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Abstract

An important aspect of the dynamics of nonlinear wave systems is the effect of

finite amplitude phenomena — that is, phenomena which can only manifest be-

yond the limit of weak nonlinearity. The work in this thesis aims to bridge the gap

between the phenomenology of finite amplitude effects in nonlinear wave systems

and the existing theories describing these systems. We describe the phenomenon

of precession resonance, a manifestly finite amplitude phenomenon characterised

by a balance between the linear and nonlinear timescales of the system. We then

investigate numerically the region of convergence of the normal form transforma-

tion to understand if precession resonance can be described with tools commonly

used to study nonlinear wave systems. We find that the boundary of the region of

convergence of the transformation closely matches the values which lead to preces-

sion resonance, giving us an understanding of where precession resonance lies with

the general theory of wave turbulence. We further investigate the phenomenon of

precession resonance by considering a more general system, where two nonresonant

triads interact. It is found that precession resonant behaviour exists between two

nonresonant triads, and can be found in quasiresonant regimes when the linear fre-

quencies of the triads are close in value. The scaling amplitude required to trigger

precession resonance in these quasiresonant regimes is small, demonstrating the

manifestation of precession resonance in weakly nonlinear systems. We continue

this investigation of precession resonance in weakly nonlinear systems by extending

our study to five-wave quasiresonances. We apply this to the case of deep gravity

water waves propagating in one dimension and find that precession resonant be-

haviour is present in the system for quasiresonant quintet interactions. Finally, we

investigate the effect of finite amplitudes on the wave turbulent energy cascade in

the Charney-Hasegawa-Mima equation. It is found that, at intermediate nonlinear-

ity, the anisotropy from the weakly nonlinear limit and the presence of precession

resonance from the finite-amplitude effects combine to allow for the most efficient

energy transfers to zonal scales. Overall, precession resonance presents itself as

a natural extension of the concept of resonances to finite-amplitude regimes. In

the limit of weak nonlinearity, precession resonance can be reduced to exact wave

resonances. In the case of quasiresonances, precession resonance corresponds to an

interaction that maximises the efficiency of energy transfers in the system. Scaling

beyond the case of weak nonlinearity we recover the original definition of precession

resonance.
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Chapter 1

Introduction

Many real-life systems of physical interest are governed by nonlinear wave equa-

tions, examples of which include nonlinear circuits, nonlinear optics, ocean surface

waves and planetary waves in the atmosphere [1–4]. In their essence, these nonlin-

ear wave systems share some common properties: a nonlinear term which facilitates

the exchange of energy across the spatial scales of the system, and a dispersion re-

lation, which relates the frequency of oscillation ω(k) of a mode to its wavevector

k. The degree of nonlinearity of these dispersive wave systems changes depending

on the system. For instance, the Charney-Hasagawa-Mima (CHM) equation is a

quadratically nonlinear partial differential equation (PDE) which can be used to

describe Rossby waves in the atmosphere or drift waves in plasmas [4]. In the case

of nonlinear optics, the nonlinear Schrödinger equation is a PDE of cubic non-

linearity which can describe processes such as four-wave mixing [5]. The system

describing the evolution of deep water waves is driven mainly by cubic and quartic

terms in the evolution equations [6]. In systems exhibiting quadratic nonlinearity,

the interactions between the Fourier modes occur as triad interactions, or three-

wave interactions. Three Fourier modes may interact as a triad if they satisfy the

condition:

k1 + k2 = k3 (1.1)

In these nonlinear wave systems, satisfying this condition for the wavevectors is nec-

essary for interactions between Fourier modes to occur. However for many regimes,

satisfying equation (1.1) is not sufficient for seeing significant energy transfers in

the system. When the amplitudes of the system are small and the nonlinearity of

the system is weak, then for significant interactions to occur between the modes
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they must satisfy the resonance condition defined by

k1 + k2 = k3

ω(k1) + ω(k2) = ω(k3).
(1.2)

These resonant interactions are at the core of studying the evolution of nonlinear

dispersive wave equations. The energy of these weakly nonlinear dispersive wave

systems is redistributed across the system via these resonant interactions [7, 8].

In systems where the domain is finite and periodic boundary conditions are im-

posed, the Fourier decomposition is discrete, implying the wavevectors k ∈ Zn,

where n is the spatial dimension of the system. Finding solutions to equation (1.2)

in this regime involves solving Diophantine equations for the wavevectors [9, 10].

The solutions to these Diophantine equations leads us to webs of interconnected

triads across wavevectors, defining pathways for energy to be transferred across

the system [11]. The study of these discrete systems is known as discrete wave

turbulence or frozen wave turbulence [12–14]. Discrete wave systems involves un-

derstanding the dynamics of these webs of connected triads. The simplest case is

the isolated triad, which is known to be integrable and whose solution can be writ-

ten in terms of Jacobi elliptic functions [13, 15]. Going beyond the isolated triad,

the dynamics become more complicated. A five mode system consisting of two

resonant triads connected by one common mode, often referred to as a butterfly, is

in general not integrable [16]. The larger these clusters become, the more difficult

they become to study. Understanding the dynamics of how energy is transferred

across large interconnected webs of triads is a challenging problem and is not well

understood [9, 10]. To facilitate the study of these large complex systems, one must

employ some methods to simplify the system in some manner. A common method

to study these systems is model reduction, where we consider the evolution of a

handful of the Fourier modes of the system. This kind of model reduction is useful

when we wish to study the mechanisms that allow for energy to be transferred

between Fourier modes.

Model reduction is essentially a mathematical technique where one simplifies the

system to a point that is easier to study mathematically, while leaving enough com-

plexity in the system so that the phenomena under scrutiny remain in the reduced

model. A common method is spectral truncation, where one considers only a small

set of interacting modes in Fourier space. These kinds of reduced models have

proven to be useful for studying nonlinear wave systems [17]. Often these reduced
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models are studied from a dynamical systems point of view where interesting feed-

back mechanisms have been proposed [18]: as more complex models are considered,

these mechanisms have survived in the form of periodic orbits. Other dynamical

systems approaches in fluid mechanics include studying shell models [19, 20], and

the search and classification of unstable periodic orbits (UPOs) in higher dimen-

sional systems [21–23].

Understanding the dynamics of triad interactions themselves is key to understand-

ing the mechanisms by which energy can be transferred in these nonlinear wave

equations. As an illustrative example of how we approach these reduced models,

we will consider a reduced model consisting of just the isolated triad. If we consider

the evolution of just three modes connected via the triad k1 + k2 = k3 where Ak

is the Fourier mode of wavevector k and zjs are the interaction coefficients of the

system, we arrive at

dA1

dt
= −iω1A1 + z1A

∗
2A3

dA2

dt
= −iω2A2 + z2A

∗
1A3

dA3

dt
= −iω3A3 + z3A1A2.

(1.3)

As shorthand we denote ωj = ω(kj) and Aj = Akj
. We define the detuning as ω3

12 =

ω3−ω1−ω2. The linear detuning can be thought of as the “true” linear frequency

of the triad. This can be seen from the fact that if we transform equation (1.3) into

what is known as interaction representation through the substitution aj = Aje
iωjt.

we find that the linear frequencies do not appear alone; they only appear in groups

of triads. The relationship between the size of the detuning and the size of the

amplitudes of the Fourier modes dictates the behaviour of the system. In the exactly

resonant case where ω3
12 = 0, we find that the equations can easily exchange energy.

However if ω3
12 6= 0 and the amplitudes are sufficiently small we find that the Fourier

modes exchange little or no energy. The limit of small amplitudes in equation (1.3)

can be understood as the limit of large ω3
12 so to understand how the equations

behave in this regime, a natural and convenient approach is to apply a multiscale

perturbation expansion as is described in [24]. As ω3
12 becomes large, we find that

the frequency of oscillation of the amplitudes of the system tend to ω3
12. In this

limiting case we can see there is no mechanism for energy to transfer between the

modes in the weakly nonlinear detuned triad equations; the nonresonant triad does

not allow for energy transfers between modes. Often instead of performing these
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perturbation expansions, these nonresonant triads are eliminated from the evolution

equations through nonlinear transformation of coordinates known as normal form

transformations [25, 26]. These are nonlinear near identity transformations which

can be used to eliminate the nonresonant interactions from the system, leaving

higher order terms. This technique is probably most famously used in the case of

deep gravity water waves. The normal form transformation is successively applied

to this system to find that the first resonant interactions that support the exchange

of energy occur at 5th order in the Hamiltionian. In terms of wavevectors in Fourier

space, these interactions occur as five-wave or quintet resonances [27, 28].

When we have a large separation of timescales in our reduced models, the appli-

cation of perturbation theory or normal form transformations is a natural step to

take. However for systems where there is no significant timescale separation, other

methods must be used. One possible avenue of approach is to attempt to solve

the equations directly by investigating the integrability of the system. The concept

of integrability can have different definitions and interpretations depending on the

system being studied [29]. In the context of finite dimensional dynamical systems

(which in our case are obtained from Galerkin truncations of PDEs), a system is

generally considered to be integrable if the solution is able to be expressed in terms

of quadratures [30]. A more specific definition for integrability is

Definition: An n-dimensional dynamical system dx(t)
dt

= f(x) is said to be inte-

grable if there exists n− 1 independent functions Ij(x) such that

dIj(x)

dt
= 0, j = 1, . . . , n− 1.

As these independent functions Ij(x) constant throughout the evolution of the sys-

tem, they can be used to reduce the dimension of the system. When we reduce the

system by n−1 dimensions, we can solve the system by directly integrating our one

dimensional system. To understand the behaviour of the isolated triad in more gen-

eral cases where the detuning parameter ω3
12 is not necessarily large, perturbation

theory no longer applies so we must solve the equations directly. Demonstrating

that the isolated triad is integrable involves finding these independent constants of

motion and using them to reduce the degrees of freedom of the system. The iso-

lated triad admits two constants of motion quadratic in amplitudes of the Fourier

modes. These are known as the Manley-Rowe relations, and are present in many

of these low dimensional nonlinear wave models [31]. On top of the Manley-Rowe

relations, there exists another constant of motion reminiscent of a Hamiltonian.
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Finding these three constants of motion is sufficient to integrate the isolated triad,

allowing us to study the solution of the system directly. This approach to studying

nonlinear wave systems is most applicable when the size of the domain is not too

much larger than the wavelengths of the modes that are to be studied. However

for many wave systems, the wavelengths of the modes of interest are far smaller

than the size of the domain.

Let us consider the example of deep water waves on the surface of the ocean. The

wavelengths of the wave of physical interest are far smaller than the ocean itself.

When we find ourselves in this regime we can reasonably consider the limit of the

domain size becomes large. That is for a domain of size
[
−L

2
, L

2

]n
where n is the

spatial dimension of the system, we consider the limit of L→∞. This limit changes

the Fourier decomposition from discrete to continuous, and in this regime the res-

onant condition, defined by equation (1.2) now describes the set of resonant triads

as a submanifold of the set of all triads. Upon taking these assumptions one can

study the system using the statistical theory of wave turbulence. The approach is

similar to the famous statistical description of hydrodynamic turbulence pioneered

by Kolmogorov [32]. Statistical objects of the system are studied instead of the

dynamical variables. Wave turbulence theory makes some remarkable predictions

about the behaviour of these wave turbulent systems, such as deriving conserved

quantities of the system, and finding statistically stationary solutions of the sys-

tem [33]. To take the approach of statistical wave turbulence theory, the following

assumptions must be made:

1. We consider the system to be weakly nonlinear. More specifically, we wish

the nonlinear timescale of interactions between the modes to be much slower

than the linear oscillations of the modes.

2. As is similar in the theory of hydrodynamic turbulence was first described by

Kolmogorov in 1941 [32], we wish to study the evolution of statistical objects

instead of dynamical objects of the nonlinear wave system.

3. The large-box limit is taken, i.e the size of the domain L→∞.

4. The limit of weak nonlinearity is then taken, where the size of the wave

amplitudes → 0.
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Under these assumptions, one can derive the kinetic equation, an integro-differential

equation which describes the evolution of the wave spectrum under these approx-

imations [34]. Firstly, one can use it to find statistically conserved quantities of

the system. Secondly, finding stationary points of the kinetic equation is a good

approach to understand the behaviour of the overall system in the weakly nonlin-

ear limit. The Rayleigh-Jeans (RJ) spectra describe the wave system in thermal

equilibrium. Other famous solutions to the kinetic equation are the Kolmogorov-

Zakharov (KZ) spectra [35, 36]. These solutions give the spectra of wave amplitudes

corresponding to the cascades of the conserved quantities of the system. These so-

lutions are analogous to the “5/3 law” seen in Kolmogorov’s 1941 theory [32].

Statistical wave turbulence theory has been very successful at describing the be-

haviour of many wave turbulent systems. From water waves on the surface of the

ocean, to Langmuir wave in plasmas and Kelvin waves on quantised vortices, wave

turbulence theory has many applications to systems of weakly nonlinear dispersive

waves [33].

Here we have introduced two approaches to study nonlinear wave systems: Galerkin

truncation for discrete systems and statistical wave turbulence theory for continu-

ous systems. However, both approaches have their limitations. Specifically, both

theories suffer when finite amplitudes are introduced, i.e. the limit of weak non-

linearity is not taken. Although statistical wave turbulence theory it is the most

systematic approach to studying these systems, the theory requires the limit of

weak nonlinearity to derive the kinetic equation. It is the kinetic equation which

predicts the interesting behaviour of these wave turbulent systems, so considering

finite amplitudes invalidates some of these predictions. That being said, work is

being done investigating kinetic equations with finite amplitudes, and is an area of

ongoing development [37]. In addition to this, in the presence of strong external

perturbations it has been shown that the wave field evolves at a fast timescale of

order O(ε−2) instead of O(ε−4) (where ε is the characteristic wave steepness) as is

predicted from the kinetic equation [38]. It has also been shown that for the case of

water waves, comparisons between the evolution of the kinetic equation and direct

numerical simulations of the Zakharov equation show large discrepancies between

results [39].

In the context of discrete wave turbulence theory, the limit of weak nonlinearity

implies that energy can only be transferred through webs of interconnected triads.

Once finite amplitudes are considered, the nonresonant interactions can no longer
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be ignored. For sufficient nonlinearity when the nonlinear oscillations of the sys-

tem become commensurate with the linear frequencies, strong energy transfers can

occur across nonresonant triads through a phenomenon known as precession reso-

nance [40]. Precession resonance is a phenomenon that allows for energy transfers

to occur due to a resonance between the linear and nonlinear timescales of the sys-

tem. The assumptions of both statistical wave turbulence theory and discrete wave

turbulence theory cannot describe dynamics in this regime, so to better understand

this phenomenon, new approaches are required. It is worth highlighting here that

when we allow our amplitudes to extend beyond the limit of weak nonlinearity,

we begin to enter into a regime where we would expect a continuum of excited

modes. Because of this, it should be stressed that the reduced models in this thesis

are essentially toy models which aim to gain insight into how new interactions can

occur, rather than model the any physical behaviour.

For both approaches when finite amplitudes are considered, the notion of quasires-

onances become important. These interactions occur due to a phenomenon known

as nonlinear resonance broadening where the nonlinear corrections to the frequen-

cies widen the band of resonances that can support meaningful energy transfers in

the system [41–44]. The notion of quasiresonances is important when one wishes to

apply the statistical theory of wave turbulence to a system in a finite domain. As

the Fourier decomposition of finite domains is discrete, in the limit of weak nonlin-

earity the nonlinear resonance broadening will be much less than the wavevector

grid spacing, so the system will be in the discrete wave turbulence regime. We see

phenomena such as frozen turbulence in this regime [14, 45]. When the nonlinear

resonance broadening much larger than the wavevector grid spacing but are still

weakly nonlinear, we are in the kinetic regime. Here the resonant interactions are

dense enough that a continuous approximation of the resonant manifold is appro-

priate. In this case the predictions from the statistical theory of wave turbulence

apply. In the intermediate case where the wavevector grid spacing is of the order

of the nonlinear resonance broadening, the system is in the regime of mesoscopic

wave turbulence. In this regime both phenomena from the discrete and kinetic

regimes can be seen [46, 47]. As quasiresonances are important for the application

of the statistical theory of wave turbulence to finite domains, understanding the

dynamics of these interactions is an important step in bridging the gap between

discrete wave turbulence and statistical wave turbulence.

In this thesis we will investigate the behaviour of wave turbulent systems in regimes

where some of the assumptions of statistical wave turbulence theory do not hold.
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In Chapter 2 we will describe and study the phenomenon known as precession res-

onance, and how it manifests itself in reduced models of the Charney-Hasagawa-

Mima (CHM) equation. We will then study this phenomenon from the point of

view of the normal form transformation, to see if and how it manifests itself in

normal coordinates. As the normal form transformation is a power series in the

variables of the system, we wish to investigate how the phenomenon of precession

resonance relates to the region of convergence of the transformation. In Chapter 3

we will generalise the precession resonance mechanism to interactions between gen-

eral nonresonant triads. In this more general set-up we are able to study precession

resonance in regimes where the wave amplitudes are small, allowing us to study this

finite amplitude phenomenon from a weakly nonlinear point of view. In Chapter 4

expand our reduced model to include an extra Fourier mode so that the system

admits five-wave resonances. We take a similar approach to Chapter 3 and in-

vestigate how this five-wave resonance behaves in the limit of weak nonlinearity.

We then apply this to the case of deep gravity water waves propagating in one

dimension. As five-wave resonances drive the nonlinear behaviour of this system,

we wish to see if these finite amplitude effects can be seen in this system. Finally, in

Chapter 5, we investigate the finite amplitude behaviour in the full CHM equation.

We numerically simulate the CHM equation in the short-wave limit to study the

cascades of the conserved quantities of the system. This system is anisotropic in

the weakly nonlinear limit, so we wish to investigate how this anisotropy changes

as we increase the wave amplitudes beyond the weakly nonlinear limit, and how

this in turn affects the generation of zonal flows.
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Chapter 2

Precession resonance and the

convergence of the normal form

transformation

In the previous chapter we introduced a range of techniques and methods to study

nonlinear wave systems. The most robust of these was statistical wave turbulence

theory, as it provides a systematic methodology to study nonlinear wave equations

verified by numerical simulations and experiments [33]. Although statistical wave

turbulence theory works well in many situations, the theory requires a few restric-

tive assumptions: Firstly, it is required that the size of the domain to be infinitely

large. This is a good approximation for systems such as gravity water waves on

the ocean surface, as the domain size is far greater than the wavelengths of the

relevant modes. However for some nonlinear wave equations, such as the Charney-

Hasegawa-Mima (CHM) equation which is a model for atmospheric drift waves,

the size of the domain can be of the same scale as the wavelengths of the relevant

modes. In this case when looking at low wavenumber modes, the limit of infinite

domain is not a good approximation, thus a discrete Fourier decomposition is re-

quired. Secondly, the limit of weak nonlinearity is necessary for the formulation

of statistical wave turbulence. When considering this limit of small amplitudes, a

large separation is created between the linear (fast) and nonlinear (slow) oscilla-

tions of the system. These so-called nonresonant terms do not contribute to the

dynamics of the system in a meaningful way. The theory of wave turbulence does

make some very interesting predictions about the behaviour of the CHM equation

in weak nonlinearity [48, 49], however unlike the case for gravity water waves where
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wave breaking occurs for steepness ka > 0.3 [50, 51], the assumption of weak non-

linearity is not necessary for the model to be valid. Investigating the behaviour

of nonlinear wave systems in regimes where the assumptions of wave turbulence

theory do not hold is of great importance for understanding the overall dynamics

of these systems. It was shown in [40] that in a discrete system where the wave am-

plitudes are finite, one can trigger a phenomenon known as precession resonance, a

mechanism which allows energy transfers to occur across nonresonant triads. This

occurs when the linear and nonlinear oscillations in the system become commensu-

rate, and sustained growth occurs in the resonant modes. In the overall dynamics

of the full PDE, precession resonance allows for more efficient transfers of energy

and enstrophy across scales, so understanding this mechanism from the point of

view of what is already known in wave turbulence theory is desirable.

As discussed in Chapter 1, one approach to understanding how nonlinear systems

behave is model reduction. A useful method for analysing these reduced models

that are based on dynamical systems of any dimension is the method of normal

forms. The normal form transformation of a dynamical system is often described as

a nonlinear transformation of coordinates in which the dynamical system takes its

“simplest” form [52]. There is a certain amount of freedom one can take with the

form of the transformation, however its usual manifestation involves eliminating as

many non-resonant terms as possible from the evolution equations. This method

dates back to Poincaré, and was developed for the N -body problem in celestial

mechanics. Analytic study of convergence of these normal form transformations

is quite difficult and often concerns with whether the series will converge at all

[53–55]. The study of the region of convergence is comparatively rare, however it

is of interest in nonlinear wave systems:

� For example, in the FPUT (Fermi-Pasta-Ulam-Tsingou) system the nor-

mal form transformation is important in establishing the applicability of the

Kolmogorov-Arnold-Moser theorem. In the weakly nonlinear limit the nor-

mal form transformation of the Hamiltonian, calculated and truncated to

fourth order, can be shown to be integrable. The full nonlinear system can

be considered to be a small perturbation to this integrable system at small

amplitudes [56]. However as explained by [56] no study of convergence has

been performed to date.

� As a second example, in the case of surface gravity water waves propagating

in one spatial dimension in a basin of infinite depth, it is known to form
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an integrable system if we solely consider one dimension of propagation and

include only up to quartet terms in the Hamiltonian. [28, 57]. However,

it took 24 years to find a rigorous proof that the flow stemming from the

original Hamiltonian could be well approximated by the flow stemming from

this formal truncation [58]. This rigorous proof not only provided a quan-

titative assessment of the boundedness of the error (quintet terms): more

interestingly, it provided a remarkable long-time existence result (Tε ∼ ε−3)

for the solution stemming from the full Hamiltonian. Thus, the normal form

transformation provides a quantifiably useful and accurate approximation in

the case of weak nonlinearity, but we do not know the level of nonlinearity at

which the transformation breaks down.

Despite the lack of rigorous convergence results, the theory of wave turbulence

uses normal form transformations to eliminate non-resonant interactions from the

system. As the formulation of wave turbulence requires the assumption of small

amplitudes, the non-resonant terms can be eliminated as the non-zero linear fre-

quencies of oscillation in the system are much faster than the nonlinear frequencies

[33]. For some systems this limit is a good approximation. An example of this is

gravity water waves, where the steepness of the waves is typically small. Normal

form transformations have been very effective in this case: these transformations

were originally calculated by Krasitskii, and Zakharov and Dyachenko [25, 27].

However, all physical systems have finite amplitude and all numerical simulations

must be performed on a finite domain, and moreover as is the case with the CHM

equation there are many wave system where assumptions of statistical wave turbu-

lence theory are not good approximations. Once finite amplitudes are introduced,

it is necessary to understand how and where the normal form transformation con-

verges. For the case of finite amplitudes, we cannot truncate higher order terms

immediately after the first resonances are found. As we do not necessarily have a

large separation between subsequent terms in the expansion, we cannot ignore the

contribution of higher order terms to the dynamics of the system.

In this chapter we wish to study the region of convergence of the normal form

transformation for a dispersive nonlinear wave system. In Section 2.1 we describe

the CHM equation and how at intermediate Fourier amplitudes the so-called pre-

cession resonance [40] can be observed. We then take a low-dimensional Galerkin

truncation that demonstrates precession resonance and we investigate how the res-

onance manifests itself in state space. In Section 2.2 we define the normal form
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transformation and detail how it is developed out of the evolution equations of

our truncated system. The usual wave turbulence approach involves calculating

the normal form transformation from a Hamiltonian; however in the case of the

CHM equation it is more natural to compute it directly from the evolution equa-

tions. From there we calculate the transformation eliminating up to non-resonant

4-wave interactions and study the system analytically. In Section 2.3 we continue

calculating the transformation to higher orders, eliminating up to non-resonant 8-

wave interactions and then calculate the rate of convergence of the transformation

by performing linear regression on the logarithm of the size of the terms with in-

creasing order. We obtain robust numerical evidence of convergence over a finite

region of wave amplitudes, and we estimate numerically the amplitude at which

the transformation begins to diverge. We compare this with the amplitude where

precession resonance occurs and we find that there is a strong connection between

the divergence of the transformation and precession resonance. Finally, we provide

a summary of our findings in Section 2.4.

