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Abstract

Additive Manufacturing (AM) refers to the process of depositing successive

thin layers of materials upon each other in precise geometric shapes based

on 3D model files to manufacture three-dimensional physical objects. AM has

emerged as a disruptive technology poised to deeply transform manufacturing

by imparting certain advantages over the traditional (subtractive or formative)

manufacturing technologies. Along with obviating the need for dedicated tool-

ing, reducing the amount of material required for production, and providing a

high degree of flexibility in manufacturing complex shapes, this manufactur-

ing technology offers possibilities of enabling highly disruptive new business

models that are based around the inclusion of consumers within the product

design process that satisfies individual needs.

Despite tremendous promises, AM still faces many challenges to match-

ing the standards of conventional manufacturing and reaching its full potential

in bridging the gap between the consumer, the designer, and the production.

Driven by these challenges, the research and industry communities are fo-

cused on not only making 3D printing machines work better either by designing

robust control strategies or by designing advanced monitoring methodologies,

but also on developing new ways to enable enhanced human interactions in

a feedback loop. Augmented Reality (AR) and feedback technologies pose

an interesting opportunity for the design of Cyber-Physical System (CPS)s to
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bridge the gap between the cyber and physical space by enabling enhanced

human interactions to improve the AM process.

In this thesis, we design an immersive human-centric cyber-physical sys-

tem, named I-nteract, to provide a framework to develop intuitive and user-

friendly interfaces that enable personal fabrication for non-technical users,

streamline the AM process by allowing real-time testing of the designed 3D

models, and provide effective means of monitoring the AM process to im-

prove the build quality of the product. I-nteract is a Visio-Haptic Mixed Reality

(VHMR) system that enables real-time processing of human-centered spatio-

temporal data acquired by vision (HoloLens) sensors and wearable sensors

(position sensors for hand & fingers tracking) to provide visual augmented re-

ality feedback (via HoloLens) and force feedback (via haptic gloves) to enable

human interaction with physical and virtual world simultaneously. Our contri-

bution is the development of the framework by integration of the latest tech-

nological tools such as Mixed Reality (MR), haptics, Machine Learning (ML),

sensor fusion, control systems design and image processing within the AM

process and testing the efficacy of the system for several practical use cases.

The workflow of an AM process consists of three phases, namely, the de-

sign phase, the manufacturing phase, and the testing phase. I-nteract enables

immersive functionalities by enhancing the tangibility of the digital world in a

cyber-physical space. We demonstrated the efficacy of these functionalities

by implementing novel practical applications to improve the AM workflow. We

developed a novel scan-based method for the real-time monitoring of AM pro-

cesses. This implementation is the initial phase of the development of our sys-

tem (I-nteract) in which we integrated MR within the monitoring stage during

the manufacturing phase. This development not only speeds up the manufac-

turing process by allowing real-time monitoring to provide detailed information
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about the build quality but also has the potential to facilitate the development

of a decision support system using techniques from ML. With the incorporation

of haptics within the MR system, we demonstrated how I-nteract allows real-

time interactions with both digital and physical (deformable/non-deformable)

objects simultaneously to streamline the AM process by enabling virtual test-

ing phase prior to the manufacturing phase so that designers do not have to

wait for items to be printed before a user can deduce whether or not their ac-

tive properties are satisfactory. We proposed a novel 3D scanning method

and implemented this novel strategy to design a customised orthopaedic cast

for a human forearm. We also implemented interactions with the deformable

objects so that the user can capture the elasticity along with the shape of a

physical object to generate and simulate its digital twin. The validity of our ap-

proach has been tested by comparing the results with the spring rates obtained

from a material testing machine. Furthermore, to bridge the gap between the

consumer and the production we introduced generative functionalities in the

design phase of the AM workflow by using Constructive Solid Geometry (CSG)

and integrating Deep Learning (DL) within the system to automate the parts of

the design process that require expert knowledge. The automated generation

of 3D models using DL with CSG as an editing tool enables a novice user to

design customized 3D models from scratch. We tested the system with two

types of generative Deep Neural Network (DNN)s (Soft Rasterizer (SR)-DNN

and SliceGen) to design customised 3D models of chairs and tables from their

respective single-view 2D images captured via HoloLens, and by resizing the

3D models using hands in an MR environment with respect to the design con-

straints imposed by the physical workspace.

Finally, in the context of improving the AM process to achieving strin-

gent precision requirements by designing robust control strategies for the
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widespread adoption of AM technologies in the industrial sector, we proposed

modal approximation based control strategies for the physical processes mod-

elled by a reaction-diffusion equation. Heat flow is an important parameter of

the AM process to achieve the high quality of the product. The systems where

heat is produced and diffuses away from the heat production site are described

by reaction-diffusion equations. First, we proposed state feedback control for

a reaction-diffusion equation with a state delay in the reaction term. Then, to

enhance the pragmatic feasibility of our proposed control design approach for

practical application, we designed a finite-dimensional observer-based con-

trol strategy for the output feedback stabilization and setpoint regulation of a

reaction-diffusion equation cascaded with an Ordinary Differential Equation

(ODE). We showed that the control design strategies achieve both the expo-

nential stabilization as well as the setpoint regulation of both the systems.
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Chapter 1: Introduction

Abstract

In this chapter, we discuss the evolution of manufacturing along with the chal-

lenges in the widespread adoption of the latest manufacturing technology,

known as Additive Manufacturing (AM), by both industries and the general

public. Furthermore, in this chapter, we also outline the research objectives,

structure, and contributions of this thesis.
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Chapter 1

Introduction

Additive Manufacturing (AM), also known as 3D printing, rapid prototyping,

or generative manufacturing, refers to the process of depositing successive

thin layers of materials upon each other in precise geometric shapes based

on 3D model files to manufacture three-dimensional physical objects [3].

The early developments of modern AM processes can be traced back to the

50s [4, 5], with the first commercial application of AM emerging in 1987. This

first commercial work pioneered the technique of stereolithography, in which

a layer-by-layer 3D printing technology was developed using photopolymer-

ization [6]. Originally used for fast prototyping [7–9], and as a visualization

tool, AM has seen rapid growth during the last decade due to the advance-

ment in processes, tools, and applications for both end-user part production

and manufacturing at a large scale. AM is now on the cusp of widespread

adoption in both homes and workplaces. "The 3D printing market is projected

to grow at a compound annual growth rate of 27.59% to reach the market

size of US$39.640 billion by 2024 from US$9.190 billion in the year 2018"1.

It offers possibilities to not only print bespoke products but also the possibil-

ity of enabling highly disruptive new business models that are based around

the inclusion of consumers to enable a manufacturing process that satisfies

individual needs. Driven by these new possibilities, the research and industry

communities are focused on not only making 3D printing machines work bet-

1https://www.researchandmarkets.com/reports/4835446/3d-printing-market-forecasts-
from-2019-to-2024
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ter, but also on developing new ways to enable humans to interact with such

machines, in a feedback loop, and to enable networks of machines to interact

with each other. This fast-growing research area, badged loosely as Industry

4.0, brings together ideas from Machine Learning (ML), Augmented Reality

(AR), robotics, human-computer interaction, as well as the physics and chem-

istry of 3D printing machines, all with the objective of enabling widespread

adoption of this promising manufacturing technology.

1.1 Manufacturing evolution and the fourth in-

dustrial revolution

It is no understatement to suggest that modern societies have been shaped

by advances in manufacturing. Changes in manufacturing have acted as a

catalyst for profound scientific, societal, and political changes (Fig. 1.1). In the

late 18th century, the first industrial revolution was characterized by the advent

of factories using machines taking advantage of steam power as a replace-

ment for hand production methods. The second industrial revolution, which

spanned the late 19th and the beginning of the 20th centuries, was charac-

terized by an unprecedented wave of innovations, driven by electric power

and the emergence of production lines allowing mass production. In the early

1970s, the emergence of electronics, computation units, and information tech-

nologies enabled the third industrial revolution through the massive automation

of manufacturing processes. Modern societies are now entering into a fourth

industrial revolution (Industry 4.0), driven by ubiquitous connectivity and the in-

ternet of things. This industrial revolution has direct implications of giving rise

to a human-centered society regarded as Society 5.0 [10,11]. Society 5.0 is a

concept of the development of a human-centered society to balance economic

development with high regard to solving societal problems by achieving an ad-

vanced level of integration between the cyber world and the physical world [12].

In the context of manufacturing the realization of such developments is lead-

ing towards the possibility of enabling highly disruptive new business models

that are based around the inclusion of the consumer within the product de-
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Figure 1.1: Phases of manufacturing evolution and its impact [1].

sign process [1]. In this model of a prosumer-driven society, the consumer is

replaced by the prosumer in which a customer both consumes and produces

goods. This new stage of manufacturing development is characterized by the

emergence of smart factories and smart services providers developing smart

products and smart services. It is, therefore, not inconceivable that the fourth

industrial revolution and the rise of the Prosumer Driven Society [1] will trans-

form both the manufacturing processes and the consumption habits.

1.1.1 Transformation of the manufacturing process

Traditional (or conventional) manufacturing refers to processes that consist of

machining a part from a workpiece by removing material. This is also called

subtractive manufacturing [13]. In these types of manufacturing processes

material is removed by both direct contact and relative motion of the cutting

tool and the workpiece, and energy is used to rotate either the tool or the

workpiece. In traditional manufacturing, the tooling environment (including the

cutting tools, but also the patterns, the molds, and the fixtures) is usually the

most costly and time-consuming part of the process. Consequently, unit costs

are very high for small-batch productions but drop considerably for mass pro-

ductions; and these costs increase with the complexity of the part to be man-
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ufactured.

Given this background, AM has emerged as a disruptive technology

poised to deeply transform manufacturing: "Additive manufacturing technol-

ogy can break existing performance trade-offs by reducing the capital needed

to achieve scale and scope economies." [14]. First, AM obviates the need

for dedicated tooling. Indeed, while traditional production lines require ma-

jor tooling adaptations for producing different products, AM equipment re-

mains mostly unchanged as different parts are produced. Furthermore, AM

may intrinsically reduce the unit cost of production when compared to sub-

tractive manufacturing methods by reducing the quantity of material required

for production, and by being, for the most part, insensitive to the complexity

of the part [15, 16]. Finally, AM offers the capability to manufacture shapes

that are not manufacturable with traditional manufacturing. Such a higher de-

gree of flexibility can be used, for example, to manufacture lightweight parts

that require less assembly time, products with customized features, and multi-

material printed parts exhibiting space varying properties [17].

