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ABSTRACT: Railway tracks can be monitored by visual inspection or, more recently, indirectly using inertial sensors installed 

in a passing vehicle. Defects in the track such as depressions in the profile or points of low stiffness (e.g. hanging sleepers) interact 

dynamically with passing vehicles and can be detected with accelerometers and gyrometers. This can be achieved using special 

purpose track recording vehicles or through instrumentation of regular trains in service. It has been shown in previous research 

that an optimisation procedure can be applied to back-calculate track profiles from vehicle-mounted sensor data. This involves 

finding the profile that gives a best fit to the measured data. In this paper, a new direct integration approach is introduced to find 

the same track profile in a fraction of the computing time. The Newmark-Beta method is used. Compared with the profile 

calculated using the optimisation algorithm, the results are similar. However, direct integration is much more efficient than 

optimisation and allows the calculation to be completed in a fraction of the time. The calculated track profile can be used to 

estimate points of low stiffness.  

KEY WORDS: Railway Track, Monitoring, Inspection, TRV, Drive-by, Direct Integration. 

1 INTRODUCTION 

Railway track stiffness is an important track property which can 

help with the identification of problems related to track 

settlement, vehicle-ride comfort, ground-borne vibrations and 

track geometry [1]. A railway track can be divided into two 

separate structures, the superstructure (rails, rail pads, sleepers) 

and the substructure (ballast, sub-ballast, sub-grade, drainage 

systems) [2]. The global track stiffness is influenced by the 

properties of the individual structural elements in the 

superstructure and substructure. The elements making up the 

superstructure have well defined and measurable properties and 

their individual contribution to the global track stiffness are 

well known. As the superstructure elements are visible from the 

surface, it is possible to inspect them to identify defects which 

may contribute to variations in the global track stiffness value. 

The track substructure is less homogenous than the 

superstructure and unexpected variations in global track 

stiffness can often be attributed to variations in the properties 

of its constituent elements. As the elements of the substructure 

are concealed beneath the superstructure, it is difficult to 

measure their properties in the field. Variations in ballast 

thickness, subgrade strength and the presence of groundwater 

due to poor drainage, all contribute to variations in global track 

stiffness and are difficult to monitor [1]. Selig and Waters show 

that the modulus of the subgrade is the dominant factor in 

determining the global track stiffness [2].  

The performance of the substructure is heavily dependent on 

the subgrade performance, and regular track maintenance such 

as ballast cleaning or tamping does not correct poor subgrade 

[3]. Track geometry defects associated with a poor subgrade 

tend to reappear relatively quickly, meaning these regular track 

maintenance techniques are both costly and ineffective. 

Therefore it important to have an understanding of the track 

stiffness in order to assess the subgrade performance so that 

more suitable maintenance measures (e.g. mini-piles, subgrade 

replacement) can be chosen as appropriate [1]. 

Railway track stiffness can currently be measured using 

stationary equipment or specialised low-speed vehicles. 

Traditionally, railway infrastructure managers assess the 

condition of their network using a track recording vehicle 

(TRV): a specialised, instrumented train which periodically 

collects geometric data of the railway track including track 

gauge, longitudinal profile, alignment, super-elevation 

irregularity (cross level or cant) and twist. European Standard 

EN13848  defines the method of measurement of railway track 

using TRVs in Europe [4]. The standard also defines the 

approach for evaluating track condition by means of various 

safety-related limits associated with each of the parameters 

measured so that maintenance interventions can be planned. 

TRVs are the current preferred method of measurement for 

these parameters. However, these vehicles are expensive to run 

and may disrupt regular services during their operation. Using 

in-service vehicles to determine these parameters presents a 

potential saving for railway infrastructure managers [5].  

Increasing demands on railway networks is reducing the 

available time for inspections necessary to determine track 

condition. The collection of acceleration and other dynamic 

parameters from sensors mounted on in-service vehicles is 

therefore more desirable as a tool for monitoring the condition 

of railway tracks. Improvements in band-width of wireless 

communications, sensor robustness and electronics have 

allowed the development of unattended track geometry 

inspection systems that are compact and robust enough to be 

mounted on in-service vehicles [6]. The concept of using trains 

in regular service to measure track stiffness has the potential to 

provide inexpensive daily ‘drive-by’ track monitoring to 

complement data collected by less frequent (but more accurate) 

monitoring techniques.  
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Railway track longitudinal profile is an important indicator 

of serviceability condition. It is desirable to have perfectly level 

track profiles so that dynamic responses of the vehicle are 

minimised, thereby increasing passenger comfort, reducing 

wear on vehicle components and reducing power consumption. 

