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Dimension Reduction

Pádraig Cunningham
University College Dublin

Technical Report UCD-CSI-2007-7
August 8th, 2007

Abstract

When data objects that are the subject of analysis using machine learning tech-
niques are described by a large number of features (i.e. the data is high dimension)
it is often beneficial to reduce the dimension of the data. Dimension reduction can
be beneficial not only for reasons of computational efficiency but also because it can
improve the accuracy of the analysis. The set of techniques that can be employed
for dimension reduction can be partitioned in two important ways; they can be sep-
arated into techniques that apply to supervised or unsupervised learning and into
techniques that either entail feature selection or feature extraction. In this paper an
overview of dimension reduction techniques based on this organisation is presented
and representative techniques in each category is described.

1 Introduction

Data analysis problems where the data objects have a large number of features are
becoming more prevalent is areas such as multimedia data analysis and bioinformatics.
In these situations it is often beneficial to reduce the dimension of the data (describe
it in less features) in order to improve the efficiency and accuracy of data analysis.
Statisticians sometimes talk of problems that are “Big p Small n”; these are extreme
examples of situations where dimension reduction (DR) is necessary because the number
of explanatory variables p exceeds (sometimes greatly exceeds) the number of samples
n [46]. From a statistical point of view it is desirable that the number of examples
in the training set should significantly exceed the number of features used to describe
those examples (see Figure 1(a)). In theory the number of examples needs to increase
exponentially with the number of features if inference is to be made about the data. In
practice this is not the case as real high-dimension data will only occupy a manifold in
the input space so the implicit dimension of the data will be less than the number of
features p. For this reason data sets as depicted in Figure 1(b) can still be analysed.

Nevertheless, traditional algorithms used in machine learning and pattern recognition
applications are often susceptible to the well-known problem of the curse of dimensional-
ity [5], which refers to the degradation in the performance of a given learning algorithm as
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Figure 1: Big p small n problems are problems where the number of features in a dataset is
large compared with the number of objects: (a) This is how statisticians would like your data to
look, (b) This is what we call the “big p small n problem”.

the number of features increases. To deal with this issue, dimension reduction techniques
are often applied as a data pre-processing step or as part of the data analysis to simplify
the data model. This typically involves the identification of a suitable low-dimensional
representation for the original high-dimensional data set. By working with this reduced
representation, tasks such as classification or clustering can often yield more accurate
and readily interpretable results, while computational costs may also be significantly
reduced. The motivation for dimension reduction can be summarised as follows:

• The identification of a reduced set of features that are predictive of outcomes can
be very useful from a knowledge discovery perspective.

• For many learning algorithms, the training and/or classification time increases
directly with the number of features.

• Noisy or irrelevant features can have the same influence on classification as pre-
dictive features so they will impact negatively on accuracy.

• Things look more similar on average the more features used to describe them (see
Figure 2). The example in the figure shows that the resolution of a similarity
measure can be worse in 20D than in a 5D space.

Research on dimension reduction has itself two dimensions as shown in Figure 3.
The first design decision is whether to select a subset of the existing features or to
transform to a new reduced set of features. The other dimension in which DR strategies
differ is the question of whether the learning process is supervised or unsupervised. The
dominant strategies used in practice are Principal Components Analysis (PCA) which
is an unsupervised feature transformation technique and supervised feature selection
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Figure 2: The more dimensions used to describe objects the more similar on average things ap-
pear. This figure shows the cosine similarity between randomly generated data objects described
by 5 and by 20 features. It is clear that in 20 dimensions similarity has a lower variance than in
5.

strategies such as the use of Information Gain for feature ranking/selection. This paper
proceeds with subsections dedicated to each of the four (2× 2) possible strategies.

2 Feature Transformation

Feature transformation refers to a family of data pre-processing techniques that trans-
form the original features of a data set to an alternative, more compact set of dimensions,
while retaining as much information as possible. These techniques can be sub-divided
into two categories:

Feature extraction involves the production of a new set of features from the original
features in the data, through the application of some mapping. Well-known unsu-
pervised feature extraction methods include Principal Component Analysis (PCA)
[18] and spectral clustering (e.g. [36]). The important corresponding supervised
approach is Linear Discriminant Analysis (LDA) [1].

Feature generation involves the discovery of missing information between features in
the original dataset, and the augmentation of that space through the construction
of additional features that emphasise the newly discovered information.

Recent work in the literature has primarily focused on the former approach, where the
number of extracted dimensions will generally be significantly less than the original
number of features. In contrast, feature generation often expands the dimensionality of
the data, though feature selection techniques can subsequently be applied to select a
smaller subset of useful features.
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Figure 3: The two key distinctions in dimension reduction research are the distinction between
supervised and unsupervised techniques and the distinction between feature transformation and
feature extraction techniques. The dominant techniques are feature subset selection and principal
component analysis.