2.1 The CHM equation and precession resonance

2.1.1 Triad interactions

Consider the Charney-Hasagawa-Mima (CHM) equation, a PDE model for Rossby

waves in the atmosphere and ocean as well as drift waves in plasmas [59, 60].

The equation can be derived by considering the dynamics of a rotating shallow

incompressible fluid using the β-plane approximation. This β-plane approximation

stems from approximating the Coriolis parameter with a linearly varying parameter,

β. The equation can be written as

(∇2 − F )
∂ψ

∂t
+ β

∂ψ

∂x
+
∂ψ

∂x

∂∇2ψ

∂y
− ∂ψ

∂y

∂∇2ψ

∂x
= 0 (2.1)

where ψ is the streamfunction of a geophysical flow and F ≥ 0 is the Rossby

deformation radius. Assuming periodic boundary conditions x ∈ [0, 2π)2, we

can decompose the equation into its Fourier components Ak defined by ψ(x, t) =∑
k∈Z2 Ak(t)eik·x + c.c., which leads to

Ȧk + iωkAk =
1

2

∑
k1k2∈Z

Zk
k1k2

δk1+k2−kAk1Ak2 , k ∈ Z2 , (2.2)
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where

Zk
k1k2

=
(k1xk2y − k1yk2x)(|k1|2 − |k2|2)

|k|2 + F
, ωk =

−βkx
|k|2 + F

.

Due to the Kronecker delta on the right hand side of equation (2.2), we can see

that the only nonlinear contributions to mode Ak come from modes Ak1 and Ak2

whenever k = k1 + k2. These are the so-called triad interactions [3]. In the limit

of small amplitudes, the evolution of Ak in equation (2.2) is dominated by the

linear dispersion relation ωk. These waves are known as Rossby waves [61, 62]. To

see how the nonlinear term contributes to the dynamics we perform a change of

variable ak(t) = e−iωktAk(t) to obtain our equations in interaction representation:

ȧk =
1

2

∑
k1,k2∈Z2

Zk
k1k2

δk1+k2−k ak1 ak2e
−iωk

k1k2
t . (2.3)

where ωk
k1k2

= ωk − ωk1 − ωk2 .

Inspecting equation (2.3) we can see that when the amplitudes ak are sufficiently

small (the weakly nonlinear limit) their evolution becomes significantly slower than

the linear oscillations. This implies that at these small amplitudes, the fast oscil-

lations of e−iω
k
k1k2

t average out to zero for ωk
k1k2
6= 0, meaning that the only mean-

ingful triad interactions occur when ωk = ωk1 +ωk2 . This is the resonant condition

defined in Equation (1.2). Thus in the weakly nonlinear limit the non-resonant

triad interactions (defined by the inequality ωk
k1k2
6= 0) do not contribute to the

long-time dynamics of the system.

To illustrate the behaviour of nonresonant triad interactions in the weakly nonlin-

ear case, we will perform a quantitative study on the behaviour of the nonresonant

isolated triad in the limit of weak nonlinearity. Our equation in interaction repre-

sentation is defined as

ȧ1 = ze−i∆ωta∗2a3

ȧ2 = ze−i∆ωta∗1a3

ȧ3 = −zei∆ωta1a2.

(2.4)

In this system our linear frequency mismatch is given by ∆ω. As we are considering

the case where the linear frequencies are much faster than the nonlinear frequencies,

∆ω is large. The minus sign in the equation for ȧ3 comes from the fact that to

ensure the stability of the triad equations, all three interaction coefficients zj cannot
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have the same sign [15]. We can choose a3 to have a different sign to a1 and a2

without loss of generality.

To perform the multiscale perturbation expansion of the detuned triad equations,

we must expand our amplitudes in powers of a small parameter ε in the usual way

such that

aj = a
(0)
j + εa

(1)
j + ε2a

(2)
j + . . . (2.5)

but also we expand our time derivative in powers of epsilon

d

dt
=

d

dT0

+ ε
d

dT1

+ ε2
d

dT2

+ . . . (2.6)

where Tn = εnt. In other words, the timescale T0 is the fastest timescale, and

the timescales become slower with increasing n. The most relevant aspects of the

dynamics of the system can be seen if we expand up to ε2.

In Equation (2.4) we have that ∆ωt is the fast timescale. To be consistent with the

notation in the literature we shall let ∆ω → 1
ε

and t → εt. This is mainly for my

own convenience, and these variables will be mapped back at the end. This gives

us the equations:

ȧ1 = εze−ita∗2a3

ȧ2 = εze−ita∗1a3

ȧ3 = −εzeita1a2

(2.7)

For the method of multiple scales we expand t in powers of epsilon, where we have

Tm = εmt. Expanding to O(ε2) we get:

(
∂

∂T0

+ ε
∂

∂T1

+ ε2
∂

∂T2

)(
a

(0)
1 + εa

(1)
1 + ε2a

(2)
1

)
=(

a
(0)∗
2 + εa

(1)∗
2 + ε2a

(2)∗
2

)(
a

(0)
3 + εa

(1)
3 + ε2a

(2)
3

)
εze−iT0

(2.8)

with similar terms for a2 and a3.

We first look at the O(1) terms:
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∂

∂T0

a
(0)
j = 0, a

(0)
j = a

(0)
j (T1, T2).

The leading order term in aj is constant with respect to the fast timescale T0. We

can already see the effect that a large detuning parameter has on the growth of

energy in the modes.

Continuing the expansion to O(ε2) in time and O(ε) in space, we then map back

to our original variables t→ t

ε
and ε→ 1

∆ω
. This leads us to:

a1 = a
(0)
1 e−iΩ1t +

iz

∆ω
a

(0)∗
2 a

(0)
3 ei(Ω2−Ω3−∆ω)t

a2 = a
(0)
2 e−iΩ2t +

iz

∆ω
a

(0)∗
1 a

(0)
3 ei(Ω1−Ω3−∆ω)t

a3 = a
(0)
3 e−iΩ3t +

iz

∆ω
a

(0)
1 a

(0)
2 ei(−Ω1−Ω2+∆ω)t

(2.9)

where

Ω1 =
z2

∆ω

(∣∣∣a(0)
3

∣∣∣2 − ∣∣∣a(0)
2

∣∣∣2)
Ω2 =

z2

∆ω

(∣∣∣a(0)
3

∣∣∣2 − ∣∣∣a(0)
1

∣∣∣2)
Ω3 =

z2

∆ω

(∣∣∣a(0)
1

∣∣∣2 +
∣∣∣a(0)

2

∣∣∣2) .
Further details of this expansion can be found in appendix A. Looking at equa-

tion (2.9), we can see that the fast linear oscillations given by ∆ω only contribute

to the amplitudes at order O
(

1
∆ω

)
. We also see that the absolute value of the

leading order term in the perturbation expansion is constant, with only a slow drift

in the phase depending on the detuning and the absolute value of the modes. The

absolute value of the modes is constant with small fast oscillations stemming from

the next to leading order term. No appreciable energy transfers can occur between

these modes through triad interactions in the limit of weak nonlinearity. In the

classical theory of wave turbulence a nonlinear near-identity change of coordinates

is performed to eliminate these non-resonant interactions from the equations, in

what is often referred to as a normal form transformation [33].
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2.1.2 Precession resonance

As the strict assumptions of statistical wave turbulence theory are not a good ap-

proximation for many physical systems, it is important to consider the behaviour

of nonlinear wave equations with finite wave amplitudes and finite domain size.

As we saw in the weakly nonlinear case for equation (2.2), there is a large sepa-

ration between the linear and nonlinear oscillations of the system, thus forbidding

interactions supporting energy transfers. However if we go beyond the weakly

nonlinear case and consider finite wave amplitudes, we can start to see new phe-

nomena manifest as the linear and nonlinear timescales become commensurate.

The phenomenon which we will be focusing on for this chapter is known as preces-

sion resonance, which was originally described in [40]. Precession resonance occurs

when the nonlinear frequencies of the system coincide with the linear frequencies

in such a way that a zero mode is formed in the evolution of the amplitude of the

Fourier mode.

To understand precession resonance we must first consider the equations in phase-

amplitude form, where

Ak = ξke
iφk (2.10)

where ξk ∈ [0,∞) and φk ∈ [0, 2π). To allow for phase precessions [40] (also known

as phase-slips [63]) we will consider φk ∈ (−∞,∞).

Upon transforming our equations to phase-amplitude form we find

ξ̇k =
∑
k1k2

Zk
k1k2

δk1+k2−kξk1ξk2 cosϕk
k1k2

, (2.11)

and

ϕ̇k3
k1k2

= sinϕk3
k1k2

ξk3ξk1ξk2

(
Zk1

k2k3

ξ2
k1

+
Zk2

k3k1

ξ2
k2

−
Zk3

k1k2

ξ2
k3

)
− ωk3

k1k2
+ NNTTk3

k1k2
(2.12)

where

ϕk
k1k2

= φk1 + φk2 − φk, k = k1 + k2. (2.13)

Looking at Equations (2.11) and (2.12), the Fourier phases in the evolution equa-

tions do not appear on their own; rather they appear in linear combinations forming

triads. The individual Fourier phases are slaves to the evolution of the Fourier triad

phases. This changes our concept of the degrees of freedom of the system. If we
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consider a system with N Fourier modes we have N−2 triad phases and N Fourier

amplitudes, giving a system with 2N − 2 dynamical degrees of freedom. A more

rigorous illustration of this can be seen in [16].

The term NNTTk3
k1k2

are the nearest neighbouring triad terms connected to the

triad k1 +k2 = k3. This term can be seen in full in [40]. To illustrate the form this

term takes, the neighbouring terms connected to k1 take the form

NNTTk3
k1k2

=
∑
k4,k5

sinϕk1
k4k5

ξk1ξk4ξk5

Zk1
k4k5

ξ2
k1

δk4+k5−k1 + . . . (2.14)

with similar terms for k2 and k3.

Looking at the evolution of equations (2.11) and (2.12), we can recover the expected

behaviour of the weakly nonlinear case. When the wave amplitudes are small, the

right hand side of equation (2.12) is dominated by the linear triad frequency, ωk1
k2k3

.

Therefore in equation (2.11), the cos(ωk1
k2k3

) would cause the evolution of the term

to average out to 0, so the only meaningful interactions occur when ωk1
k2k3

= 0.

However as we begin to consider scenarios outside of the weakly nonlinear regime,

when amplitudes are finite, we start to see new interesting behaviour.

We define the precession frequency as the local average

Ωk
k1k2

(t) ≡ (1/T )

∫ t+T

t

ϕ̇k
k1k2

(t′)dt′ (2.15)

where T is a suitably chosen timescale, larger than the typical nonlinear timescale.

Geometrically this corresponds to the frequency at which ϕk
k1k2

winds around the

origin. In the weakly nonlinear case this precession frequency is dominated by the

linear term, but if we extend our system beyond the weakly nonlinear limit and

start taking into account finite amplitudes, the nonlinear terms begin to contribute

to the dynamics and in particular to the precession frequency.

Looking at the right hand side of equation (2.11), we can see that if the character-

istic nonlinear frequency of nk1nk2 is commensurate with the precession frequency

Ωk
k1k2

we then get a zero mode in the evolution equation of nk which leads to sus-

tained growth. The strongest manifestation of this is the zero harmonic resonance,

where Ωk
k1k2

= 0. Geometrically this corresponds to the triad phase ϕk
k1k2

not wind-

ing around the origin at all, meaning that the average value of cos(ϕk
k1k2

) will be
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much further from 0 than in the weakly nonlinear case, allowing for stronger energy

transfers to occur in this triad.

It is clear from equation (2.11) that if this condition is satisfied then we obtain

strong growth in mode Ak. One of the remarkable things about precession reso-

nance is that we can always trigger this resonance simply by rescaling the initial

conditions by a constant α. As we increase α, the nonlinear contributions to equa-

tion (2.12) can become of the order of the linear part ωk3
k1k2

and cancel, resulting

in Ωk
k1k2

= 0. As the precession frequency of a triad depends on many terms of the

system, its value changes dynamically as the system evolves. In full PDE systems

precession resonance manifests itself as transient bursts of energy transfers between

modes interacting via nonresonant triads. These bursts occur when the precession

frequency becomes commensurate with the nonlinear frequency of oscillations of

the system over a finite time T . In a Galerkin truncated system, precession fre-

quency strongly depends on the number of truncated modes if the number of modes

is small. If we take the limit of the number of modes to infinity, the precession

frequency converges to the value corresponding to the full PDE.

2.1.3 Model reduction for precession resonance

We wish to construct the simplest system possible where we can observe the effect

of precession resonance. Our first port of call would be to see if we can observe this

behaviour in an isolated detuned triad. However, as demonstrated in Chapter 1

this system is integrable and its solution can be written in terms of Jacobi elliptic

functions. This system is too simple to demonstrate this resonant behaviour, so to

see precession resonance, we must consider a more complicated system.

A reduced model of particular interest in discrete wave turbulence theory would be

a system Galerkin truncated to four Fourier modes composing two triads connected

via two common modes. A visualisation of this system can be seen in figure 2.1. We

choose one of these triads to be resonant, where one triad frequency ω1+ω2−ω3 = 0

and the other ω2+ω3−ω4 6= 0. We will call the triad consisting of modes k1+k2 = k3

the main triad, as in this section its behaviour will drive the dynamics. The triad

k2 +k3 = k4 will be referred to as the target triad because we have constructed this

reduced model to study precession resonance to mode A4.
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Figure 2.1: Schematic of the simplest reduced model where precession reso-
nance can be observed.

This is an interesting system to investigate because in the context of discrete wave

turbulence theory, it corresponds to energy leaking from an isolated resonant triad

to a mode connected to it via a non-zero triad frequency. It corresponds to a strong

pathway for energy to be transferred in discrete wave turbulent systems when the

amplitudes become sufficiently large. Precession resonance can occur in this system

with arbitrary initial conditions for this model, however a particularly interesting

case is if we consider A4(0) = 0. This would imply energy leaking from this isolated

resonant triad to modes which were previously not present in the dynamics of the

system at all.

Putting a small parameter ε in front of the second triad interaction coefficients

allows us to match our results with the reduced model in [40].

Our equations are:

Ȧ1 = −iω1A1 + z1A
∗
2A3

Ȧ2 = −iω2A2 + z2A
∗
1A3 + εs2A

∗
3A4

Ȧ3 = −iω3A3 + z3A1A2 + εs3A
∗
2A4

Ȧ4 = −iω4A4 + εs4A2A3

ω3 = ω1 + ω2, ω4 6= ω2 + ω3 ,

(2.16)

our parameters being F = 1, β = 10, ε = 0.01, k1 = (1,−4), k2 = (1, 2), k3 =

(2,−2), and k4 = (3, 0), ωk3
k1k2

= 0 and ωk4
k2k3

= −8/9.
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Figure 2.2: Plots of the normalised function of time |A4(t)|/α, for initial con-
ditions from equation (2.17) in terms of the scaling parameter α taking different
values as in the legend. The resonant scaling value at α = αr ≈ 2.11 shows a

strong energy transfer to A4.

In order to search for precession resonance we will explore a set of initial conditions

for our variables Aj, j = 1, . . . , 4, of the form

A1(0) = (0.0245 + 0.001i)α,

A2(0) = (0.01 + 0.01i)α,

A3(0) = 0.02236α,

A4(0) = 0,

(2.17)

where, except for A4(0), the numerical coefficients were randomly chosen, and α

is our real scaling parameter. The size of the numerical coefficients was chosen

so that the linear terms in the equations dominate over the nonlinear terms when

|α| � 1.

In figure 2.2 we observe that as we get close to the exact scaling value (αr ≈ 2.11)

for the initial condition (2.17) which leads to precession resonance, our energy

transfer to mode A4 greatly increases. As we scale past that value, the energy

transfer efficiency becomes weak again.
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This phenomenon was described and studied in [40]. In this document we wish

to study the resonance in normal-form coordinates used in wave turbulence theory

to see if the resonance can manifest itself in the dynamics for the normal-form

coordinates. We also wish to better understand the geometric structure of the

resonance in state space.

2.1.4 Invariant Manifolds

Figure 2.3: For α ≈ αr ± 10−6 saddle node like behaviour can be seen around
the trajectory associated with precession resonance.

For near resonant values of our scaling parameter α, figure 2.3 shows saddle-node-

like behaviour. This suggests a dynamical systems point of view whereby resonant

trajectories in the reduced model could correspond to invariant manifolds such as

critical points or periodic orbits in state space. Figure 2.4 shows that, letting this

system evolve for a long time, the resonance corresponds to a trajectory that gets

close to a periodic orbit in state space and remains close for a while to then separate

from it. Motion around the periodic orbit corresponds to the plateau seen in the

left panel from t = 2000 to t = 6000. The bump around t = 7000 is the orbit being

ejected out the unstable manifold.

To gain more insight into the geometric structure of this resonance, we consider

how these manifolds manifest themselves in the state space. First, let us count

the number of degrees of freedom. Equations (2.16) represent 4 complex equations

for 4 complex variables. However, in terms of amplitude-phase representation, the
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Figure 2.4: Left panel: For α ≈ αr, A4 approaches a particular value. After
a time it is ejected along an unstable manifold. Right panel: Zooming into a
projection of the trajectory onto |A4|, ϕ3

12 and ϕ4
23, we can see that the orbit

approaches a periodic orbit.

phases appear only in two triad combinations so we can reduce the state space

to 6 dynamical variables. Second, we have two conserved quantities: energy and

enstrophy, defined as:

E =
4∑
i=1

(|ki|2 + F )|Ai|2

E =
4∑
i=1

|ki|2(|ki|2 + F )|Ai|2
(2.18)

which further reduces the dimension of the system by 2, leading to an effective

4-dimensional system.

In the previous Section we searched for resonances by re-scaling the initial condi-

tions by a constant. While this shows how simple it is to find these resonances,

it doesn’t shed any light on the structure of the periodic orbits in state space.

This prompts us to search for resonances contained in the invariant manifolds cor-

responding to fixed energy and enstrophy. To perform this search of resonances

constrained to fixed energy and enstrophy, we first proceed using the same re-

scaling technique as before with α until we trigger a resonance. For the same

initial conditions we used in Section 2.1 we found that resonance occurred at
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αr ≈ 2.114 giving resonant initial conditions to be A ≈ (0.0518 + 0.0021i, 0.0211 +

0.0211i, 0.0472, 0)T .

From these initial values we can now calculate the values for energy E = 0.0738 and

enstrophy E = 1.0097 from equation (2.18). We will fix these values and perform a

systematic search for resonances within the intersection of the manifolds E = 0.0738

and E = 1.0097. To start, choose as initial condition |A4 new| = |A4 old| + δ where

δ is a small positive number. We now vary the initial |A1|, solving for |A2| and

|A3| to make sure E and E are unchanged, until a new resonance point is found.

Throughout these searches we keep the initial complex phases unchanged. It was

found that changing the complex phases still leads to a periodic orbit that could

already be found using our current method, it would just shift the initial condition

to another location along the orbit. As for the phase of the initial A4, although

our first initial value was A4 = 0 and so arg(A4) was undefined, we have picked an

arbitrary value for arg(A4) when A4 6= 0 (in our case we chose arg(A4) = 0). The

systematic search produces a continuous curve representing the points of resonance

as can be seen in figure 2.5, top panel.

Figure 2.5 (bottom panel) shows the periodic orbits corresponding to some reso-

nance points chosen along the curve in Figure 2.5 (top panel). So the resonant

curve corresponds to a one-parameter family of periodic orbits. It is evident that

two directions in state space have zero Lyapunov exponent: the direction along

the periodic-orbit time evolution and the direction that connects the different pe-

riodic orbits. Since our system has 4 degrees of freedom and we already need to

have a stable and an unstable manifold to reach the periodic orbits, we conclude

that we can determine the structure and dimensions of all relevant manifolds in

state space. We have a one-dimensional stable manifold, a one-dimensional un-

stable manifold, and two neutral directions induced by the one-dimensional time

evolution along the periodic orbits and the one-dimensional direction along which

the periodic orbits are ordered. Moreover, from the fact that the original system is

volume-preserving, the Lyapunov exponents of the stable and unstable manifolds

are −Λ and Λ, respectively, with Λ > 0.

This gives us a clearer picture of precession resonance from a dynamical systems

point of view for this 4-mode model. Precession resonance occurs when our initial

condition is close to the stable manifold of a periodic orbit far from the origin.
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Figure 2.5: Top panel: A curve of initial values for |A1| and |A4| on the same
invariant energy and enstrophy manifolds that lead to precession resonance. The
points correspond to the periodic orbits plotted in the bottom panel, in the sense
that the initial condition implied by each point belongs to the stable manifold
of the corresponding periodic orbit. Bottom panel: A set of periodic orbits
associated with precession resonance on the same invariant manifolds. The orbits
from right to left correspond to the points from right to left on the top panel.

2.2 The Normal Form Transformation

We have seen in the 4-mode system that precession resonance can be understood

as a resonance between the linear and nonlinear oscillations of the system. In

classical wave turbulence theory a scale separation is assumed between linear and

nonlinear timescales so that non-resonant terms are eliminated from the equations

24



through normal form transformations. This raises the questions: Can precession

resonance manifest itself in normal-form coordinates? If yes, how does it do it?

For Hamiltonian wave systems, a canonical transformation for eliminating non-

resonant n-wave interactions has been well described in [25] and [27]. However,

as the Hamiltonian structure of the CHM equation requires both a non-canonical

Poisson bracket and a non-local transformation of coordinates [64], it is both easier

and more illustrative to calculate the normal form out of the evolution equations

directly. As was outlined in Chapter 1 we will use the method described in [52].

We start with a system of the form

Ȧ = JA + F (A)

where J is a matrix with constant valued elements and

F (A) = F (2)(A) + F (3)(A) + . . .

where F (n)(A) is a vector valued homogeneous polynomial of degree n. To eliminate

the second order nonlinearities, we perform a near identity transformation of the

form

A = B + h(2)(B)

where h(2) is an unknown function quadratic in components of B. Substituting this

into the original equation we get

Ḃ = JB + Jh(2)(B)−∇h(2)(B)JB + F (2)(B) + F̃ (3)(B) + . . .

In an ideal situation we would choose our h(2) such that

F (2)(B) = ∇h(2)(B)JB− Jh(2)(B)

however with the inclusion of resonant terms we cannot make such a choice. We

can however choose h(2)(B) such that

Jh(2)(B)−∇h(2)(B)JB + F (2)(B) = R(2)(B)

leaving just the resonant terms and eliminating all other terms of that order, leaving

higher order corrections.
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This leaves us with a new system of equations for B of the form:

Ḃ = JB +R(2)(B) + F̃ (3)(B) + . . .

where R(n)(B) are the resonant terms of order n (i.e. (n+1)-wave resonant interac-

tions). We can continue this transformation and eliminate higher order interactions

via

B = C + h(3)(C) + . . .

leading to

Ċ = JC +R(2)(C) +R(3)(C) + . . . .

We now transform equation (2.16) using this method in order to eliminate the

non-resonant nonlinearities, leaving corrections at the next order.

