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1 INTRODUCTION 
 
Many bridges in Europe were built in the 1950s and 
are now getting close to the end of their design life. 
Their deterioration has been aggravated by loads 
higher than foreseen at the design stage (Gkoumas et 
al. 2019). Therefore, proactive and effective mainte-
nance is needed for Europe’s ageing transport infra-
structure to ensure its safe operation during the re-
maining life cycle. Structural health monitoring 
(SHM) methods aim to meet this need via two ap-
proaches: (1) response-based methods, and (2) mod-
el-based methods (Fan & Qiao 2011). 

Response-based methods, also called model-free 
methods, rely on the measured response from the 
structure only. Hence, they do not require compli-
cated structural models, which are often difficult to 
calibrate on site. Amongst these methods, the extrac-
tion of mode shapes from measured accelerations is 
a popular technique for damage localization. A re-
quirement for obtaining accurate mode shapes and 
mode shape curvatures is the installation of a high 
number of sensors over as many measurement loca-
tions. The latter has been addressed recently with the 
recording and processing of video measurements. 
For instance, Yang et al. (2018) extract three full-
field and high-resolution mode shapes from video 
measurement of a structure excited by an impact 
hammer. However, mode shapes and their deriva-
tives usually have a larger statistical variability than 
natural frequencies and damping ratios (Sun & 

Chang 2002). Therefore, damage severity is difficult 
to estimate using only response-based methods due 
to missing information about the bridge structure. 

Compared to response-based methods, model-
based methods are better suited for both locating and 
quantifying damage. A detailed numerical model es-
tablishes an early healthy statistical baseline of the 
structure, and then the model is subsequently updat-
ed to match responses measured at different points 
in time. Monitored responses commonly include 
natural frequencies, given that their acquisition 
through accelerometers is easy and energy efficient, 
i.e., one sensor may be sufficient to extract the fre-
quency range of interest. Guan et al. (2006) propose 
computer-based automated analysis algorithms to 
locate damage and to estimate its severity from 
shifts in natural frequency and changes in mode 
shapes. The system is tested on a fibre reinforced 
polymer composite bridge structure. Lederman et al. 
(2014) use signal processing and machine learning 
approaches to analyse the forced vibration responses 
collected from a vehicle-bridge interaction (VBI) 
model. Natural frequency spectrum magnitudes ob-
tained by principal component analysis are success-
fully used to diagnose the severity and to locate 
damage in a laboratory bridge model. 

The natural frequency of a bridge does not only 
change with the magnitude of the moving load, but 
also with its location (Frýba 1972). Cantero & OBri-
en (2013) demonstrate that the variations in natural 
frequencies greatly depend on the vehicle-to-
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structure frequency and mass ratios. Chang et al. 
(2014) verify, both theoretically and experimentally, 
that the main frequencies of a VBI system and the 
frequencies of the bridge system alone may differ 
due to the presence of a parked vehicle on the 
bridge. Cantero et al. (2017) measure the evolution 
of frequency shifts and changes in mode shape due 
to a truck parked in different positions of a steel 
girder bridge using the Continuous Wavelet Trans-
form (CWT). In general, operational loads are typi-
cally considered to mask the underlying true dynam-
ic features of a bridge structure, and the dynamic 
properties of the bridge system alone are character-
ized best in free vibration. Nevertheless, González et 
al. (2020) use eigenvalue analysis to show how 
forced frequencies, due to a vehicle moving on a 
bridge, change for a bridge in healthy and damaged 
conditions. Therefore, if a similar vehicle was used 
to obtain the forced frequencies of a bridge in two 
separate moments in time, their differences could 
potentially be exploited to assess the damage in the 
structure. 

This paper proposes a model-based method that 
relies on the changes in the forced frequency associ-
ated with the first mode due to the passage of a vehi-
cle for locating and quantifying damage. It is based 
on comparing a database of theoretical forced fre-
quencies obtained from eigenvalue analysis for a 
wide range of damage scenarios, with the instanta-
neous frequencies obtained from a measured or sim-
ulated acceleration signal from a VBI model. Sec-
tion 2 describes the numerical VBI model for the 
healthy and damaged scenarios that serves for de-
veloping the proposed method. Section 3 describes 
the steps involved in the application of the damage 
detection method. Section 4 tests the method in two 
scenarios where damage location and severity are 
determined from reconciling dynamic transient re-
sults with a database of theoretical eigenvalues. Fi-
nally, Section 5 provides conclusions and recom-
mendations for further research. 