A reduction in vehicle dynamics also reduces the vehicle load 

on the track. Therefore, keeping a good vertical longitudinal 

profile helps maintain overall track condition through a 

reduction in vehicle dynamic effects [7].  

Variation in track properties, including track stiffness, cause 

variations in the train-track dynamic interaction [8]. The train-

track interaction is further magnified with increased vehicle 

loads and speeds. Frohling concludes from development of 

track deterioration prediction models that spatial variation of 

railway track stiffness contributes significantly to track 

deterioration, both in terms of differential track settlement and 

increased vehicle loading [7]. Consequently, as track 

deterioration increases, the train-track dynamic interaction 

forces increase and the rate of track deterioration is increased 

further. This paper will use a new direct integration approach 

to find the same track profile. Also points of low stiffness in the 

track are estimated using track profile. 

2 MODEL DESCRITPION 

 Vehicle Model 

The vehicle is represented by a 4 degree-of-freedom half-car 

model travelling on the beam-on-elastic-foundation track 

which is shown in Figure 1. The four independent degrees of 

freedom correspond to sprung mass bounce displacement, 𝑢𝑠, 

sprung mass pitch rotation 𝜃𝑠 and axle hop displacements of the 

unsprung masses at axle 1 and axle 2, 𝑢𝑢1 and 𝑢𝑢2 respectively. 

The sprung mass, 𝑚𝑠  represents the vehicle body. The 

unsprung masses, 𝑚𝑢1  and 𝑚𝑢2  represents the axle 

components. The sprung mass connects to the axle masses via 

a combination of springs and dampers. The stiffness of springs 

are 𝐾𝑠,𝑖  and damping coefficients of viscous dampers are 𝐶𝑠,𝑖  

which represent the suspension components for the front and 

rear axles ( 𝑖 = 1,2 ). The axle masses connect to the road 

surface via springs with linear stiffnesses, 𝐾𝑡,𝑖 which represent 

the tyre components for the front and rear axles ( 𝑖 = 1,2). 

Finally, 𝐼𝑠  is the sprung mass moment of inertia and the 

distances of the axles to the centre of gravity are 𝐷1 and 𝐷2. All 

the property values of the half-car are shown in Table 1. 

 

 

Figure 1. Vehicle and track model. 

 

Table 1. Vehicle model properties. 

Property Unit Symbol Value 

Body mass kg 𝑚𝑠 16 200 

Axle mass kg 𝑚𝑢1 700 

𝑚𝑢1 1100 

Suspension 

Stiffness 

N/m 𝐾𝑠,1 0.4×106 

𝐾𝑠,2 1×106 

Suspension 

Damping 

N s/m 𝐶𝑠,1 10×103 

𝐶𝑠,2 20×103 

Tyre Stiffness N/m 𝐾𝑡,1 1.75×106 

𝐾𝑡,2 3.5×106 

Pitch Moment 

of Inertia 
Kg m2 𝐼𝑠 111 193 

Distance of 

axle to centre 

of gravity 

 

m 

𝐷1 4.13 

𝐷2 4.13 

 

The equations of motion of the vehicle are obtained by 

imposing equilibrium of all forces and moments acting on the 

vehicle: 

                     M𝑣�̈�𝑣 + 𝐶𝑣�̇�𝑣 + K𝑣𝑢𝑣 = 𝑓𝑣                     (1) 

where M𝑣 , C𝑣 ,  and K𝑣  are the mass, damping and stiffness 

matrices of the vehicle respectively. The vectors, �̈�𝑣, �̇�𝑣 and 𝑢𝑣 

are vehicle accelerations, velocities and displacements 

respectively. The displacement vector of the vehicle is, 𝑢𝑣 =
{𝑢𝑠, 𝜃𝑠, 𝑢𝑢1, 𝑢𝑢2}

𝑇. The time-varying dynamic interaction force 

vector is, 𝑓𝑣 = {0,0, −𝐹𝑡1, −𝐹𝑡2}
𝑇 . The dynamic interaction 

force at wheel i is, 𝐹𝑡𝑖 = 𝐾𝑡,𝑖 × 𝑦𝑖  ; i = 1,2, where 𝑦𝑖   is the 

track profile. 