For feature transformation let us assume that we have a dataset D made up of
(xi)i∈[1,n] training samples. The examples are described by a set of features F (p = |F |)
so there are n objects described by p features. This can be represented by a feature-object
matrix Xp×n where each column represents an object (this is the transpose of what is
shown in Figure 1).The objective with Feature Transformation is to transform the data
into another set of features F ′ where k = |F ′| and k < p, i.e. Xp×n is transformed to
X′k×n. Typically this is a linear transformation Wk×p that will transform each object
xi to x′i in k dimensions.

x′i = Wxi (1)

The dominant feature transformation technique is Principal Components Analysis
(PCA) that transforms the data into a reduced space that captures most of the variance
in the data (see section 2.1). PCA is an unsupervised technique in that it does not
take class labels into account. By contrast Linear Discriminant Analysis (LDA) seeks a
transformation that maximises between-class separation (section 2.2).

2.1 Principal Component Analysis

In PCA the transformation described in equation (1) is achieved so that feature f ′1 is
in the dimension in which the variance on the data is maximum, f ′2 is in an orthogonal
dimension where the remaining variance is maximum and so on (see Figure (4)).

Central to the whole PCA idea is the covariance matrix of the data C = 1
n−1XXT

[18]. The diagonal terms in C capture the variance in the individual features and the
off-diagonal terms quantify the covariance between the corresponding pairs of features.
The objective with PCA is to transform the data so that the the covariance terms are
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Figure 4: In this example of PCA in 2D the feature space is transformed to f ′1 and f ′2 so that
the variance in the f ′1 direction is maximum.

zero, i.e. C is diagonalised to produce CPCA. The data is transformed by Y = PX
where the rows of P are the eigenvectors of XXT, then

CPCA =
1

n− 1
YYT (2)

=
1

n− 1
(PX)(PX)T (3)

The ith diagonal entry in CPCA quantifies the variance of the data in the direction of
the corresponding principal component. Dimension reduction is achieved by discarding
the lesser principal components, i.e. P has dimension (k × p) where k is the number of
principal components retained.

In multimedia data analysis a variant on the PCA idea called Singular Value Decom-
position or Latent Semantic Analysis (LSA) has become popular – this will be described
in the next section.

2.1.1 Latent Semantic Analysis

LSA is a variant on the PCA idea presented by Deerwester et al. in [9]. LSA was
originally introduced as a text analysis technique so the objects are documents and the
features are terms occurring in these text documents – so the feature-object matrix Xp×n
is a term-document matrix. LSA is a method for identifying an informative transfor-
mation of documents represented as a bag-of-words in a vector space. It was developed
for information retrieval to reveal semantic information from document co-occurrences.
Terms that did not appear in a document may still associate with a document. LSA
derives uncorrelated index factors that might be considered artificial concepts, i.e. the
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latent semantics. LSA is based on a singular-value decomposition of the term-document
matrix as follows:

X = TSVT (4)

where:

• Tp×m is the matrix of eigenvectors of XXT; m is the rank of XXT

• Sm×m is a diagonal matrix containing the squareroot of the eigenvalues of XXT

• Vn×m is the matrix of eigenvectors of XTX

In this representation the diagonal entries in S are the singular values and they are
normally ordered with the largest singular value (largest eigenvalue) first. Dimension
reduction is achieved by dropping all but k of these singular values as shown in Figure
5. This gives us a new decomposition:

X̂ = T′S′V′T (5)

where S′ is now (k× k) and corresponding columns have been dropped in T′ and D′. In
this situation V′S′ is a (n×k) matrix that gives us the coordinates of the n documents in
the new k-dimension space. Reducing the dimension of the data in this way may remove
noise and make some of the relationships in the data more apparent. Furthermore the
transformation

q′ = S′−1T′Tq (6)

will transform any new query q to this new feature space. This transformation is a linear
transformation of the form outlined in (1).

It is easy to understand the potential benefits of LSA in the context of text doc-
uments. The LSA process exploits co-occurences of terms in documents to produce a
mapping into a latent semantic space where documents can be associated even if they
have very few terms in common in the original term space. LSA is particularly appro-
priate for the analysis of text documents because the term document matrix provides
an excellent basis on which to perform the singular value decomposition. It has also
been employed on other types of media despite the difficulty in identifying a base repre-
sentation to take the place of the term document matrix. LSA has been employed on;
image data [23], video [43] and music and audio [44]. It has also been applied outside
of multimedia on gene expression data [38]. More generally PCA is often a key data
preprocessing step across a range of disciplines, even if it is not couched in the terms of
latent semantic analysis.