2 VBI MODEL  

2.1 Vehicle and bridge  

The vehicle is modelled as a two degree of freedom 
quarter-car and the bridge is modelled as a simply 
supported discretized finite element beam, as shown 
by Figure 1. 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

 
 

Figure 1. VBI model. 

 
The quarter-car is composed of a sprung mass (ms) 

and an unsprung mass (mu), moving at a constant 
speed of 1 m/s over the beam. The unsprung mass 
connects to the bridge surface via a spring (Kt), 
while the sprung mass is connected to the unsprung 
mass by another spring (Ks) and a viscous damper 
(Cs). The values adopted for these parameters are 
based on Cantero & González (2008) and listed in 
Table 1. 
 
Table 1.  Properties of the vehicle. 

Parameter Value Unit 

Sprung mass, ms 14×103 kg 

Unsprung mass, mu 1×103 kg 

Suspension stiffness, Ks 500×103 N/m 

Suspension damping, Cs 5×103 Ns/m 

Tyre stiffness, Kt 3×106 N/m 

1st Frequency, f1 0.8495 Hz 

2nd Frequency, f2 7.9692 Hz 

 
The beam is discretized into 150 finite beam ele-

ments 0.1 m long each. The bridge model has a total 
of 302 degrees of freedom (i.e., rotation and vertical 
displacement at both ends of each discretized ele-
mentary beam). Bridge damping is typically low and 
neglected here. Table 2 summarizes the values for 
the bridge properties. 

 
Table 2.  Properties of the bridge. 

Parameter Value Unit 

Length, L 15 m 

Width, w 15 m 

Depth, h 0.75 m 

Mass per unit, m 28125 kg/m 

2nd moment of area, I 0.5273 m4 

Modulus of elasticity, E 35×109 Pa 

1st Frequency, f1 5.655 Hz 

2nd Frequency, f2  22.622 Hz 

3rd Frequency, f3 50.900 Hz 

 
By merging those degrees of freedom that vehicle 

and bridge have in common, the 2×2 stiffness matrix 
of the quarter-car and the 302×302 stiffness matrix 
of the finite element beam are combined into one 
304×304 global stiffness matrix that varies with the 



position of the vehicle. The individual mass matrices 
of the quarter-car and beam are also combined into 
one 304×304 global mass matrix that is constant in 
time. The coupled equations of motion are integrated 
to obtain the acceleration response at midspan as de-
scribed by González (2010). Figure 2 shows the ac-
celeration response for the case of a healthy condi-
tion where all beam elements maintain the stiffness 
values defined in Table 1. 
 
 
 
 
 
 
 
 
 
 

 
 
Figure 2. Acceleration response due to VBI model. 

2.2 Modelling of damage 

Various approaches for crack modelling are availa-
ble in the literature. The stiffness reduction associat-
ed with a single crack, as proposed by Sinha et al. 
(2002), is adopted in this paper. Figure 3 shows the 
representative parameters for modelling a crack lo-
cated at 4 m from the first beam support. The dam-
aged depth, hd, takes a value of hd = λh, where λ rep-
resents the damage level, typically given as a 
percentage of the total beam depth h. Following Sin-
ha’s approach, the total length affected by damage, 
denoted by 2ld in the figure, covers a region equal to 
1.5h at either side of the crack. In this region, the 
stiffness loss varies linearly until reaching a maxi-
mum loss at the crack location. 

 
 

 
 
 
 
 
 
 

 
 

Figure 3. Crack details. 

 
Figure 4 shows the stiffness distribution through-

out the beam for crack depths that vary from λ = 0% 
to λ = 30% of the beam depth. When analysing a 
specific damage scenario, the stiffness of the beam 
elements affected by the crack will be modified ac-
cordingly. 
 

 
 
 
 
 
 
 
 
 
 
 

 
 
Figure 4. Stiffness profiles for 7 beams with different damage 

levels at location x = 4 m. 

3 DAMAGE DETECTION METHOD 

3.1 Description 

Firstly, the theoretical curves of forced frequencies 
versus vehicle position are obtained using eigenval-
ue analysis for a healthy condition and multiple 
damage scenarios. For each damage scenario, the 
differences between frequencies in the damaged and 
healthy conditions are computed and stored in a da-
tabase. 

Secondly, a dynamic transient analysis of the ac-
celeration response of the beam due to a moving 
load is carried out for two moments in time: an ini-
tial time from the past in which the structure is as-
sumed to be healthy, and a time in the future when 
the structure has an unknown health status. The 
short-time Fourier transform (STFT) is employed to 
obtain a time-history of instantaneous forced fre-
quencies, although alternative time-frequency tech-
niques such as the CWT and the Hilbert-Huang 
transform could have also been employed. 