             Mv = [

𝑚𝑠 0 0 0
0 𝐼𝑠 0 0
0 0 𝑚𝑢,1 0

0 0 0 𝑚𝑢,2

]                 (2) 

Cv =

[
 
 
 
 

𝐶𝑠,1 + 𝐶𝑠,2 𝐷1𝐶𝑠,1 − 𝐷2𝐶𝑠,2 −𝐶𝑠,1 −𝐶𝑠,2

𝐷1𝐶𝑠,1 − 𝐷2𝐶𝑠,2 𝐷1
2𝐶𝑠,1 + 𝐷2

2𝐶𝑠,2 −𝐷1𝐶𝑠,1 𝐷2𝐶𝑠,2

−𝐶𝑠,1 −𝐷1𝐶𝑠,1 𝐶𝑠,1 0

−𝐶𝑠,2 𝐷2𝐶𝑠,2 0 𝐶𝑠,2 ]
 
 
 
 

     

                                                                               (3) 

Kv =

[
 
 
 
 

𝐾𝑠,1 + 𝐾𝑠,2 𝐷1𝐾𝑠,1 − 𝐷2𝐾𝑠,2 −𝐾𝑠,1 −𝐾𝑠,2

𝐷1𝐾𝑠,1 − 𝐷2𝐾𝑠,2 𝐷1
2𝐾𝑠,1 + 𝐷2

2𝐾𝑠,2 −𝐷1𝐾𝑠,1 𝐷2𝐾𝑠,2

−𝐾𝑠,1 −𝐷1𝐾𝑠,1 𝐾𝑠,1 0

−𝐾𝑠,2 𝐷2𝐾𝑠,2 0 𝐾𝑠,2 ]
 
 
 
 

     

                                                                               (4) 

 Track Model 

Quirke et al. used a beam-on-elastic-foundation model to 

represent the railway track [1]. This model features a single 

layer of discrete elastic springs. The beam-on-elastic-

foundation track model features an elastic beam (the rail) 



supported on a series of springs with varying stiffness  𝑘  as 

shown in Figure 1. Track supports have regular interval 

spacing, 𝐿s, corresponding to the spacing between the sleepers. 

A UIC60 rail is modelled as a finite element Euler-Bernoulli 

beam with one beam element per sleeper spacing. Each track 

element has 2 nodes with 2 degrees of freedom (DOF), vertical 

translation and rotation, at each node. Rail irregularities are not 

considered in this investigation - the track profile is entirely due 

to deflection of the springs under the loaded train.  

The response of the track model to a series of moving time-

varying forces is given by the system of equations: 

          Mtüt + Ctu̇t + Ktut = Ntfint                   (5) 

where M𝑡 , Ct  and K𝑡  are the mass, damping and stiffness 

matrices of the track respectively. The terms �̈�𝑡, �̇�𝑡and 𝑢𝑡 are 

vectors of track accelerations, velocities and displacements 

respectively. 𝑓𝑖𝑛𝑡 contains the total interaction forces between 

the vehicle and the track at their contact points. Nt is a location 

matrix used to distribute the applied interaction to the DOF’s 

of the rail and is calculated using Hermitian shape functions.  

 Coupled Model 

The dynamic interaction between the vehicle and track 

subsystems is implemented in MATLAB. The equations of 

motion for the coupled vehicle-track model is formed as: 

                    M𝑔�̈� + C𝑔�̇� + K𝑔𝑢 = F                             (6) 

where M𝑔, K𝑔  and C𝑔  are the global mass, stiffness and 

damping matrices respectively and �̈�, �̇� and 𝑢 are the vectors 

of system accelerations, velocities and displacements. 𝐹 is the 

coupled system force vector. Due to the coupling between the 

vehicle and the track, the system stiffness matrix K𝑔 is time-

varying and is recalculated in every time step. The equations of 

motion are solved using the Newmark-Beta numerical 

integration scheme. The time step corresponds to a sensor 

scanning frequency of 1000 Hz.  

3 DIRECT SOLUTION OF TRACK PROFILE CALCULATION 

There are two problems in track profile calculation: forward 

problem and inverse problem. The forward problem uses a 

given profile to find vehicle accelerations, velocities and 

displacements at the same time according to the coupled model. 