As a preliminary step we can just eliminate the non-resonant triads. The required

transformation is

A1 = B1

A2 = B2 −
is2B

∗
3B4

ω2 + ω3 − ω4

A3 = B3 −
is3B

∗
2B4

ω2 + ω3 − ω4

A4 = B4 +
is4B2B3

ω2 + ω3 − ω4

(2.19)

and the corresponding equations of motion for the new variables are:

Ḃ1 = −iω1B1 + z1B
∗
2B3 +O(|B|3)

Ḃ2 = −iω2B2 + z2B
∗
1B3 +O(|B|3)

Ḃ3 = −iω3B3 + z3B1B2 +O(|B|3)

Ḃ4 = −iω4B4 +O(|B|3)

(2.20)

If we substitute Bj in terms of the interaction representation, bj = Bje
iωjt, j =

1, . . . , 4, we see that the equations reduce to the isolated resonant triad for b1, b2

and b3, with b4 decoupled from these. We can clearly see that there is no resonant
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behaviour in mode b4.

We now transform the system to the next order by eliminating non-resonant quar-

tets. The transformation is

B1 = C1 −
z1 (C4C

∗2
2 s3 + C∗4C

2
3s2)

(ω2 + ω3 − ω4) 2

B2 = C2 +
C∗2C

∗
1C4 (s2z3 − s3z2)

(ω2 + ω3 − ω4) 2

B3 = C3 +
C∗3C1C4 (s3z2 − s2z3)

(ω2 + ω3 − ω4) 2

B4 = C4 +
s4 (C1C

2
2z3 + C∗1C

2
3z2)

(ω2 + ω3 − ω4) 2

(2.21)

and the new equations of motion are:

Ċ1 = −iω1C1 + z1C
∗
2C3 +O(|C|4)

Ċ2 = −iω2C2 + z2C
∗
1C3 +

is2C2

ω2 + ω3 − ω4

(
−s4|C3|2 + s3|C4|2

)
+O(|C|4)

Ċ3 = −iω3C3 + z3C1C2 +
is3C3

ω2 + ω3 − ω4

(
−s4|C2|2 + s2|C4|2

)
+O(|C|4)

Ċ4 = −iω4C4 +
is4C4

ω2 + ω3 − ω4

(
s3|C2|2 + s2|C3|2

)
+O(|C|4)

If we change to interaction representation variables via cj = Cje
iωjt, j = 1, . . . , 4,

we obtain the system

ċ1 = z1c
∗
2c3 +O(|c|4)

ċ2 = z2c
∗
1c3 +

is2c2

ω2 + ω3 − ω4

(
−s4|c3|2 + s3|c4|2

)
+O(|c|4)

ċ3 = z3c1c2 +
is3c3

ω2 + ω3 − ω4

(
−s4|c2|2 + s2|c4|2

)
+O(|c|4)

ċ4 =
is4c4

ω2 + ω3 − ω4

(
s3|c2|2 + s2|c3|2

)
+O(|c|4)

Discarding the terms of order O(|c|4 in the above equations of motion, we easily

see that |c4| is constant for all t. Also, the evolution of modes c1, c2, and c3 does

not depend on the phase of c4. Therefore c4 does not contribute to the dynamics of

the system, and can be found by quadrature a posteriori. Because of this we can
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reduce the dimension of the above dynamical system to 4 variables: c1, c2, c3 and

arg(c1c2c
∗
3). If we can find three independent first integrals of motion, we can then

integrate the system.

As we know, the isolated triad is integrable. We have reduced our system to the

isolated triad with quadratic nonlinear corrections to the frequencies corresponding

to the modes c2 and c3. These corrections do not change the energies of the individ-

ual modes c2 and c3. Therefore, we would expect to find constants of motion that

depend quadratically on the amplitudes, similar to the known “Manley-Rowe” in-

variants for the isolated triad. In fact, by direct inspection we obtain two quadratic

invariants:

I2 = z1|c2|2 − z2|c1|2 ,

I3 = z1|c3|2 − z3|c1|2 .

The third and final constant of motion is more difficult to find. After basing our

guess on the Hamiltonian of the isolated triad and some trial and error, the final

integral was found to be:

I4 = =(c1c2c
∗
3) +

s4

4ω4
23

(
s3

z2

|c2|4 −
s2

z3

|c3|4
)
. (2.22)

Thus our system is integrable. We can reduce our system into a one dimensional

potential equation. Define the variable

x(t) = |c1|2 . (2.23)

Then,

dx

dt
= 2Re(c∗1ċ1) = 2z1Re(c1c2c

∗
3)(

dx

dt

)2

= 4z2
1 [Re(c1c2c

∗
3)]2 = 4z2

1

(
|c1|2|c2|2|c3|2 − [=(c1c2c

∗
3)]2
)
,
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(
dx

dt

)2

=4x(I2 + z2x)(I3 + z3x)

− 4z2
1

(
I4 +

s4

4ω4
23

(
s2

z2
1z3

(I3 + z3x)4 − s3

z2
1z2

(I2 + z2x)4

))2

.
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Figure 2.6: Top panel: Comparison of |A4|2 calculated from the original equa-
tions and the transformed equations with α < αr. Bottom panel: Comparison of
|A4|2 calculated from the original equations and the transformed equations with

α ≈ αr.

Comparing the solution of the resonant quartet normal equations transformed back

to our original variables shows wildly different behaviour to the numerical solution
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to the original equations near the point of resonance as can be seen in figure 2.6.

As our transformation is a power series, this suggests that there is an issue of

convergence with the transformation around the point of resonance.

2.3 Convergence of the transformation

In classical wave turbulence theory a weakly nonlinear regime with infinitesimal

amplitudes is considered so the system should be inside the region of convergence

of the normal-form transformation as long as the region of convergence is non

zero. The problem is that the region of convergence is not known a priori. While

the theory of wave turbulence has been successful at describing the dynamics of

many wave turbulent systems [33], every physical system must have some finite

amplitude so the limit of small amplitudes is not always a good assumption. The

normal-form transformation is a power series in the Fourier modes of the system

so, formally, in the limit of small amplitudes one would expect a large separation

between successive terms of the series. However, a more quantitative study is

required in order to assess convergence in a robust manner, leading to a region of

convergence beyond the limit of weak nonlinearity.

Furthermore, to better quantify this region of convergence in the context of the

behaviour of the full system, we wish to compare it to phenomena that can only

manifest in finite amplitude regimes. For the purposes of this chapter, we shall

look at the relationship between the region of convergence of the normal form

transformation and precession resonance.

To study the convergence we look at the relative sizes of the terms in the expansion.

We can express the normal form transformation as:

B = A + G(2)(A) + G(3)(A) + . . . (2.24)

where A = (A1, A2, A3, A4)T , B = (B1, B2, B3, B4)T and G(n)(A) is a vector whose

components are monomials of degree n of the components of A.

To quantify the rate of convergence of the power series we first need to consider how

small our terms become with increasing order within the domain of convergence.

As the normal form transformation is a power series, we expect that in the domain
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of convergence the size of G(n) decreases exponentially with respect to increasing

order, i.e.

‖G(n)‖ ∼ eλn,

where λ is our rate of convergence and ‖ · ‖ denotes an appropriately defined norm.

As our G(n)’s are vector valued functions, there is a certain amount of arbitrariness

to how we choose our norm to determine the size of our terms. As our reduced

system is based on a physical system, it makes sense to use a norm based on a

physical quantity. In our case we choose to base our norm in terms of the energy

of the system, E =
∑4

i=1(|ki|2 + F )|Ai|2, i.e. ‖x‖2 =
∑4

i=1(|ki|2 + F )|xi|2.

Within the domain of convergence λ should be negative. We wish to study the

convergence of the normal form transformation at a set of initial conditions and

along a trajectory for specific initial conditions. We use the ratio test to determine

whether the series converges or not. We do this numerically by performing a linear

regression on log
(
‖G(n)‖

)
as a function of n. We choose to look at log

(
‖G(n)‖

)
because our terms decrease in size exponentially as a function of n in the region

of convergence. The slope of our regression line corresponds to λ, our rate of

convergence.

Taking our numerical regression with terms in the expansion up to order n = 7,

in figure 2.7 on the top we can see that by increasing the scaling factor α in front

of our amplitudes, taken from equation (2.17), our rate of exponential convergence

becomes slower and slower until at α ≈ 2.18 the transformation begins to diverge.

For α < 2.01 and α > 2.38 we found excellent regressions, with the coefficient

of determination satisfying R2 > 0.95. As we approach the point of divergence

for α, the slope becomes more shallow and so the coefficient of determination

becomes smaller. However due to the high value of the coefficient of determination

when α < 2.01 and α > 2.38 we can say that this test is appropriate to quantify

the convergence or divergence of the transformation. Since our numerics strongly

suggest that the transformation converges for α < 2.01 and diverges for α > 2.38,

we can say that the point of divergence lies somewhere in 2.01 < α < 2.38. Also,

we note that for α = 1 the coefficient of determination is R2 = 0.9994, showing very

good fit in the regions of convergence far away from the point of divergence. Here

we have a quantitative measure for the radius of convergence of the transformation

for a particular set of initial conditions. Interestingly, the transformation appears

to remain convergent for amplitudes which are decidedly not weakly nonlinear.

Take for example the case where α = 1.5. Here our coefficient of determination is
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Figure 2.7: Top panel: Rate of exponential convergence of the normal-form
transformation as a function of the initial condition’s scaling parameter α. Bot-
tom panel: Exponential rate of convergence for a given trajectory in time. Here

we use the same initial conditions as figure 2.2.

R2 = 0.997 implying that we have a good measure for convergence. Looking at the

norm of terms in the transformation at this amplitude we find that ‖G(2)(αA)‖ =

4.5×10−5 and ‖G(3)(αA)‖ = 2.86×10−5. Even though these terms are at different

orders, there is not a large separation between the two terms. Numerically, the

transformation appears to still converge here even though we are outside the realm

of weak nonlinearity.

Upon looking at the value of the scaling parameter where the transformation di-

verges for this initial condition, we see that this value, α = 2.18, is very close to the

scaling value required for the precession resonance that we found in Section 2.1.

In figure 2.7 (bottom panel) we can see that, along the trajectory obtained from

the initial condition given by equation (2.17) with α = 0.8505, the calculated rate
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of convergence oscillates, although it does not change drastically over the course

of the whole run. This will undoubtedly introduce some uncertainty in calculating

our value for the rate of convergence for a given trajectory, however for what we

want to say it is only necessary to have an approximate idea of the region of con-

vergence, so using the calculated rate of convergence at our chosen initial condition

is sufficient.
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Figure 2.8: Top panel: Boundary of the region of convergence for the normal
form transformation (green meshed opaque surface), and set of initial conditions
which lead to precession resonance (red unmeshed semi-transparent surface).
Bottom panel: Distribution of the relative difference between the manifold of

precession resonance and the boundary of convergence.
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Extending this to more general initial conditions, or more specifically to more gen-

eral points in state space, we wish to compare the region of state space where the

normal form transformation diverges, with the set of points where precession reso-

nance occurs, by varying |A1|, |A2| and |A3| while keeping |A4(0)| = 0 and keeping

the same phases as calculated from equation (2.17). Since we are investigating

precession resonance to A4, we perform a search over the state-space region where

|A1| > |A2| and |A1| > |A3| so that the energy transfer from A1 to A4 is favoured.

To make the search for precession resonance in the space of |A1|, |A2|, |A3| consistent

with how we first detected it in Section 2.1.2, we search for the resonance in rays,

i.e., lines in the space |A1|, |A2|, |A3| that pass through the origin. To do this we

choose a representative point on the ray, and then uniformly rescale this point until

precession resonance is found. This allows us to calculate the initial condition along

the ray which leads to precession resonance. We then compare this to the point

along the ray at which the rate of convergence becomes zero. From here, we can

then construct the surface of initial conditions which lead to precession resonance

and the boundary of the region of convergence by considering a sufficient number

of independent rays in the space of |A1|, |A2|, |A3|. The result is shown in figure 2.8:

in the top panel, the green meshed surface marks the boundary between the region

of convergence and divergence and the red semi-transparent surface shows the set

of initial conditions that lead to precession resonance in the original dynamical sys-

tem. At a first glance it seems that these two surfaces are qualitatively different;

however, the important fact to note is that they are quantitatively close in terms

of relative distance. This can be seen in the bottom panel of Figure 2.8. There is

a strong peak around 0 with a standard deviation of σ = 0.05, suggesting a strong

correlation between precession resonance and the divergence of the transformation.

Seeing that precession resonance occurs quite often at or outside the boundary of

convergence of the normal form transformation, we can infer that the resonance

cannot be captured by the transformation at these points. However consideration

is needed for the points on the manifold of resonance which are inside the region of

convergence. Firstly as we have seen from Figure 2.7 our calculated rate of conver-

gence varies somewhat over the trajectory. If we take our initial conditions from

Section 2.1 we can see that precession resonance occurs within our calculated region

of convergence from figure 2.9 for these particular initial conditions. However the

rate of convergence at this initial value is very slow, and at points of the trajectory

the transformation becomes divergent. So if this initial condition which leads to

precession resonance is in the region of convergence of the transformation, it would

require many terms to be accurately described. The fastest convergence we have
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Figure 2.9: Top panel: For a given initial condition of the form of equation
(2.17), the point of resonance (α ≈ 2.11) is close to the calculated point of
divergence (α ≈ 2.18), but is still within the calculated region of convergence.
Bottom panel: Even though the initial condition from equation (2.17) is within
our calculated region of convergence, the actual rate of convergence at the initial
condition is very slow, and moreover the actual trajectory repeatedly enters the

region of divergence.

on this trajectory is λ = −0.05, which would require computing the transformation

to order n ≈ 46 for our error to be 10%. To check the feasibility of calculating the

normal form transformation up to order n = 46, we count the number of terms that

on the right hand side of the evolution equations at each order and then perform

linear regression on the log of the number of terms. We found that the number

of terms at order n ∼ e1.01n , which would imply that n = 46 would have of the
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order of 1020 terms, which would be unfeasible to calculate. Because it is computa-

tionally difficult to compute the transformation for orders higher than 4 for a full

system, it would be impossible for precession resonance to manifest itself in normal

coordinates in the usual theory.

2.4 Chapter summary

In this chapter we perform a quantitative study of the region of convergence of

the normal form transformation for a 4-mode Galerkin truncation of the CHM

equation, and compare it to the amplitudes at which precession resonance occurs,

a finite-amplitude phenomenon characterised by strong energy transfers first in-

troduced in [40]. The normal form transformation appears to be well behaved in

regimes where the nonlinear frequencies are far smaller than the linear frequencies,

but this study of a low dimensional system gives us insight into how the normal

form transformation might break down as the amplitudes are set beyond the weakly

nonlinear limit. We made this study more tractable by classifying the manifolds

associated with precession resonance in a 4-mode reduced model of the CHM equa-

tion. In our reduced model, we found that the region of convergence of the normal

form transformation is a region of finite amplitudes. Our numerical calculations

provide robust evidence of exponential convergence over 7 orders, with excellent

coefficients of determination (R2 > 0.95), suggesting that the transformation does

not necessarily require the limit of small amplitudes in order to converge. There

also appears to be a strong relationship between the amplitudes at which precession

resonance occurs and the points at which the normal form transformation diverges.

Although the rate of convergence varying over a trajectory means there will be a

certain amount of uncertainty in choosing the exact scaling which causes divergence

in the transformation, in fact it is not fully necessary to pinpoint exactly the region

of convergence of the transformation in order to conclude that the scales at which

precession resonance occurs are too large to be captured in the transformation.

This notion makes intuitive sense, as precession resonance occurs when the linear

timescales become commensurate with the characteristic nonlinear timescales of the

system, which would suggest that the nonlinear terms in the evolution equations

would become commensurate with the linear terms, thus suggesting that a power

series in these variables would diverge.
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From a dynamical systems point of view, our work shows that the region of con-

vergence of the normal form transformation in this Galerkin truncated system is

strongly related to the stable manifold associated with precession resonance. For

more general systems in higher dimensions, knowledge of the transformation could

allow us to know approximate initial conditions which lead to precession resonance

a priori and without needing to use the amplitude scaling search done in this

chapter and in [40]. These results shed some light on the dynamics at intermediate

nonlinearity, and provide a step further to bridge the gap between strong and weak

nonlinearity.
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Chapter 3

Linking triad precession resonance

with quartet quasiresonances via

the deformation of triad detunings

In the previous chapter we studied the phenomenon precession resonance in a par-

ticular reduced model composed of two triads, one resonant and one nonresonant,

connected by two common modes. This model is of particular interest as it demon-

strates one of the most interesting facets of precession resonance: energy leaking

away from the resonant triads via finite amplitude nonresonant interactions. At an

appropriate amplitude the nonresonant triad was able to dominate over the dynam-

ics of the resonant triad, allowing for energy to be leaked from interconnected webs

of resonant interactions in an efficient way. This is an important case to study, as

resonant triads drive the dynamics of discrete wave turbulent systems at low ampli-

tudes. Thus understanding how triads begin to leak energy at higher amplitudes is

a key step to understanding the overall picture of intermediate nonlinearity in dis-

crete wave turbulent systems. Having said that, considering how the nonresonant

triads begin to drive the interesting dynamics at these finite amplitudes, studying

the interaction between two nonresonant triads is a logical step to make. This is

because the amount of nonresonant triad interactions that occur in a quadratically

nonlinear system far outnumber the amount of resonant interactions. Consider a

box of N Fourier modes. The total number of triads in a system scales like N2

while the total number resonant triads scales like N . From the point of view of

continuous k-space, the resonant triads form a submanifold of the total set of tri-

ads. Understanding how the interactions between nonresonant triads occur when
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the wave amplitudes become finite is key to understanding they overall dynamics

of the system at finite amplitudes when quasiresonance become favoured.

Furthermore, interactions between nonresonant triads are of importance in discrete

systems when the condition for resonance cannot be satisfied for integer solutions.

For example, consider a system of capillary waves [44]. The dispersion relation for

this system is defined as

ω(k) =
√
σk3/2 (3.1)

where σ is the coefficient for surface tension. This system is dominated by three

wave resonances, however for this case with integer wavevectors, these equations

have no solutions [65, 66]. Another example is the case of the CHM equation with

parameter F ∈ R \ Q. For integer wavevectors and irrational F , it is impossi-

ble to satisfy the resonance condition [9]. In these three wave systems at finite

amplitudes understanding the dynamics of the quasiresonances is instrumental to

understanding the dynamics of the system.

In this chapter we expand upon our previous truncated model consisting of four

Fourier modes forming two triads. We will now consider the case where both tri-

ads are nonresonant to see how precession resonance manifests itself without the

presence of a resonant triad. In Section 3.1 we consider our reduced model with a

small parameter ε in front of the contributing terms of the target triad. This allows

us to use the analytical solution of the isolated detuned triad equations to find ex-

plicit expressions for the nonlinear oscillation frequency and precession frequency

as well as conditions for precession resonance for two general nonresonant triads.

Following this in Section 3.2 we consider the fully interacting four mode system

and investigate how precession resonance changes as a function of the frequency of

the main triad and the scaling amplitude of the initial conditions. We see that for

a range of frequencies of the main triad, we observe resonant behaviour at varying

amplitudes. Then in Section 3.3 we then consider the limiting case where ampli-

tudes are small but the difference between linear frequencies is of the order of the

nonlinear frequency of oscillation. When applying the normal form transformation

to this system, we will see that the linear frequency mismatch will appear at the

same order as the nonlinear oscillations attributed to quartet interactions. As our

amplitudes are small we are able to eliminate nonresonant terms from the equations

via a normal form transformation. The small difference between our linear frequen-

cies form a quasiresonant triad which cannot be eliminated by the transformation.

In Section 3.4 we summarise our findings and give our concluding remarks on our
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new insights into our more general description of precession resonance, and how it

is linked to quasiresonances.

3.1 Generalised reduced model: detuning defor-

mation and precession resonance

To begin with we refer back to the reduced model given by equation (2.16) that

we studied in Chapter 2, generalising this by considering the two triads to be

nonresonant. Our equations now take the form

Ȧ1 = −iω1A1 + z1A
∗
2A3

Ȧ2 = −iω2A2 + z2A
∗
1A3 + εs2A

∗
3A4

Ȧ3 = −iω3A3 + z3A1A2 + εs3A
∗
2A4

Ȧ4 = −iω4A4 + εs4A2A3

ω3 6= ω1 + ω2 ω4 6= ω2 + ω3

(3.2)

Looking at our definition of precession resonance in Section 2.1, the argument

for the resonance remains the same with the inclusion of this extra linear triad

frequency. The main effect it will have is changing the nonlinear frequency of oscil-

lation of the main triad, which will in turn change the scaling amplitude necessary

to trigger the resonance. The quantitative measure of the effect that the inclusion

of this extra linear frequency will be the focus of this chapter.

A small parameter ε was included in front of the second triad so that we could

calculate the conditions to trigger precession resonance semi-analytically from the

solution of the isolated triad. We now consider a perturbation expansion in powers

of ε. At O(1), we find the equations reduce to the isolated triad equations. As we

saw in Chapter 1, the isolated triad equations take the form:

Ȧ1 = −iω1A1 + z1A
∗
2A3

Ȧ2 = −iω2A2 + z2A
∗
1A3

Ȧ3 = −iω3A3 + z3A1A2.

(3.3)

To solve equation (3.3), we must find enough integrals of motion so that we can

integrate the system. This will be similar to what was done in Section 2.2, however

for this case we will be finding the solution of the system explicitly to gain a
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better understanding of precession frequency in the case of two nonresonant triads.

Equation (3.3) is a set of three equations for three complex variables, so at a first

glance there appears to be 6 degrees of freedom in the system. However if we return

to equation (2.12) we see that the true dynamical variables of the system are given

by the triad phases, not the individual phases. As our system has three amplitudes

and one triad phase, we can reduce the dimension of the system from 6 to 4. If

we convert the equations into phase amplitude form we obtain a better view of

these dynamical variables of the system. Performing a change of variable such that

Aj = ξje
iφj , we obtain the equations

ξ̇1 = z1ξ2ξ3 cos(ϕ3
12)

ξ̇2 = z2ξ1ξ3 cos(ϕ3
12)

ξ̇3 = z3ξ1ξ2 cos(ϕ3
12)

ϕ̇3
12 = −ω3

12 + ξ1ξ2ξ3 sin(ϕ3
12)

(
z1

ξ2
1

+
z2

ξ2
2

+
z3

ξ2
3

) (3.4)

where ϕ3
12 = φ3−φ1−φ2. Finding three integrals of motion from here will allow us

to integrate the system. The simplest constants of motion in this system are the

Manley-Rowe relations [31], defined by

I1 = z1ξ
2
3 − z3ξ

2
1

I2 = z2ξ
2
3 − z3ξ

2
2 .

(3.5)

To integrate the system we require one more constant of motion which is

Hj = ξ1ξ2ξ3 sin(ϕ3
12)− ω3

12

ξ2
j

2zj
(3.6)

for j = 1, 2, 3. Any choice for j here will give us the third independent constant

of motion. Using these constants of motion to reduce the dimension of the system,

we are going to integrate the equations following the method and notation of [15].

Firstly we define a new function X(t) as:

X(t) =
ξ1(t)2 − ξ1(0)2

z1

=
ξ2(t)2 − ξ2(0)2

z2

=
ξ3(t)2 − ξ3(0)2

z3

. (3.7)
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The evolution of X(t) can be described as the motion of a particle trapped in a

potential, we can write this as

1

2

(
dX(t)

dt

)2

+ V (X(t)) = 0 (3.8)

where

V (X) = −2(z1X + ξ1(0)2)(z2X + ξ2(0)2)(z3X + ξ3(0)2)

−(Hj + 1
2
ω3

12(zjX + ξj(0)2))2

(3.9)

with any choice of j = 1, 2, 3. This is outlined in Appendix B. For the sake of

simplicity, we are going to take z1 = z2 = 1 and z3 = −1. This can be done

through a rescaling of amplitudes without loss of generality.