Finally, the differences between the instantaneous 
forced frequencies versus vehicle position in the 
healthy and unknown status conditions are compared 
to the theoretical curves derived from eigenvalue 
analysis for locating and quantifying damage. Due to 
the symmetry of the frequency response, there are 
cases with two potential solutions, one to the left of 
the bridge centreline and another in the symmetric 
location to the right of the bridge centreline. The lat-
ter is overcome by comparing not only the magni-
tude of the differences between STFT and eigenval-
ue curves but also the shapes of these curves. This 
paper assumes that the same vehicle is employed to 
obtain forced frequencies for all scenarios. When 
implementing the algorithm in the field, a weigh-in-
motion system can be used to select the forced re-
sponses corresponding to those vehicles with similar 
configuration and weights to that employed in the 
theoretical eigenvalue analysis. 



3.2 Eigenvalue analysis 

In eigenvalue analysis, the inverse of the global 
mass matrix is multiplied by the global stiffness ma-
trix to obtain the eigenfrequencies of the system. It 
is then possible to calculate the differences in forced 
frequencies versus vehicle position between a dam-
age scenario and the healthy scenario, as per Equa-
tion (1), for different damage locations and severi-
ties. 
 
 
                                                                           (1) 
 
where  is the vector defining the forced fre-
quencies for the healthy case,  is the vector 
defining the forced frequencies for the damaged 
case, and  is the difference between the vec-
tors  and . The parameter i represents 
the damage scenario number, and it ranges from 1 to 
84 to cover 12 damage locations spaced by 1 m 
(from 2 m to 13 m from the first support), and 7 dif-
ferent damage levels for each location (λ = 0%, 5%, 
10%, 15%, 20%, 25% and 30%). Figure 5 plots 

 for a damage case with λ = 15% and all ana-
lysed locations. The vertical red dash-dot line in 
each subfigure signals the damage location. 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
 
 
 
 
 

 
 
Figure 5. Difference between forced eigenfrequencies for a 

15% damage located at x = : (A) 2 m, (B) 3 m, (C) 4 m, (D) 5 

m, (E) 6 m, (F) 7 m, (G) 8 m, (H) 9 m, (I) 10 m, (J) 11 m, (K) 

12 m, (L) 13 m. 

 
Peaks are clearly seen for damages located at 2, 3, 

12, and 13 m from the first support, while a change 
in curvature is appreciated for other damage loca-
tions. Symmetry is observed with respect to the 
beam midspan, i.e., between the sub-figures corre-
sponding to x = 2 m (A) and x = 13 m (L), and be-
tween figures corresponding to x = 3 m (B) and x = 
12 m (K). Further on, it will be seen how this sym-
metry can apparently lead to two optimal solutions. 

3.3 Dynamic transient analysis 

For the dynamic transient analysis, the equations of 
motion of the vehicle-bridge system are integrated to 
obtain a time series of the acceleration response at 
midspan due to the passing of the vehicle. Instanta-
neous frequencies need to be obtained next. The fast 
Fourier transform (FFT) converts time-series signals 
into a frequency domain representation in which the 
main frequencies of a structure are easily identified, 
but the FFT cannot depict the frequency changes 
over the time domain. To overcome this limitation, 
STFT has been proposed for providing a representa-
tion of the signal in the time-frequency domain. The 
STFT divides a measured response into shorter seg-
ments of the same window length and then applies 
the FFT to each segment separately for deriving 
each frequency component. Therefore, those com-
ponents contain frequency changes over time. The 
STFT is restricted by the selection of the window 
width, which leads to a trade-off between frequency 
resolution and time resolution. In other words, a 
large window length will provide good resolution in 
the frequency domain and poor resolution in the 
time domain, and vice-versa (Amezquita-Sanchez & 
Adeli 2016). 

Figures 6a and 6b show the time-frequency spec-
trum obtained by applying STFT to the acceleration 
in forced vibration provided in Figure 2. Here, the 
window length is set at 210 samples and the hop size, 
at 25 samples. An instantaneous frequency around 
the first frequency of the bridge, i.e., 5.65 Hz, is 



identified in Figure 6a. Figure 6b zooms into the 
frequency range of interest to highlight the slight 
changes in the first frequency as the vehicle moves 
along the bridge. 
 
 
 
 
 
 
 
 
 
 

 
Figure 6a. Frequency-time spectrum by STFT. 