The inverse problem, in contrast, uses given �̈� and �̇�𝑠to find the 

profile.  

In this section, the direct integration approach is introduced 

to solve the inverse problem which can find track profile. It can 

determine the track profile 𝑦𝑖  consistent with measured sprung 

mass accelerations and sprung mass pitch rotational velocity. 

All problems are solved here using the Newmark-Beta 

integration scheme. The algorithm used to solve the inverse 

problem is presented in Figure 2. A MATLAB algorithm was 

used to implement this solution.  

For each time step, the acceleration of the vehicle and the 

sprung mass pitch rotational velocity are taken to be known. 

Then, the displacement and velocity of the sprung mass, sprung 

mass pitch rotation and rotational acceleration can be 

calculated using the Newmark-Beta integration scheme. Using 

the equations of motion of the sprung mass, the unsprung mass 

displacement can be calculated. Then the acceleration and 

velocity of the unsprung mass can be found. Finally, using the 

Newmark-Beta integration scheme, the time varying 

interaction forces applied by the vehicle and the track profile 

𝑦𝑖   can be calculated. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Given vehicle properties M𝑣 , 𝐶𝑣 , K𝑣 , �̈�𝑠, �̇�𝑠 time step 𝛥𝑡 

 

Newmark-Beta method coefficients 

𝛾 =  0.5, 𝛽 =  0.25 × (0.5 + 𝛾)2 

a0 =
1

𝛽×𝛥𝑡2 , a1 =
𝛾

𝛽×𝛥𝑡
, a2 =

1

𝛽×𝛥𝑡
, a3 =

1

𝛽×2
− 1,  

a4 =
𝛾

𝛽
− 1, a5 =

𝛥𝑡

2
× ቀ

𝛾

𝛽
− 2ቁ , 

 a6 = (1 − 𝛾) × 𝛥𝑡, a7 =  𝛾 × 𝛥𝑡 
 

Calculate �̇�𝑠, 𝑢𝑠, 𝜃𝑠, �̈�𝑠 at step 𝑡 + 𝛥𝑡 using Newmark-Beta 

 

 𝑢𝑠,𝑡+𝛥𝑡 = (�̈�𝑠,𝑡+𝛥𝑡 + 𝑎2 × �̇�𝑠,𝑡 + 𝑎3 × �̈�𝑠,𝑡) 𝑎0Τ + 𝑢𝑠,𝑡  (7)                

         �̇�𝑠,𝑡+𝛥𝑡 = �̇�𝑠,𝑡 + 𝑎6 × �̈�𝑠,𝑡 + 𝑎7 × �̈�𝑠,𝑡+𝛥𝑡              (8) 

𝜃𝑠,𝑡+𝛥𝑡 = (�̇�𝑠,𝑡+𝛥𝑡 + 𝑎4 × �̇�𝑠,𝑡 + 𝑎5 × �̈�𝑠,𝑡)/𝑎1 +  𝜃𝑠,𝑡   

(9)                             

�̈�𝑠,𝑡+𝛥𝑡 = 𝑎0 × ( 𝜃𝑠,𝑡+𝛥𝑡 −  𝜃𝑠,𝑡) − 𝑎2 × �̇�𝑠,𝑡 − 𝑎3 × �̈�𝑠,𝑡        

 (10)                   

 

According to Equations (1), (2), (3) and (4) 
𝑚𝑠 × �̈�𝑠,𝑡+𝛥𝑡 + ൫𝐶𝑠,1 + 𝐶𝑠,2൯ × �̇�𝑠,𝑡+𝛥𝑡 

+(𝐷1𝐶𝑠,1 − 𝐷2𝐶𝑠,2) × �̇�𝑠,𝑡+𝛥𝑡 − 𝐶𝑠,1 × �̇�𝑢1,𝑡+𝛥𝑡 

−𝐶𝑠,2 × �̇�𝑢2,𝑡+𝛥𝑡 + ൫𝐾𝑠,1 + 𝐾𝑠,2൯ × 𝑢𝑠,𝑡+𝛥𝑡 

+(𝐷1𝐾𝑠,1 − 𝐷2𝐾𝑠,2) × 𝜃𝑠,𝑡+𝛥𝑡 − 𝐾𝑠,1 × 𝑢𝑢1,𝑡+𝛥𝑡 

   −𝐾𝑠,2 × 𝑢𝑢2,𝑡+𝛥𝑡 = 0                                          (11)                                   