The fact that PCA is constrained to be a linear transformation would be considered
a shortcoming in many applications. Kernel PCA [33] has emerged as the dominant
technique to overcome this. With Kernel PCA the dimension reduction occurs in the
kernel induced feature space with the algorithm operating on the kernel matrix represen-
tation of the data. The introduction of the kernel function opens up a range of possible
non-linear transformations that may be appropriate for the data.
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Figure 5: Latent Semantic Analysis is achieved by performing a Singular Value Decomposition
on the term document matrix and dropping the least significant singular values, in this scenario
k singular values are kept.

2.2 Linear Discriminant Analysis

PCA is unsupervised in that it does not take class labels into account. In the supervised
context the training examples have class labels attached, i.e. data objects have the form
(xi, yi) where yi ∈ C, a set of class labels or simply yi ∈ {−1,+1}, the binary classifi-
cation situation. In situations where class labels are available we are often interested in
discovering a transformation that emphasises the separation in the data rather than one
that discovers dimensions that maximise the variance in the data as happens with PCA.
This distinction is illustrated in Figure (6). In this 2D scenario PCA projects the data
onto a single dimension that maximises variance; however the two classes are not well
separated in this dimension. By contrast Fisher’s Linear Discriminant Analysis (LDA)
discovers a projection on which the two classes are better separated [15, 16]. This is
achieved by uncovering a transformation that maximises between class separation.

While the mathematics underpinning LDA are more complex than those on which
PCA is based the principles involved are fairly straightforward. The objective is to
uncover a transformation that will maximise between-class separation and minimise
within-class separation. To do this we define two scatter matrices, SB for between-class
separation and SW for within-class separation:

SB =
∑
c∈C

nc(µc − µ)(µc − µ)T (7)

SW =
∑
c∈C

∑
j:yj=c

(xj − µc)(xj − µc)T (8)
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(a) (b)PCA LDA

Figure 6: In (a) it is clear that PCA will not necessarily provide a good separation when there
are two classes in the data. In (b) LDA seeks a projection that maximises the separation in the
data.

where nc is the number of objects in class c, µ is the mean of all examples and µc is the
mean of all examples in class c:

µc =
1
n

n∑
i=1

xi µc =
1
nc

∑
j:yj=c

xj (9)

The components within these summations (µ, µc, xj) are vectors of dimension p so SB
and SW are matrices of dimension p× p.

The objectives of maximising between-class separation and minimising within-class
separation can be combined into a single maximisation called the Fisher criterion [15, 16]:

WLDA = arg max
W

|WTSBW|
|WTSWW|

(10)

i.e. find W ∈ IRp×k so that this fraction is maximised (|A| denotes the determinant of
matrix A). This matrix WLDA provides the transformation described in equation (1).
While the choice of k is again open to question it is sometimes selected to be k = |C|−1,
i.e. one less than the number of classes in the data.

It transpires that WLDA is formed by the eigenvectors (v1|v2|...vk|) of SW−1SB.
The fact that this requires the inversion of SW which can be of high dimension can be
problematic so the alternative approach is to use simultaneous diagonalisation [29], i.e
solve:

WTSWW = I WTSBW = Λ (11)

Here Λ is a diagonal matrix of eigenvalues {λ}ki=1 that solve the generalised eigenvalue
problem:

SBvi = λiSWvi (12)
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Most algorithms that are available to solve this simultaneous diagonalisation problem
require that SW be non-singular [29, 24]. This can be a particular issue if the data is
of high dimension because more samples than features are required if SW is to be non-
singular. Addressing this topic is a research issue in its own right [24]. Even if SW
is non-singular there may still be issues as the “small p large n” problem [46] may
manifest itself by overfitting in the dimension reduction process, i.e. dimensions that
are discriminating by chance in the training data may be selected.

As with PCA the constraint that the transformation is linear is sometimes considered
restricting and there has been research on variants of LDA that are non-linear. Two
important research directions in this respect are Kernel Discriminant Analysis [4] and
Local Fisher Discriminant Analysis [45].

3 Feature Selection

Feature selection (FS) algorithms take an alternative approach to dimension reduction
by locating the “best” minimum subset of the original features, rather than transforming
the data to an entirely new set of dimensions. For the purpose of knowledge discovery,
interpreting the output of algorithms based on feature extraction can often prove to
be problematic, as the transformed features may have no physical meaning to the do-
main expert. In contrast, the dimensions retained by a feature selection procedure can
generally be directly interpreted.