 

 
 
 
 
 
 
 
 
 

 
Figure 6b. Variation of the first frequency of the bridge with 

vehicle location. 

 
Figure 7 shows how the curve obtained from ap-

plying STFT compares to the expected frequency 
change from eigenvalue analysis. The blue dashed 
line represents the forced frequency by eigenvalue 
analysis, and the solid red line represents the forced 
frequencies by transient analysis shown in Figure 
6b. Additionally, the horizontal dash-dot black line 
represents the value of the frequency in free vibra-
tion, given as a reference. It can be seen that there is 
a good agreement between the results from the 
STFT and the eigenvalue analysis, although the for-
mer slightly over predicts the change in frequency 
and the latter is smoother. Nonetheless, the STFT 
appears to be a valid tool for capturing the main 
changes in forced frequency identified by eigenvalue 
analysis in the response under investigation. 

 
 
 
 
 
 
 
 
 
 

 
 

Figure 7. Variation of forced frequency with vehicle location. 

3.4 Localization and quantification of damage 

Similar to Equation (1), the difference between an 
‘unknown-health status’ and the healthy bridge can 
be computed from the transient analysis by applying 
the STFT to the acceleration signal, as per Equation 
(2). 
 
 
                                                                                                                                                                                         (2) 
 
where  is a vector containing the forced fre-
quencies for the healthy case,  is a vector 
containing the forced frequencies for an unknown-
health case, and  is a vector containing the 
differences between  and . 

Once the vector  is calculated, it is then 
compared to the database of stored vectors  
from eigenvalue analysis. Therefore, the objective 
function, , can be defined by Equation (3). Those 
vectors from eigenvalue analysis leading to a mini-
mum value of the objective function are used to es-
timate the damage severity and location. 

 
 

 
                                                                                                 (3) 
 
where T is the symbol for vector transpose. 
 

There could be cases with two or more potential 
solutions (i.e., two local minima) due to the symmet-
rical nature of the frequency changes that has been 
highlighted before. A second parameter , de-
fined by Equation (4), is calculated to assess the 
similarity of vectors  and , and to 
discern the true solution amongst several candidates 
corresponding to the lowest values of the objective 
function.  is based on the modal assurance crite-
rion, which is a statistical indicator very sensitive to 
differences between two vectors.  has values 
laying between 0 and 1, where 1 represents fully 
consistent vectors and 0 indicates that those vectors 
are not consistent. The candidate solution with the 
highest value of  will be selected as the true 
damage location. It must be noted that  is a use-
ful tool for locating damage in case of uncertainty, 
but the quantification of damage is carried out more 
accurately by the objective function . 

 
 
 
 
 

                                                                                                                                                                                                                                                                                                                                                                                                                                                                                       (4) 
 



4 THEORETICAL TESTING 

4.1 Scenario 1: 10% damage located at 7 m 

Figure 8 plots the vector  of differences be-
tween forced frequencies versus vehicle position in 
the healthy condition and another ‘unknown-health 
status’, obtained using STFT. These differences vary 
between 0.126 Hz and 0.140 Hz depending on the 
vehicle position from the first support. 

 
 
 
 
 
 
 
 
 
 

 
 
Figure 8. Change in forced frequencies for different positions 

of the vehicle between a healthy beam and a beam with 10% 

damage at 7 m from first support. 

 
Figure 9 is a bar plot (plan view) of the values of 

the objective function  (Equation (3)) corre-
sponding to each combination i of damage location 
and severity considered in eigenvalue analysis. The 
visualization of a minimum in the figure is not clear 
due to a scale problem derived from the wide range 
of values adopted by the objective function. The 
highest values are highlighted in bright yellow, i.e., 
combinations of high damage severity (20%, 25%, 
30%) and locations near mid-span (at 6, 7, 8 and 9 m 
from the first support) are discarded as potential so-
lutions. The smallest values are highlighted in dark 
blue. The lighter blue colour is found for lower 
damage severity (0%, 5%, 10%) near the two sup-
ports (2, 3, 12, and 13 m from the first support) 
where damage is also discarded. Therefore, it is nec-
essary to zoom into the smallest values denoted by 
dark blue to distinguish the global minimum. 
 
 
 
 
 
 
 
 
 
 

 
 
Figure 9. Bar plot of the objective function for scenario 1: 10% 

damage located at 7 m. 