𝐼𝑠 × �̈�𝑠,𝑡+𝛥𝑡 + ൫𝐷1𝐶𝑠,1 − 𝐷2𝐶𝑠,2൯ × �̇�𝑠,𝑡+𝛥𝑡 

+(𝐷1
2𝐶𝑠,1 + 𝐷2

2𝐶𝑠,2) × �̇�𝑠,𝑡+𝛥𝑡−𝐷1𝐶𝑠,1 × �̇�𝑢1,𝑡+𝛥𝑡 

+𝐷2𝐶𝑠,2 × �̇�𝑢2,𝑡+𝛥𝑡 + ൫𝐷1𝐾𝑠,1 − 𝐷2𝐾𝑠,2൯ × 𝑢𝑠,𝑡+𝛥𝑡 

+(𝐷1
2𝐾𝑠,1 + 𝐷2

2𝐾𝑠,2) × 𝜃𝑠,𝑡+𝛥𝑡−𝐷1𝐾𝑠,1 × 𝑢𝑢1,𝑡+𝛥𝑡 

+𝐷2𝐾𝑠,2 × 𝑢𝑢2,𝑡+𝛥𝑡 = 0                  (12) 
 

Eliminate �̇�𝑢2,𝑡+𝛥𝑡 and 𝑢𝑢2,𝑡+𝛥𝑡, 

(11) ×  𝐷2 + (12): 

𝐷2𝑚𝑠 × �̈�𝑠,𝑡+𝛥𝑡 + 𝐷2൫𝐶𝑠,1 + 𝐶𝑠,2൯ × �̇�𝑠,𝑡+𝛥𝑡 +

𝐷2(𝐷1𝐶𝑠,1 − 𝐷2𝐶𝑠,2) × �̇�𝑠,𝑡+𝛥𝑡 + 𝐷2൫𝐾𝑠,1 + 𝐾𝑠,2൯ ×

𝑢𝑠,𝑡+𝛥𝑡 + 𝐷2(𝐷1𝐾𝑠,1 − 𝐷2𝐾𝑠,2) × 𝜃𝑠,𝑡+𝛥𝑡 +

𝐼𝑠 × �̈�𝑠,𝑡+𝛥𝑡 + ൫𝐷1𝐶𝑠,1 − 𝐷2𝐶𝑠,2൯ × �̇�𝑠,𝑡+𝛥𝑡 +

(𝐷1
2𝐶𝑠,1 + 𝐷2

2𝐶𝑠,2) ×  �̇�𝑠,𝑡+𝛥𝑡 + ൫𝐷1𝐾𝑠,1 −

𝐷2𝐾𝑠,2൯ × 𝑢𝑠,𝑡+𝛥𝑡 + (𝐷1
2𝐾𝑠,1 + 𝐷2

2𝐾𝑠,2) × 𝜃𝑠,𝑡+𝛥𝑡= 

൫𝐷2𝐶𝑠,1+𝐷1𝐶𝑠,1൯ × �̇�𝑢1,𝑡+𝛥𝑡 + (𝐷2𝐾𝑠,1+𝐷1𝐾𝑠,1) ×

𝑢𝑢1,𝑡+𝛥𝑡                                                              

  (13) 
 



Figure 2. Track profile calculation algorithm. 

 

Figure 3. Track profile. 

Using this direct integration method, the track profile can be 

calculated step by step. For a specified profile, the forward 

problem is used here to calculate the acceleration and rotational 

velocity in the usual way. Then these signals are used with the 

inverse problem to back-calculate the profile. As expected, the 

results are the same - Figure 3. This direct integration approach 

is much more efficient than an optimisation algorithm and 

allows the calculation to be completed in a fraction of the time. 

4 VARIATIONS IN RAILWAY TRACK STIFFNESS 

Track profile due to deformation of the springs has the potential 

to be used to estimate local variations in the track stiffnesses. 

Figure 3 shows the track profile with and without a local 

reduction in railway track stiffness. From 60m to 65m, the track 

stiffness has a 50% loss. This changes the ‘measured’ 

accelerations and rotational velocities which are used to 

calculate the new deflected profile. Therefore, track profile is a 

good property to identify defects in the track. 

 

 

Figure 3. Track profile with variations 

 in railway track stiffness. 