1.1.2 Transformation of the consumption habits

The first three industrial revolutions led to standardized and uniformed prod-

ucts. As famously said by Ford in 1909 about model T: "Any customer can

have a car painted any colour that he wants so long as it is black" [18]. Cus-

tomers are now no longer satisfied with this one-size-fits-all approach to man-

ufacturing and are increasingly demanding bespoke products. This is driven,

not only by consumer demands for personalized and customized products but

also by the needs of certain industries (e.g., in the context of health with pros-

theses, dental implants, etc.) which fundamentally require bespoke manufac-

turing. All these trends require not only advances in manufacturing, but also a

bridging of the gap between the consumer, the designer, and the manufactur-

ing process.

In this context, AM has emerged as an ingenious technology to transform

manufacturing [19,20]. Conventional factories relying on classic manufacturing

methods take advantage of highly specialized production lines for producing
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standardized products. This approach was motivated by the paradigm: the

more units produced, the lower the cost per unit. The first three industrial rev-

olutions were driven by this paradigm, allowing access to mass consumption

at an affordable cost by producing a great volume of units of a given good. On

the other hand, highly specialized production lines are incompatible with the

demand of modern consumers for specialized and personalized products as

their adaptation to the production of very specific products in a small volume

of units is too costly. The big breakthrough resulting from AM is the fact that

the production cost per unit is mostly insensitive to the number of units pro-

duced [20]. Therefore, while it is always more cost-effective to resort to con-

ventional manufacturing methods for mass productions, it is generally quicker

and much more affordable to resort to AM for small-batch productions of highly

personalized products.

3D printing also narrows the gap between the consumer, the designer, and

the production. While traditional manufacturing was the reserve of factories,

Fused Deposition Modelling (FDM) AM processes [21, 22] allow the transfer

of a part of the production capabilities from factories to small companies and

homes taking advantage of:

• the wide use of personal computers and the internet;

• the easy access to tutorials, user-friendly software, and banks of 3D

models;

• rapid progress in printing tools, quality, and speed;

• the ever-reducing costs of the FDM 3D printers and related printing ma-

terials (e.g., thermoplastic filaments).

Therefore, while the consumer, the designer, and the manufacturer were

three distinct agents in traditional manufacturing, 3D printing allows the merg-

ing of these three roles into a single one allowing the inclusion of consumers

in the design process to manufacture bespoke products.
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1.2 Challenges in the widespread adoption of AM

Despite tremendous promises, AM still faces many challenges [23]. Much

research work remains to be done so that AM matches the standards of con-

ventional manufacturing and reaches its full potential. The research efforts to

enable widespread adoption of this disruptive technology are broadly in the

following directions:

• improving the AM process to achieve stringent precision requirements;

• enhancing the interaction of humans within the AM process (human-in-

the-loop);

• developing the tools for allowing machine-to-machine communication to

develop trading strategies by the efficient exploitation of networks of such

machines.

In this research work, we focused on improving the AM by designing robust

control as well as by implementing advanced monitoring methodologies and

on augmenting the human-in-the-loop interactions within the AM process.

1.2.1 Improving the AM process

Much research efforts are directed towards improving the quality of the prod-

ucts either by designing robust control strategies to make the system tolerant

of the disturbances and uncertainties or by designing advanced monitoring

methodologies to detect and mitigate the occurred defects.

Designing robust control strategies

In spite of its huge potential [14, 17], AM still does not match the standards

of conventional manufacturing. Typically, AM processes are characterized by

low productivity, poor quality, inconsistent reproduction properties, and uncer-

tain properties of the manufactured parts [24]. These pitfalls prevent the

widespread adoption of AM technologies in industrial sectors with stringent

precision requirements such as aerospace [25, 26] and biomedical [27, 28]
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industries. The essential cause of these imprecisions is the inherent difficulty

to model, monitor, and control the underlying AM processes [24,29].

Monitoring of the AM process

Many parameters, such as process parameters (heat source, trajectory gener-

ation, etc.), ambient parameters (temperature or humidity), and intrinsic prop-

erties of the employed materials, have a strong impact on the quality of the final

product [30] in AM. Any uncertainty in even one of these parameters might re-

sult in defects. For instance, due to the off-line generation and optimization

of the printing trajectories, the accuracy of the geometry may not reach the

required level for a given application, and because of the layer-based printing

process, inhomogeneities can appear, yielding problems in the mechanical

properties [31]. Therefore, the development of adequate monitoring meth-

ods combined with efficient decision-making tools is a key step toward the

widespread adoption of AM technologies in industrial sectors presenting strin-

gent requirements [32].

1.2.2 Human-in-the-loop

Two of the key components in the 3D printing workflow of functional parts are

the design of the 3D model of the part to be printed and the evaluation of its

interaction with other existing parts. In this section, we discuss the limitations

of the traditional 3D approaches and the requirement of an intuitive interaction

platform to include human-in-the-loop.

Design of 3D models

One of the essential limitations of 3D manufacturing is the strong gap existing

between the tangible final product and its 3D model. The outcome of the 3D

printing process is a physical object existing in the physical world. In contrast,

the 3D model used to print the object only exists in the virtual world, making

it more difficult and less intuitive to appreciate the manner in which one can

interact with it before printing [33, 34]. Advanced proprietary Computer-Aided
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Design (CAD) software, such as Catia or SolidWorks, can be used for 3D mod-

elling. They include numerous advanced features that enable the evaluation

of the interactions between different parts, as well as finite element analyses

for mechanical or thermal effects. However, even though these are useful

features, much work remains to be done. For example, CAD was originally

developed for conventional manufacturing and does not embrace the specific

needs of additive manufacturing design [32]. Most existing CAD-based soft-

ware requires a strong technical background and is not readily accessible to a

large non-technical audience. While it is true that more accessible software for

3D modelling has been developed and is freely available on the internet, this

does not solve the inherent difficulty of testing human-machine interactions for

manufacturing [35–39], and it is generally difficult for inexperienced people in

3D modelling to correctly locate and place objects in a 3D environment while

only having access to a 2D window into the 3D space through a computer

screen. Furthermore, the use of traditional mouse and keyboard are unintu-

itive for the user, and provide limited methods of interactions for assembling,

creating, interacting, modifying, positioning, and shaping 3D models within a

three-dimensional environment. In this context, there is a clear need for devel-

oping new tools for interacting with 3D models [40–42] as part of the design

process.

Interaction with objects

Most 3D printed goods are stand-alone objects. In other words, the printed

goods are essentially objects presenting very basic interactions with other

goods. However, the most promising perspectives for AM rely on its capability

to produce complex parts interacting with complex systems, including other

3D printed parts, conventionally manufactured parts, mechanisms, electronics

components, etc. A typical example of such a complex interaction is provided

in the health field with prostheses or dental implants. Each of these is unique

because they are specifically tailored for a given person. Specifically, in these

later examples, one has to ensure its full compatibility with the body of the

person, from both integrity and functionality point of views.
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One of the main difficulties in the design of interacting objects relies on the

capability of the designer to close-the-loop. Indeed, 3D modelling of stand-

alone objects is a relatively accessible task because it is a close-the-loop de-

sign. The workflow of the designer is straightforward, consisting mainly of

creating a 3D model, then sending it to the 3D printer to get the final good. In

the case of complex systems with 3D printed parts interacting with other parts,

the workflow is iterative as it requires the designer to close the loop. First, the

designer must have a precise idea of the whole system and its different parts.

Then, after designing a 3D model of one of the parts, the interaction of the

designed 3D model with the other parts must be evaluated. Based on this

evaluation, the designer modifies the initial 3D model for improving its func-

tionality. This loop is iterated multiple times until obtaining a suitable 3D model

of the part. The resulting model is then sent to the 3D printer to get a physical

realization. Physical tests and interaction experiments are then conducted to

check its functionality. If the final result does not provide complete satisfaction,

a new design loop on the 3D model is iterated.

1.3 Modern technological advancements

A Cyber-Physical System (CPS) involves the integration of communication,

computation, control, and physical elements with the main focus of bridging

the gap between the digital and the physical realms [43]. The fourth industrial

revolution is shaping the future of manufacturing through the implementation

of cyber-physical systems [44]. In this section, we discuss some of the mod-

ern technological advancements that can be utilised in the development of an

immersive human-centric cyber-physical system with the potential of solving

some of the challenges, discussed in Sec. 1.2, in the widespread adoption of

AM by the industry and the general public. A detailed literature review of these

modern approaches in the context of enabling digital prototyping is presented

in Chapter 2.
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1.3.1 Modern visualisation tools

In this section, we discuss existing visualisation technologies that are replacing

traditional 2D interfaces to provide an immersive user experience.

Virtual Reality (VR)

VR is an immersive reality that is simulated by using an HMD to generate re-

alistic sounds and images to create an imaginary world [45]. VR immerses

the user entirely in the virtual world, and therefore, is a well-established re-

ality technology in the gaming industry [46]. Although, VR provides a three-

dimensional visual experience but the complete immersion of the user into

the virtual world separates the user from the physical world which makes im-

mersive VR unsuitable to be utilised as a visualisation tool in a cyber-physical

space.

Augmented Reality (AR)

As the name suggests, AR refers to the augmentation of the physical reality

by the computer-generated context-sensitive audio-visual data from the digital

world [47]. The most popular devices to augment digital data onto physical re-

ality are smartphones and tablets. The digital content is overlaid by the apps

onto the real world viewed through the device’s camera. The accessibility of

the handheld smart devices makes AR an affordable solution to annotate exist-

ing spaces with an overlay of digital information (such as text, pictures, video,

and animations) for educational purposes [48]. Although AR enables the visu-

alisation of the digital and the physical world simultaneously but still limits the

user to interact with the three-dimensional workspace through a 2D screen of

the handheld device, and therefore, provides a non-immersive experience to

the user.

Mixed Reality (MR)

MR is an immersive form of AR in which the user can place and interact with

the virtual objects in the physical world as if they were real objects. It provides
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a hybrid reality in which real and virtual objects co-exist in a 3D dimensional

workspace, and therefore, provides an immersive environment for the user to

interact with 3D virtual objects along with physical objects. This makes MR an

effective tool to create a high permeability between the digital and the physical

worlds in a cyber-physical space [49]. XR (VR/AR/MR) manipulates the audio-

visual senses of the user to represent the digital world. Haptics technologies

manipulate the sense of touch to enhance the tangibility of virtual objects.

1.3.2 Haptics

Haptics refers to the ability of touching, contacting, and exploring in which

skin, joints, tendons, and muscles are utilised to obtain information or to ma-

nipulate objects [50]. Haptic devices generate mechanical signals to stimulate

the sense of touch (kinesthetic and/or tactile) to manipulate and/or to perceive

detailed information about virtual objects. Haptic feedback technologies offer

promising approaches for the improvement of MR experiences in manufactur-

ing [51].