Integrating equation (3.8) directly, we find that the solution takes the form:

X(t) = (β2 − β1)sn2(
√
β1 − β3t+ θ0|m) + β1. (3.10)

where β1 > β2 > β3 are the roots of the potential V (X), and

θ0 = sn−1

(√
β1

β1 − β2

|m

)
, m =

√
β1 − β2

β1 − β3

. (3.11)

where sn(x|k) is a Jacobi elliptic function and sn−1(x|k) is its inverse. As all

the amplitudes of the system depend on the evolution of X(t), the frequency of

oscillation of X(t) determines the nonlinear frequency of oscillation of the whole

system. We will call this nonlinear frequency of oscillation Γ. An expression for Γ

is derived explicitly in [67].

To find an expression for the precession we need to consider the evolution equation

for ϕ4
23:

ϕ̇4
23 = −ω4

23 + sin(ϕ3
12)

(
ξ1ξ3

ξ2

+
ξ1ξ2

ξ3

)
+ ε sin(ϕ4

23)

(
s′2ξ3ξ4

ξ2

+
s′3ξ2ξ3

ξ3

− s′4ξ2ξ3

ξ4

)
.

(3.12)

where s′j are the new interaction coefficients of the target triad after we rescaled

our amplitudes so that z1 = z2 = 1 and z3 = −1. Again, we consider only the O(1)

term, meaning our right hand side only contains the variables ξ1, ξ2, ξ3 and ϕ3
12.

We can then use the solution of the detuned triad equations in our calculations.
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To simplify this expression we can use constants of motion of the isolated triad

equations. We can write our three linearly independent constants as:

ϕ̇4
23 = −ω4

23 + ξ1ξ2ξ3 sin(ϕ3
12)

(
1

ξ2
2

+
1

ξ2
3

)
ϕ̇4

23 = −ω4
23 +

H2

ξ2
2

+
H3

ξ2
3

(3.13)

As we can see from equation (3.13), the evolution of ϕ4
23 is given by the solu-

tion to the isolated detuned triad. Given that the isolated triad is periodic with

period T = 2π
Γ

, we can reduce the calculation of the precession frequency to

Ω4
23 = 1

T

∫ T
0
ϕ̇4

23(t′)dt′. We have the solutions of ξj, j = 1, 2, 3 in terms of Ja-

cobi elliptic functions, so we can integrate these to find an analytic expression for

ϕ4
23. The difficulty integrating equation (3.13) lies in the terms

Hj

ξ2
j

. As these two

terms are very similar, to illustrate we will first just integrate
H2

ξ2
2

:

∫ t

0

H2

ξ2(t′)2
dt′ =

H2 Π
(

β1−β2
β1+ξ2(0)2

; am (γt− θ0|m)
∣∣∣m) dn (γt− θ0|m)

γ(β1 + ξ2(0)2)
√

1−m sn2 (γt− θ0|m)
(3.14)

where γ =
√
β1 − β3. Π is the incomplete elliptic integral of the third kind, sn

and dn are Jacobi elliptic functions and am is the Jacobi amplitude. A similar

expression can also be found for ξ3. We then can write the precession frequency as:

Ω4
23 = −ω4

23 +
1

T

∫ T

0

H2

ξ2(t′)2
dt′ +

1

T

∫ T

0

H3

ξ3(t′)2
dt′ (3.15)

where the solutions of the integrals are found from equation (3.14).

Looking at Figure 3.1 on the bottom we can see at a certain value for α, we get

a jump in precession. This comes from the term
∫ T

0
H2

ξ22
dt. As α → α∗, (α∗ being

the value at which the jump occurs), we find β1−β2
β1+ξ22(0)

→ 1. At this value, Π(1;φ|m)

becomes singular, however at the same time, as α → α∗ we find in the numerator

that H2 → 0. Looking at the limit as α → α∗ at the whole term, we find that

the solution is bounded, i.e. the singularity is removable. However as the sign of

H2 changes the sign of
∫ T

0
z2H2

ξ22
dt also changes. In other systems, these jumps in

precession are also known as phase-slips [63].

Although we have analytic expressions for the precession frequency and precession

jumps, working with these special functions can often be more trouble than it’s
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Figure 3.1: Top Panel: The value of the first argument of Π(n;φ|m). The
dot marks the maximum value, n attains for rescaling α. Bottom Panel: The
evolution of NL(φ2) =

∫ t
0
H2

ξ22
dt′ as a function of t. When n reaches its maximum

of 1, the sign of NL(φ2) changes.

worth. A simpler way to think about how these jumps in precession occur is by

considering how their orbits manifest themselves in state space. For a jump in

precession to occur, we need one of the Fourier amplitudes Aj to pass through

the origin. Looking at equations (3.7) and (3.9) for one of our amplitudes to

pass through the origin, A2 say, we would need X(t) = −ξ2(0)2 be a root of our

potential V (X(t)), because the value of X(t) oscillates between the two largest
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roots. Inspecting V (X(t)), this requires H2 = 0. Our one last requirement is that

the root X(t) = −ξ2(0)2 is not the smallest root. The condition for this is:

ξ2
2 >−

√
(4ξ2

3 − 4ξ2
1 − (ω4

2)2) 2 + 16 (4ξ2
1ξ

2
3 − ξ2

2(ω4
23)2)

8

+
ξ2

1

2
+
ξ2

3

2
+

(ω4
23)2

8
.

(3.16)

Understanding when and where these jumps in precession occur is necessary for

matching the nonlinear frequencies of the system with the precession frequency.

We can roughly express the precession frequency as:

Ω4
23 = −ω4

23 +N(α) + s(α, ω3
12)Γ (3.17)

whereN(α) is the nonlinear contributions to the precession not attributed to jumps,

and s(α, ω3
12) is either 0 or 1, depending on whether the amplitudes are large enough

for one of the amplitudes to wind around the origin. Looking at two limiting cases,

we can see how the precession frequency behaves differently in different regimes.

For the case where ω3
12 = 0, we have that s(α, 0) = 0. This is consistent with

what was described in [40]. If we consider the case where ω3
12 ≈ ω4

23 and small

amplitudes we have s(α, ω3
12) = 1. For small amplitudes we have that Γ ≈ ω3

12

so we have Ω4
23 = −ω4

23 + ω3
12 + N(α). If −ω4

23 + ω3
12 is sufficiently small and of

the correct sign, we can choose an α such that Ω4
23 = 0, thus triggering precession

resonance at small amplitudes. That is, it will show that precession resonance can

be interpreted within the framework of weakly nonlinear interactions. We will be

investigating this case in more detail in Section 3.3.

3.2 Analysis of the finite amplitude resonant man-

ifold by numerical simulation of the reduced

model

The semianalytic solutions from the previous section give a good idea of this four

mode system behaves, however to understand the true behaviour of the system we

need to investigate the case where ε = 1, so that our second triad is fully active
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in the dynamics. Specifically, we wish to see how the system’s behaviour changes

when we treat one of the linear triad frequencies as a parameter we can vary. We

transform equation (3.2) into interaction representation, and allow ω4
23 = 1 and

ω3
12 = µ to be the parameter we can vary. We can do this without loss of generality

since we can rescale time t to change our value for ω4
23. After this our equations

become:

Ȧ1 = z1A
∗
2A3e

−iµt

Ȧ2 = z2A
∗
1A3e

−iµt + s2A
∗
3A4e

−it

Ȧ3 = z3A1A2e
iµt + s3A

∗
2A4e

−it

Ȧ4 = s4A2A3e
it

(3.18)

In equations (3.18), when µ = 0 we have the original system that was studied in

Chapter 2 and first defined in [40]. We wish to probe the precession resonance

mechanism using the same method as was used in [40] for varying values of our

parameter µ. That is, by letting A4(0) = 0 and by choosing arbitrary initial

conditions for our other three modes which we can scale by a constant α. Our

parameters used are z1 = −1, z1 = −9, z3 = 8, , s2 = 1, s3 = −8/3 and s4 = 9/5.

Our initial conditions are:

A1(0) = (0.0245 + 0.001i)α, A2(0) = (0.01 + 0.01i)α,

A3(0) = 0.02236α, A4(0) = 0,
(3.19)

In Figure 3.2 we can see that for a given value of µ there is a peak in the

energy transferred to A4 given by our rescaling parameter, α. If we consider the

vertical slice where µ = 0, we have the original case of precession resonance. As

we vary µ away from 0, we see precession resonance persists when we extend our

system to cases where we have two non-resonant triads. The parameters which

lead to resonance are shown by the bright ring centred around (α, µ) = (0, 0).

At µ = 0, we see that the amplitude required to trigger precession resonance is

maximised for these parameters. In the case of µ = 1, or ω3
12 = ω4

23, we have

ω3−ω1−ω2 = ω4−ω2−ω3. In other words, 2ω3−ω1−ω4 = 0 which is a four-wave

resonance. If we consider the case where µ = −1 we end up with the four-wave

resonance 2ω2 + ω1 − ω4.

This is an interesting result because in the limit of these cases, the required scaling

amplitude for precession resonance tends to 0. Therefore in the limit as µ → ±1,

precession resonance tends to a classical four-wave resonance. Figure 3.3 supports
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Figure 3.2: The amount of energy transferred to A4 as a function of scaling
amplitude α and parameter µ.

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

■

■

■

■

■

■■
■
■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■

◆

◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆

▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲

● μ = -1

■ μ = -0.99

◆ μ = -0.95

▲ μ = -0.9

0.5 1.0 1.5 2.0 2.5 3.0
α

5.×10-4

0.001

0.005

0.010

max(|A4 |/α)

Figure 3.3: A plot of the maximum energy attained over a simulation versus
the scaling parameter α. Quasiresonances display more efficient energy transfer

at finite amplitudes.
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Figure 3.4: A zoom on how the energy transfer to the target mode changes
around µ = −1. Precession resonance cannot be seen when µ < −1.

this assertion. In the limit of small amplitudes, i.e. α→ 0, we see that the value for

µ which supports the most efficient energy transfers to the target mode is µ = −1.

This corresponds to the exact four-wave resonance. For the slightly detuned values,

the efficiency of energy transfer to the target modes is much lessened in the limit

of small amplitudes. This is in line with what one would expect from weakly

nonlinear wave interactions. However, once we begin to consider the prospect of

finite amplitudes we can see that the exactly resonant case of µ = −1 no longer

gives us the most efficient energy transfers. We find that for small detuning, we are

able to scale our amplitudes so that we can trigger precession resonance. As the

difference between ω3
12 and ω4

23 becomes smaller, the amplitude required to trigger

precession resonance also becomes smaller.

Interestingly, precession resonance is not present when we consider −1 > µ > 1.

Looking at figure 3.4, we can see that for values of µ < −1, there is no finite

amplitude which leads to efficient energy transfer to the target mode. However we

can clearly see that for µ > −1, the precession resonance phenomenon is present.

As was outlined in Chapter 2, precession resonance in this four mode reduced

model manifests itself as a periodic orbit in state space. This could imply that at

the points µ = ±1 these periodic orbits are possibly undergoing a bifurcation.

Looking at Figure 3.3 on the right we can compare the efficiency of the energy

transfer to A4 for different values of µ near one of the four-wave resonances. When
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we have µ = −1, (when we are on the resonance), we get consistent energy transfer

as α → 0. However for µ > −1 (when we are near resonance), we get stronger

energy transfers to the target mode for finite amplitudes. We can see that in the

limit of small amplitudes, the exact 4-wave resonance leads to the most efficient

transfers. However, when we consider finite amplitude behaviour, we are able to

find more efficient energy transfers to the target mode near a 4-wave resonance.

While it’s not necessarily surprising that the resonant surface will be shifted with

respect to the zero limit when considering finite amplitudes, we can now quantify

this shift from the point of view of precession resonance.

3.3 Analysis of the resonant manifold around the

zero amplitude state via normal form trans-

formations and quasiresonances

We can see from Figure 3.2 that near the case where µ ≈ ±1, i.e., when ω4
23 ≈

±ω3
12, we are able to hit resonant behaviour for relatively small values of α. This

means that we might be able to investigate this resonant behaviour while still

considering small amplitudes and weakly nonlinear behaviour. To quantify the

weak nonlinearity in the system, we consider our scaling parameter α to be small.

We set up the equations so that our amplitudes remain weakly nonlinear and our

linear detunings ω3
12 and ω4

23 are large. As the linear and nonlinear frequencies

of the system are greatly separated, we can use the method of normal forms [52]

to transform the equations to a form which is simpler to study while keeping the

relevant dynamics. We stipulate a priori that ω4
23 − ω3

12 is of the same size as

the nonlinear oscillations of the system. In the weakly nonlinear case for these

equations, the nonlinear oscillations of the system are of order O(α2). Therefore

we can allow ω3
12 − ω4

23 = δ ∼ O(α2) so that we can investigate the interaction

between our nonlinear timescales and our new slow composite linear timescale, δ.
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Upon performing the normal form transformation, we find the following equations:

dB1

dt
= −iω1B1 +

iz1

ω3
12

(z3 |B2 | 2 + z2 |B3 | 2)B1 +
is2z1

ω4
23

B∗4B
2
3

dB2

dt
= −iω2B2 − i

(
z2

ω3
12

(
z3|B1|2 + z1|B3|2

)
+

s2

ω4
23

(
s4|B3|2 + s3|B4|2

))
B2

dB3

dt
= −iω3B3+i

(
z3

ω3
12

(
z2|B1|2 + z1|B2|2

)
− s3

ω4
23

(
s4|B2|2 + s2|B4|2

))
B3

+i

(
s2z3

ω4
23

− s3z2

ω3
12

)
B1B

∗
3B4

dB4

dt
= −iω4B4 + i

s4

ω4
23

(
s3|B2|2 + s2|B3|2

)
B4 +

iz2s4

ω3
12

B∗1B
2
3

(3.20)

These equations are calculated using the same method from Section 2.2. The terms

on the right hand side of the form |Bi|2Bj are degenerate quartet terms which only

affect the phases. The extra cubic terms on the right hand side are contributions

from the quartet k1 + k4 = 2k3. These appear because the corresponding quartet

frequency, ω1 +ω4−2ω3 = ω3
12−ω4

23 = δ, is too small to be eliminated. These terms

can be thought of as quasiresonances [13, 68]. The usual formulation of quasires-

onances involves considering interactions where frequency mismatch is less than a

certain value, often referred to as the resonance broadening. That is interactions

where

k1 ± k2 ± . . .± kn = 0, |ωk1 ± ωk2 ± . . .± ωkn| < δω. (3.21)

One way to think about it is that the resonant manifold is “broadened” to have

width δω [41–44]. For finite amplitude systems the nonlinear oscillations may be

fast enough for these quasiresonances to contribute to the overall dynamics of the

system, so we need to treat them with care. If we rescale time t→ ω3
12t and replace

ω4
23 with ω3

12 we can simplify our equations further. We can do this because the

errors generated from replacing ω4
23 with ω3

12 are absorbed by the higher order terms

that have already been generated by the normal form transformation. Converting

these equations into interaction representation allows us to see more clearly how the

small four wave detuning δ manifests itself in the system. Allowing Bj → bje
−iωjt,

ω4
23 → ω3

12 and t→ ω3
12t, we find our simplified equations to be:
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db1

dt
= iz1(z3 |b2 | 2 + z2 |b3 |2)b1 + is2z1b

∗
4b

2
3e
iδt

db2

dt
= −i

(
z2

(
z3|b1|2 + z1|b3|2

)
+ s2

(
s4|b3|2 + s3|b4|2

))
b2

db3

dt
= i

(
z3

(
z2|b1|2 + z1|b2|2

)
− s3

(
s4|b2|2 + s2|b4|2

))
b3

+ i (s2z3 − s3z2) b1b
∗
3b4e

−iδt

db4

dt
= is4

(
s3|b2|2 + s2|b3|2

)
b4 + iz2s4b

∗
1b

2
3e
iδt.

(3.22)

The small four mode detuning δ can be seen in the non-degenerate quartet terms,

which we can manually tune to find a balance between the linear and nonlinear

oscillations, provided it remains small. We can compare simulations of these re-

duced equations against the original four mode equations. In Figure 3.5 we can

see that at the point of precession resonance both orbits have qualitatively similar

behaviour, however in the original system the fast linear triad frequencies are still

present. The result of this is that in the case of precession resonance, instead of

approaching a periodic orbit the transformed equations approach a critical point.

As the isolated quartet is a known integrable system, we can solve these equations

to find the point of resonance analytically.

Upon inspection we can see that these equations exactly form of the detuned four-

wave equations for quartet k1 + k4 = 2k3 with detuning δ. The evolution b2 can be

decoupled from the other three equations. As this is an integrable system, we can

solve it using the method shown in [8].

We can define a new variable Z(t) as

Z(t) =
1

z1s2

(|b1|2 − |b1(0)|2) =
−1

z2s3 − z3s2

(|b3|2 − |b3(0)|2) =
−1

z2s4

(|b4|2 − |b4(0)|2).

Following a similar method to what we did in Section 3.1 we can write the evolution

of Z(t) as:

1

2

(
dZ(t)

dt

)2

+Q(Z(t)) = 0 (3.23)
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Figure 3.5: Top panel: Evolution of |B4|/α from the transformed equations.
The evolution shows no fast oscillations. Bottom panel: Evolution of the full four
mode equations. The fast oscillations in the inset are the linear triad frequencies

of the system.

where Q(Z) is given by

Q(Z(t)) =− 4
(
|b1(0)|2 + s2z1Z(t)

) (
|b3(0)|2 + (s2z3 − s3z2)Z(t)

)
2(

|b4(0)|2 − s4z2Z(t)
)

+

(
1

2
Z(t)(2(3|b2(0)|2s3s4 + |b3(0)|2s2s4 + 2|b4(0)|2s2s3

− 2|b1(0)|2z2z3 − 3|b2(0)|2z1z3 − |b3(0)|2z1z2 + δ)

+
(
s4s

2
2z3 − 3s2z2 (s3s4 + z1z3) + s3z1z

2
2

)
Z(t)) +H

)2

(3.24)
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and

H =− 1

2s2z1

(
|b1(t)|2 − |b1(0)|2

)
(

(s4s
2
2z3 − 3s2z2 (s3s4 + z1z3) + s3z1z

2
2) (|b1(t)|2 − |b1(0)|2)

s2z1

+ 2(3b2(0)b2(0)∗ (s3s4 − z1z3) + b3(0)s2s4b3(0)∗

+ 2b4(0)s2s3b4(0)∗ − 2b1(0)z2z3b1(0)∗ − b3(0)z1z2b3(0)∗ + δ)

)
+ b1(t)b4(t)eiδt (b3(t)∗) 2 + b3(t)2e−iδtb1(t)∗b4(t)∗

(3.25)

From this we can see that we can understand the evolution of this four-wave system

as a particle in a potential, which oscillates between the two roots of the potential.

To find a homoclinic orbit in this system the only possible configuration would be

where one of the roots of the potential between which the “particle” is oscillating

coincides with a local maximum, i.e. if we define Q(Z, α) as the potential, where

α is the scaling parameter, then our homoclinic orbit corresponding to precession

resonance can be found by solving

Q(Z, α) = 0,
dQ(Z, α)

dZ
= 0,

d2Q(Z, α)

dZ2
< 0 (3.26)

for α > 0 and Z. This can be easily numerically found for a given set of param-

eters and is far faster than the bisection method used to find the location of the

resonances for the general case.

In Figure 3.6, we can see that for specific values of δ and α, we are able to find

a potential that produces a homoclinic orbit. If we use these values for δ and α

we found from the potential in the full system we find close to resonant behaviour

which can be seen in Figure 3.6 on the bottom. Therefore in these limiting cases,

we use the simplified representation of the equations to find resonances in the full

system.

As an extra remark about the relationship between precession resonance and quasires-

onances in these limiting cases, let us consider the first harmonic of precession

resonance which corresponds to a faint inner ring seen in Figure 3.2. This ring

intersects the α axis when µ = ±1/2, or in other words ω3
12 = ±2ω4

23. Both of these
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Figure 3.6: Top Panel: A plot of the potential which leads to a homoclinic
orbit in equation (3.22). Bottom Panel: The evolution of |A4| in the original
variables when using the parameters which lead to the homoclinic orbit in the

reduced equations.

cases correspond to seven-wave resonances, since

ω3
12 + 2ω4

23 = 2ω4 − 3ω2 − ω1 − ω3

ω3
12 − 2ω4

23 = 3ω3 + ω2 − ω1 − 2ω4.

This furthers the notion that precession resonance in these weakly nonlinear can

be understood as kinds of quasiresonances.
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One final thing that we wish to understand is why no resonance exist µ < −1. To

understand this we must study equation (3.20) in phase-amplitude form.

dξ1

dt
=γ1ξ

2
3ξ4 cos(ϕ14

33)

dξ2

dt
=0

dξ3

dt
=γ3ξ1ξ3ξ4 cos(ϕ14

33)

dξ4

dt
=γ4ξ1ξ

2
3 cos(ϕ14

33)

ϕ̇14
33 =− δ +

4∑
i=1

βiξ
2
i −

(
4∑
i=1

ζi
ξ1ξ

2
3ξ4

ξ2
i

)
sin(ϕ14

33)

(3.27)

where γi, βi and ζi can be calculated from eqaution (3.20). The resonant be-

haviour in this reduced system is equivalent to approaching a critical point in

equation (3.27). This is because we have shown that it is equivalent to a ho-

moclinic orbit in equation (3.23). Inspecting equations (3.27), we can see that a

critical point may occur when cos (ϕ14
33) = 0 provided that we can find a solution to

ϕ̇14
33 = 0. Inputting our initial conditions given from equation (3.19), we find that

the condition for ϕ̇14
33 = 0 can be reduced to

δ = Cα2 (3.28)

where C is positive given our initial conditions and parameters. For µ < −1 we find

that δ < 0, meaning we cannot find resonant behaviour for these initial conditions

and parameters.

3.4 Chapter summary

We have extended the notion of precession resonance to the more general case of

two interacting nonresonant triads joined by two common modes. We derived a

semianalytic expression for the conditions for precession resonance when the target

triad interacts weakly with the main triad. We then numerically studied the system

when the target triad was fully active in the dynamics of the system. It was found

that the resonant behaviour persisted for values of ω3
12 < |ω4

23|. Furthermore, by

taking certain limiting cases, we were able to understand the resonant behaviour

as a kind of four-wave quasiresonance. Specifically, what we are calling precession
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resonance in these limiting cases is a quasiresonance with the most efficient energy

transfers.

The limiting cases also have some other interesting implications. In Section 3.2 for

the case where ω3
12 = −ω4

23, we have the quartet resonance ω4−2ω2−ω1 = 0, and at

ω3
12 = ω4

23 we have the quartet resonance ω4+ω1−2ω3 = 0. Looking at Figure 3.2 we

can see a continuous resonant curve joining these two quartet resonances together.

This curve also passes through the case where µ = 0 where the resonance manifests

itself when the nonlinear terms in the precession frequency balance out the linear

triad frequency ω3
12. In the same spirit, we could interpret this as a three-wave

quasiresonance. As a function of the parameters of the system, we are able to join

three separate quasiresonances together via a continuous curve of resonance. When

we consider finite amplitude behaviour and go beyond the weakly nonlinear limit,

it appears as though the lines between these quasiresonances can become blurred

as the nonlinear effects in the system become more active.

Overall from this chapter we obtain a clearer picture of what place precession

resonance holds in the overall behaviour of nonlinear wave systems. We can think

of the mechanism in the small amplitude regime as a kind of “maximally efficient

quasiresonance”. Quasiresonances are generally understood as interactions that

occur due to sufficiently small linear detunings. This can be reframed as interactions

where the nonlinear frequencies of oscillation are commensurate with the linear

frequencies. Precession resonance in this context appears to be a special case of this,

where the nonlinear frequency of oscillation is an integer multiple of the precession

frequency. This gives us a more quantitative picture of the kinds of interactions we

can find in quasiresonant systems, and provides more insight into understanding

finite amplitude effects such as precession resonance in finite amplitude nonlinear

wave systems.