Feature selection in the context of supervised learning is a reasonably well posed
problem. The objective can be to identify features that are correlated with or predictive
of the class label. Or more comprehensively, the objective may be to select features that
will construct the most accurate classifier. In unsupervised feature selection the object
is less well posed and consequently it is a much less explored area.

3.1 Feature Selection in Supervised Learning

In supervised learning, selection techniques typically incorporate a search strategy for
exploring the space of feature subsets, including methods for determining a suitable
starting point and generating successive candidate subsets, and an evaluation criterion
to rate and compare the candidates, which serves to guide the search process. The
evaluation schemes used in both supervised and unsupervised feature selection techniques
can generally be divided into three broad categories [25, 6]:

Filter approaches attempt to remove irrelevant features from the feature set prior to
the application of the learning algorithm. Initially, the data is analysed to identify
those dimensions that are most relevant for describing its structure. The chosen
feature subset is subsequently used to train the learning algorithm. Feedback
regarding an algorithm’s performance is not required during the selection process,
though it may be useful when attempting to gauge the effectiveness of the filter.
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Table 1: The objective in supervised feature selection is to identify how well the distribution of
feature values predicts a class variable. In this example the class variable is binary {c+, c−} and
the feature under consideration has r possible values. ni+ is the number of positive examples
with feature value i and µi+ is the expected value for that figure if the data were uniformly
distributed, i.e. µi+ = nin+

n .
Feature Value c+ c−

v1 n1+(µ1+) n1−(µ1−) n1

. . . . . . . . .
vi ni+(µi+) ni−(µi−) ni

. . . . . . . . .
vr nr+(µr+) nr−(µr−) nr

n+ n− n

Wrapper methods for feature selection make use of the learning algorithm itself to
choose a set of relevant features. The wrapper conducts a search through the
feature space, evaluating candidate feature subsets by estimating the predictive
accuracy of the classifier built on that subset. The goal of the search is to find the
subset that maximises this criterion.

Embedded approaches apply the feature selection process as an integral part of the
learning algorithm. The most prominent example of this are the decision tree
building algorithms such as Quinlan’s C4.5 [40]. There are a number of neural
network algorithms that also have this characteristic, e.g. Optimal Brain Damage
from Le Cun et al. [27]. Breiman [7] has shown recently that Random Forests, an
ensemble technique based on decision trees, can be used for scoring the importance
of features. He shows that the increase in error due to perturbing feature values in
a data set and then processing the data through the Random Forest is an effective
measure of the relevance of a feature.

3.1.1 Filter Techniques

Central to the filter strategy for feature selection is the criterion used to score the
predictivness of the features. In this section we will outline three of the most popular
techniques for scoring the predictiveness of features - these are the Chi-Square measure,
Information Gain and Odds Ratio. The overall scenario is described in Table 1. In
this scenario the feature being assessed has r possible values and the table shows the
distribution of those values across the classes. Intuitively, the closer these values are to
an even distribution the less predictive that feature is of the class. It happens that all
three of these techniques as described here require that the features under consideration
are discrete valued. These techniques can be applied to numeric features by discretising
the data. Summary descriptions of the three techniques are as follows:

Chi-Square measure: The Chi-Square measure is based on a statistical test for com-
paring proportions [48]. It produces a score that follows a χ2 distribution, however
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this aspect is not that relevant from a feature selection perspective as the objective
is simply to rank the set of input features. The Chi-Square measure for scoring
the relatedness of feature f to class c based on data D is as follows:

χ2(D, c, f) =
r∑
i=1

(
(ni+ − µi+)2

µi+
+

(ni− − µi−)2

µi−

)
(13)

In essence this scores the deviation of counts in each feature-value category against
expected values if the feature were not correlated with the class (e.g. ni+ is the
number of objects that have positive class and feature value vi, µi+ is the expected
value if there were no relationship between f and c).

Information Gain: In recent years information gain (IG) has become perhaps the
most popular criterion for feature selection. The IG of a feature is a measure
of the amount of information that a feature brings to the training set [40]. It is
defined as the expected reduction in entropy caused by partitioning the training
set D using the feature f as shown in Equation 14 where Dv is that subset of the
training set D where feature f has value v.

IG(D, c, f) = Entropy(D, c)−
∑

v∈values(f)

|Dv|
|D|

Entropy(Dv, c) (14)

Entropy is a measure of how much randomness or impurity there is in the data set.
It is defined in terms of the notation presented in Table 1 for binary classification
as follows:

Entropy(D, c) = −
r∑
i=1

(
ni+
ni

log2
ni+
ni

+
ni−
ni

log2
ni−
ni

)
(15)

Given that for each feature the entropy of the complete dataset Entropy(D, c)
is constant, the set of features can be ranked by IG by simply calculating the
remainder term - the second term in equation 14. Predictive features will have
small remainders.