1.3.3 Machine learning

Machine Learning (ML), a subset of Artificial Intelligence (AI), is a powerful tool

that enables the system to learn automatically from data without being explic-

itly programmed to perform a task [52]. This data-driven automated learning

technique possesses great potential to improve the process of AM at various

stages. In particular, during the design phase, ML can be used to automate

the parts of the AM process that require expert knowledge to lower the barrier

for the non-technical users (consumer) by enabling generative design [53] for

personal fabrication. During the testing phase, ML can provide an effective

tool to perform data-driven modelling of non-linear parts of the system and to

make it adaptive with respect to the designer-in-the-loop testing the desired

properties of the product [54]. Furthermore, ML can also be utilised to au-

tomate the monitoring of the manufacturing process [55], and therefore, can

play a significant role in the development of a decision support system for the
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operator to improve the build quality of the product [56].

1.4 Contributions of This Research

In the context of the challenges mentioned in Sec. 1.2, we present the following

contributions to improve the Additive Manufacturing (AM) process.

1.4.1 I-nteract: a cyber-physical system for AM

I-nteract is an immersive human-centric cyber-physical system that enables

real-time interaction with real and virtual objects in a mixed reality environ-

ment to design 3D models for AM. The objective of the system is to provide a

framework to develop intuitive and user-friendly interfaces that enable personal

fabrication for non-technical users, streamline the AM process by allowing real-

time testing, and provide effective means of monitoring the AM process to im-

prove the build quality of the product. Our contribution is the development of

the framework by integration of the latest technological tools such as Mixed

Reality (MR), haptics, Machine Learning (ML), and image processing within

the AM process.

1.4.2 I-nteract to monitor the AM process

In this topic, we developed a novel scan-based method for the real-time moni-

toring of AM processes. This implementation is the initial phase of the develop-

ment of our system (I-nteract) in which we integrated MR within the monitoring

stage of the AM process. The objectives are to speed up the iterative process

development by enabling real-time monitoring to provide detailed information

about the build quality and to facilitate the development of a decision support

system using techniques from ML. The main contributions of this topic are:

• hardware integration of an RGB camera with the 3D printer;

• image processing to extract information about the printed layers;
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• 3D model reconstruction of the printed product from the images;

• development of a mixed reality interface to enable the user to interact

with the reconstructed 3D model using gestures to view and detect po-

tential defects, not only at the surface but also in the inner layers of the

printed object during the printing process.

1.4.3 I-nteract to enable real-time haptic interaction with

virtual and physical artifacts

In the next phase of our system development, we incorporated haptics to en-

hance the tangibility of the digital world in a cyber-physical space. We en-

abled real-time haptic interactions with (deformable/non-deformable) virtual

and physical objects while providing an integrated visual and haptic (Visio-

haptic) experience to the user for AM. The objective of this development is to

streamline the AM process by allowing the user to generate digital twins of the

real objects and to test the properties of the designed virtual model prior to

printing. The main contributions of this topic are as follows:

• enabled position and orientation manipulation of the virtual objects with

visual and force-feedback in the three-dimensional physical workspace;

• proposed a novel 3D scanning method to generate the 3D model of a

physical object by estimating its contours using a haptic glove;

• implemented this 3D scanning strategy to design a customised or-

thopaedic cast for a human forearm;

• enabled generation of a digital twin by estimating the shape and elasticity

of a physical object to allow the incorporation of the physical objects in

the design process using the system;

• enabled interaction with deformable virtual objects in response to the

physical stimuli in MR;

• enabled real-time testing of the designed 3D model in response to hu-

man and physical objects stimuli before manufacturing.
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1.4.4 I-nteract to generate 3D models

In this topic, we introduced generative functionalities by developing a frame-

work that allows integration of computationally expensive ML algorithms within

the visio-haptic system (I-nteract) to enable the automation of the parts of the

design process that require expert knowledge. The research objective is to

design an intuitive MR interface to bridge the gap between the consumer and

the production using AM. The main contributions of this topic are:

• enabled CSG in the system to be utilised as an editing tool to modify 3D

models in MR;

• developed a framework that allows the integration of computationally ex-

pensive ML algorithms within the system;

• tested the developed framework with a generative DNN [57] with the

objective of automating the generation of a 3D model based on an RGB

image;

• proposed and implemented a novel generative DNN to improve the

genus of 3D models generated based on a single RGB image;

• exploiting the immersive feature of MR, introduced the functionality of

adjusting the dimensions of the virtual model with respect to the design

constraints in the physical workspace.

1.4.5 PI regulation of an Infinite-Dimensional System

In this topic, we aim at achieving the proportional-integral (PI) regulation con-

trol of an Infinite-Dimensional System (IDS) modelled by a reaction-diffusion

equation. The systems where heat is produced and diffuses away from the

heat production site are described by the reaction-diffusion equations [58].

Heat flow is an important parameter of the AM process to achieve the high

quality of the product. Therefore, the research objective of this topic is to

propose a robust control strategy for an IDS that can be extended to model
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the heat flow control of an AM process. The designed control strategy is as

follows:

• first, a spectral reduction is performed to obtain a finite-dimensional trun-

cated model, which presents a state-delay, capturing a finite number of

modes of the original IDS;

• second, the truncated model is augmented by an integral component to

achieving the boundary regulation control;

• third, the PI controller is designed by pole shifting. By an adequate se-

lection of the number of modes of the original IDS, we show that the

proposed control design procedure achieves both the exponential stabi-

lization as well as the setpoint regulation of the original IDS;

• finally, we showed that the closed-loop system is exponentially Input-to-

state stable (ISS) [59,60] in the presence of a boundary perturbation.

1.4.6 Output feedback regulation of an IDS cascaded with

an ODE

In this topic, we design a finite-dimensional observer-based control strategy

for the output-feedback stabilization and setpoint regulation of an IDS cou-

pled with an ODE to enhance the pragmatic feasibility of our control design

approach for practical applications. The designed control strategy for the cas-

caded system is as follows:

• first, a spectral reduction is performed to obtain a finite-dimensional trun-

cated model capturing a finite number of modes of the original cascaded

system;

• second, the finite-dimensional observer-based controller is designed by

pole shifting for stabilization. By an adequate selection of the number of

modes, we show that the proposed control design procedure achieves

the exponential stabilization of the original system;
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• third, the truncated model is augmented by an integral component to

achieving the output feedback regulation control;

• finally, the finite-dimensional observer-based PI controller is designed

by pole shifting. By an adequate selection of the number of modes,

we show that the proposed control design strategy achieves both the

exponential stabilization as well as the setpoint regulation of the original

cascaded system.

1.5 Thesis Structure

The remainder of this thesis is organised as follows:

• In Chapter 2, we present a comprehensive review of the latest techno-

logical developments, control strategies, and monitoring methodologies

to enable digital prototyping and to improve the process of AM.

• In Chapter 3, we present the overview of the cyber-physical system

framework, named I-nteract, developed to improve the AM process. We

discuss the system with real-time processing of human-centered spatio-

temporal data acquired by vision (HoloLens) sensors and wearable sen-

sors (position sensors for hand & fingers tracking) to provide visual aug-

mented reality feedback (via HoloLens) and force feedback (via haptic

gloves) to enable human interaction with the physical and virtual world

simultaneously.

• In Chapter 4, we propose a novel scan-based method for the real-time

monitoring of the AM processes. The method proposed relies on a layer-

by-layer scanning of the 3D object directly during the printing process.

It enables the user, directly during the printing process, to view and de-

tect the potential defects in MR, not only on the surface but also in the

inner layers of the printed object. This strategy has been successfully

implemented with a fused filament 3D printer (PRUSA i3 MK3).
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• In Chapter 5, we demonstrate how I-nteract enables real-time haptic

interaction with digital and physical objects simultaneously in MR. We

proposed a novel scanning technique to generate the 3D model of a

physical object by its contours estimation using a haptic glove. We have

implemented this strategy to 3D print a customised orthopaedic cast for

a human forearm. The developed haptic interaction streamlines the AM

process by allowing the user to generate digital twins of the real ob-

jects and to test the properties of the designed virtual model in response

to human and physical objects’ stimuli prior to printing. This has been

demonstrated by generating a digital twin of a compression spring and

simulating its virtual interaction in MR using I-nteract.

• In Chapter 6, we show the generative functionalities of I-nteract to enable

a novice user to design customised 3D models for AM. We developed a

framework to enable the integration of computationally expensive ML

algorithms within the system to enable CAD in mixed reality for a non-

technical user. The efficacy of the system has been demonstrated by

generating a 3D model using CSG, then by generating 3D models of fur-

niture using a reference generative DNN [57] and a proposed generative

DNN from the 2D images captured via HoloLens, and finally by resizing

the 3D models using hands in an MR environment with respect to the

physical workspace.

• In Chapter 7, we proposed a PI regulation boundary control of an

infinite-dimensional system modelled by a reaction-diffusion equation

with state delay. First, a spectral reduction is performed to obtain a finite-

dimensional truncated model of the original infinite-dimensional system.

Second, the truncated model is augmented by an integral component to

achieving the setpoint regulation control. Third, the PI controller is de-

signed by pole shifting. Finally, we showed that the proposed control de-

sign procedure achieves both the exponential stabilization as well as the

setpoint regulation boundary control of the original infinite-dimensional

system in the presence of a boundary perturbation.
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• In Chapter 8, we developed a finite-dimensional observer-based control

design for the output feedback stabilization as well as the regulation of

a reaction-diffusion equation (PDE) cascaded with an ODE due to its

practical relevance in several applications. First, similar to chapter 7, we

performed a spectral reduction to obtain a finite-dimensional truncated

model of the original PDE-ODE cascaded system. Second, the finite-

dimensional observer-based controller is designed by pole shifting to

achieve stabilization. Third, similar to chapter 7, the truncated model is

augmented by an integral component to achieving the output feedback

regularization. Finally, the finite-dimensional observer-based controller

is designed by pole shifting. By an adequate selection of the number

of modes, we show that the proposed control design strategy achieves

both the exponential stabilization as well as the setpoint regulation of the

original PDE-ODE cascaded system.

• In Chapter 9, we conclude the thesis and outline some research direc-

tions for future works.
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Chapter 2: Background

Abstract

In this chapter, we review the modern approaches for the enhanced incorpo-

ration of human (consumer, designer, and operator) within the AM workflow

and the research efforts that have been made in modelling the manufactur-

ing process for designing robust control strategies to match the conventional

manufacturing standards by achieving the stringent precision requirements.

