = R. Thus R =
(p − 1)/4− h/2 and so

(p − 1)/2− 2v = (p − 1)/2 − 2R = h.

So for every prime q of order (p − 1)/2 mod p, if C and D are integers such that

4qh = C2 + pD2,

then we have that p | D. By Corollary 3.3, this is a contradiction. Thus e(p+1)/2(A) is
trivial. �

Remark 4.1. (1) The quadratic form which appears in the proof of Theorem 1.1 has
been studied by Stickelberger [7]. His elegant result is as follows: Let −k be a negative
fundamental discriminant so that Q(

√
−k) is an imaginary quadratic field of discriminant

−k and class number h. Assume k 6= 3, 4, or 8. Let q be a prime such that
(

−k
q

)

= 1.

Then there are integers C and D, unique up to sign, for which

4qh = C2 + kD2

where k - C. Moreover, for prime k ≥ 7, C ≡ 2(−q)−R mod k where R is as above.
(2) It might be possible to prove similar vanishing results for e(3p+1)/4(A) where p ≡

5 mod 8 and for e(5p+1)/6(A) where p ≡ 7 mod 12. The difficulty is that the resulting
quadratic forms are more involved. Namely, the first case corresponds to e = 4 and so
by Theorem 2.2, (i), we have

16q(p−1)/4−2v =

(

3
∑

i=0

di

)2

+ p

(

4

3
∑

i=0

d2
i −

(

3
∑

i=0

di

)2
)

.

The second case corresponds to e = 6 and thus by Theorem 2.2, (i), we have

36q(p−1)/6−2v =

(

5
∑

i=0

di

)2

+ p

(

6
5
∑

i=0

d2
i −

(

5
∑

i=0

di

)2
)

.
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[6] C. Soulé, Perfect forms and Vandiver’s conjecture, J. Reine Angew. Math. 517 (1999), 209–221.
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