Odds Ratio: The odds ratio (OR)[34] is an alternative filtering criterion that is popular
in medical informatics. It is really only meaningful to calculate the odds ratio when
the input features are binary; we can express this in the notation presented in Table
1 by assigning v1 to the positive feature value and v2 to the negative feature value.

OR(D, c+, f) =
n1+/n1−
n2+/n2−

=
n1+n2−
n2+n1−

(16)

For feature selection, the features can be ranked according to their OR with high
values indicating features that are very predictive of the class. The same can be
done for the negative class to highlight features that are predictive of the negative
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Figure 7: This graph shows features from the UCI segment dataset scored by IG and also the
accuracies of classifiers built with the top ranking sets of features.

class. Where a specific feature does not occur in a class, it can be assigned a small
fixed value so that the OR can still be calculated.

Filtering Policy: The three filtering measures (Chi-Square, Information Gain and
Odds Ratio) provide us with a principle on which a feature set might be filtered; we still
require a filtering policy. There is a variety of policies that can be employed:

1. Select the top m of n features according to their score on the filtering criterion
(e.g. select the top 50%).

2. Select all features that score above some threshold T on the scoring criterion (e.g.
select all features with a score within 50% of the maximum score).

3. Starting with the highest scoring feature, evaluate using cross-validation the per-
formance of a classifier built with that feature. Then add the next highest ranking
feature and evaluate again; repeat until no further improvements are achieved.

This third strategy is simple but quite straightforward. An example of this strategy
in operation is presented in Figure 7. The graph shows the IG scores of the features in the
UCI segment dataset [35] and the accuracies of classifiers built with the top feature, the
top two features and so on. It can be seen that after the ninth feature (saturation−mean)
is added the accuracy drops slightly so the process would stop after selecting the first
eight features. While this strategy is straightforward and effective it does have some
potential shortcomings. The features are scored in isolation so two highly correlated
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features can be selected even if one is redundant in the presence of the other. The full
space of possible feature subsets is not explored so there may be some very effective
feature subsets that act in concert that are not discovered.

While these strategies are effective for feature selection they have the drawback
that features are considered in isolation so redundancies or dependancies are ignored as
already mentioned. Two strongly correlated features may both have high IG scores but
one may be redundant once the other is selected. More sophisticated filter techniques
that address these issues using Mutual Information to score groups of features have been
researched by Novovičová et al. [39] and have been shown to be more effective than
these simple filter techniques.

3.1.2 Wrapper Techniques

The obvious criticism of the filter approach to feature selection is that the filter criterion
is separate from the induction algorithm used in the classifier. This is overcome in the
wrapper approach by using the performance of the classifier to guide search in feature
selection – the classifier is wrapped in the feature selection process [26]. In this way the
merit of a feature subset is the generalisation accuracy it offers as estimated using cross-
validation on the training data. If 10-fold cross validation is used then 10 classifiers will
be built and tested for each feature subset evaluated – so the wrapper strategy is very
computationally expensive. If there are p features under consideration then the search
space is of size 2p so it is an exponential search problem.

A simple example of the search space for feature selection where p = 4 is shown in
Figure 8. Each node is defined by a feature mask; the node at the top of the figure has
no features selected while the node at the bottom has all features selected. For large
values of p an exhaustive search is not practical because of the exponential nature of the
search. Four popular strategies are:

• Forward Selection (FS) which starts with no features selected, evaluates all the
options with just one feature, selects the best of these and considers the options
with that feature plus one other, etc.

• Backward Elimination (BE) starts with all features selected, considers the
options with one feature deleted, selects the best of these and continues to eliminate
features.

• Genetic Search uses a genetic algorithm (GA) to search through the space of
possible feature sets. Each state is defined by a feature mask on which crossover
and mutation can be performed [30]. Given this convenient representation, the use
of a GA for feature selection is quite straightforward although the evaluation of the
fitness function (classifier accuracy as measured by cross-validation) is expensive.

• Simulated Annealing is an alternative stochastic search strategy to GAs [31].
Unlike GAs, where a population of solutions is maintained, only one solution (i.e.
feature mask) is under in Simulated Annealing (SA). SA implements a stochastic
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Figure 8: The search space of feature subsets when n = 4. Each node is represented by a
feature mask; in the topmost node no features are selected and in the bottom node all features
are selected.

search since there is a chance that some deteriorations in solution are accepted –
this allows a more effective exploration of the search space.