Precession resonance presents itself as a natural extension of the notion of reso-

nances to finite amplitude systems. In the weakly nonlinear limit we observe a

typical four-wave resonance. When our amplitudes are small and our detuning

is slight, we can interpret precession resonance as a kind of quasiresonance that

displays maximal energy transfer efficiency. When we scale beyond the region in

which the normal form transformations are most useful, we can describe the preces-

sion resonance mechanism as was originally presented in [40]. As this is a flexible
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description of resonant behaviour that does not require the limit of weak nonlin-

earity to be valid, it should prove itself to be an important tool in expanding the

understanding of nonlinear wave systems beyond the limit of weak nonlinearity.
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Chapter 4

Extension of precession resonance

to more complex triad models:

from five-wave resonances to deep

gravity water waves

We have seen from the previous chapter that in the limiting cases of when two

triad frequencies are close in size, we can interpret the manifestation of preces-

sion resonance as a kind of four-wave quasiresonance. The smaller the difference

between our two triad frequencies, the smaller the amplitude required to trigger

the precession resonance. The prospect of finding precession resonant behaviour

in quasiresonances is interesting. Quasiresonances form an important part of the

application of statistical wave turbulence theory to numerical experiments. As all

numerical experiments must be performed on a finite grid, the discreteness of k-

space is a factor that must be considered. If the amplitudes of the Fourier modes

are very weakly nonlinear, then the system ends up in the regime of discrete wave

turbulence where the modes can only interact through exactly resonant interactions

[14, 44, 45]. In this regime, no nonresonant interaction can support any exchanges

of energy. However, if the amplitudes are sufficiently large (but still weakly non-

linear) then then the nonlinear corrections to the amplitudes cause the resonant

manifold to be “broadened”. At sufficient broadening the system supports enough

interactions so that it becomes more similar to the resonant manifold of continuous

k-space, rather than the webs of interconnected triads in discrete wave turbulence
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theory [46]. As such, quasiresonant interactions form an important part of the un-

derstanding of simulations of wave turbulent systems. We have demonstrated how

this can manifest in a system with four-wave quasiesonances, however we do not

know if this behaviour will extend to higher order resonances, specifically, five-wave

resonances.

Five-wave resonances are of particular interest in wave turbulent systems. This is

because in the weakly nonlinear propagation of deep gravity water waves in one

dimension, the main interactions that support the transfer of energy are five-wave

resonances [27, 28]. Understanding how these five-wave quasiresonances behave

and whether precession resonance is present at finite amplitudes is an important

step in understanding how gravity water waves behave when we go beyond the

limit of weak nonlinearity.

In this chapter we will investigate whether precession resonance can occur in sys-

tems with five-wave quasiresonances, with the intention of applying this to the

propagation of deep gravity water waves in one dimension. In Section 4.1 we derive

a simple truncated model consisting of five Fourier modes which admits a five-

wave resonance. We analyse this system by considering a slight detuning in the

five-wave resonance thus producing a quasiresonance. We find that much of the

behaviour and effects that were seen in the four-wave quasiresonance case from

Chapter 3 are recovered in the five-wave case. For a small detuning in the quintet

frequency, we are able to scale our amplitudes so that we find precession resonance.

In Section 4.1.3 we then transform our quadratically nonlinear system into normal

coordinates to study the resonance using the tools of wave turbulence theory. We

see that the equations in normal coordinates are the isolated quintet equations

with degenerate quartet terms. We show that the system is integrable and that

precession resonance in normal coordinates corresponds to a critical point.

Following on from this, in Section 4.2 we wish to extend the application of these five-

wave quasiresonances to the realm of deep gravity water waves propagating in one

dimension. As the interactions that support the transfer of energy in this system

are known to be five-wave resonances, investigating the application of five-wave

quasiresonances to deep water waves is interesting for understanding the finite-

amplitude behaviour of this system. We choose a suitable reduced model that

admits a five-wave resonance, and from there we study both the exact five-wave

resonance and a five-wave quasiresonance, found by shifting a few of our wavenum-

bers from the exactly resonant case. We then give an interpretation of five-wave
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resonances in the case of water waves from the point of view of precession resonance

using the notions of nonlinear frequency of oscillation and precession frequency. Fi-

nally we summarise the results of the chapter in Section 4.3.

4.1 Quintet resonances in a model of three con-

nected detuned triads

With the hindsight of the previous chapter, a natural way of constructing a quadrat-

ically nonlinear system to exhibit n-wave resonances is to consider linear combina-

tions of different triad frequencies until we find a resonance of the order we desire.

To illustrate this, consider the reduced model we considered in the previous chapter.

We have a system of four Fourier modes such that

k1 + k2 = k3

k2 + k3 = k4.
(4.1)

Our triad frequencies were then

ω3
12 = ω1 + ω2 − ω3

ω4
23 = ω2 + ω3 − ω4

(4.2)

Our two quartet resonances were found when ω3
12 = ω4

23 and ω3
12 = −ω4

23. Expanding

these out we find they correspond to

−ω3
12 + ω4

23 = ω1 + ω4 − 2ω3 = 0

−ω3
12 − ω4

23 = ω1 + 2ω2 − ω4 = 0
(4.3)

which can be interpreted as four wave resonances as there are four contributing

frequencies in both of the resonances.

4.1.1 Five-wave resonances require at least three triads

To find these higher order n-wave resonances in quadratically nonlinear systems,

a necessary condition is that we can find linear combinations of our triad frequen-

cies to equal to 0. Though, satisfying this condition is not sufficient for seeing

n-wave resonances. Having studied the case of resonant behaviour in four-wave

61



quasiresonances, a logical next step is to investigate the behaviour of five-wave

quasiresonances in quadratically nonlinear systems. In the reduced model we stud-

ied in Chapter 3, given by equation (3.2), we have two linear triad frequencies, ω3
12

and ω4
23. We can find n-wave resonances by considering

aω3
12 + bω4

23 = 0

where a, b ∈ Z and n is the number of waves in the interaction. From equation (4.3)

we can see the conditions for four-wave resonances are simply a = 1, b = ±1. In

this reduced system, we are unable to find a combination of a and b that produces a

five-wave resonance. If we wish to choose a and b such that we are able to generate

a five-wave resonance, we must consider what form different combinations of a

and b take. We notice that n-wave resonances with odd n can only occur when a

and b are both not even or odd, as each addition of a triad frequency introduces

three more wave to the system, and the waves in the system can only cancel in

pairs. The smallest nontrivial case to produce an odd n-wave resonance would be

when (a, b) = (1,±2) or (a, b) = (2,±1), which all produce seven-wave resonances.

Therefore, to observe five-wave resonances, we must expand our reduced model by

adding in an extra Fourier mode.

A simple model which contains five wave resonances can be formed by attaching

another mode onto our four Fourier mode reduced model we have been using thus

far. We shall now consider the system of five Fourier modes such that

k1 + k2 = k3

k2 + k3 = k4

k3 + k4 = k5

(4.4)

and as we would expect our triad frequencies are

ω3
12 = ω3 − ω1 − ω2

ω4
23 = ω4 − ω2 − ω3

ω5
34 = ω5 − ω3 − ω4.

(4.5)

With the extra triad in this system we have a lot of freedom to find higher order

resonances, however we can construct a simple five wave resonance by considering

ω3
12 + ω4

23 + ω5
34 = ω5 − ω1 − 2ω2 − ω3 = 0. (4.6)
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Figure 4.1: Schematic diagram of the five mode system given by Equation (4.7).

4.1.2 Three-triad equations: numerical analysis of preces-

sion resonance

The evolution equations of this system are defined as

Ȧ1 = −iω1A1 + z1A
∗
2A3

Ȧ2 = −iω2A2 + z2A
∗
1A3 + s2A

∗
3A4

Ȧ3 = −iω3A3 + z3A1A2 + s3A
∗
2A4 + p3A

∗
4A5

Ȧ4 = −iω4A4 + s4A2A3 + p4A
∗
3A5

Ȧ5 = −iω5A5 + p5A3A4

(4.7)

where zj, sj and pj are the interaction coefficients in the system. The zj are the

interaction coefficients of the first triad, the sj are the interaction coefficients of

the second triad, and the pj are the interaction coefficients of the third triad. A

schematic diagram of Equation (4.7) is given in Figure 4.1.

As this system is just equation (2.16) with extra terms on it, we are still able to

produce the four mode quasiresonances, so we should be able to see both four-

wave and five-wave resonances in this system. To see the five-wave resonances,

we wish to choose our three triad frequencies ω3
12, ω4

23 and ω5
34 in such a way that

they sum to zero, but also do not pairwise have simple ratios. There is a large

63



amount of freedom for this, so we chose ω3
12 = 0.3, ω4

23 = 0.7 and ω5
34 = −1. No

pair of these frequencies form simple ratios, so whatever resonant behaviour we

discover cannot potentially be misconstrued as another resonance stemming from

other combinations of these triads.

We perform a similar study to what was done in Chapter 3 where we consider one

of the linear triad frequencies to be a parameter we can vary. As this case is not

as simple as the previous one, where we could rescale our time and let our other

triad frequency to be µ, the parameter we vary. We will set the linear frequency

of our triad k3 + k4 = k5 to be ω5
34 + µ where µ is a parameter that we can vary.

Transforming our equations into interaction representation where Aj = Bje
−iωjt

and including our new linear frequency for triad k3 + k4 = k5, we arrive at the

following set of equations:

Ḃ1 = z1B
∗
2B3e

−iω3
12t

Ḃ2 = z2B
∗
1B3e

−iω3
12t + s2B

∗
3B4e

−iω3
12t

Ḃ3 = z3B1B2e
iω3

12t + s3B
∗
2B4e

−iω4
34t + p3B

∗
4B5e

−i(ω5
34+µ)t

Ḃ4 = s4B2B3e
iω4

23t + p4B
∗
3B5e

−i(ω5
34+µ)t

Ḃ5 = p5B3B4e
i(ω5

34+µ)t.

(4.8)

We take the parameters z1 = −1, z2 = −9, z3 = −8, s2 = 1, s3 = −8/3, s4 = 9/5

p3 = 1, p4 = 8/5 and p5 = −4/5. We also take almost the same set of initial

conditions as we previously did for the similar study we did in Chapter 3 where

A1(0) = (0.0245 + 0.001i)α, A2(0) = (0.01 + 0.01i)α,

A3(0) = −0.02236α, A4(0) = 0, A5(0) = 0.
(4.9)

The difference here is the minus sign in front of A3(0). It was empirically found

that the initial quintet phase, i.e.

ϕ1223
5 = arg(A1A

2
2A3A

∗
5) (4.10)

is important to whether we can find resonant behaviour. Simulating equations (4.8)

for different values µ we find much of the same behaviour as we saw in Chapter 3,

however with additional complexity due to the extra degrees of freedom in the

system. In Figure 4.2 we see the trajectory of |A5| when we choose α to be very
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Figure 4.2: Simulation of the system with µ = 0.05. On the resonant trajec-
tory the orbit gets trapped in a basin of attraction before shooting out along a

resonant manifold.

close to the exact value of resonance. The value for |A5| grows until it reaches a

basin of attraction where the orbit remains for an extended period. In Figure 4.3

we can see the form that this surface takes. Here we have a projection of the orbit

onto |A5|, |A4| and |A3|. In the four mode case in Chapter 2 we saw that this

attractor took the form of a periodic orbit as seen in Figure 2.4. As we have an

extra two degrees of freedom, more complex structures are to be expected.

In Figures 4.4 we perform simulations for values of our quintet detuning parameter

µ either side of 0, for µ = −0.01 and µ = 0.01. We can see for the positive µ we are

able to hit resonance for α ≈ 1.8, however for negative µ we are unable to see any

resonance at all. This is very similar to what we saw for the four mode case from

chapter 3. In Figure 4.5 we can see the value which triggers resonance for different

values of µ. Similar to what was seen in the previous chapter, as we increase our

detuning, the amplitude required to hit resonance increases. We can also see that

for small amplitudes, the exactly five-wave resonant case of µ = 0 demonstrates

the most efficient energy transfers to the target mode. This is in line with what is

assumed in discrete wave turbulence theory.

Interestingly in both Figures 4.4 and 4.5 we see some change in behaviour with

regards to the maximum value of |A5|/α attained over the course of a simulation

for α ≈ 0.65. Looking at simulations either side of this value, for when α = 0.64 and
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Figure 4.3: The resonant trajectory appears to approach a submanifold in state
space.

α = 0.66, we see an interesting change in behaviour. In Figure 4.6 on the top we see

the evolution of |A5| for when α < 0.65. The behaviour is close to what we would

have expected previously when close to precession resonance; the envelope of the

nonlinear oscillations of the system becomes wider as we approach the amplitude

to trigger resonance, and the system exhibits nice periodic behaviour. However

once we cross this critical value for α ≈ 0.65, the behaviour of the system becomes

much more chaotic. On the bottom panel in Figure 4.6 we see far more complicated

behaviour. It appears that the system starts to become chaotic once this threshold

is crossed.

Qualitatively, we see very similar behaviour between the four-wave quasiresonances

and the five-wave quasiresonances. However, as we did in Chapter 3, to understand

these equations better in the weakly nonlinear case when our linear frequency is

slow, we wish to look at the normal form transformation of these equations.

66



●

●

●

●
●
●
●
●
●●
●●
●●
●●●

●●●
●●●●

●●●●●
●●●●●●

●●●●●●
●●●●●●●

●●●●●●●●
●●●●●●●●

●
●●●●●●●●●●●●●●●●●

●●●●●●●●
●●●●●●

●●●●

■

■
■
■■
■■
■■■

■■■■
■■■■■

■■■■■■
■■■■■■■

■■■■■■■
■■■■■■■

■■■■■■■■
■■■■■■■■

■■■
■■■■■■■■■■■■■■■■

■■■■■■■
■■■■■

■■■■■
■■

◆

◆

◆

◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆

◆
◆

◆
◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆

◆◆◆◆◆◆◆◆◆
◆◆◆◆◆◆◆◆◆

◆◆◆◆◆◆◆
◆
◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆

◆◆◆◆◆◆◆
◆◆◆◆◆

◆◆◆
◆◆◆

◆

● μ = -0.01

■ μ = 0

◆ μ = 0.01

0.2 0.4 0.6 0.8 1.0
α

10
-6

10
-5

10
-4

0.001

0.010

max(|A5 |/α)

Figure 4.4: Here we have a log scale plot of the maximum value that |A5|
takes over a simulation of length tmax = 500/α for different values of α. Three
simulations are performed, where the five-wave detuning is µ = 0, µ = 0.01 and

µ = −0.01. No precession resonance behaviour can be found when µ < 0
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Figure 4.5: Here we have a log scale plot of the maximum value that |A5| takes
over a simulation of length tmax = 500/α for different values of α. Clear peaks

can be seen where precession resonance is found.
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Figure 4.6: Top panel: Here we have the evolution of |A5| for µ = 0.09 and
α = 0.64. The evolution resembles much of what we have seen before close to
resonance. Bottom panel: Here we have the evolution of |A5| for µ = 0.09 and
α = 0.66. Just above the value α ≈ 0.65 we start to see more chaotic behaviour

in the evolution of the system.
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4.1.3 Normal form of the five-wave quasiresonance and con-

nection to precession resonance

We wish to find the normal form of equation (4.7), focusing on the quintet terms

generated from k1+2k2+k3 = k5. Again, here we choose our linear frequencies ωj for

j = 1 . . . 5 such that |ω1+2ω2+ω3−ω5| is of the order of the nonlinear oscillations of

the system. Upon transforming equation (4.7) into normal coordinates, we obtain

dB1

dt
=− iω1B1 +

iz1

ω3
12

(z3 |B2 | 2 + z2 |B3 | 2)B1 +
z1s3p4

ω3
12ω

5
34
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∗
3B5
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(
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(
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34
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34
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23ω
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12ω
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23
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)
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(4.11)

While equation (4.11) may appear somewhat complicated at a first glance, in

actuality they are relatively straight forward to understand. The cubic terms

on the RHS of the evolution equation Bj are degenerate quartets of the form

ki + kj = ki + kj. They only change the phases and do not affect the evolu-

tion of the amplitudes of the Fourier modes. The quartic terms on the RHS of

equation (4.11) are the terms stemming from quintet k1 + 2k2 + k3 = k5. If we

were to transform these equations into interaction representation, then we would

obtain similar looking equations to equations (3.22), where the linear terms would

disappear and we would just have an additional factor of e±iδt in front of the quintet

terms.

Equation (4.11) is in fact integrable, however We will not find the solution ex-

plicitly as we did for the detuned quartet equations in Chapter 3. Instead we will

demonstrate that equation (4.11) admits a sufficient amount of constants of motion
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for us to integrate the system. Firstly we should notice that the cubic terms do

not take part in the evolution of the amplitudes of the Fourier modes. This implies

the evolution of the amplitudes is driven by just the quintet term. If we consider

the phase-amplitude representation of equation (4.11), where Bj = ξje
φj , we can

see that

dξ1

dt
=γ1ξ

2
2ξ3ξ5 cos(ϕ1223

5 )

dξ2

dt
=γ2ξ1ξ2ξ3ξ5 cos(ϕ1223

5 )

dξ3

dt
=γ3ξ1ξ

2
2ξ5 cos(ϕ1223

5 )

dξ4

dt
=0

dξ5

dt
=γ5ξ1ξ

2
2ξ3 cos(ϕ1223

5 )

ϕ̇1223
5 =− ω1223

5 +
5∑
i=1

βiξ
2
i −

(
5∑
i=1

ζi
ξ1ξ

2
2ξ3ξ5

ξ2
i

)
sin(ϕ1223

5 )

(4.12)

where ϕ1223
5 = φ1 + 2φ2 + φ3 − φ5, γj, βj and ζj are coefficients calculated from

equation (4.11). As B4 has no quintet term, it is worth noting that ζ4 = 0. Also ζi =

γi for i = 1, 3, 5 and ζ2 = 2γ2. The γi terms can be calculated from the coefficients

of the quintet terms in equation (4.11), and the βi terms can be calculated from

the coefficients of the quartet terms.

Equation (4.12) consists of 5 independent equations for 5 variables. To integrate

this we require 4 constants of motion. We can immediately find the Manley-Rowe

invariants from equation (4.12) as the evolution of each of the amplitudes is very

similar. By inspection, we have:

I1 =
ξ2

1

γ1

− ξ2
2

γ2

I2 =
ξ2

2

γ2

− ξ2
3

γ3

I3 =
ξ2

3

γ3

− ξ2
5

γ5

(4.13)

Our last constant of motion is a little trickier to find, however due to the fact that

we are solving the isolated quintet equations, we will take some inspiration from

the solution of the isolated triad equations. Our fourth constant of motion was

found to be:
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I4 = ξ1ξ
2
2ξ3ξ5 sin(ϕ1223

5 )− ω1223
5

2γ1

ξ2
1 +

∑
i 6=4

βi
4γi

ξ4
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β4

2γ1

ξ2
4ξ

2
1 . (4.14)

The first two terms in equation (4.14) are similar to the constant of motion for the

isolated triad given by equation (3.6). The subsequent terms in equation (4.14)

come from the degenerate quartet terms which change the phases only. As we have

four constants of motion, the system is therefore integrable.

In equations (4.12) we can more clearly see where the critical points of the system

lie. We have two candidates for critical points for this system: Firstly when n

cos(ϕ1223
5 ) = 0, then we have a condition for ϕ̇1223

5 = 0 based on our linear five-wave

frequency ω1223
5 :

ϕ1223
5 = ±π

2

−ω1223
5 +

5∑
i=1

βiξ
2
i ±

(
5∑
i=1

ζi
ξ1ξ

2
2ξ3ξ5

ξ2
i

)
= 0.

(4.15)

Secondly, if we notice the equation for ϕ̇1223
5 , ξ2 does not appear in any denominator

on the RHS. Also ξ2 is the only amplitude to appear in the RHS of evolution

equations for all the other amplitudes. So, if we consider ξ2 = 0, then we can find

a condition for ϕ̇1223
5 so that we obtain a critical point:

ξ2 = 0

−ω1223
5 +

5∑
i=1

βiξ
2
i − ζ2ξ1ξ3ξ5 sin(ϕ1223

5 ) = 0.
(4.16)

Looking at the evolution of the transformed system with the initial conditions

which correspond to precession resonance in the original system. We can see that

precession resonance corresponds to the critical point given from equation (4.15)

While this seems like we are just repeating ourselves from the previous Chapter, the

manifestation of the resonance in these transformed equations has some interesting

implications: The phenomenon of precession resonance in these reduced systems

is not just limited to the four mode cases given from Chapters 2 and 3 where we

considered four Fourier modes. We are able to see the same qualitative behaviour

in a system with manifestly five-wave interactions. The detuned quartet equations

given in equation (3.20) have a very different structure to equation (4.11).
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Figure 4.7: Simulation of equation (4.11) for initial conditions corresponding
to precession resonance.

From this work we can see that precession resonant behaviour in quasiresonant

four-wave and quasiresonant five-wave systems share a lot of similar qualities:

� As the detuning tends to 0, the required amplitude to trigger the resonance

also tends to 0.

� Very close to the value for resonance the orbit travels along a stable manifold

towards a two-dimensional invariant manifold in state space (generalising the

periodic orbit found in Chapter 3) and is then ejected along an unstable

manifold.
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� On the initial conditions that lead to precession resonance there is a peak

in the efficiency of the energy transfer to the target mode, much like in the

system studied in Chapter 3.

As these are just two cases we cannot make a general argument for n-wave reso-

nances. However this extension of the phenomenon to quasi five-wave resonances

is interesting as one dimensional propagation of deep gravity water waves displays

five-wave resonant behaviour as the primary mechanism for transferring energy

across scales. [6].

4.2 Application to water waves

Five wave resonances are of interest to us as they have been shown to be important

in the dynamics of 1D deep water surface gravity waves [6]. Galerkin truncations

have been successful at describing the behaviour of interesting dynamical effects

in water waves [17]. We consider the evolution of a fluid in a basin with infinite

depth with free surface elevation given by ζ(x, t) and the boundary condition for

the velocity potential at this free surface given by φ(x, t). One common way to

study this system is to consider the expansion of the vertical velocity at the free

surface to third order. Upon following the methods in [6, 69, 70], we can obtain

the Hamiltonian of the system:

H =
1

L

∫ L/2

−L/2

(
gζ2

2
− φ

2

[
Lφ+ ∂x(ζxφ) + L(ζLφ)

+
1

2
∂xx(ζ

2Lφ) +
1

2
L(ζ2∂xxφ) + L(ζL(ζLφ))

])
dx

(4.17)

where g is acceleration due to gravity and the operator L is defined in Fourier space

as

Lφ̂k(t) = −|k|φ̂k(t) (4.18)

where φ̂k(t) is the Fourier coefficient of wavenumber k of the Fourier series of φ(x, t).

We have truncated at order four in the Hamiltonian for practical purposes, as

we plan to compare the results of this thesis with the results of a direct numerical

simulation based on standard solvers that truncate the Hamiltonian to fourth order

[69]. We are aware that discarding the fifth order term in the Hamiltonian will affect
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the value of the effective five-wave interaction coefficients. Future work will involve

considering the Hamiltonian truncation up to and including fifth order.