 

Figure 10 shows the local minima of the objective 
function for each possible location of damage. Each 
point in the graph is associated with a damage loca-
tion (x-axis) and severity (numerical label beside 
each point). Two solutions symmetrically located 
with respect to midspan yield the lowest values of 
the objective function: 10% damage located at 7 m 
and 10% damage at 8 m. 
 

 
 
 
 
 
 
 
 
 
 

 
 
Figure 10. Minimum values of the objective function versus 

damage location for case 1: 10% damage located at 7 m. 

 

Here, the  parameter (Equation (4)) is used 
to resolve the uncertainty about the location. Figure 
11 gives a contour plot of  values versus dam-
age severity and location. As expected, there is a 
loss of sensitivity with respect to damage severity 
compared to Figure 9, but the location is more accu-
rately defined than in Figure 10. The highest values 
of  are highlighted in bright yellow. A higher 
value of  represents a larger similarity in shapes 
between vectors  and . The maxi-
mum is denoted by a red dashed vertical line at 7 m, 
which allows to successfully conclude that the beam 
experiences a 10% damage located at 7 m. 
 
 
 
 
 
 
 
 
 
 

 
 
Figure 11. Contour plot of  values for scenario 1: 10% 

damage located at 7 m. 

4.2 Scenario 2: 25% damage located at 2 m 

Figure 12 shows the vector  of differences 
between forced frequencies in the healthy condition 
and another ‘unknown-health status’ for the second 
scenario under investigation. The values in the y-



axis vary between 0.064 Hz and 0.076 Hz depending 
on the vehicle position. This range of variation in 
forced frequency is approximately half the width of 
the frequency range observed in Figure 8 for scenar-
io 1. 

 
 
 
 
 
 
 
 
 
 

 
 
Figure 12. Change in forced frequencies for different positions 

of the vehicle between a healthy beam and a beam with 25% 

damage at 2 m from first support. 

 
Figure 13 shows a bar plot (plan view) of the ob-

jective function. As before, the highest and smallest 
values are highlighted in bright yellow and dark 
blue, respectively. While this figure allows quickly 
identifying regions where damage will not be pre-
sent, the global minimum is located somewhere in a 
vast region that is difficult to visualize due to the 
large difference between the maximal and minimal 
values adopted by the objective function. 
 
 
 
 
 
 
 
 
 
 

 
 
Figure 13. Bar plot of objective function for scenario 2: 25% 

damage located at 2 m. 

 
As for scenario 1, a total of 12 values of the ob-

jective function, one per damage location, are plot-
ted in Figure 14. These 12 values correspond to the 
damage severity giving the lowest value of the ob-
jective function for the location of damage indicated 
by the x-axis. Again, apparently two symmetric solu-
tions with respect to midspan are possible: 25% 
damage located at 2 m from the first support and 
25% damage located at 13 m from the first support. 

 
 

 
 
 

 
 
 
 
 
 
 
 
 
 

 
 
Figure 14. Minimum values of the objective function versus 

damage location for scenario 2: 25% damage located at 2 m. 

 

Figure 15 gives the value of the  parameter 
versus damage severity and location. The maximum 
value of  (i.e., maximal similitude of shapes) is 
located at 2 m. The latter is signalled by a vertical 
red dashed line. Therefore, the method correctly es-
timates that the answer is 25% damage located at 2 
m from the first support, as opposed to 25% damage 
at 13 m from the first support. 
 
 
 
 
 
 
 
 
 
 

 
 
Figure 15. Contour plot of  values for scenario 2: 25% 

damage located at 2 m. 

5 CONCLUSIONS 

A model-based SHM method has been proposed for 
locating and quantifying damage in a bridge from 
forced frequencies due to a moving vehicle. Using 
eigenvalue analysis and simplified vehicle and 
bridge models, it has been shown that there are 
changes in magnitude and curvature when compu-
ting differences between forced frequencies in 
healthy and damaged conditions. These changes also 
appear in the instantaneous forced frequencies de-
rived from applying the STFT to the transient re-
sponse. It has been demonstrated how stiffness loss 
can be located and quantified from comparing tran-
sient analysis results to eigenvalue analysis via an 
objective function. Cases when more than one solu-
tion is possible, i.e., due to symmetry in the frequen-
cy response, have been resolved through a parameter 
that quantifies the similarity between the shapes of 
the time history of forced frequencies by eigenvalue 



and transient analyses. Although preliminary results 
in this paper are promising, they have been based on 
a quarter-car crossing a simply supported beam, and 
further validation involving more complex models, 
higher speeds, road profile, noise, slight variations in 
vehicle properties, and experimental data is needed. 
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