The first two strategies will terminate when adding (or deleting) a feature will not
produce an improvement in classification accuracy as assessed by cross validation. Both
of these are greedy search strategies and so are not guaranteed to discover the best
feature subset. More sophisticated search strategies such as GA or SA can be employed
to better explore the search space; however, Reunanen [41] cautions that more intensive
search strategies are more likely to overfit the training data.

A simple example of BE is shown in Figure 9. In this example there are just four
features (A,B,C and D) to consider. Cross-validation gives the full feature set a score of
71%, the best feature set of size 3 is (A,B,D) and the best feature set of size 2 is (A,B)
and the feature sets of size 1 are no improvement on this.

Of the two simple wrapper strategies (BE and FS) BE is considered to be more
effective as it more effectively considers features in the context of other features [3].

3.2 Unsupervised Feature Selection

Feature selection in a supervised learning context is a well posed problem in that the
objective can be clearly expressed. The objective can be to identify features that are
correlated with the outcome or to identify a set of features that will build an accurate
classifier – in either case the objective is to discover a reduced set of the original features
in which the classes are well separated. By contrast feature selection in an unsupervised
context is ill posed in that the overall objective is less clear. The difficulty is further
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Figure 9: This graph shows a wrapper-based search employing backward elimination. The
search starts with all features (A,B,C,D) selected – in this example this is judged to have a score
of 71%. The best feature subset uncovered in this example would be (AB) which has a score of
76%.

exacerbated by the fact that the number of clusters in the data is generally not known
in advance; this further complicates the problem of finding a reduced set of features that
will help organise the data.

If we think of unsupervised learning as clustering then the objective with feature
selection for clustering might be to select features that produce clusters that are well
separated. This objective can be problematic as different feature subsets can produce
different well separated clusterings. This can produce a “chicken and egg” problem where
the question is “which comes first, the feature selection or the clustering?”. A simple
example of this is shown in Figure 10; in this 2D example selecting feature f1 produces
the clustering {Ca, Cb} while selecting f2 produces the clustering {Cx, Cy}. So there are
two alternative and very different valid solutions. If this data is initially clustered in
2D with k = 2 then it is likely that partition {Cx, Cy} will be selected and then feature
selection would select f2.

This raises a further interesting question, does this clustering produced on the orig-
inal (full) data description have special status? The answer to this is surely problem
dependent; in problems such as text clustering, there will be many irrelevant features
and the clustering on the full vocabulary might be quite noisy. On the other hand, in
carefully designed experiments such as gene expression analysis, it might be expected
that the clustering on the full data description has special merit. This co-dependence be-
tween feature selection and clustering is a big issue in feature selection for unsupervised
learning; indeed Dy & Brodley [13] suggest that research in this area can be categorised
by where the feature selection occurs in the clustering process:

Before clustering: To perform feature selection prior to clustering is analogous to the
filter approach to supervised feature selection. A simple strategy would be to
employ variance as a ranking criterion and select the features in which the data
has the highest variance [11]. A more sophisticated strategy in this category is the
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Figure 10: Using cluster separation as a criterion to drive unsupervised feature selection is
problematic because different feature selections will produce different clusterings with good sep-
aration. In this example if f1 is selected then the obvious clustering is {Ca, Cb}, if f2 is selected
then {Cx, Cy} is obvious.

Laplacian Score [21] described in section 3.2.1.

During clustering: Given the co-dependence between the clustering and the feature
selection process, it makes sense to integrate the two processes if that is possible.
Three strategies that do this are; the strategy based on category utility described
in section 3.2.2, the Q−α algorithm [47] described in section 3.2.3 and biclustering
[8].

After clustering: If feature selection is postponed until after clustering then the range
of supervised feature selection strategies can be employed as the clusters can be
used as class labels to provide the supervision. However, the strategy of using a
set of feature for clustering and then deselecting some of those features because
they are deemed to be not relevant will not make sense in some circumstances.

One of the reasons why unsupervised feature selection is a challenging problem is
because the success criterion is ill posed as stated earlier. This is particularly an issue if
the feature selection stage is to be integrated into the clustering process. Two criteria
that can be used to quantify a good partition are the criterion based on the scatter
matrices presented in section 2.2 and category utility which is explained in section 3.2.2.
The objective with the criterion based on scatter is to maximise trace(S−1

W SB) [13] – this
is particularly appropriate when the data is numeric. For categorical data the category
utility measure described in the next section is applicable.

In the remainder of this section on unsupervised feature selection we will describe a
variety of unsupervised feature selection techniques that have emerged in recent research.
These techniques will be organised into the categories of; filter, wrapper and embedded in
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the same manner as in the section on supervised feature selection (section 3.1). However,
the distinction between these categories is less clear-cut in the unsupervised case.