5 CONCLUSION 

Railway track loaded profile is an important indicator of the 

serviceability condition of the track. In previous research, the 

track profile was determined using a complex optimisation 

procedure. In this paper, a direct integration approach is 

demonstrated in simulations of field measurements taken from 

an in-service railway carriage. The Newmark-Beta method is 

used. The calculated profile is similar to the profile from the 

forward problem used to generate the ‘measurements’. 

However, compared with the optimisation procedure, direct 

integration is much more efficient and allows the calculation to 

be completed much more quickly. To determine track 

condition, calculated track profile can be used. It can be used 

to identify local variations in railway track stiffness from the 

profile changes that result. The track profile resulting from a 

local change in the track stiffness is clearly visible. It is a good 

way to monitor railway tracks. 
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Effective stiffness matrix  

                𝐾ഥ = K𝑣 + 𝑎0 × M𝑣 + 𝑎1 × 𝐶𝑣           (18) 

    Effective force 𝑓ҧ
𝑣,𝑡+𝛥𝑡  = 𝐾ഥ × 𝑢𝑣,𝑡+𝛥𝑡            (19) 

𝑓𝑣,𝑡+𝛥𝑡  = 𝑓ҧ
𝑣,𝑡+𝛥𝑡 − M𝑣 × ൫𝑎0 × 𝑢𝑣,𝑡 + 𝑎2 × �̇�𝑣,𝑡 +

𝑎3 × �̈�𝑣,𝑡൯ −  𝐶𝑣 × (𝑎1 × 𝑢𝑣,𝑡 + 𝑎4 × �̇�𝑣,𝑡 + 𝑎5 × �̈�𝑣,𝑡) 

  (20) 

𝑦𝑖,𝑡+𝛥𝑡 = 𝑓𝑣,𝑡+𝛥𝑡/𝐾𝑣    (21) 

Using Newmark-Beta: 

�̈�𝑢1,𝑡+𝛥𝑡 = 

 𝑎0 × (𝑢𝑢1,𝑡+𝛥𝑡 − 𝑢𝑢1,𝑡) − 𝑎2 × �̇�𝑢1,𝑡 − 𝑎3 × �̈�𝑢1,𝑡                                                                             

(16) 

  �̇�𝑢1,𝑡+𝛥𝑡 = �̇�𝑢1,𝑡 + 𝑎6 × �̈�𝑢1,𝑡 + 𝑎7 × �̈�𝑢1,𝑡+𝛥𝑡   (17) 

 

In the Newmark-Beta method,  

�̇�𝑢1,𝑡+𝛥𝑡 = 𝑎1 × (𝑢𝑢1,𝑡+𝛥𝑡 − 𝑢𝑢1,𝑡) − 𝑎4 × �̇�𝑢1,𝑡 −

                    𝑎5 × �̈�𝑢1,𝑡                                       (14) 

          Substitute (14) into (13): 

𝑢𝑢1,𝑡+𝛥𝑡 = (𝐷2𝑚𝑠 × �̈�𝑠,𝑡+𝛥𝑡 + 𝐼𝑠 × �̈�𝑠,𝑡+𝛥𝑡 

+൫𝐷2𝐶𝑠,1 + 𝐷1𝐶𝑠,1൯ × �̇�𝑠,𝑡+𝛥𝑡 

+(𝐷2𝐷1𝐶𝑠,1 + 𝐷1
2𝐶𝑠,1) × �̇�𝑠,𝑡+𝛥𝑡 

+൫𝐷2𝐾𝑠,1 + 𝐷1𝐾𝑠,1൯ × 𝑢𝑠,𝑡+𝛥𝑡 

+(𝐷2𝐷1𝐾𝑠,1 − 𝐷1
2𝐾𝑠,1) × 𝜃𝑠,𝑡+𝛥𝑡 + ൫𝐷2𝐶𝑠,1+𝐷1𝐶𝑠,1൯ 

× ൫𝑎1 × 𝑢𝑢1,𝑡 + 𝑎4 × �̇�𝑢1,𝑡 + 𝑎5 × �̈�𝑢1,𝑡൯) 

/(𝐷2𝐾𝑠,1+𝐷1𝐾𝑠,1 + (𝐷2𝐶𝑠,1+𝐷1𝐶𝑠,1) × 𝑎1) 

(15) 
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