The major part of this chapter was published in [51]. In which, the contribution

of the author was to review the existing advanced approaches for digital proto-

typing, co-first authored with Hugo Lhachemi, under the supervision of Robert

Shorten.
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Chapter 2

Background

Additive Manufacturing (AM) is recognised as a key enabling technology for

the fourth industrial revolution [61]. Therefore, AM has been an intense topic

of research in recent years. The workflow of an AM process consists of three

phases, namely, the design phase, the manufacturing phase, and the testing

phase [62]. As illustrated in Fig. 2.1, in the design phase virtual model of the

product is designed according to the desired specifications, the virtual model

is then 3D printed in the manufacturing phase, and finally, the manufactured

product is inspected for the desired quality and technical requirements in the

testing phase. The defect detection during the testing phase causes the rep-

etition of the manufacturing phase to improve the build quality whereas both

the design phase and the manufacturing phase are reiterated if the desired

functionalities are not achieved. Hence, the entire process is repeated until

acceptable results are attained, making the design process costly and time-

consuming. Furthermore, the requirement of technical expertise to design 3D

models is a major obstacle towards the inclusion of the consumer within the

design phase to enable the manufacturing of bespoke products [51]. The use

of Augmented Reality (AR)/Mixed Reality (MR) as a feedback tool has great

potential. Roughly speaking, AR/MR enables the augmentation of the user’s

real-world with immersive computer-generated information such as visuals,

sounds, touch interactions, etc. [63] (see Fig. 2.2). Although the first basic

AR prototypes were developed in the 1960s [64], AR has emerged over the
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Figure 2.1: Phases in the AM workflow

past two decades as one of the most exciting fields in many application do-

mains. Presently, a great number of AR technologies are used. For example,

the interested readers are referred to [48, 63, 65–75]. Currently, design and

manufacturing represent two of the most important applications of AR [76,77].

The main reason is that AR/MR offers the opportunity for designers and oper-

ators to interact in an intuitive manner, directly in their physical space, with the

information of the creation/production process. For instance, CAD tools can

be merged with VR or AR-based technologies, providing immersive modelling

environments [78,79] or interactive virtual assembling environments [80]. The

use of extended reality (XR) in combination with modern technological ad-

vancements such as Machine Learning (ML), robotics, IoT, and computer vi-

sion is a promising and recent research area that can play a significant role

in the fourth industrial revolution by providing an enhanced human-machine

interaction. In this chapter, we review the modern approaches for the en-

hanced incorporation of human (consumer, designer, and operator) within the

AM workflow and the research efforts that have been made in modelling the

manufacturing process for designing robust control strategies to match the

conventional manufacturing standards by achieving the stringent precision re-

quirements.
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Figure 2.2: Feedback based on mixed reality.

2.1 Modern Approaches for digital prototyping

With the technological advancements in the fields of virtual/augmented/mixed

reality (VR/AR/MR), image processing, haptics, and machine learning, exten-

sive research has been carried out to develop interactive interfaces for provid-

ing more intuitive and realistic platforms for digital prototyping. In particular,

much effort has been devoted to enabling consumers (novice users) to design

their own customized products. These are discussed in this section.

2.1.1 Sketch-based modelling

The design of a 3D model for the purpose of manufacturing requires tech-

nical familiarity with 3D CAD tools. This requirement limits the involvement

of end-users (customers) in the design of the product for personal fabrica-

tion. Much effort has been made by the research community to develop in-

terfaces for novice users that do not necessarily have engineering knowledge

and skills. Sketch-based prototyping tools [81] allow novice users to design

linkage-based mechanisms for fast prototyping [8]. Similarly, an interactive
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system [82] that lets end users design toys (plushies) has been developed.

Using this tool, the user can simulate the 3D model of the toy by drawing

a 2D sketch of its desired silhouette. A similar idea of coupling sketching

with generative design tools (OptiStruct, solidThinking, AutodeskTM Nastran

Shape Generator, and SiemensTM Frustum) to make the generative design

more accessible to novice designers has been proposed in [83]. Although

these interaction platforms allow users to achieve certain aesthetic goals while

satisfying engineering constraints, they are unable to adapt designs according

to a physical environment. AR and MR provide more intuitive environments to

bridge this gap between the physical and the digital worlds [84]. In particular,

window-Shaping [85] is a design idea that integrates a sketch/image-based 3D

modelling approach within a Mixed Reality (MR) interface and allows the user

to design 3D models on and around the physical objects.

2.1.2 Gesture-based design

Gesture-based interactions [86–88] require real-time hand tracking to recog-

nize gestures. Existing solutions either use visual markers, haptic gloves or

additional hardware for this purpose. FingARtips [89] presents a fingertip-

based AR interface to interact with virtual objects. In this interface, the hand

position is tracked using visual markers and vibrotactile actuators are used to

provide haptic feedback. Tangible 3D [90] presents an immersive 3D mod-

elling system to create and interact with 3D models using cameras and pro-

jectors. Similarly, situated modelling allows the user to create real-sized 3D

models using existing objects or an environment as a reference for physical

guidance [91]. MirageTable [92], an interactive system to merge real and vir-

tual worlds, combines a depth camera, a curved screen, and a stereoscopic

projector, to enable virtual 3D model creation using gestures along with other

interesting applications. Data Miming [93] uses an overhead camera to infer

spatial objects from the user’s gestures. Using this approach, the user can

describe the physical objects with gestures and the interface then matches

the input voxel representation of the gestures with the known 3D model rep-

resentation of a physical object. Similarly, another 3D modelling system has
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been developed using an aerial imaging plate and a leap motion sensor to

manipulate (move, scale and rotate) the virtual object using gestures to fit

the physical object [94]. Although VR/AR/MR interfaces are more intuitive for

manipulating 3D models they suffer from the fact that existing head-mounted

displays (HMDs) are unable to provide precision due to mid-air gesture-based

inputs. In these papers, gesture-based interfaces are, although intuitive, im-

precise for generating 3D models. In summary, the majority of tools based on

gesture-based interfaces, provide a platform to modify an existing 3D model

or to search from pre-existing 3D models for non-expert users. To overcome

some of these limitations, it was proposed in [95] to switch between classic

CAD interface on a monitor (precise input but counter-intuitive) and AR mode

(imprecise but intuitive) for designing 3D models.

Interaction with virtual objects can be counter-intuitive relying solely on vi-

sual cues and gestures. The use of tangible tools (such as haptic gloves or

additional hardware) for the creation or modification of virtual models makes

this experience more intuitive. Surface drawing [96], a semi-immersive virtual

environment, in addition to hand tracking for virtual 3D strokes, uses physical

tools like tongs, as well as erasers and magnetic tools, for shape refinement of

the 3D model. Twister [97] is a manipulation tool that uses a 6 DoF magnetic

tracker in each hand and allows the user to create or modify (tilt, twist or bend)

3D shapes using both hands simultaneously. Digits [96] is a wrist-worn sensor

that estimates the 3D pose of the user’s hand, hence enabling natural hand

manipulations in the digital domain without requiring depth cameras or data

gloves. Based on interactive situated AR systems like HoloDesk [98] and Holo

Tabletop [99], MixFab [49] is an immersive AR environment that lowers the

barrier for non-professional designers to engage in personal fabrication. This

fabrication system allows the user to sketch and extrude the virtual artifact us-

ing hands. The hand gestures are recognized through a single depth camera

whereas a motorized turntable is installed for 3D scanning of the physical ob-

ject. A user can use this digital model of the scanned physical object as a size

or shape reference to integrate the physical object in the design process.
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2.1.3 Scan-based modelling

Now we discuss the possibility to use objects from the real world for either 3D

modelling or the evaluation of the interactivity of the 3D model with objects

from the physical world.

3D modelling

Augmented Reality (AR) has proven to offer significant potential in providing

platforms for the rapid prototyping of complex systems. The dynamics of in-

teraction between different components of such systems can be simulated to

support iterative design prior to manufacturing. A similar approach has been

used by combining paper craft, AR, and virtual simulation for rapid prototyp-

ing and experimentation of complex systems, such as bicycle gears and the

human circulatory system [100]. Scan-based interfaces allow the user to de-

sign digital models based on physical artifacts. For example, Tactum [101]

enables non-expert users to design products for their body (forearm) by scan-

ning the forearm through a depth camera (Kinect) and then using skin as an

interactive input surface for designing 3D models according to the scanned

body part. Similarly, with RealFusion [102], an interactive workflow allows

novice designers to express their creative ideas through the manipulation of

the digital models of real objects. This interface allows the user to scan phys-

ical objects using a depth sensor and lets the user modify the scanned digital

model utilizing mid-air interactions with a smartphone.

Interaction with existing artifacts

While 3D modelling of stand-alone objects is a relatively accessible task, the

design of fully functional artifacts interacting with other parts, such as hinges,

remains challenging. This kind of fabrication can be achieved either post-

assembly or by directly integrating electrical components into 3D printed ob-

jects. The post-assembly fabrication process includes printing the housing

for electrical components, that can later be adapted to an existing physical

object. Printy [103] is an augmented fabrication system that allows a novice
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user to design a customized 3D model based on a modular circuit and add-on

(i.e. a button) description to modify an existing 3D model. Using a web-based

interface, the user can also add cloud-based interactivity to their custom de-

signs. ModelCraft [104] is a syntax-based approach that can be used as a

plug-in for SolidWorks. Starting from a 3D model in SolidWorks, this system

generates a 2D pattern by unfolding the 3D model. The 2D pattern is then

printed on paper which is cut and assembled as a paper-based 3D model.

Using a Logitech io2TM pen, the user can annotate and edit the paper-based

3D model. The CAD model then renders these annotations to edit the digital

model accordingly. Inspired by ModelCraft, Makers’ Marks [105] is another

annotation-based system to fabricate functional objects by combining exist-

ing parts with custom-designed enclosures. Users can use this system to

scan their sculptures made from clay and annotated with stickers to show the

placement of the functional components (e.g., mechanical hinges, electronic

components). Makers’ Marks then creates the 3D geometry of the sculpture

and replaces the annotations with existing 3D models of the functional com-

ponents. Another technique to add existing objects within 3D printed parts is

to design internal pipes and cavities within 3D models through path planning.