3.2.1 Unsupervised Filters

The defining characteristic of a filter-based feature selection technique is that features
are scored or ranked by a criterion that is separate from the classification or clustering
process.

A prominent example of such a strategy is the Laplacian score that can be used as a
criterion in dimension reduction when the motivation is that locality is preserved. Such
locality preserving projections [22] are appropriate in image analysis where images that
are similar in the input space should also be similar in the reduced space. The Laplacian
Score (LS) embodies this idea for unsupervised feature selection [21]. LS selects features
so that objects that are close in the input space are still close in the reduce space. This is
an interesting criterion to optimise as it contains the implication that none of the input
features are irrelevant; they may be just redundant.

The calculation of LS is based on a graph G that captures nearest neighbour re-
lationships between the n data points. G is represented by a square matrix S where
Sij = 0 unless xi and xj are neighbours, in which case:

Sij = e−
||xi − xj ||2

t
(17)

where t is a bandwith parameter. The neighbourhood idea introduces another parameter
k which is the number of neighbours used to construct S. L = D− S is the Laplacian
of this graph where D is a degree diagonal matrix Dii =

∑
j Sij , Dij,i6=j = 0 [42]. If mi

is the vector of values in the dataset for the ith feature then the LS is defined using the
following calculations [21]:

m̃i = mi −
mT
i D1

1TD1
1 (18)

where 1 is a vector or 1s of length n. Then the Laplacian Score for the ith feature is:

LSi =
m̃T
i Lm̃i

m̃T
i Dm̃i

(19)

This can be used to score all the features in the data set on how effective they are
in preserving locality. This has been shown to be an appropriate criterion for dimension
reduction in applications such as image analysis where locality preservation is an effective
motivation [21]. However, if the data contains irrelevant features, as can occur in text
classification or the analysis of gene expression data, then locality preservation is not a
sensible motivation. In such circumstances selecting the features in which the data has
the highest variance [11] might be a more appropriate filter.
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3.2.2 Unsupervised Wrappers

The defining characteristic of a wrapper-based feature selection technique is that the
classification or clustering process is used to evaluate feature subsets. This is more
problematic in clustering than in classification as there is no single criterion that can be
used to score cluster quality and many cluster validity indices have biases – e.g. toward
small numbers of clusters or balanced cluster sizes [12, 19]. Nevertheless there has been
work on unsupervised wrapper-like feature selection techniques and two such techniques
– one based on category utility, and the other based on the EM clustering algorithm –
are described here.

Category Utility: Devaney and Ram [10] proposed a wrapper-like unsupervised fea-
ture subset selection algorithm based on the notion of category utility (CU) [17]. This
was implemented in the area of conceptual clustering, using Fisher’s [14] COBWEB sys-
tem as the underlying concept learner. Devaney and Ram demonstrate that if feature
selection is performed as part of the process of building the concept hierarchy (i.e. con-
cepts are defined by a subset of features) then a better concept hierarchy is developed.
As with the original COBWEB system, they use CU as their evaluation function to
guide the process of creating concepts – the CU of a clustering C based on a feature set
F is defined as follows:

CU(C,F ) =
1
k

∑
cl∈C

∑
fi∈F

ri∑
j=1

p(fij |Cl)2 −
∑
fi∈F

ri∑
j=1

p(fij)2
 (20)

where C = {C1, ..., Cl, ..., Ck} is the set of clusters and F = {F1, ..., Fi, ..., Fp} is the set
of features. CU measures the difference between the conditional probability of a feature
i having value j in cluster l and the prior probability of that feature value. The inner
most sum is over r feature values, the middle sum is over p features and the outer sum is
over k clusters. This function measures the increase in the number of feature values that
can be predicted correctly given a set of concepts, over those which can be predicted
without using any concepts.

Their approach was to generate a set of feature subsets (using either FS or BE
as described in section 3.1.2), run COBWEB on each subset, and then evaluate each
resulting concept hierarchy using the category utility metric on the first partition. BSS
starts with the full feature set and removes the least useful feature at each stage until
utility stops improving. FSS starts with an empty feature set and adds the feature
providing the greatest improvement in utility at each stage. At each stage the algorithm
checks how many feature values can be predicted correctly by the partition – i.e. if the
value of each feature f can be predicted for most of the clusters Cl in the partition, then
the features used to produce this partition were informative or relevant. The highest
scoring feature subset is retained, and the next larger (or smaller) subset is generated
using this subset as a starting point. The process continues until no higher CU score
can be achieved.
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The key idea here is that CU is used to score the quality of clusterings in a wrapper-
like search. It has been shown by Gluck and Corter [17] that CU corresponds to mutual
information so this is a quite a principled way to perform unsupervised feature selection.