Transforming our variables to Fourier representation, we then obtain the Fourier

space Hamiltonian:

H = H2 +H3 +H4 (4.19)

where

H2 =
1

2

∑
k

g|ζk|2 + |k||φk|2 (4.20)

H3 =− 1

2

∑
k1, k2

(|k1||k1 + k2| − k1(k1 + k2))φk1ζk2φ
∗
k1+k2

(4.21)

H4 =−1

4

∑
k1, k2, k3

|k1 + k2 + k3||k1|(|k1|+ |k1 + k2 + k3| − 2|k1 + k2|)×

φk1ζk2ζk3φ
∗
k1+k2+k3

(4.22)

The variables φk and ζk are the natural variables of the system which stem from

the potential flow and the wave height respectively. Although these variables have

an intuitive physical interpretation, we can make a change of variables to normal

variables Ak, satisfying:

ζk =

(
|k|
4g

)1/4

(Ak + A∗−k) (4.23)

φk = −i
(

g

4|k|

)1/4

(Ak − A∗−k). (4.24)

As this transformation is canonical, it preserves the Poisson bracket associated with

the Hamiltonian. Our new Hamiltonian in canonical variables is

H2 =
∑
k

ωkAkA
∗
k (4.25)

H3 = −1

2

∑
k1, k2, k3

δk1+k2−k3Vk1k2k3(Ak1 − A∗−k1)(Ak2 + A∗−k2)(A
∗
k3
− A−k3) (4.26)

H4 = −1

4

∑
k1, k2, k3, k4

δk1+k2+k3−k4Vk1k2k3k4

(Ak1 − A∗−k1)(Ak2 + A∗−k2)(Ak3 + A∗−k3)(A
∗
k4
− A−k4)

(4.27)
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where

ωk =
√
g|k| (4.28)

Vk1k2k3 =
1− sgn(k1k3)

2
√

2
g1/4|k3

1k2k
3
3|1/4 (4.29)

Vk1k2k3k4 = (|k1|+ |k4| − |k1 + k2| − |k1 + k3|)
|k3

1k2k3k
3
4|1/4

4
. (4.30)

From the Hamiltonian defined by H = H2 +H3 +H4 defined from equations (4.25),

(4.26) and (4.27) we can find the evolution equations for Ak by taking

i
dAk
dt

=
∂H

∂A∗k
. (4.31)

From here, we must choose an appropriate Galerkin truncation of this system to

observe a quintet resonance stemming from these equations.

4.2.1 Galerkin truncated water wave system displaying five-

wave resonance

In the case of water waves, the equations behave somewhat differently to the trun-

cated CHM systems we’ve had due to the fact that A∗k 6= A−k. Due to the extra

symmetries between A∗k and A−k, we might be able to construct resonances in more

compact ways than we could in Section 4.1. To construct a quintet resonance in

this system we’ll consider the resonant interaction found in [71]. Here it was found

that we can construct the quintet resonance

k2 + k2 + (−k2) = (−k1) + k3

ω2 + ω2 + ω−2 = ω−1 + ω3.
(4.32)

Upon inspection we can see that the condition for the wavenumbers in equa-

tion (4.32) is equivalent to the triad condition k1 + k2 = k3. This resonance can be

parametrised by letting

k1 = 16p, k2 = 9p, k3 = 25p. (4.33)

where p ∈
(

2π
L

)
N. Now that we have a quintet resonance that we wish to study,

there are two different approaches we can take from here:
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� One can choose the fewest possible modes so that we can observe a five-wave

resonance. As the only wavenumbers present in the five-wave interaction are

−k1, −k2, k2 and k3, we can choose solely these four Fourier modes for our

truncated system.

� One can take a more physically motivated approach where we take matching

pairs of kj and −kj. This is because looking back at equations (4.23) and

(4.24) we see that the physical variables φk and ζk are formed from pairs of

Ak and A−k.

Concerning the second option, the symmetry introduced by including the negation

of the wavenumbers will create another quintet resonance mirroring the first:

(−k2) + (−k2) + k2 = k1 + (−k3)

ω−2 + ω−2 + ω2 = ω1 + ω−3.
(4.34)

We would expect the addition of extra modes to change the dynamics of the system,

however if we consider the evolution of mode A−k1 , in both cases this mode is only

connected to the quintet defined in equation (4.32). Therefore for both cases, the

evolution of mode A−k1 should be affected by just the first quintet.

For the parameters of the system, we take g = 9.8m s−2, L = 40m, p = 5 ×
(

2π
L

)
and our initial steepness for our Fourier modes is

|A1k1| = 10−8α

|A2k2| = 0.06α

|A3k3| = 0.12α.

Where α is a scaling factor which we will take to be α = 0.5 initially to ensure

the steepness of our modes is not too large. For the negation of these modes we

impose a symmetric condition that |A−j| = |Aj|. The initial phases are taken to be

random. We calculate the normal form transformation of these equations, ensuring

to not eliminate either of the quintets. For the six mode case, the equations take

the form
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Cij j = 1 j = 2 j = 3 j = −1 j = −2 j = −3
i = 1 −992.201 −1683.06 −2228.58 1984.4 1316.8 2228.58
i = 2 −1683.06 176.59 −109.006 1316.8 353.181 109.006
i = 3 −2228.58 −109.006 −3784.95 2228.58 109.006 7569.89

Table 4.1: Table of coefficients for Cij from equation (4.35) for the six mode
case.

Cij j = 2 j = 3 j = −1 j = −2
i = 2 176.59 1155.47 793.567 353.181
i = 3 1155.47 −3784.95 2228.58 632.237
i = −1 793.567 −2228.58 −992.201 −636.598
i = −2 353.181 632.237 −636.698 −176.59

Table 4.2: Table of coefficients for Cij from equation (4.35) for the four mode
case.

dB1

dt
= −iω1B1 + i

∑
j

C1j|Bj|2B1 + iV B2
−2B2B

∗
−3

dB2

dt
= −iω2B2 + i

∑
j

C2j|Bj|2B2 + iV B1B
∗2
−2B−3 + 2iV B−1B

∗
2B
∗
−2B3

dBk3

dt
= −iω3B3 + i

∑
j

C3j|Bj|2B3 + iV B∗−1B
2
2B−2

(4.35)

where j lists through the wavenumbers present in the model, Cij are the interaction

coefficients for the degenerate quartet terms and V is the interaction coefficient for

the quintet term. The evolution for B−1, B−2 and B−3 can be found from equa-

tion (4.35) by replacing Bj in the equations with B−j. Though from this it appears

as though Bj and B−j will have the same evolution, they are independent variables

which have independent initial conditions, so in general they will not evolve the

same. For the four mode case the equations will be similar to equation (4.35),

however B1 and B−3 will be zero. The interaction coefficients will also differ. The

coefficients for both cases were calculated numerically. For the six mode case we

have the values of Cij given in Table 4.1 and V = 13138.6. For the four mode case

the values of Cij are given in Table 4.2 and V = 2040.9.

Looking at Figure 4.8 we can see a comparison of the evolution k1|B−k1| over time

for both the four mode and six mode cases. It can be seen that for the same initial

conditions the six mode case admits stronger energy transfers to mode B−k1 . At

a glance this seems counter intuitive since we are looking at the resonance from
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Figure 4.8: Plot of the steepness of mode −k1 for the six mode case and the
four mode case. It can be seen that the six mode case leads to stronger energy

transfers to mode B−k1 .

the quintet k2 + k2 + (−k2) = (−k1) + k3, and all of the wavenumbers present

in this resonance are in the equations for both cases. However, looking at the

evolution equations more closely, we can see that the interaction coefficient in front

of the quintet term is different for both cases. In the four mode case V = 2040.9,

however for the six mode case V = 13138.6, which is about 6.44 times greater.

This is an interesting result as one would not immediately expect much difference

between the two models. In both cases the mode −k1 is only attached to the

quintet defined in equation (4.32). However it appears that in applying the normal

form transformation on the system it appears that the extra terms in the six mode

system contribute to the quintet defined in equation (4.32) without being directly

involved in the resonance.

4.2.2 Precession resonance in quasiresonant interactions in

water waves

The previous section gives us some interesting insights into the behaviour of five-

wave resonances in a discrete water wave system, and how the form of the Galerkin

truncation can affect the behaviour of the system. However, also of interest to us

is the prospect of detecting these maximally efficient energy transfers in quasires-

onant cases, as we saw in the first half of this chapter. To do this we alter our

parameterisation of the quintet resonance by choosing wavenumbers close to but
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Figure 4.9: Simulation of the normal form equations for q = −1. The fast
linear oscillations dominate and no resonant behaviour is seen.

not exactly on the point of five-wave resonance. This is a more natural way of vary-

ing the linear quintet frequency of the five-wave system; as the dispersion relation

of deep gravity water waves depends only on the wavenumber and acceleration due

to gravity, there is no physical way of varying the linear detuning without changing

the wavenumbers. We change our parameterisation for the quintet resonance by

k1 = 16p, k3 = 25p+ q, k2 = k3 − k1 (4.36)

where q can be varied. We will first consider the näıve approach of direct extension

of Section 4.2.1 where we look at the behaviour around the quintet resonance. Our

parameters will be the same as before, with L = 40 m, and p = 5. We will introduce

two new cases off resonance, where q = ±1.

As we can see from Figure 4.9 there is no resonant behaviour. In the normal vari-

ables here the oscillations are much faster than what was seen in the resonant case

from Figure ??. In the nonresonant case the dynamics are dominated by the linear

oscillations of the system. It appears the wave numbers that we chose for Sec-

tion 4.2.1 are too coarse to see any reasonable finite amplitude effect. The detuned

linear frequency is just too large compared to the nonlinear frequencies. There are

two ways we can circumvent this issue: Firstly, we could increase our amplitudes

enough so that the nonlinear frequencies become commensurate with the linear

frequencies. Physically, this could cause issues because our water wave model is

only valid for small amplitudes. Increasing the amplitudes of the waves would

lead to white-capping in the physical system. Another way to try to trigger the
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Figure 4.10: Upon choosing a domain and wave amplitudes large enough, we
were able to see precession resonance behaviour in our truncated water wave

system.

quasiresonances would be to increase our domain size and choose larger wavenum-

bers so that the difference between the linear frequencies of adjacent wavenumbers

is smaller. The issue with this is that if the domain becomes too large then a con-

tinuous formulation of the equations would most likely model the system better.

To find the finite amplitude resonant behaviour we wish to alter both, so that the

waves are not too steep and the domain does not become too large. Upon searching

through domain sizes it was found that a domain of size L = 800m with p = 100

and α ≈ 1.57 allowed us to find the resonant behaviour.

In Figure 4.10 we can see that the evolution of the amplitude is qualitatively very

similar to the behaviour of seen in Section 4.1 and Chapter 3. The amplitude

increases until it reaches some sort of attractor, and is then ejected away from the

attractor along some sort of unstable manifold. A pertinent question about this

trajectory is its physical realisability. To obtain this we needed to consider a very

large domain, L = 800, and an initial steepness of mode k3A3(0) ≈ 0.188 for mode

A3, which is by no means small. Although a very large domain was required to

meaningfully detect the finite amplitude precession resonance in water waves, the

phenomenon is in principle present in the system.
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4.2.3 Study of integrability of the reduced model for water

waves

In Section 4.1 as well as Chapter 3 we had good success understanding the dy-

namics of these reduced models by reducing the number of degrees of freedom and

integrating the systems. In Chapter 3, in the limit of small amplitudes the model

became the isolated detuned quartet equations, and in Section 4.1 under similar as-

sumptions we were lead to the isolated detuned quintet equations. These particular

systems are known to be integrable so finding the appropriate constants of motion

to integrate the system happened to be relatively straightforward. However, the

normal form of the truncated water wave system that we are investigating here

consists of two interconnected quintets. From the point of view of understanding

the dynamics, it would be advantageous to be able to integrate the equations and

study the explicit solutions of the system directly. Searching for quadratic con-

stants of motion is the natural place to start. We can construct these quadratic

invariants using the method from [72].

We take the general form for quadratic invariants in this system to be

I =
∑
k

ζk|Bk|2 (4.37)

where k ranges over our six wavenumbers, and ζk are unknown constants. We will

let
dI

dt
= 0 and solve for ζk. Upon doing this, we find four independent quadratic

invariants:

I1 = |B1|2 − |B−3|2

I2 = |B−1|2 − |B3|2

I3 = |B−1|2 + |B−2|2 + 2|B−3|2

I4 = |B1|2 + |B2|2 + 2|B3|2

(4.38)

Here we have four independent quadratic invariants of this system. However as our

system is eight dimensional (six amplitudes and two quintet phases), more work

is required. Fortunately, as our system was generated from a time independent

Hamiltonian, we automatically have this as a further constant of motion, increasing

our count of independent invariants to five. If we were to find one more independent

constant of motion, we could demonstrate using Jacobi multipliers that the system

81



is integrable [73]. Therefore, finding just one more constant of motion would greatly

help our understanding of the dynamics of this system.

Finding constants of motion is a tricky business, which can sometimes be more

of an art form than an exact science, so we will employ a few techniques to help

suggest what form a final constant of motion might take. In [74] the author makes

use of the theorem of Yoshida [75] to help find integrals of motion for the case

of two resonant triads connected by one common mode with different interaction

coefficients. The theorem of Yoshida makes a connection between the Kovalevskaya

exponents of the system and the degree of nonlinearity of the integrals of motion

[30]. We cannot immediately apply this theorem to our system because if we wish

to apply the theorem of Yoshida, we require the system to be invariant under a

similarity transformation. That is to say a system

dxi
dt

= Fi(x1, . . . , xn), i = 1, . . . , n, (4.39)

when transformed under the similarity transformation given by

t→ α−1t, xi → αgixi, i = 1, . . . , n, (4.40)

then for some rational values of gi

Fi(α
g1x1, . . . , α

gnxn) = αgiFi(x1, . . . , xn) (4.41)

for i = 1, . . . , n. The right hand side of our system given by equation (4.35) is

composed of cubic and quartic terms in the form of four-wave and five-wave inter-

actions, so this system will not be invariant under this transformation. However we

can consider the evolution of the system composed of just the five-wave terms as we

should be able to should be invariant under the similarity transformation (4.40). If

we can find an extra invariant of this system, we can use this to find an invariant

for the full system with the four-wave terms included. Thus, the system we wish
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to study is:

dB1

dt
= iV B2

−2B2B
∗
−3

dB2

dt
= iV B1B

∗2
−2B−3 + 2iV B−1B

∗
2B
∗
−2B3

dB3

dt
= iV B∗−1B

2
2B−2

dB−1

dt
= iV B2

2B−2B
∗
3

dB−2

dt
= iV B−1B

∗2
2 B3 + 2iV B1B

∗
−2B

∗
2B−3

dB−3

dt
= iV B∗1B

2
−2B2.

(4.42)

For equation (4.42) the Hamiltonian is given by

H = V (B∗1B
2
−2B2B

2
−3 +B∗1B

2
−2B2B

2
−3) + c.c. (4.43)

To find the Kovalevskaya exponents of this system we need to find the values for gi

from equation (4.40). Although the solution is not unique, the values which gave

the best results for gi = 1/3 for all i. To calculate the Kovalevskaya exponents we

consider the scale invariant solution

Bj = cjt
−gj .

Then denoting the RHS of equation (4.42) as F (B), the Kovalevskaya exponents

are the roots of the characteristic function of the matrix whose components are

given by
∂Fi
∂Bj

∣∣∣∣
cj

− δijgj

We calculate the characteristic polynomial of this matrix, finding:

K(ρ) = (3ρ− 2)4(ρ)4(ρ+ 1)(3ρ− 5)(9ρ− 7)(9ρ+ 1) = 0 (4.44)

As is stated in [30], if an integral of motion I(B) has weighted degree d, then pro-

vided that ∂Bi
I(c) 6= 0 (where c = (c1, . . . , cn)) for some i, then d is a Kovalevskaya

exponent of this system.

Looking at equation (4.44), we see that ρ = 2/3 (as gi = 1/3) with multiplicity 4

and ρ = 5/3 with multiplicity 1. As the quadratic invariants have weighted degree
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Figure 4.11: Poincaré cuts for equation (4.42). The system appears to be
chaotic.

2/3, we can infer that the root ρ = 2/3 corresponds to these invariants. Likewise,

our Hamiltonian has weighted degree 5/3, so the root ρ = 5/3 corresponds to this

invariant. The only remaining positive root of equation (4.44) is ρ = 7/9. If we

were to search for an invariant corresponding to this Kovalevskaya exponent, in

our original variables it would be of degree 7/3. As this would not be a simple

polynomial, searching for this invariant would be a difficult task.

From this application of Yoshida’s theorem to our truncated six mode water wave

model, we can’t say a lot of new things about the system. Our application of this

technique was to find suggestions for the last integral of motion, and in that regard

it was not overly successful. However we can say that if one wishes to study the

integrability of this system, the theorem of Yoshida does not bear fruitful results,

so another method is required.

We can investigate the integrability numerically with Poincaré cuts. As we were

able to reduce the system to three degrees of freedom (eight degrees initially with

four Manley-Rowe relations and one Hamiltonian) we can study Poincaré cuts of the

system to see if it is possibly integrable or chaotic. To perform this study we take

V = 1, choose random initial conditions so that the amplitudes of the Fourier modes

|Bk| ∈ (1, 2) and the phases of the Fourier modes so that φk ∈ [0, 2π). We simulate

the system up to t = 12500 where our Hamiltonian was conserved to O(10−11). We

take cuts along the plane spanned by |B1|2 and |B3|2 when =(B∗−2B
∗2
2 B−1B3) = 0.
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From Figure 4.11 we can see that the system appears to be chaotic. There is no

evidence of an extra constraint on the motion of the trajectories of this system.

From this numerical study, we can conclude that this reduced model of gravity

water waves consisting of six Fourier modes is not integrable.

4.2.4 Discussion of precession resonance as an alternate in-

terpretation of the quintet resonance

In Chapter 3 we found precession resonance in the four mode system composed of

two nonresonant triads connected by two common modes. We were then able to

describe this resonant behaviour as a kind of four-wave quasiresonance in certain

limiting cases. In this section, we wish to do the reverse. We have already con-

structed a quintet resonance for the case of surface gravity water waves propagating

in one dimension in the transformed variables, so we now wish to understand how

this behaviour manifests itself in the original variables. Understanding how these

higher wave resonances occur in the original variables gives us a better understand-

ing of how these resonances appear in physical systems. We will look at the original

equations truncating the terms in the Hamiltonian higher than order 3. This will

leave us with just the triad terms in our evolution equations. Although it will

not be as representative of the true physical system as the Hamiltonian defined by

equation (4.19), for the purposes of this illustration it is easier to study the triad

only system. We are also a priori not making any assumptions on the presence of

quintet resonances in the system.

dA1

dt
= −iω1A1 + iQ

(
−A∗2A∗−3 + A−2A

∗
−3 − A∗2A3 + A−2A3

)
In interaction representation where Ak = ake

−iωkt our triad terms would have linear

frequencies ±ω±2 ± ω∓3 + ω1 depending on the triad. We will focus on the triad

A∗−2A3. Including the evolution of the other modes is unnecessary as this section

is for illustrative purposes only and not necessarily quantitative analysis. In the

limit of small amplitudes, we can perform a multiscale perturbation expansion on

this system. This will tell us what the salient frequencies of the amplitudes of the

Fourier modes are. Upon applying the perturbation expansion, we find that the

evolution of the
da

(0)
j

dt
= 0
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for all j. We see the frequencies of oscillation of the modes at the next order. These

terms take the form

da
(1)
1

dt
= Ca

(0)
1 a

(0)
−2
∗a

(0)
2
∗ei(ω2+ω−2)t + . . .

In the evolution of a
(1)
1 there are other similar terms with different linear frequencies,

however we shall focus on this one, as for our initial conditions we found this to

have the largest contribution. We can then estimate the salient nonlinear frequency

of oscillation of |a1| to be Γ ≈ ω−2 +ω2 in the limit of small amplitudes. The same

can be seen for frequency can be seen in the other modes. We now wish to view a1

in phase amplitude form.

d|a1|
dt

= |a2||a3| sin(φ−2 − φ−3 − φ1) + . . . (4.45)

with other contributions from other triads. Again, taking the limit of small ampli-

tudes, the precession frequency of this triad interaction is dominated by the linear

terms, so

Ω = −ω−2 + ω−3 + ω1

For precession resonance to occur in this mode we require Ω = Γ, so equating them

leads to the condition

ω2 + ω−2 = −ω−2 + ω−3 + ω1. (4.46)

Rearranging it slightly leads us to

ω2 + ω−2 + ω−2 = ω−3 + ω1 (4.47)

which is exactly our quintet resonance given by equation (4.34). It goes without

saying that the calculations in this section are more suggestive than rigorous, how-

ever their purpose is to qualitatively highlight how the precession resonance point

of view can give us insight into how these higher order resonances occur in the

original variables of the system. This highlights the versatility of the precession

resonance description of resonant behaviour in nonlinear wave systems.
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4.3 Chapter summary

In this chapter we describe the dynamics and highlight the importance of precession

resonance in systems with five-wave interactions. We have seen that qualitatively

the behaviour is very similar to the case of precession resonance in four-wave sys-

tems in that in the case of resonance the orbit travels along the stable manifold of

some sort of attractor (periodic orbit in the four-wave case and a submanifold in

the five-wave case). There is an unstable manifold associated with the attractor

of the resonance which then ejects the orbit. Interestingly, even though the be-

haviour of both the four-wave quasiresonances and five-wave quasiresonances are

very similar qualitatively, the equations describing their behaviour in the limit of

small amplitudes are quite different: we have the detuned quartet equations and

detuned quintet equations (with degenerate quartet terms) respectively.

From there we apply the concept of precession resonance and finite amplitude

resonances to deep water wave propagating in one dimension. We first define and

describe five-wave resonant interactions in two different reduced models. While

both reduced models contained the same five-wave resonance, we saw that the two

models displayed very different resonant behaviour. This implies that the choice

of model reduction in the case of water waves is important, as modes not directly

taking part in a particular resonance can contribute to it when transforming to

normal coordinates.

In Chapter 3 we saw how quasiresonances can be described using the precession

resonance mechanism, and here we extended this notion to interactions in water

waves. We investigated this by choosing wavenumbers such that our quintet fre-

quency is close to 0. Upon choosing the correct parameters of the system, we were

able to see the characteristic precession resonance behaviour in this reduced model

for water waves. Finally, to gain better understanding of how the phenomenon

of precession resonance lies in the general theory of wave turbulence, we gave an

explanation of how this five-wave resonance occurs in the original variables using

the arguments of precession resonance. All of this comes together to further bridge

the gap between what is understood behaviour in nonlinear wave systems, and this

new phenomenon precession resonance.

While precession resonance allows us to find resonances at finite amplitudes, here

we saw that in the limit of small amplitudes, it can be used to understand exact

resonances in the limit of weak nonlinearity. In the finite amplitude case we can
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consider precession resonance as a special case of quasiresonances; one where the

linear and nonlinear timescales match exactly leading to sustained growth. This

means that the precession resonance presents a very natural way of extending the

notion of resonances to finite amplitude systems. This, together with our remarks

from Chapter 3 really emphasise the flexibility of the notion of precession resonance.

As we have shown that the mechanism has applications to both four-wave and

five-wave resonances suggests that it can be potentially thought of as a general

mechanism that describes resonant behaviour in wave turbulent systems without

being restricted to the realm of weak nonlinearity.
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Chapter 5

Generation of zonal flows at

intermediate nonlinearity

In the previous chapters we studied the behaviour of finite amplitude effects in

reduced models of nonlinear wave systems: specifically, Galerkin truncations to

a handful of Fourier modes. These Galerkin truncated reduced models are ideal

for isolating and studying specific interactions and mechanisms present in the full

system, however their usefulness begins to wane as we increase the number of

degrees of freedom. For instance, consider the isolated triad. As shown in chapter 1

this system is integrable and its solution can be written in terms of Jacobi elliptic

functions. However if we consider two triads connected by one common mode (a

system commonly referred to as the butterfly), we find that this system is not

integrable and can demonstrate chaotic behaviour [13, 16]. The purpose of the

work that was done in previous chapters was to understand specific finite amplitude

phenomena present in nonlinear wave systems, however for this chapter we wish to

study the behaviour of the full partial differential equation when we consider finite

amplitudes at intermediate nonlinearity.