The pipes then can be inserted with media post-print, and then these pipes

can be used to either enable input or display outputs such as illuminations

or some forms of haptic feedback [106]. RetroFab [7] is another augmented

fabrication environment that enables a non-expert user to retrofit physical inter-

faces. RetroFab generates a 3D model of an existing object through scanning

and then enables the user to design and place various electronic components

(actuators and sensors). The housing for these electronic components is au-

tomatically generated to fit with the existing physical object. These kinds of

systems enable consumers to design their own control interfaces for house-

hold items and print customized enclosures to house the required electronic

components. Capricate [107] is a fabrication pipeline that allows the user to

design and print capacitive touch sensors embedded in 3D printed objects in-

stead of using a post-assembly approach to add interactive capabilities in 3D

objects.
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2.1.4 Tools-based design

In order to make the interaction with the virtual environment more intuitive,

works have explored the use of instrumented tools. In this section, we give an

overview of this work.

Tools-based 3D modelling

In an effort to make the traditional tooling experience applicable for crafting vir-

tual models, researchers have focused on developing tools that can be used

for handcrafting digital models. For example, a mixed reality handcrafting sys-

tem has been developed in [108] using physical devices to imitate tools (knife,

hammer, tweezers). These physical tools can be used to perform the move,

cut and join operations, on 3D models in an intuitive manner. These physi-

cal tools are equipped to provide tactile sensations, and operational feedback

through vibrations and sounds to make the experience more realistic [109].

Tools can also be used to involve, in a direct manner, the user in the manu-

facturing process. For instance, it was reported in [110] the possibility to draft

directly on the workpiece by means of a hand-held laser pointer. The system

tracks the pointer, generates a clean path, and cuts accordingly the workpiece

using a laser cutter.

Specifying dimensions and angles can be a tedious procedure for tradi-

tional computer-aided design tools. As the designed model will, once printed,

interact with real-world artifacts, it is generally necessary to measure certain

physical characteristics of existing objects. Then, this measurement informa-

tion is entered into the software through a computer screen, a mouse, and a

keyboard. Such a procedure introduces a gap between the measurement in

the real world and its impact on the virtual 3D model. To narrow this gap, it has

been proposed to resort to a digitized version of traditional measurement tools

(e.g., calipers, protractors) allowing a bidirectional transfer between the real

world and the virtual environment [111]. This enables the specification of the

physical features of a 3D model in an intuitive manner based on direct mea-

surements of physical objects. Second, the presence of actuators in the tools

enable the physical representation of physical dimensions specified directly in

28



2.1. MODERN APPROACHES FOR DIGITAL PROTOTYPING

the virtual environment.

Another approach was proposed in [112] for the creation of containers for

fitting real objects in a virtual environment. Instead of measuring size, via

augmented tools, the proposed approach consists first of capturing a picture

of the object. Then this image is projected on the build plate of the printer.

Finally, by means of a tactile screen, the user can draw directly on the build

plate to either create or modify an existing model by taking advantage of the

captured image.

The use of building blocks (e.g., lego bricks) for fast 3D modelling of func-

tional objects has been investigated in [113]. Specifically, it has been proposed

to use instrumented and sensed construction toys (physical building blocks),

combining embedded computation, vision-based acquisition, and graphical in-

terpretation, for easy-to-use and tangible 3D modelling. Similar approaches

for fast prototyping and building of structures were reported in [114] by assem-

bling struts- and hubs-primitives, and in [115] based on cubes.

Finally, the design of complex 3D geometries exhibiting many degrees of

freedom can be a difficult task with conventional hardware inputs such as a

keyboard and a mouse. To solve this problem, it was proposed in [116,117] to

use a shape-sensing strip for capturing curves of surfaces that exhibit complex

geometries. In this setting, the user deforms, directly with his hands and in the

real world, the shape sensing-strip. Then, the associated geometry is captured

utilising a linear array of strain gauges located along the strip. The same type

of approach has been developed in [118] for the articulation of 3D characters,

by means of the deformation by hand, of skeletal trees.

3D model-based assisted manufacturing

Most research projects on tool-based design for advanced manufacturing

strive to develop tools to help the user in the design of 3D models. Certain

projects also promote the emergence of a new fabrication approach combining

digital fabrication and craft. For instance, the use of building blocks (e.g., lego

bricks) for rapid prototyping of functional objects such as a head-mounted dis-

play or soap holder has been investigated in [119]. The developed approach
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substitutes parts of 3D models with building blocks, while the user can specify

the parts of the model that need to be printed. Such a mix of building blocks

and 3D printed parts speeds up the fabrication process and is thus suited for

fast prototyping. In another example, a freehand digital sculpting tool devel-

oped in the framework of subtractive manufacturing was reported in [120–122].

The system consists of a milling device monitored by a computer. Based on a

pre-defined 3D model, the computer allows sculpting, except when the milling

reaches the surface of the 3D model. Similarly, a mixed reality environment

was developed in [123] for the drawing of 3D wire structures using a 3D ex-

truder pen. Here the mixed reality environment is used as a guide for the user

by superimposing onto the drawn structure a projection of the 3D model.

2.1.5 Haptic Interactions

Haptic interfaces are devices that generate mechanical signals to stimulate the

kinesthetic and/or tactile senses of the human. These devices aim at providing

force feedback for improving the interactivity within a virtual environment [124].

Unlike traditional interfaces that take advantage of visual and auditory senses

for interactions in the virtual world, haptic interfaces allow the user to use the

sense of touch to perceive rich and detailed information about the virtual ob-

ject. In the context of this work, haptic feedback can be categorized as tactile

feedback and kinesthetic feedback.

Tactile (cutaneous) feedback is related to sensing the pressure on the skin

surface. The patterns of these sensations, perceived through the biological

receptors spread across the whole body, are interpreted by the brain as the

weight, size, and texture of an object. Vibrotactile feedback is the most tradi-

tional and frequently used tactile feedback integrated into our mobile phones

and game controllers. These types of actuators are fairly limited in convey-

ing the shape, size, and texture of an object. Therefore, haptic devices are

required which can offer more than buzzing and rumbling to the hand. Hu-

man fingertips are quite sensitive skin areas to sense a surface smoothness

or texture. Therefore, attempts have been made to use actuators for finger-

tips to enable tactile feedback [125, 126]. In these types of haptic interfaces,
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miniaturized DC motors with cables or belts are placed on the nails to gen-

erate controlled pressure on the fingertip to render a weight perception. Nor-

malTouch and TextureTouch [127] present a mechanically actuated handheld

controller for haptic shape rendering. This controller consists of a tiltable and

extrudable platform for the finger to render the virtual object surface. To ren-

der fine-grained surface texture details, a 4 × 4 matrix of actuated pins are

placed underneath the user’s fingertip. To enable the user to touch the physi-

cal objects along with virtual objects, nail mounted tactile feedback has been

proposed [128]. This device contains a voice coil and tactile sensations are

produced by controlling the modulation of waveforms exciting the coil. The use

of ultrasonic actuators embedded into head-mounted displays has also been

proposed for tactile feedback in [129]. However, this kind of interface can only

be used for VR headsets.

Kinesthetic feedback is related to the feedback gathered from the sensors

embedded in muscles, tendons, and joints. This type of feedback is used to

perceive the size, weight, and position of the object relative to the body. Kines-

thetic feedback interfaces prevent the user hands or body from penetrating

through the virtual object and hence, provide a more realistic experience. Ex-

oskeleton glove-based interfaces take advantage of this feedback [130]. Elec-

trical muscle stimulation (EMS) is another type of interface that is based on

kinesthetic feedback that has been explored to make the mixed reality experi-

ence more realistic [131–133].

Haptic feedback technologies also offer promising approaches for the im-

provement of AR experiences in manufacturing. For example, the use of a

haptic feedback input device for navigating in CAD environments was reported

in [134]. In this setting, the user manipulates the camera in the 3D environ-

ment by means of a tangible tool providing force feedback when a virtual ob-

stacle is encountered. In [135], the use of different feedback methods such

as visual, pressure-based tactile, and vibrotactile feedback, have been inves-

tigated for improving human-machine interactions. Although haptic feedback-

based direct interactions appear to be less robust and slower than indirect

controller-based interactions, the former greatly improve both functionality and

ergonomics in the manipulation of virtual objects. Among the great variety of
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applications, one can find a smartwatch with force feedback [136, 137] and

haptic feedback in robot-mediated surgery [138] also incorporating thermal

feedback [139].

2.1.6 Toward an integrated virtual design and physical

shaping

Conventional additive manufacturing is a unidirectional process. First, a 3D

model of the part is built in the digital world. Then the part is manufactured.

Such a workflow presents two fundamental limitations. First, it does not allow

an iterative design in the sense that a printed artifact cannot be modified; any

modification requires the printing of a new version from scratch. Second, while

any modification on the original 3D model will impact the final printed object,

reshaping the physical object will have no influence on the virtual model. In

this context, attempts have been made to provide more flexible design pro-

cesses enabling iterative design and bidirectional interactions between virtual

models and printed goods. An iterative technique allowing the patching of ex-

isting objects was presented in [140]. In this setting, the already printed object

is mounted into the 3D printer while both original and modified CAD models

are used to generate the tool trajectory to patch the object. The problem of

synchronizing the CAD model and the physical model has been investigated

in [141, 142]. After completing a 3D scanning of the physical object, an algo-

rithm is used to detect the changes (either additive or subtractive) and then

the associated 3D model is updated. Another approach aimed at detecting

touch and its characteristics (position on the object and applied force) for in-

creasing the interactivity between the 3D model and the printed good was

reported in [143]. Such integrated virtual designs and physical shaping was

further developed in [144] by using a robotic modelling assistant (RoMA) for

simultaneous 3D modelling and 3D printing based on AR. By merging the 3D

modelling environment with the printing workspace, RoMA enables the user

to create a 3D model directly within the printing workspace. In this setting,

the partially printed object can be used as a tangible reference for the de-

sign of new elements. The idea of direct interactions between real and virtual
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worlds within the printing workspace has also been developed in several re-

ported works. For example, the possibility to superimpose a hologram of the

3D model on top of the currently printed object has been reported in [145].

This setup allows the user to design CAD models that are directly projected

in the 3D printer workspace in real scale. Such an approach was also de-

veloped in [55] with application to the real-time monitoring of the geometrical

accuracy of the printed object. In [56], a layer-by-layer 3D model reconstruc-

tion, using a novel scan-based method, for the real-time monitoring of additive

manufacturing processes is proposed. This method enables the user, directly

during the printing process, to view and detect potential defects, not only at

the surface but also in the inner layers of the printed object using an AR in-

terface. Inspired by clay modelling, a digital clay interface allowing the im-

pression of shapes from physical objects into digital models by deforming a

malleable gel input device was reported in [146]. In [147], also inspired by

clay modelling, the user sculpts virtual models by manipulating props and an

annotations-based system can be used for integrating complex components

(hinges, electronics) [105]. While scanning techniques are commonly used

for the 3D modelling of real objects, the possibility to use 2D inputs (pictures)

has also been investigated in [148,149]. In the near future, the emergence of

shape-changing interfaces [150] as a new method for interacting with comput-

ers could be a valuable technology for 3D modelling. The recent developments

in machine learning for the improvement of human-machine interactions also

offer opportunities for AM [151].