Devaney and Ram improved upon the time it takes to reconstruct a concept structure
by using their own concept learner, Attribute-Incremental Concept Creator (AICC),
instead of COBWEB. AICC can add features without having to rebuild the concept
hierarchy from scratch, and shows large speedups.

Expectation Maximisation (EM): Dy & Brodley present a comprehensive analysis
of unsupervised wrapper-based feature selection in [13]. They present their analysis in
the context of the EM clustering algorithm [32]. Specifically, they consider wrapping
the EM clustering algorithm where feature subsets are evaluated with criteria based on
cluster separability and maximum likelihood. However they emphasise that the approach
is general and can be used with any clustering algorithm by selecting an appropriate
criterion for scoring the clusterings produced by different feature subsets. They discuss
the biases associated with cluster validation techniques (e.g. biases on cluster size, data
dimension, a balanced cluster sizes) and propose ways in which some of these issues can
be ameliorated.

3.2.3 The Embedded Approach

The final category of feature selection technique mentioned in section 3.1 is the embedded
approach, i.e. feature selection is an integral part of the classification algorithm as
happens for instance in the construction of decision trees [40] or in some types of neural
network [27]. In the unsupervised context this general approach is a good deal more
prominent. There are a number of clustering techniques that have dimension reduction
as a by-product of the clustering process, for example; Non-negative Matrix Factorisation
(NMF) [28], biclustering [20] and projected clustering [2]. These approaches have in
common that they discover clusters in the data that are defined by a subset of the
features and different clusters can be defined by different feature subsets. Thus these
are implicitly local feature selection techniques.

The alternative to this is a global approach where the same feature subset is used
to describe all clusters. A representative example of this is Q-α algorithm presented by
Wolf and Shashua [47].

The Q-α Approach: A well motivated criterion of cluster quality is cluster coherence,
in graph theoretic terms this is expressed by the notion of objects within clusters being
well connected and individual clusters being weakly linked. The whole area of spectral
clustering captures these ideas in a well founded family of clustering algorithms based
on the idea of minimising the graph-cut between clusters [37].

The principles of spectral clustering have been extended by Wolf and Shashua [47]
to produce the Q − α algorithm that simultaneously performs feature subset selection
and discovers a good partition of the data. As with spectral clustering, the fundamental
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data structure is the affinity matrix A where each entry Aij captures the similarity (in
this case as a dot-product) between data points i and j. In order to facilitate feature
selection the affinity matrix for Q− α is expressed as Aα =

∑p
i=1 αimimT

i where mi is
the ith row in the data matrix that has been normalised so to be centred on 0 and be
of unit L2 norm (this is the set of values in the data set for feature i). mimT

i is the
outer -product of mi with itself. α is the weight vector for the p features – ultimately
the objective is for most of these weight terms to be set to 0.

In spectral clustering Q is an n × k matrix composed of the k eigenvectors of A
corresponding to the largest k eigenvalues. Wolf and Shashua show that the relevance
of a feature subset as defined by the weight vector α can be quantified by:

Rel(α) = trace(QTAT
αAαQ) (21)

They show that feature selection and clustering can be performed as a single process by
optimising:

max
Qα

trace(QTAT
αAαQ) (22)

subject to αTα = 1 and QTQ = I.
Wolf and Shashua show that this can be solved by solving two inter-linked eigenvalue

problems that produce solutions for α and Q. They show that a process of iteratively
solving for α then fixing α and solving for Q will converge. They also show that the
process has the convenient property that the αi weights are biased to be positive and
sparse, i.e. many of them will be zero.

So the Q−α algorithm performs feature selection in the spirit of spectral clustering,
i.e. the motivation is to increase cluster coherence. It discovers a feature subset that
will support a partitioning of the data where clusters are well separated according to a
graph-cut criterion.

4 Conclusions

The objective with this paper was to provide an overview of the variety of strategies
that can be employed for dimension reduction when processing high dimension data.
When feature transformation is appropriate then PCA is the dominant technique if the
data is not labelled. If the data is labelled then LDA can be applied to discover a
projection of the data that separates the classes. When feature selection is required and
the data is labelled then the problem is well posed. A variety of filter and wrapper-based
techniques for feature selection are described in section 3.1. The paper concludes with a
review of unsupervised feature selection in section 3.2. This is a more difficult problem
than the supervised situation in that the success criterion is less clear. Nevertheless this
is an active research area at the moment and a variety of unsupervised feature selection
strategies have emerged.
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