The study of turbulent cascades of conserved quantities in Rossby wave systems

is a particularly interesting subject in the area of wave turbulence. In the weakly

nonlinear case, it has been shown in [76, 77] that besides energy and enstrophy, a

third conserved quantity quadratic in amplitudes is present. This new conserved

quantity is known as zonostrophy. In the limit of F → 0, or the short wave limit,

zonostrophy becomes a positive quadratic invariant. According to the famous ar-

gument of Fjørtoft [78], as zonostrophy is a positive quadratic invariant, it must

89



dissipate in its own sector of k-space in which its density is greater than the densi-

ties of the other invariants. An interesting implication of this is that it is impossible

to divide k-space into three isotropic regions, so the cascades occur anisotropically.

The anisotropy of the system stemming from these facts leads to the formation of

zonal flows, structures which are of great interest in Rossby wave systems and geo-

physical flows. These zonal flows are characterised by horizontal bands in physical

space, corresponding to |kx| � |ky| in spectral space.

The work in this chapter will follow closely to the work done in [48] and [49]. We will

consider the evolution of the CHM equation in the small scale limit with no forcing

and no dissipation from an initial condition that is Gaussian in wave amplitudes in

k-space. The goal of our work is to understand the effect intermediate nonlinearity

has on the evolution of the energy cascade in the CHM equation. In the limit of

strong nonlinearity, the anisotropy disappears and the generation of zonal flows

is no longer observed. However, as we have seen in the previous chapters, the

evolution of wave equations at intermediate amplitudes opens new pathways for

energy to be transfered between modes through novel resonance mechanisms. This

implies that we could see an optimal scaling amplitude at which the system most

efficiently generates zonal flows: weak enough so that the system is anisotropic, but

strong enough to support finite amplitude resonances and precession resonances.

5.1 The weakly nonlinear theory of wave turbu-

lence

Again, let us consider the CHM equation. We will consider the case where the

scales are much smaller than the Rossby deformation radius. Letting the Rossby

deformation radius go to infinity gives us F = 0. With reference the equation (2.1),

we now obtain the equation

∂∇2ψ

∂t
+ β

∂ψ

∂x
+
∂ψ

∂x

∂∇2ψ

∂y
− ∂ψ

∂y

∂∇2ψ

∂x
= 0 (5.1)

As the most systematic methodology for studying nonlinear wave equations which

demonstrate turbulent cascades is the theory of wave turbulence as described in

[33], we will first consider the behaviour of equation (5.1) in the weakly nonlinear

case.
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To understand the behaviour of equation (5.1) in the weakly nonlinear case, we

will use the kinetic equation. We will first observe the evolution of the Fourier

components of equation (5.1).

Ȧk + iωkAk =
1

2

∑
k1k2∈Z

Zk
k1k2

δk1+k2−kAk1Ak2 . (5.2)

where

Zk
k1k2

=
(k1xk2y − k1yk2x)(|k1|2 − |k2|2)

|k|2
, ωk = −βkx

|k|2
.

We introduce the waveaction variable by ak =
k2Ak√
βkx

. Substituting this into equa-

tion (5.2) we obtain

dak
dt

+ iωkak =
∑

V k
k1k2

ak1ak2δ(k− k1 − k2) (5.3)

with

V k
k1k2

= i|βkxk1xk2x|1/2
(
k1y

k2
1

+
k2y

k2
2

− ky
k2

)
(5.4)

where k2
j = |kj|2.

Under the assumptions of random phases, large box limit and weak nonlinearity,

we then arrive at the kinetic equation:

dnk
dt

=

∫
k1x,k2x>0

(R12k −Rk12 −R2k1) dk1dk2, kx > 0 (5.5)

where

R12k = 2π|V k
12|δ(k− k1 − k2)δ(ωk − ωk1 − ωk2)(n1n2 − nkn1 − n2nk). (5.6)

and

nk =

(
L

2π

)2

|ak|2 (5.7)

A comprehensive derivation of the kinetic equation is outlined in [33]. As equa-

tion (5.5) is an integro-differential equation for nk, finding solutions tends to be

quite difficult. However, it can be used to find constants of motion for the weakly
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nonlinear system. In Section 5.1.1 we will investigate these constants of motion in

more detail.

5.1.1 Conserved quantities in Rossby wave systems

As the kinetic equation gives us the evolution of the amplitudes of the Fourier

modes under the assumptions of wave turbulence theory, finding zeros of the right

hand side of equation (5.5) allows us to find quantities which are conserved in the

weakly nonlinear regime. Consider a general conserved quantity quadratic in the

amplitudes of ak. It can be written as

Φ =

∫
ρknkdk (5.8)

where ρk is the density of conserved quantity Φ. Taking the derivative of equa-

tion (5.8) we find

Φ̇ =

∫
ρkṅkdk

=

∫ ∫ ∫
(ρkR12k − ρkRk12 − ρkR2k1) dk1dk2dk

=

∫ ∫ ∫
R12k (ρk − ρk1 − ρk2) dk1dk2dk

(5.9)

Looking at the RHS of equation (5.5) we see that the only nonzero contributions

occur when both delta functions are satisfied. That is to say that the resonant

condition

k− k1 − k2 = 0, ωk − ωk1 − ωk2 = 0 (5.10)

is satisfied. Therefore we can see from equation (5.9) that if the condition

ρk − ρk1 − ρk2 = 0 (5.11)

is satisfied on the resonant manifold associated with equation (5.10), we find that

Φ is conserved.

For all wave turbulent systems which can be described by this kinetic equation,

we have two constants of motion which are trivially conserved; namely energy and

momentum:
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E =

∫
ωknkdk

M =

∫
knkdk.

(5.12)

This can be seen due to the fact that if we replace ρk with either ωk or k equa-

tion (5.11) will automatically be satisfied on the resonant manifold due to equa-

tion (5.10). The quantities E and M are guaranteed to be conserved under the

assumptions of random phases and weak nonlinearity, however for the case of the

CHM equation, they are also exact invariants of the system. They are conserved

at any level of nonlinearity, and do not need the assumption of weak nonlinearity.

Of particular interest in wave turbulent systems (and turbulent systems in general)

is the concept of positive invariants. The reasons why these positive invariants are

of particular importance is that they must cascade in nonintersecting regions of

k-space. This will be discussed further in Section 5.1.2.

As our scalar field ψ(x, y, t) is real, we only need half of our Fourier space as the

other half can be obtained through complex conjugation. We will limit our system

to kx > 0. Looking at the x component of our momentum we can now see that this

is a positive invariant. also ωk = −βkx
k2

is now sign definite, so we can define two

new invariants energy and enstrophy as

E =

∫
kx>0

|ωk|nkdk

Ω =

∫
kx>0

kxnkdk.

(5.13)

As these invariants are essentially found directly from the kinetic equation, they are

present in every wave turbulent system with a kinetic equation of the form (5.5).

Rossby wave systems however admit an extra invariant known as zonostrophy which

is functionally independent from energy and enstrophy. This invariant was origi-

nally found in the CHM equation for the special cases of very zonal flow and large

scale wave in [76], and a general expression for all cases was shown in [77]:

ζk = arctan

(√
F (ky + kx

√
3)

k2

)
− arctan

(√
F (ky − kx

√
3)

k2

)
(5.14)
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However in the limit as F → 0, we find that ζk can be written as

ζk =
k3
x

k10
(k2
x + 5k2

y) (5.15)

While these conditions for quadratic invariants are derived for the case where the

size of our domain is infinite, it was shown in [72] that these same conditions provide

quadratic invariants in discrete wave turbulent systems.

5.1.2 Cascade of conserved quantities

Under the assumptions of wave turbulence theory we have three positive invari-

ants for the CHM equation in the limit of weak nonlinearity: energy, enstrophy

and zonostrophy. As these are all positive quadratic invariants, according to the

argument originally made by Fjørtoft in [78], they must dissipate in their own sec-

tor of k-space where their density is greater than the density of the other positive

quadratic invariants. A very clear description of this for the case of triple cascades

is seen in [33].

Essentially to find the boundaries between these regions of k-space where the

quadratic invariants cascade, we must find the curves where the densities of the

invariants are equal. These curves are well described for the case of F = 0 in [48]:

Consider an unforced system with no dissipation where our initial invariants are

concentrated around the scale k0. In terms of cascades from the point of view

of a balance between forcing and dissipation, this corresponds to a system where

our forcing occurs around the scale k0. Then the curves defining the boundaries

between the cascade regions can be seen in table 5.1.

Boundary Curve
E − Ω k2 ∼ k2

0

Z − E k3/kx ∼ k3
0/k0x

Ω− Z k4/kx ∼ k4
0/k0x

Table 5.1: The curves in (kx, ky) which separate the different cascade regions
for the three positive quadratic invariants E, Ω and Z.

These boundaries were calculated in [48].

In figure 5.1 we can visualise the form that these different cascade regions take.

As is analogous to 2D Navier-Stokes, we can see that enstrophy cascades to small
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Figure 5.1: Illustration of the areas in k-space where different invariants cas-
cade. In the weakly nonlinear case zonostrophy is conserved and cascades in the

region marked Z.

scales. However what is most interesting is the relationship between the regions in

which energy and zonostrophy cascade. As the density of zonostrophy is stronger

in the region marked Z in figure 5.1, energy is forced to cascade to zonal scales,

where |ky| � |kx|. To quantify these cascades and visualise the direction where

the cascades travel, we consider the evolution of the centroids of the conserved

quantities. The centroids of energy, enstrophy and zonostrophy are defined as

kE(t) =
1

E

∫
|k|≥0

kk2|ψk|2dk

kΩ(t) =
1

Ω

∫
|k|≥0

kk4|ψk|2dk

kZ(t) =
1

Z

∫
|k|≥0

k
k2
x

k6
(k2
x + 5k2

y)|ψk|2dk.

(5.16)

These calculate the centre of mass of the invariants and tracks how these centres

of mass travel through k-space as the system evolves. To calculate the centroids,

we restrict the domain to just positive k. A version of the Fjørtoft argument for

unforced non-dissipative systems in terms of the centroids of the positive invariants

is included in [33]. This argument essentially makes the same argument as the
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classic Fjørtoft argument; each centroid should remain in their own sector in k-

space seen in figure 5.1.

5.2 Going beyond weak nonlinearity

Here we have described how the cascades of energy, enstrophy and zonostrophy

manifest themselves in k-space for the case of weak nonlinearity. However in the

limits of weak nonlinearity and strong nonlinearity we obtain very different regimes.

In the weakly nonlinear case we find the anisotropic triple cascade resulting in the

formation of zonal flows. In the strongly nonlinear case where zonostrophy is no

longer conserved we have essentially an isotropic cascade of energy and enstrophy,

similar to what is seen in the 2D Navier-Stokes equations [3, 78]. In figure 5.2 we

see an illustration of the cascades of energy and enstrophy in the strongly nonlinear

regime. As zonostrophy is no longer a conserved quantity, it has no effect on the

direction in which energy cascades. This regime is isotropic, so we do not expect

to see the generation of zonal flows.

In the case of intermediate nonlinearity, we expect to see competing regimes. On

one hand, as we increase the amplitude of the initial conditions we expect for

more triads to support energy transfers between modes. This occurs due to the

fact that the resonant manifold “broadens” as we the nonlinear timescales and

linear timescales become commensurate [13]. In the context of the work done in

the previous chapters, as the wave amplitudes become larger, more approximate

resonances begin to support stronger energy transfers, leading to more efficient

cascade of energy to zonal scales. However, as the amplitudes are increased and

the system becomes less anisotropic, energy is less inclined to cascade to zonal

scales. For the purposes of this work we will change the level of our nonlinearity by

scaling the amplitudes of the initial conditions with the parameter α in a similar

fashion to what was done in our reduced models from previous chapters. Each case

will be integrated to the same nonlinear time proportional to the square root of the

energy. We can define the actual integration time of the simulation by

tactual = tnl/
√
E. (5.17)

In the limit of strong nonlinearity the CHM equation is scale invariant with this

nonlinear time tnl. We can see this by discarding the dispersion term in the CHM
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Figure 5.2: Illustration of the areas in k-space where different invariants cas-
cade. In the strongly nonlinear case zonostrophy is no longer conserved, so energy

and enstrophy split k-space isotropically.

equation and transform t to tnl by equation (5.17). We obtain

√
E
∂∇2ψ

∂tnl

+
∂ψ

∂x

∂∇2ψ

∂y
− ∂ψ

∂y

∂∇2ψ

∂x
= 0. (5.18)

Scaling our initial conditions by a factor of α leads us to

√
α2E

∂∇2αψ

∂tnl

+
∂αψ

∂x

∂∇2αψ

∂y
− ∂αψ

∂y

∂∇2αψ

∂x
= 0.

Dividing across by α2 will lead us back to equation (5.18), showing that the non-

linear terms of the CHM equation are scale invariant with nonlinear time tnl. The

linear term in the equation only directly affects the evolution of the phases and

does not directly drive the energy transfers between the modes. Therefore, any

changes in the transfers of energy at different levels of nonlinearity when inte-

grated to the same nonlinear time will be due to the separation of the linear and

nonlinear terms. We expect to see an optimal level of nonlinearity at which the

system most efficiently produces zonal structures: one weak enough so that the
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presence of zonostrophy forces energy to cascade to zonal scales, but strong enough

so that more approximate resonances can support energy transfers across scales.

5.3 Numerical Results

To investigate this we perform numerical simulations of the CHM equation using

a pseudospectral 4th order Runge-Kutta time stepping method. We take 2562

collocation points so after 2/3 dealiasing, |kmax| = 256/3 ≈ 85. Our initial condition

consists of two Gaussian spots given by:

ψk(t = 0) = α10−6e−|k−k0|2/k∗2−|k−k0m|2/k∗2+iφk (5.19)

where k0 = (20, 20), k0m = (−20, 20) k∗ = 8 and φk are random independent

phases. α is our scaling parameter with which we will change the level of nonlin-

earity. For the parameters in our equation we choose β = 100 and F = 0. This

is the same initial condition that was used in [48, 49]. We let this system freely

evolve, with no forcing or dissipation. A more common way to study cascades in

turbulent systems is to include forcing and dissipation. In these simulations the

rate at which energy is pumped into the system is balanced at the rate that it is

dissipated. A statistically stationary inertial range far away from both the dissipa-

tion and forcing scales is then studied. Future work on this will involve studying

turbulent cascades in the CHM equation with forcing and dissipation.

We simulate 5 different cases, each with different levels of nonlinearity. The energy

of each case and the results are summarised in table 5.2. The energy of each case

increases by a factor of 16 as the system becomes more nonlinear. In other words

Ej = 16jE1.

Case 1 is the least nonlinear case. Here we should expect that the predictions from

the weakly nonlinear theory are well realised. In figure 5.4 on the top we can see

a snapshot of the system at t = tend. From this image there is very little evidence

of zonal structures by the time the system reaches tend. In the bottom panel we

can see the path the centroids took over the course of the simulation. As this case

was the most weakly nonlinear, each centroid moved into its own sector in k-space

as was predicted by the Fjørtoft argument. Looking at the cascades in k-space,
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Figure 5.3: In the presence of the conservation of zonostrophy, energy is forced
to cascade towards zonal scales, where |kx| � |ky|. We wish to measure the

proportion of energy in the band along the ky axis in the figure.

it is clear that our conserved quantities do not move much over the course of the

simulation. Since our nonlinearity is very weak here, we could be in the regime

of “frozen turbulence” [45]. Essentially in this regime the nonlinearity is so weak

that only the exactly resonance interactions can occur as determined by the grid

spacing of of the numerical simulation. Zonostrophy is well conserved, as can be

seen in figure 5.9.

For case 2 we are still in the realm of weak nonlinearity, however as we can see from

figure 5.5 the zonal structures are much stronger in this case. We can also see that

the centroids of the conserved quantities travelled further over the same nonlinear

time interval, suggesting that more approximate resonances are taking part in the

overall dynamics of the system. We can also see that each centroid still cascaded

in its own sector in k-space, however the energy centroid seems to travel along the

boundary between energy and zonostrophy.

Case 3 is our most intermediate case. As we can see in figure 5.6, very strong and

significant zonal structures can be seen by the end of the simulation. As we are

no longer in the weakly nonlinear case, the centroid of energy does not cascade in
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Figure 5.4: Top panel: Snapshot at tend for the case 1. Here there is little
evidence of any zonal structures forming. Bottom: The centroids cascade in

their respective sectors, however they do not cascade far.
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Figure 5.5: Top: Snapshot at tend for case 2. The beginnings of zonal structures
form and can be seen as horizontal stripes. Bottom: In this case the centroids
cascade further than case 1. The centroids keep quite well to their own sectors

in k-space.
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its own region. Having said that, it is clear from figure 5.6 that zonostrophy still

has a strong effect on the direction of the energy cascades. This results in a strong

energy cascade to zonal scales.

With case 4 we begin to enter the realm of strong nonlinearity. In figure 5.7 we

can still see some zonal structures, however they are now much weaker than the

previous case. In the lower panel we can see the cascade becoming more isotropic,

however the ghost of zonostrophy still seems to have an effect on the direction of

the energy cascade.

By the time we arrive at case 5, we are decidedly strongly nonlinear. In figure 5.8

there is essentially no remnants of zonal structures at this level of nonlinearity.

We can also see that the energy and enstrophy become isotropic. At this stage,

zonostrophy has no bearing on the direction in which energy cascades.

We can measure how well zonostrophy is conserved for each case by looking at the

relative error of the zonostrophy over the course of a simulation. In figure 5.9 we can

see that only case 1 truly conserves the zonostrophy well. For the more nonlinear

cases, it can be seen that a significant part of the relative error is accumulated at

the beginning of the simulation. This is remarked in [48], stating that the scales

that support zonostrophy become more weakly nonlinear. To quantify this, on the

bottom panel of figure 5.9 we look at the relative error over the second half of the

simulation. We can see that case 1 and case 2 are conserved quite well, however for

cases 3, 4 and 5 we cannot reasonably say that zonostrophy is conserved, meaning

that for these regimes we are outside of the realm of weak nonlinearity.

To study more quantitatively the efficiency of the cascade to zonal scales, we cal-

culate the proportion of energy in zonal modes at the end of the simulation. We

define our zonal modes by the conditions |kx| ≤ 1 and |ky| ≤
√

2k0. The reason

why we are just concerning with zonal scales up to |ky| =
√

2k0 is that we wish

to study the proportion of the energy affected by the presence of zonostrophy. We

choose this limit because the region where |ky| >
√

2k0 is where the density of en-

strophy is strongest. As energy and enstrophy are both quadratic invariants which

are conserved at all levels of nonlinearity, this boundary won’t change between our

simulations. Thus we can consider the zonal scales at which the energy is most af-

fected by the presence of zonostrophy are given by |ky| ≤
√

2k0. This is visualised

as the band along the ky axis in Figure 5.3. Looking at figure 5.10 we can see that

at the end of the simulations, case 3 has the highest proportion of energy at zonal
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Figure 5.6: Top: At the intermediate value for nonlinearity, very strong zonal
structures are seen at t = tend. Bottom: Even though zonostrophy is no longer
conserved, it still influences the directions of the energy and enstrophy cascades.
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Figure 5.7: Top: As we approach stronger levels of nonlinearity, the zonal
structures at t = tend become weaker. Bottom: The influence zonostrophy has on
the cascades of energy and enstrophy becomes weaker as the level of nonlinearity

becomes stronger.
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Figure 5.8: Top: For the very strong nonlinearity of case 5, the zonal struc-
tures in the system essentially disappear. Bottom: The cascades of energy and

enstrophy essentially become isotropic in the limit of strong nonlinearity.
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Figure 5.9: Top: Log scale plot of the relative error of zonostrophy over the
course of a simulation. Case 1 stays well conserved. Most of the error occurs at
the beginning of the simulation. Bottom: Plot of the relative error of zonostrophy
over the second half of the simulation. Case 1 is well conserved, but case 5
accumulates a relative error of about 35% over the second half of the simulation
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Figure 5.10: Amount of energy at zonal scales at the end of the simulation.
We can see that the intermediate cases most efficiently cascaded energy to these

scales.

scales, approximately 18%. In the strongly nonlinear case the proportion of energy

at zonal scales is only approximately 11%. In the most weakly nonlinear case, even

though zonostrophy is conserved very well, the proportion of energy at zonal scales

is only about 2%. As only resonant interactions support energy transfers in this

limit, the pathway for energy transfers to occur in this regime is limited. Upon

studying Figure 5.10, we can see that the rate of change of energy in zonal scales

is quite high for case 2. This would imply that our value for tend is too small to see

the long time behaviour of the system. However, this is not an issue because what

we wish to demonstrate here is the efficiency of energy travelling to zonal scales

over a time interval, this shows us that this efficiency is maximised at intermediate

nonlinearity. However, seeing how this behaviour continues for larger tend is also

of interest. We run the simulations again using the same initial conditions defined

in equation (5.19), however we choose a new set of randomised phases, to see if

the phenomenon persists. We then integrate the system for double the time of our

previous runs, to 2tend. We can see the proportion of energy at zonal scales in

figure 5.11. Again, the intermediate cases end up with the most energy at zonal

scales, however with the longer integration time, at 2tend we can see that cases 2,

3, and 4 all have more energy at zonal scales than case 5.
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Energy Ezon(tend)/Etot (Z(tend)− Z(tend/2))/Z(tend/2)
Case 1 3.249× 10−5 0.009 0.0033
Case 2 5.189× 10−4 0.093 0.07
Case 3 8.138× 10−3 0.184 0.193
Case 4 1.331× 10−1 0.158 0.24
Case 5 2.1293 0.12 0.35

Table 5.2: Summary of the results. A higher proportion of energy was trans-
ferred to zonal scales at intermediate nonlinearity.

Figure 5.11: When we run the simulations for longer, we see that case 3 still
favours the strongest energy transfers to zonal scales. We also see that when we
allow the simulations to run for longer, case 2 ends up with more energy at zonal

scales than case 5.

From our summary of results in table 5.2, we can see that the course of the same

nonlinear time, the most efficient transfers of energy to zonal scales can be seen

in case 3 at intermediate nonlinearity. This stems from a cooperation between the

anisotropic cascades predicted from the weakly nonlinear theory, and the thicker

band of resonances supporting interactions from the strongly nonlinear limit.

We have seen that as the nonlinearity becomes strong, the system becomes isotropic.

We inferred this from Figure 5.8, as the centroids of energy and enstrophy cascaded

directly to large and small scales respectively. However, this is merely suggestive

of isotropy, as the system could be anisotropic with these same centroids. Consider
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the case where energy and enstrophy transfers were favoured along the line ky = kk.

The centroids for these cascades would qualitatively match with Figure 5.8, however

this system would not be isotropic. To better understand the degree of isotropy

of the system, we will look at the energy spectra in k-space at the end of each of

the simulations. In Figure 5.12 we see the energy spectrum for case 1, the most

weakly nonlinear case. We can see that this system is not isotropic, as very zonal

modes are much more energetically preferred than very meridional modes. In this

case we can also see that a significant portion of the energy is still in the vicinity

of the peak of the initial condition, (kx, ky) = (20, 20). This further suggests that

this system could be in the regime of “frozen” turbulence or mesoscopic turbulence

[46]. In Figures 5.13, 5.14 and 5.15 we have the energy spectra at tend for cases 2,

3 and 4 respectively. In these three cases we can see that the system is anisotropic.

The presence of zonostrophy in these cases forces energy to cascade to zonal scales,

where |ky| � |kx|. However, as the strength of the nonlinearity grows, the region

in which energy is forbidden shrinks. Finally in Figure 5.16, we have the distribu-

tion of energy spectrum in for the most strongly nonlinear initial conditions, case

5. At this level of nonlinearity the area where energy is forbidden is very small.

As the limit of strong nonlinearity is considered, this area disappears. Outside of

this region we can see that the distribution of energy is essentially isotropic; no

particular direction in k-space is preferred.
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Figure 5.12: In the weakly nonlinear case we see that the directions of the
cascade of energy is greatly affected by the presence of zonostrophy. In this case
the system is decidedly anisotropic. We can also see that a lot of the energy is

still centred around where the initial conditions were, (kx, ky) = (20, 20).