2.2 Control design strategies

In spite of its huge potential [14, 17], AM still does not match the standards

of conventional manufacturing. Typically, AM processes are characterised by

low productivity, poor quality, inconsistent reproduction properties, and uncer-

tain properties of the manufactured parts [24]. These pitfalls prevent the

widespread adoption of AM technologies in industrial sectors with stringent

precision requirements such as aerospace [25,26] and biomedical [27,28] in-
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dustries. The essential cause of these imprecisions is the inherent difficulty

to model, monitor, and control the underlying AM processes [24,29]. Further-

more, AM covers a broad range of technologies and processes requiring spe-

cific and widely differing modelling and control strategies. A complete review

mapping AM modelling approaches is available in [152]. In this section, we

review the low-level control strategies reported for two of the most promising

AM technologies; namely, extrusion-based 3D printing and the metal-based

AM.

2.2.1 Extrusion-based 3D printing

Extrusion-based 3D printing technologies are among the most promising tech-

nologies for fast prototyping, small batch productions of plastic parts, and for

making manufacturing accessible to small companies and homes. This type

of AM covers a number of technologies such as FDM [21, 22], syringe-based

extrusion [153], and screw extrusion [154, 155]. These essentially consist of

the heating, and the pressurization of plastic materials in an extruder chamber

before deposition in the printing workspace.

Apart from the control of the extruder position [156], the essential aspects

of extrusion-based 3D printing processes that require feedback control are the

extruder melt temperature and the extrusion flow rate. One essential aspect,

referred to extrusion-on-demand [157], relies on the precise control of the ex-

trusion flow rate for achieving a delivery on-demand of the material. Such an

extrusion-on-demand is critical for the printing of complex geometries which

generally require discontinuities in the material delivery. Furthermore, in order

to achieve high quality of the extruded product, the control laws must be ro-

bust against certain external disturbances [158]. These include any blocks of

solid polymer that are not sufficiently melted, air bubble induced compressible

behavior of the paste, as well as pressure disturbances and non-homogeneity

in the extrusion flow, etc. Both the value and the homogeneity of the extruder

melt temperature are among the most important process parameters. Indeed,

it is known that the failure to ensure adequate thermal conditions can lead,

for example, to thermal degradation, inadequate mechanical properties of the
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final part, geometrical inaccuracy, and non-homogeneity in the extrusion flow

rate [159,160]. Furthermore, the ability to ensure the homogeneity of the melt

temperature relies on numerous control parameters including the processing

conditions and material properties [31, 161]. Most of the control strategies for

extrusion reported in the literature to control the melt temperature employ a lin-

ear model of the plant (to design a simple proportional integral derivative (PID)

controller) [162, 163]. For example, a PID controller with anti-windup strategy

has been reported in [164]. A multi-objective model predictive control strategy

has also been proposed in [160] allowing the inclusion of safety requirements

in the control design. In [165], a three-stage control law has been proposed

to control the volumetric flow of a single-screw extruder via joint regulation

of both temperature and pressure. First, an inner-loop, composed of seven

parallel PID controllers, are used to control the local temperatures along the

barrel. Then, a PID-based outer-loop is employed to control the temperature

at the output of the extruder. Finally, a PID controller is considered for regulat-

ing the output pressure. In this setting, a multivariable generalized predictive

control law has been designed in [166] along with a feedforward component

that avoids sudden variations of temperatures when the pressure is changed.

In order to compensate for changes in process conditions, adaptive controllers

have been proposed, for example in [163,167], while a disturbance decoupling

control design has been investigated in [168]. Due to the nonlinear behaviour

of the system, linear time-invariant controllers may fail to ensure the required

die temperature set-point tracking performance over the full operating range of

the system. In this context, a nonlinear dynamic model was developed in [169].

Based on the measurement of the die melt temperature via an infrared sensor,

the proposed control strategy is based on fuzzy logic control. Fuzzy control

strategies in extrusion-based 3D printing were further investigated in [170].

Similarly, a PID controller with the online tuning of its gains by means of a

neural network has been proposed in [171]. In this setting, the neural net-

work is employed for both online identification of the plant, and tuning of the

controller gains. PDE modelling along with nonlinear model predictive control

strategies for a twin-screw extruder have been reported in [172,173]. Beyond

the control of the die melt temperature and pressure, certain control strategies
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have also been reported for controlling other relevant physical quantities such

as the die viscosity with a PID controller in [174] or by means of fuzzy control

in [175,176].

Studies have also been reported on the control of the extrudate geometri-

cal characteristics [177]. In [178], it has been proposed to control the extrudate

thickness by means of a proportional integral (PI) controller and a Smith pre-

dictor. This study has been extended in [179] to the control of the extrudate

shape and size. Two control algorithms have been compared, namely a simple

PI controller and a multivariable feedforward plus feedback controller. In [180],

a multivariable adaptive and control scheme has been proposed for control-

ling both the temperature and the thickness of the extrudate. The possibility

to directly control the final part geometry in order to avoid the manual adjust-

ment of the process parameters by technicians has been investigated in [181].

The proposed control strategy relies on an iterative learning controller and its

relevance was demonstrated for the regulation of the width of a rectangle.

The control of the start and stop of extrusion-on-demand remains chal-

lenging (change in paste properties, inhomogeneities, air bubble release). The

regulation of the extrusion force was investigated in [182] by means of an adap-

tive controller that estimates in real-time the parameters of the plant. In [183],

a hierarchical control structure is developed for controlling the material deliv-

ery flow. The proposed approach combines the control of both extruder ram

velocity and pressure applied to the paste. The control structure consists of

a model predictive controller that is supervised by a decision algorithm that

switches between extrusion force control and ram velocity control. Similarly,

a hybrid extrusion force-velocity controller is designed in [184] to achieve an

extrusion-on-demand with air bubble release compensation. Specifically, a

first controller is designed based on a first order model of the syringe’s flow

rate in order to ensure a steady-state extrusion flow rate. However, plunger

velocity control exhibits slow dynamics while fast response is required for ei-

ther extrusion-on-demand or to compensate disturbances resulting from the

release of air bubbles. For this reason, an extrusion force controller is de-
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signed based on the following first order dynamic extrusion force model [185]:

dfL
dt

(t) =
(fL(t)− ff + Appa)

2

App0l0
(up(t)− ua(t)),

where up is the plunger velocity, fL is the extrusion force, ff is the friction force

between the paste and the barrel, Ap is the cross-sectional area of the plunger,

Pa is the atmospheric pressure, p0 is the initial pressure in the syringe, l0 is

an effective air layer thickness, and ua is the steady-state velocity correspond-

ing to a given extrusion force. The hybrid extrusion force-velocity controller

is obtained by means of a switching signal. Specifically, the extrusion force

controller is used to precisely control the extrusion start and stop while the

plunger velocity controller is used most of the build time to regulate the output

of the syringes. One important aspect to be considered for improving the per-

formance of the closed-loop system is the delay of extrusion start and stop,

referred to as the dwell-time in [186]. This issue is tackled in [187, 188] by

modelling the extrusion-on demand process via a 1D hyperbolic PDE coupled

with an ordinary differential equation. Specifically, denoting by L the length of

the extruder and by x(t) the moving boundary delimiting the part of the ex-

truder that is filled of material, the mass balance equation of the filled zone

yields, for an incompressible homogeneous material with constant density ρ0,

the following 1D hyperbolic PDE:

∂u

∂t
(t, z) = ξN0

∂u

∂z
(t, z), (t, ξ) ∈ R+ × (x(t), L)

u(L, t) =
Fin(t)

ρ0NoVeff
, t ≥ 0

where u(t, z) represents the distributed filling ratio, Fin(t) is the feed rate used

as a control input, N0 and ξ denote the screw speed and pitch, respectively,

and Veff is the effective volume between a screw element and the extruder

barrel. This PDE exhibits a time-varying domain (x(t), L) whose dynamics

are described by the following ODE:

dx

dt
(t) = −ξN0

Kdx(t)− (Bρ0 +Kdx(t))u(t, x(t))

(Bρ0 +Kdx(t))(1− u(t, x(t)))
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where B represents a screw geometric parameter while Kd stands for the

nozzle conductance. The control design of this model was investigated in [187,

188] and consists of a state-dependent input delay-compensated bang-bang

controller.

2.2.2 Metal-based additive manufacturing

The term metal-based AM gathers together the most promising AM technolo-

gies for industrial applications for areas such as aerospace [25], automo-

tive [17, 189], and biomedical [27] industries. Such methods are essentially

composed of three main steps. First, the 3D Computer Aided Design (CAD)

model of the part is numerically processed to be sliced into layers. Then, a

high power source of energy, typically an electron or a laser beam, is used

to melt over the current layer the metal wire or powder (either powder-bed or

powder-fed systems). By cooling down, the metal forms a dense layer which

contributes to form the final 3D printed part. Finally, the process is repeated

over successive layers to print the full 3D model. Even though metal-based

AM has emerged as a disruptive technology for both the manufacturing and

the repair of metallic parts, numerous challenges remain to bring it to the level

of quality and repeatability reached by traditional manufacturing processes.

Indeed, while AM offers many advantages [25,27] in comparison to traditional

manufacturing processes, it is crucial that AM processes are accurately mod-

eled to predict the material and mechanical properties of the manufactured

part. However, complex interactions arise in the direct material deposition

processes due to the interactions between the laser beam, the powder, and

the substrate. Numerous parameters, including process parameters (laser

power, powder feed rate, scan speed, trajectory generation, etc.), ambient pa-

rameters (temperature or humidity), and intrinsic properties of the employed

materials have a strong impact on the quality of the final product. Any devi-

ation of one of these parameters might result in defects. For instance, due

to the off-line generation and optimization of the printing trajectories, the ac-

curacy of the geometry might not reach the required level. Because of the

layer-based process, inhomogeneities can appear yielding problems in me-
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chanical and material properties. For direct metal deposition, a too deep/large

melt pool can induce irregularities due to re-melt of the solidified material. On

the other hand, a too thin melt pool does not allow the required high-strength

bonding between the deposited layers [190]. In this context, there is a strong

interest in the development of advanced physics-based models, sensing tech-

nologies [191, 192], monitoring [193], and control strategies for AM [24]. We

now give a brief review of the modelling and control approaches in this area.

Modelling

The understanding of the complex interactions between the process and the

physical properties of the manufactured part, including build conditions, micro-

structures, residual stress, thermal distortions, etc. [190,194,195], is an active

research topic. A complete review of metal-based AM processes, including

their impact on the structure and properties of the fabricated metallic compo-

nents, can be found in [196, 197]. Based on the understanding of the under-

lying phenomenon, the development of models that are suitable for both the

simulation and the control of the thermal, mechanical, and material proper-

ties of metal-based AM represents one of the key steps to reach the levels

of quality and repeatability required by the industry. Indeed, such models are

not only paramount to simulate and control the process but also to optimize its

parameters and to predict the properties of the manufactured part as well as

its compliance with the required specifications [198].

One key component of a metal-based AM model concerns its capability to

accurately represent the transient temperature field for a layer by layer process

with moving laser heat source. Indeed, the transient temperature history is

one of the main factors determining the thermal stress distribution and residual

stress of the metallic part. As heat distributions are inherently modeled by Par-

tial Differential Equations (PDEs), many finite element modelling approaches

have been proposed in the literature for simulations. Three-dimensional con-

vection models in the presence of driving forces for flow with moving laser

beam were developed in [199,200]. These models essentially rely on the heat

conduction equation which takes, for a workpiece of constant density ρ and
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specific heat Cp, the following form:

ρCp
∂T

∂t
= −∇q +Q

where T is the temperature, Q the heat source, and q the heat flux vector

which is described by the Fourier’s conduction equation:

q = −k(T )∇T

with k(T ) the thermal conductivity. The heat source can be, for example, mod-

eled by an ellipsoid [201]:

Q(t, x, y, z) =
6
√
3Pη

abcπ3/2
exp

(
−3x2

a2
− 3y2

b2
− 3(z + vwt)

2

c2

)
where P is the incident laser power, η the laser absorption efficiency, a, b, c the

parameters of the ellipsoid, and vw the laser velocity. The boundary conditions

of the PDE model the heat losses due to the convection qconv expressed by

Newton’s law as:

qconv = h(Ts − Ta)

where Ts is the surface temperature, Ta the ambiant temperature, h the trans-

fer coefficient; while the loss due to thermal radiation qrad is described by

Stephan-Boltzmann’s law:

qrad = ϵσ(T 4
s − T 4

a )

with σ the Stephan-Boltzmann constant and ϵ the surface emissivity. Three-

dimensional numerical models that take into account the multiple-line sinter-

ing under the heat source of a moving Gaussian laser beam were developed

in [30, 202, 203]. To simulate the addition of layers with time, the method of

element birth and death was proposed in [204]. A 3D transient numerical

model of multi-layer laser processes has been proposed in [205] to predict

the geometry of the deposited material along with the temperature distribu-

tion and the thermal stress field. The complex interactions between the laser
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characteristics (e.g., power and scan speed) and the resulting geometry of

the melting pool were modeled in [206]. Models for cladding and repair were

proposed in [207]. In order to model the mechanical properties of the manufac-

tured metallic part, thermo-mechanical models were developed [208], allowing

the analysis of thermal shape distortions [209–214]. Simulation strategies for

modelling the material deposition in metal deposition processes were investi-

gated in [215] using inactive or quiet elements methods. A critical review of the

finite element methods for simulation of metallic powder bed AM processes is

proposed in [216].

Taking advantage of finite element methods, these PDE-based models can

be used for the prediction of the AM processes (shape, mechanical proper-

ties, etc.). However, due to their inherent complexity (complex geometry of

the part, laser-matter interactions, geometry of the melt pool, etc.), they are

difficult to handle from a control system design viewpoint. Consequently, the

development of finite dimensional reduced order models of the AM processes

for control design is a research topic of primary interest.

Black-box empirical models were developed in [217, 218] for the control

of the melt pool temperature and deposition height during a cladding process

based on subspace model identification techniques. Specifically, the input-

output behavior from the laser power to the melt pool temperature was iden-

tified experimentally as a second order (in [217], fourth order in [218]) linear

time-invariant model (in state space form). Similarly, a first-order transfer func-

tion was experimentally obtained in [219] for modelling the dynamics between

the laser power and the width of the melt pool. In [220], a second-order dis-

crete model is identified for modelling the dynamics from the laser pulse en-

ergy to the height of the clad height. A first-order transfer function between

the laser power and the melt pool temperature is identified based on graphical

methods in [221]. In [222], a first-order transfer function between a composite

signal, mixing the laser scan speed, the laser power, and the powder flow rate,

and the melt pool temperature is obtained based on a least-square method.

Even if black-box empirical models can be successfully used for control

design purposes, they suffer from several inherent limitations. One essential

drawback of such black-box empirical models is that they require the appli-
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cation of the identification procedure to each of the operating points of inter-

est (including ambient conditions, materials, required temperature, width, and

depth of the melt pool, etc.). Furthermore, most of the black-box empirical

models are fully linear while it is known that nonlinear effects occur in additive

manufacturing processes (e.g., thermal radiation). In this context, there is a

strong interest in the development of advanced physics-based models that are

suitable for feedback control design. In [223,224], a semi-empirical model was

developed for the height control in laser solid freeform fabrication. Specifically,

the dynamic response is empirically captured by first-order dynamics while

the steady-state value is obtained via physics-based consideration through a

mass balance equation along with experimental identification procedures re-

lying on least squares methods. A physics-based lumped-parameter model

for metal deposition was developed in [225]. Derived based on physical con-

siderations (such as the mass and energy balance of the melt pool puddle),

the model describes the dynamics of both temperature and geometry of an

ellipsoidal molten puddle. Such a model was further developed in [226–228]

to layer-dependent process models and in [229] for improving the steady-state

predictions of the melt pool geometrical characteristics. The later model con-

sists of the following two sets of ODEs. The first one describes the mass

conservation of the molten puddle:

ρ
dV

dt
+ ρAv = µf

and the second one describes the energy balance of the puddle:

ρ
d(V e)

dt
= −ρAveb + PS,

where ρ is the constant melt density, µ is the mass transfer efficiency, V and

A are the volume and the maximal cross-sectional area of the molten puddle,

respectively, f is the powder flow rate, v is the laser scan speed, e is the spe-

cific internal energy of the melt pool, e0 is the specific energy of the solidified

bead material, and Ps is the total thermal transfer at the puddle surface.
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Low-level control strategies

Laser cladding processes are governed by a large number of parameters and

their respective interactions [218] (for example, laser, nozzle, powder and gas

delivery system, substrate). Among the most important parameters to be con-

trolled, temperature and the dimensions of the melt pool are perhaps the most

important. These process parameters have a significant impact on the quality

of the final product, and in particular on the dimensional accuracy. Control

of the dimensional accuracy was identified in [32] as one of the ten most im-

portant challenges in AM. Geometrical inaccuracies can result from many fac-

tors [230], including geometric errors introduced by the slicing process used to

create the STL file [231, 232] and thermal deformations resulting from stress

gradient induced by the continuous cycle of rapid melting and solidification of

the metal [233]. In order to avoid post-processing of the printed part with ma-

chine tools, which is both time-consuming and increases the production costs,

prediction methods [234] and compensation strategies have been proposed

in the design of the 3D models. The latter consists of the integration of a

shrinkage compensation aspect directly in the product design [235–238]. It is

in this context that feedback control of the cladding processes is paramount

for ensuring the quality of the clad layers [239]. For instance, the benefit of

the feedback control for the manufacturing of turbine blades has been experi-

mentally highlighted in [217]. Indeed, while the uncontrolled manufacturing of

the turbine blade induced inhomogeneities and geometrical inaccuracies the

feedback control of both temperature and height of the melt pool significantly

improved the quality of the manufactured part. The benefits of feedback con-

trol on microstructure, thermal distortion, and mechanical properties have also

been illustrated in [240]. For this reason, many control strategies have been re-

ported in the literature in order to ensure precise control of the temperature or

the geometric characteristics of the melt pool. Even though some design PDE

model-based control strategies have been reported [241], the large majority

of the documented approaches work with either black-box or (semi-empirical)

lumped parameters models. In [219], a camera-based feedback control strat-

egy is proposed to control the width of the melt pool. The melt pool dimensions
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are estimated in real time based on a greyscale camera via three main steps:

Gaussian filtering to filter out isolated pixels resulting from hot particles; con-

version of the image into a black and white image (using a threshold value

corresponding to the boundary of the melt pool); and approximation of the

pool-shape with an ellipse. The width of the melt pool is controlled by means

of a PI controller. The control input is the laser power while the measurement

is a filtered version (use of a second-order Butterworth filter) of the estimated

width of the melt pool. In [218], a dual-color pyrometer is used to sense the

temperature of the melt pool. The control strategy consists of a predictive con-

trol algorithm with reference tracking of the temperature of the melt pool based

on the adjustment of the laser power. In [242], a PID controller is designed to

regulate the temperature of the melt pool based on infrared image sensing

(see also [243]). An opto-electronic sensor is also developed to monitor the

powder flow rate, which is a paramount parameter for composite materials or

alloys. In [244], it is proposed to control both the powder flow rate and the

area of the melt pool. The powder flow rate is controlled by direct feedback of

the tracking error signal. The area of the melt pool is monitored in real time

by an infrared image acquisition system. Then, image processing is carried

out to evaluate the number of pixels inside the melt pool. This quantity is used

as a feedback signal to control the melt pool area via a PID controller aug-

mented with a feedforward to compensate for the existence of a time-lag in the

control loop. Due to potential variations in the dynamics and melt pool char-

acteristics as a function of the height and number of layers [226], an iterative

learning controller was designed in [245]. The feedback control of the clad

height in laser solid freeform fabrication based on the development of semi-

empirical models was investigated in [223, 224]. Different control strategies

have been proposed and tested for the manufacturing of parts: in particu-

lar, feedforward PID control and sliding mode control. While offering different

trade-offs in terms of response time and damping of the closed-loop system,

these control strategies were successfully applied to the deposited layer in a

nonplanar laser cladding process. In [222], a composite control input, mixing

the laser scan speed, the laser power, and the powder flow rate, are used to

control the temperature of the melt pool. The controller strategy consists of
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a discrete time controller coupled with a Kalman Filter used to improve the

closed-loop system performance by filtering the temperature signal provided

by a sensor mounted on the nozzle.

Most of the aforementioned control strategies have been designed based

on black-box empirical models. Taking advantage of the recent development

of semi-empirical or physics-based lumped parameter models, model-based

control strategies have also been recently reported. The authors in [225] in-

vestigate the control of width and height of the molten puddle for metal de-

position by means of a PI controller coupled with a model-based estimator of

the molten puddle geometrical characteristics. The feedback control of melt

pool geometry and temperature in directed energy deposition has been inves-

tigated in [229]. The employed control strategy consists of a dynamic inversion

ensuring the reference tracking of both temperature and height of the melt pool

by using both laser power and scan speed as control inputs.