Figure 5.13: Energy spectrum for case 2. The system is still anisotropic
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Figure 5.14: Energy spectrum for case 3. The anisotropy is still present,
however its effect is becoming lessened.

Figure 5.15: Energy spectrum for case 4. The region in which the system is
most anisotropic is becoming smaller as we increase the level of nonlinearity.
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Figure 5.16: In the strongly nonlinear case, the energy spectrum is essentially
isotropic.

5.4 Precession resonance in the full system

We understand this increased cascade of energy to zonal scales as a kind of co-

operation of effects stemming from both the weakly nonlinear theory and finite

amplitude effects. In other words, the presence of zonostrophy forces energy to

cascade to zonal scales, while the resonance broadening caused by increased non-

linearity allows for more interactions to support meaningful energy transfers. In

the previous chapters we studied the effects of wave amplitudes set beyond the limit

of weak nonlinearity in toy models of the CHM system. In these triad models we

saw that a resonance occurred due to a balance between the linear and nonlinear

timescales. For this final section we wish to use the insight we have gained from

these toy models to better understand some of the mechanisms which allow for

energy to be more efficiently cascaded to zonal scales at intermediate nonlinearity.

Hence, we will investigate the phenomenon of precession resonance in this system.

As a preliminary investigation into the manifestation of precession resonance facil-

itating the cascade of energy to zonal scales, we will focus on the energy transfers

occurring in one triad given by k1 = (0, 1), k2 = (1, 1), and k3 = (1, 2) so that

k1 + k2 = k3. Remembering back to the CHM equation in phase amplitude form,
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given in equations (2.11) and (2.12), we recall that the evolution of the amplitude

for mode k1 is

ṅ1 = Z1
23n2n3 cos(ϕ3

12) (5.20)

with similar expressions for n2 and n3. The evolution of the triad phase is given by

ϕ̇3
12 = −ω3

12 + n1n2n3 sin(ϕ3
12)

(
Z1

23

n2
2

+
Z2

31

n2
3

− Z3
12

n2
3

)
. (5.21)

Recalling our definition of precession frequency, it was defined as the time-average

of the derivative of the Fourier phase over a suitable time window T :

Ω3
12(t) =

1

T

∫ t+T

t

ϕ̇3
12(t′)dt′. (5.22)

The condition for the zeroth harmonic of precession resonance is that Ω3
12 = 0, the

case when the contributions from the linear and nonlinear terms in equation (5.21)

cancel. This essentially says that the average of the derivative of the triad phase

over a given interval is zero, or in other words, the average of the triad phase itself

is constant.

To investigate the manifestation of precession resonance in this system, we look at

the evolution of the triad phase over a given time interval. We redo our numerical

integration of the systems from t = 0 to t = 5 for all cases. We integrate all the

systems over the same time interval here instead of the nonlinear time we used in

the previous sections because we wish to compare linear and nonlinear timescales.

As the linear oscillations do not change with the level of nonlinearity, using the

same time for each system is a natural choice to make. For the triad that we chose

our linear frequencies are given by ω1 = 0, ω1 = −50 and ω3 = −20, so our linear

triad frequency is given by ω3
12 = 30. We then expect the linear component of our

triad phase to evolve as ϕ3
12(t) = −30t.

In the case 1, we expect the dynamics to be dominated by the linear terms. In

Figure 5.17 we can see at the beginning of the simulation the triad phase does

not drift, i.e. Ω3
12 = 0. However as the system settles this then transforms into

a constant linear drift in the phases. Interestingly, the linear drift isn’t the triad

frequency like one would expect. Upon inspection we can see that this drift corre-

sponds to the linear frequency ω3. This implies that the evolution of some of the

modes in this triad are not wrapping around the origin. This implies that in this

regime there are jumps in the phase precession, like what we saw in Chapter 3.
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Figure 5.17: In case 1 the triad phase ϕ3
12 is dominated by the linear term and

drifts at a constant rate.

Because to these phase-slips the evolution does not behave as one would expect,

however the important fact to note is that the dynamics are still dominated by the

linear terms. In case 2, seen in Figure 5.18, the linear triad frequency dominates

and a constant drift in the triad phase is seen. The evolution of the triad phase in

this regime is still dominated by the linear term, however in this case the modes do

not favour jumps in precession, so the system evolves as one would expect. When

we reach case 3, the most intermediate case, we begin to see a balance between the

linear drift and the nonlinear corrections. In Figure 5.19 over the first half of the

simulation the behaviour is dominated by the linear triad frequency. However from

t ≈ 2 onwards we see that a jump in precession occurs and the precession frequency

locks to 0 for the rest of the simulation. Precession resonant behaviour can also be

seen in Figure 5.20 for case 4. We see over a few intervals the precession frequency

is zero. By the time we get to the most nonlinear case, case 5, the nonlinear term

dominates and there is no appreciable balance between the linear and nonlinear

scales of the system. This can be seen in Figure 5.21.

To more quantitatively measure what effect this has on the evolution of the system,

we will consider how the phase manifests itself in the evolution equations for the

amplitudes of the Fourier modes. Looking at equation (5.20), we can see that
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Figure 5.18: Case 2 drifts with frequency ω3
12 and no signs of precession reso-

nance are found.

Figure 5.19: In case 3 we see balance between the linear and nonlinear terms,
resulting in the precession frequency Ω3

12 = 0 over the first half of the simulation.
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Figure 5.20: In case 4 the nonlinear terms begin to take over, however we can
still see periods of precession frequency Ω3

12 = 0

Figure 5.21: In case 5 the nonlinear term has completely taken over, so the
effect of precession resonance can no longer be seen.
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1

5

∫ 5

0

cos(ϕ3
12(t′))dt′

Case 1 −0.3164
Case 2 −0.0285
Case 3 0.3464
Case 4 0.2701
Case 5 0.0062

Table 5.3: Summary of the results for the study of precession resonance. The
term cos(ϕ3

12) gave the strongest contributions to case 3.

the term cos(ϕ3
12) contains the contributions from the phases in the growth of n1.

Studying the average value of this over our time interval will give us a suggestion

as to the effect of the phase on the evolution of the system. Looking at table 5.3,

we show the average values of cos(ϕ3
12) over the simulation. We see that in case 3

the presence of precession resonance is strongest.

5.5 Chapter summary

In this chapter we investigated the behaviour of the cascades of conserved quantities

in the CHM equation at varying degrees of nonlinearity. We outline the theory of

wave turbulence valid for the weakly nonlinear cases of the CHM equation, and

find that in this regime the system admits three positive quadratic invariants,

energy, enstrophy and zonostrophy. However, in the strongly nonlinear case the

system only admits two positive quadratic invariants, energy and enstrophy. We

investigated the behaviour of the system at intermediate nonlinearity, where these

two regimes would compete. It was found that at intermediate nonlinearity, zonal

structures were much more efficiently generated over the same nonlinear timescale

over the weakly nonlinear and strongly nonlinear limits. We also saw that the

effect of precession resonance was found to be most prominent in case 3, the most

intermediate case.

These results have some interesting implications about the applicability of predic-

tions from the weakly nonlinear theory. In case 3, the most intermediate case, it is

clear that zonostrophy is not conserved by any reasonable metric; over the second

half of the simulation it varies by almost 20%. However looking at the directions

of the cascade in figure 5.6, we can also see that the system is far from isotropic.

Zonostrophy still has a very active effect on the dynamics of the system, even
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though in this regime we would consider it to not be conserved at all. Although

for case 3 we are outside the applicability of weak wave turbulence theory, the

predictions from the weakly nonlinear limit are very important for understanding

how the system evolves. The theory of precession resonance then gave us a bet-

ter understanding of how the system behaves in the case when energy transfers

are maximised. Understanding how much we can apply the predictions from the

weakly and strongly nonlinear regimes to finite amplitude systems is a key step in

bridging the gap between weak and strong nonlinearity and understanding finite

amplitude behaviour in nonlinear wave systems.
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Chapter 6

Conclusions

Over the course of this thesis we have investigated the dynamics of finite ampli-

tude behaviour in nonlinear wave systems using both reduced models and direct

numerical simulations. The main problems with the most common existing theories

describing nonlinear wave systems is that many theories require the limit of weak

nonlinearity to be applicable. New approaches are necessary to better understand

how these systems behave when this weakly nonlinear limit is no longer valid.

In Chapter 2 we described the precession resonance mechanism first outlined in

[40]. This is a phenomenon which cannot be seen in the limit of weak nonlinear-

ity, as triggering this resonance requires a balance between linear and nonlinear

timescales. Thus we do not expect precession resonance to be present in the exist-

ing theories. However, studying precession resonance using some of the tools and

techniques typically used in the study of nonlinear wave systems could give us a

better picture of where this phenomenon falls in the overall behaviour of these sys-

tems. To investigate this we study the normal form transformation of a truncated

system of four Fourier modes which was shown to demonstrate precession reso-

nance at intermediate amplitudes. As precession resonance is a finite amplitude

phenomenon, it is necessary to understand the region of convergence of the normal

form transformation and whether precession resonance can manifest itself in these

coordinates. We see a link between the boundary of the region of convergence of

the normal form transformation and the initial conditions that lead to precession

resonance in this reduced model.
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Following on from that in Chapter 3, we wish to expand the notion of precession

resonance to more general interactions. In Chapter 2 we considered the model con-

sisting of one resonant triad connected to one nonresonant triad via two common

modes. Though this case is interesting as it allows for energy to leak away from the

resonant manifold, also of interest is the case of two nonresonant triads connected

via two common modes. As nonresonant triads are far more common than reso-

nant triads, at intermediate nonlinearity understanding these interactions is key

to understanding the finite amplitude dynamics of these systems. It is found that

as we vary the detuning of one of the triads, the precession resonance mechanism

persists, and the scaling amplitude changes depending on the difference between

the size of the two detunings. As the two linear detunings become close in size, we

are able to find precession resonant behaviour while the amplitudes of the modes

are weakly nonlinear. Upon studying precession resonance in this limiting case, we

find that it can be thought of as a four-wave quasiresonance where the efficiency of

the energy transfer in the system is maximised. In this regime we can easily find the

conditions for resonance by integrating the quartet equations directly and finding

a homoclinic orbit of the one dimensional potential well. In this study we could

see how precession resonance manifests itself in different regimes. We found that

precession resonance presents itself as a natural extension of the idea of resonances

to finite amplitude systems.

With our new-found understanding of precession resonance in the limit of weak

nonlinearity, in Chapter 4 we wish to understand how this mechanism extends

to five-wave quasiresonances. Five-wave resonances are of particular interest as

they are the main type of interaction allowing for energy transfers in gravity wa-

ter waves propagating in one dimension. It is found that precession resonance in

five-wave quasiresonances manifests itself in a very similar way to the four-wave

quasiresonances seen in Chapter 3. Using this, we search for these finite amplitude

resonances in the case of deep gravity water waves propagating in one dimension,

and find that they are present in the system provided that the domain is large

enough. We then show how we can reinterpret the five-wave resonance behaviour

in water waves from the point of view of precession resonance in the original vari-

ables. From our work done in Chapters 3 and 4, we have obtained a clearer picture

of what precession resonance means in the general context of nonlinear wave sys-

tems. The notion of precession resonance gives us a very natural extension of

resonant behaviour in nonlinear wave systems beyond the limit of weak nonlinear-

ity. We can see that it can be used to describe classic n-wave resonances, but it
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also gives us a way to quantify the nonlinear effects introduced when we consider

finite amplitudes. Understanding this more general interpretation of resonance, as

well as how it manifests itself in these models and equations, is a steppingstone for

understanding how these nonlinear wave systems behave beyond the limit of weak

nonlinearity.

Finally in Chapter 5 we investigate the effects of finite amplitudes in the Charney-

Hasegawa-Mima equation through direct numerical simulations of the full equation.

This equation is of particular interest in statistical wave turbulence theory due to

the fact that in the regime where the Rossby deformation radius is infinite, it ad-

mits three positive quadratic invariants in the limit of weak nonlinearity. As these

positive quadratic invariants cannot divide k-space isotropically, the anisotropic

cascades of these quantities results in the generation of zonal structures. Two of

these quadratic invariants, energy and enstrophy, are dynamically conserved in all

regimes however the third invariant, zonostrophy, is just statistically conserved in

the limit of weak nonlinearity. This was demonstrated in [48]. For the work in this

thesis, we investigate the effect of increased nonlinearity in the system. We expect

the cascades to become more isotropic as the system becomes more nonlinear and

zonostrophy is no longer conserved. We find that in the intermediate case of non-

linearity, the zonal structures were most efficiently generated over a given nonlinear

time interval. At this intermediate level of nonlinearity, we saw a cooperation be-

tween the anisotropic cascades predicted from the weakly nonlinear case, and the

wider band of triad interactions that support energy transfers stemming from the

strongly nonlinear case. As the level of nonlinearity tended towards the strongly

nonlinear limit, we saw that the system became isotropic as the predictions from

the weakly nonlinear case disappeared. This highlights the importance of under-

standing of these finite amplitude effects in wave turbulent systems. We saw that

zonostrophy is not conserved in this intermediate case, however its presence is still

felt as the cascade of energy is forced to zonal scales. To better quantify the finite

amplitude effects that facilitate the increased efficiency in the energy cascade, we

study the effect of precession resonance in a triad at low zonal wavenumbers. The

results showed that the effect of precession resonance was strongest in the interme-

diate case, implying that one of the factors for increased efficiency was the presence

of precession resonance.

Overall, from this thesis we note that finite-amplitude phenomena can produce

very rich and interesting dynamics in nonlinear wave systems. While these results

present a step in the direction of a better understanding of finite-amplitude effects
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in nonlinear wave systems, they raise some questions which suggest further possi-

ble avenues of research. An investigation into the convergence of the normal form

transformation for more general systems beyond spectral truncations would give

a clearer picture of the link between precession resonance and the normal form

transformation in more general systems. This problem would prove to be com-

putationally challenging using similar techniques that we used in Chapter 2, so a

novel approach for more general systems is required. A more in depth study from

the point of view of dynamical systems of the behaviour of precession resonance

in quasiresonant interactions would be an interesting avenue of research. From the

work done in this thesis we can see that the system admits behaviour reminiscent

of a bifurcation. A more quantitative study of this bifurcation could prove enlight-

ening to the behaviour of these quasiresonances. At intermediate amplitudes in the

Charney-Hasagawa-Mima equation, as the weakly nonlinear theory began to break

down we saw the most efficient energy transfers to zonal scales. Understanding

how this increased energy transfer efficiency is linked to precession resonance will

let us better understand the role that precession resonance interactions play in the

evolution of general wave turbulent systems.
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Appendix A

Perturbation expansion of the

detuned triad

We begin with our system of three coupled nonlinear ODEs:

Ḃ1 = ze−iδtB∗2B3

Ḃ2 = ze−iδtB∗1B3

Ḃ3 = −zeiδtB1B2

(A.1)

Firstly we should notice that if we consider the evolution equation for B∗3 instead

of B3, we find that the evolution equations are cyclic permutations of each other,

except the presence of the minus sign for B3. Using this fact, for the sake of

compactness we will only show the perturbation expansion for B1 as the expansions

for B2 and B3 will be very similar.

In our equations here we have that δt is the fast timescale. To be consistent with

the notation in the literature we shall let δ → 1
ε

and t→ εt. This is mainly for my

own convenience, and these variables will be mapped back at the end. This gives

us the equations:

Ḃ1 = εze−itB∗2B3 (A.2)

123



For the method of multiple scales we expand t in powers of epsilon, where we have

Tm = εmt. Expanding to O(ε2) we get:(
∂

∂T0

+ε
∂

∂T1

+ ε2
∂

∂T2

)(
B

(0)
1 + εB

(1)
1 + ε2B

(2)
1

)
= εze−iT0

(
B

(0)∗
2 + εB

(1)∗
2 + ε2B

(2)∗
2

)(
B

(0)
3 + εB

(1)
3 + ε2B

(2)
3

) (A.3)

We first look at the O(1) terms:

∂

∂T0

B
(0)
1 = 0, B

(0)
1 = B

(0)
1 (T1, T2)

Next we want to look at the O(ε) terms:

∂

∂T0

B
(1)
1 +

∂

∂T1

B
(0)
1 = ze−iT0B

(0)∗
2 B

(0)
3

Integrating across by T0 we get:

B
(1)
1 = ize−iT0B

(0)∗
2 B

(0)
3 −

∂

∂T1

B
(0)
1 T0 + C1(T1, T2) (A.4)

We need to eliminate the secular terms from these equations, so we require:

∂

∂T1

B
(0)
1 = 0, B

(0)
1 = B

(0)
1 (T2)

Now we look at the O(ε2) terms:

∂

∂T0

B
(2)
1 +

∂

∂T1

B
(1)
1 +

∂

∂T2

B
(0)
1 = ze−iT0

(
B

(0)∗
2 B

(1)
3 +B

(1)∗
2 B

(0)
3

)
Substituting in our values for B

(1)
i we get:

∂

∂T0

B
(2)
1 =ze−iT0

(
B

(0)∗
2

(
izeiT0B

(0)
1 B

(0)
2 + C3

)
+
(
−izeiT0B(0)

1 B
(0)
3 + C∗2

)
B

(0)
3 −

∂

∂T2

B
(0)
1 −

∂

∂T1

C1

Multiplying out we get:

∂

∂T0

B
(2)
1 = iz2

(∣∣∣B(0)
2

∣∣∣2 − ∣∣∣B(0)
3

∣∣∣2)B(0)
1 −

∂

∂T2

B
(0)
1 −

∂

∂T1

C1+ze−iT0
(
B

(0)∗
2 C3 +B

(0)
3 C∗2

)
(A.5)
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We require the secular terms to be 0, so this means:

∂

∂T2

B
(0)
1 = iz2

(∣∣∣B(0)
2

∣∣∣2 − ∣∣∣B(0)
3

∣∣∣2)B(0)
1 −

∂

∂T1

C1 (A.6)

Differentiating both sides by T1 we see that Cj = Dj(T2)T1 + Ej(T2)

Looking again at eq A.5 we see:

∂

∂T0

B
(2)
1 = ze−iT0

(
B

(0)∗
2 (D3T1 + E3) +B

(0)
3 (D∗2T1 + E∗2)

)
To eliminate these new secular terms we need:

B
(0)∗
2 D3 +B

(0)
3 D∗2 = 0

Letting Dj = B
(0)
j Kj we can rewrite these as:

K3 +K∗2 = 0

These give us that K1 = K2 = K3 = 0, which means Cj = Cj(T2). This means

that eq A.6 takes the form:

∂

∂T2

B
(0)
1 = iz2

(∣∣∣B(0)
2

∣∣∣2 − ∣∣∣B(0)
3

∣∣∣2)B(0)
1 (A.7)

Since B
(0)
j ’s evolution in T2 is imaginary, we can deduce that |B(0)

j | is independent

of T2. Therefore if we let:

Ω1 = εz2

(∣∣∣B(0)
3

∣∣∣2 − ∣∣∣B(0)
2

∣∣∣2)
Ω2 = εz2

(∣∣∣B(0)
3

∣∣∣2 − ∣∣∣B(0)
1

∣∣∣2)
Ω3 = εz2

(∣∣∣B(0)
1

∣∣∣2 +
∣∣∣B(0)

2

∣∣∣2)
Our solutions for eq A.7 are:

B
(0)
1 = e

−iΩ1

ε
T2B

(0)
1 (0) (A.8)
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Subbing these solutions back into our expressions in eq A.4 we can get expressions

for B
(1)
j :

B
(1)
1 = izB

(0)∗
2 (0)B

(0)
3 (0)e

i
ε
((Ω2−Ω3)T2−iT0 (A.9)

Combining equations A.8 and A.9 and using Tm = εmt, we get:

B1 = B
(0)
1 e−iΩ1εt + izεB

(0)∗
2 B

(0)
3 eit(Ω2ε−Ω3ε−1)

We now map back to our original variables: t→ t
ε

and ε→ 1
δ
. So finally we get:

B1 = B
(0)
1 e−iΩ1t +

iz

δ
B

(0)∗
2 B

(0)
3 ei(Ω2−Ω3−δ)t

B2 = B
(0)
2 e−iΩ2t +

iz

δ
B

(0)∗
1 B

(0)
3 ei(Ω1−Ω3−δ)t

B3 = B
(0)
3 e−iΩ3t +

iz

δ
B

(0)
1 B

(0)
2 ei(−Ω1−Ω2+δ)t

(A.10)

With:

Ω1 =
z2

δ

(∣∣∣B(0)
3

∣∣∣2 − ∣∣∣B(0)
2

∣∣∣2)
Ω2 =

z2

δ

(∣∣∣B(0)
3

∣∣∣2 − ∣∣∣B(0)
1

∣∣∣2)
Ω3 =

z2

δ

(∣∣∣B(0)
1

∣∣∣2 +
∣∣∣B(0)

2

∣∣∣2)
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Appendix B

Integrating the detuned triad

equations

To demonstrate the integrability of the detuned triad equations, we will begin with

the evolution equations for the triad phase and the amplitude of the modes:

ṅ1 = z1n2n3 cos(ϕ3
12)

ṅ2 = z2n1n3 cos(ϕ3
12)

ṅ3 = z3n1n2 cos(ϕ3
12)

ϕ̇3
12 = −ω3

12 + n1n2n3 sin(ϕ3
12)

(
z1

n2
1

+
z2

n2
2

+
z3

n2
3

)
.

(B.1)

where ϕ3
12 = φ3 − φ1 − φ2.

As this system has four degrees of freedom, we can infer that if we can obtain

three independent constants of motion, the system will be integrable. Next, for

this system there are two well known invariants known as Manley-Rowe relations:

I1 = z1n
2
3 − z3n

2
1

I2 = z2n
2
3 − z3n

2
2

(B.2)

We require one more integral of motion to be able to integrate the system. Fortu-

nately we can find one more, somewhat reminiscent of a Hamiltonian

Hj = n1n2n3 sin(ϕ3
12)− 1

2
ω3

12zjn
2
j (B.3)
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for any choice of j = 1, 2, 3. If, for example, we choose j = 1, we now have three

independent constants of motion for this system, I1, I2 and H1.

To integrate the equations, we need to use these constants of motion to reduce the

degrees of freedom of the system. Using the Manley-Rowe relations from equa-

tion (3.5) We can define

x(t) =
n1(t)2 − n1(0)2

z1

=
n2(t)2 − n2(0)2

z2

=
n3(t)2 − n3(0)2

z3

(B.4)

This can be seen from the fact that

I1 = z1n3(t)2 − z3n1(t)2 = z1n3(0)2 − z3n1(0)2.

Rearranging this we obtain

z1n3(t)2 − z1n3(0)2 = z3n1(t)2 − z3n1(0)2

n3(t)2 − n3(0)2

z3

=
n1(t)2 − n1(0)2

z1

.

Using the same argument for I2, we are then lead to equation (B.4).

dx

dt
= 2n1n2n3 cos(ϕ3

12)(
dx

dt

)2

= 4n2
1n

2
2n

2
3 cos2(ϕ3

12)(
dx

dt

)2

= 4(z1x+ n1(0)2)(z2x+ n2(0)2)(z3x+ n3(0)2)

− (H1 + 1
2
ω3

12z1(z1x+ n1(0)2)2)2

This can be viewed as the evolution of a particle trapped in a potential. I.e.

1

2

(
dx

dt

)2

+ V (x) = 0 (B.5)

where

V (x) = − 2(z1x+ n1(0)2)(z2x+ n2(0)2)(z3x+ n3(0)2)

− (H1 + 1
2
ω3

12z1(z1x+ n1(0)2))2

(B.6)

The value for x oscillates between two roots of the potential given by equation (B.6).
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