In order to improve both the performance and repeatability of cladding sys-

tems for industrial applications, it was proposed in [246] to take advantage of

the flexibility of Field-Programmable Gate Arrays (FPGAs) for both monitoring

and control purposes. The monitoring part consists of the measurement of the

melt pool width [247, 248]. In this setting, a CMOS camera is used to obtain

a greyscale picture of the melt pool. Then, image processing is carried out

by the FPGAs. This consists of three main steps: binarization via the selec-

tion of a gray level threshold; erosion to remove incorrectly saturated pixels;

and width estimation [248]. Processing algorithms can also be employed to

increase the robustness of monitoring [248]. Taking advantage of this FPGA-

based monitoring, a PI controller has been developed in [249] for controlling

the melt pool depth. Subsequent experimental results demonstrate a signifi-

cant performance improvement of the FPGA-based solution when compared

to existing PC-based solutions. In particular, as expected, the FPGA-based

solution ensures a faster response time, yielding an increased quality of the

cladding. In order to avoid a manual retuning of the controller gains depending

on the current environmental configuration (environmental conditions, mate-

rials to be treated, geometry of the parts, characteristics of the laser, etc.),

the development of an adaptive controller with updating policy relying on fuzzy
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Figure 2.3: Improved AM workflow

rules has been proposed in [246].

2.3 Concluding remarks

The literature review, presented in this chapter, indicates that extensive re-

search efforts have been carried out for the widespread adoption of AM both

by the general public and industries either by improving the AM process to

achieve stringent precision requirements or by enhancing the interaction of

humans within the AM workflow using modern technological advancements.

In this thesis, Chapters 3 to 6 are devoted to the development of an immer-

sive human-centric CPS to improve the AM workflow, as shown in Fig. 2.3, by

enabling personal fabrication for the general public through smart intuitive in-

terfaces in the design phase, by allowing real-time testing of the designed 3D

models prior to manufacturing phase to save resources in an iterative prod-

uct design approach, and by providing effective means of monitoring the AM

process to improve the build quality of the product. Chapters 7 and 8 are ded-

icated to the development of robust control design strategies for the physical

processes involving heat distribution in AM.
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Chapter 3: I-nteract: A

Visio-Haptic Mixed Reality System

for Additive Manufacturing

Abstract

In this chapter, we present the overview of the cyber-physical system frame-

work, named I-nteract, developed in this thesis to improve the AM process.

We discuss the system with real-time processing of human-centered spatio-

temporal data acquired by vision (HoloLens) sensors and wearable sensors

(position sensors for hand & fingers tracking) to provide visual augmented re-

ality feedback (via HoloLens) and force feedback (via haptic gloves) to enable

human interaction with physical and virtual world simultaneously. The major

part of this chapter was published in [54, 250]. The work in this chapter is

largely the contribution of the author under the supervision of Hugo Lhachemi

and Robert Shorten.
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Chapter 3

I-nteract: A Visio-Haptic Mixed

Reality System for Additive

Manufacturing

3.1 Introduction

Cyber-Physical System (CPS)s comprise the integration of several systems of

different nature with the main purpose to control a physical process through

sensing, computation, and networking. Augmented reality and feedback tech-

nologies pose an interesting opportunity for the design of CPS to improve Ad-

ditive Manufacturing (AM). Interaction with 3D models in a Visio-Haptic Mixed

Reality (VHMR) design space can provide intuitive feedback to designers by

enabling fast validation of designs [251]. Integration of Mixed Reality (MR)

technologies (for visual, audio, and haptic feedback) with the advanced ma-

chine learning techniques can lead to innovative interaction platforms to sup-

port the involvement of end-users (customers) in the design of the product

for personal fabrication, to allow designers to examine and perfect how virtual

objects interact with other objects or humans before they are manufactured,

and to enhance the support for an operator’s decision-making capabilities to

mitigate the occurred defects during the manufacturing process.
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3.1.1 Additive manufacturing workflow

A general workflow of AM is depicted in Fig. 3.1. It starts with the three-

dimensional virtual model of the desired product designed via a CAD tool or

obtained from 3D scanning. The 3D model (STL file) is sliced into layers and

converted into specific instructions (g-code) for the 3D printer using a slicing

software. Then the 3D printer executes the instructions to build the physical

object layer upon layer. Finally, the post-processing is done either to remove

support structures or to give the finishing touch to the 3D printed product. Due

to a lack of feedback between the AM process and the 3D modelling in this

workflow, the testing of the designed 3D model for the desired functionality is

postponed to the end of the printing process. Hence, the entire loop is reit-

erated through a trial-error procedure until the desired results are achieved,

making the design process costly and time-consuming. Moreover, most CAD

design software not only requires professional training but also restrain the

design of 3D virtual models to 2D interfaces, making the design process un-

intuitive and cumbersome for non-technical consumers [40, 41]. In this con-

text, innovations in the design of CPS and technological advancements in its

supporting tools (IoT, MR, robotics, ML) are playing an important role in the

widespread adoption of AM by the general public as well as the industry [51].

3.1.2 Integration with mixed reality technologies

The use of AR tools and haptic feedback has been identified as a promising

approach for helping consumers to use 3D printing technologies in a better

way than is currently possible [51]. As shown in Fig. 2.2, AR technologies al-

low to reduce the gap between the digital nature of the 3D model, existing only
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Figure 3.2: Mixed reality Feedback using I-nteract.

in the virtual world, and the tangible nature of the final 3D printed product.

They can be used as a key enabler to facilitate interactions for assembling,

creating, interacting, modifying, positioning, and shaping 3D models within a

three-dimensional environment. Moreover, haptic technologies can be used

to enable better interaction with virtual objects. Indeed, contrary to the tra-

ditional human-machine interface that takes advantage of visual and auditory

senses, haptic devices are used to generate mechanical feedback stimulating

the sense of touch.

3.2 System Overview

I-nteract is a VHMR system that enables real-time interaction with both virtual

and physical worlds by the integration of modern technological advancements

such as mixed reality, haptics, sensors fusion, computer vision, and machine

learning within the AM process to bridge the gap between the physical and the

digital worlds with human-in-the-loop as shown in Fig. 3.2 [51]. Specifically,

I-nteract uses MR HMD and haptic feedback to create an MR environment in
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Figure 3.3: I-nteract

which (deformable/non-deformable) virtual and physical objects can interact

with each other while providing an integrated visual and haptic (visio-haptic)

experience to the user for AM. The basic architecture defining the interac-

tion of humans and virtual objects is depicted in Fig. 3.3. More specifically, I-

nteract is built using MR glasses (HoloLens1) for visual feedback, haptic gloves

(Dexmo2) for force feedback, and VIVE3 hardware for global position tracking

of the haptic glove. The system architecture that defines the flow of infor-

mation defining the interactions is depicted in Fig. 3.4. Data from sensors is

transmitted to the HoloLens via a server on a computer. The HoloLens pro-

cesses the data according to the program deployed to provide visual feedback

and actuation commands accordingly.

3.2.1 The mixed reality HMD

Microsoft HoloLens is a holographic computer, with built-in processors (CPU

and HPU4), a flash memory, and RAM, that enables 3D visualization of virtual

1https://docs.microsoft.com/en-us/hololens/hololens1-hardware
2https://www.dextarobotics.com/
3https://www.vive.com/ca/vive-tracker/
4Holographic Processing Unit
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objects within the physical workspace using see-through holographic lenses.

Along with the augmented visualization (three-dimensional visual feedback),

HoloLens also provides 3D auditory feedback allowing the user to hear sounds

from both virtual and real worlds simultaneously via 3D audio speakers to en-

hance the immersive experience of the user. The functionalities of gaze track-

ing, gesture input, and voice support allow interaction with the 3D holograms

in the physical world using HoloLens. HoloLens comprises four environment

understanding cameras, an Inertial Measurement Unit (IMU), a Time of Flight

(ToF) depth camera, an ambient light sensor, and an RGB camera. The en-

vironment understanding cameras and IMU are used for user’s head tracking

in the physical workspace. The depth camera is used for hand tracking to

recognize gestures as well as for the surface reconstruction of the physical

workspace. The surface reconstruction feature permits the user to embed

the virtual models within the physical environment to enhance the immersive

experience of the MR environment. The technical details of the holographic

HMD are presented in appendix A.1. The mixed reality app for HoloLens is

developed using Unity5. Unity is a game engine that is used by developers

to create 3D virtual environments to be deployed to HoloLens. Unity’s built-in

physics engine can be utilized to simulate physical interactions between virtual

objects. The strategy to enable interaction between the virtual objects and the

physical (user’s) hand is by generating a virtual 3D model of the hand and up-

5https://unity.com/
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Figure 3.5: Dexmo (Haptic glove)6

dating the pose, position, and orientation of the digital model with the respect

to its physical twin in the physical workspace. The pose of the user’s hand is

estimated by the position sensors whereas the haptic feedback in response

to the interaction between the virtual model of the hand and the other virtual

objects is actuated by the motors of the haptic glove.

3.2.2 The haptic glove

Built upon its predecessor [252], Dexmo is a haptic exoskeleton glove that

provides kinesthetic feedback to interact with virtual objects. The kinematic

design of the glove is similar to the human hand kinematics model developed

6https://www.dextarobotics.com/
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in [253]. The kinematic design consists of rigid links and joints. Each glove’s

digit has two rigid links (primary and secondary bar) and three joints (MCP, PIP,

and DIP joints). The primary bar in each digit connects Metacarpophalangeal

(MCP) and Proximal interphalangeal (PIP) joints whereas the secondary bar

connects PIP and Distal interphalangeal (DIP) joints as shown in Fig. 3.5. The

MCP joint of the thumb has three Degrees of freedom (DoF) (rotate, split and

bend) whereas the MCP joint of each finger has two DoF (split and bend).

The PIP and DIP joints of each digit have only one DoF. Therefore, the glove

has 21 DoF [254]. The actuators (motors) that provide force feedback and

the position sensors that capture the fingers’ motion are installed only at the

MCP joints of each digit. Therefore, the glove is under-actuated (5 DoF) and

under-instrumented (11 DoF). That is, out of 21 DoF, 5 DoF are both actuated

and instrumented whereas 6 DoF are only instrumented. The position sensor

readings, ranging from 0 to 1, are normalized values between the extremes

of the user’s finger flexion and extension. These normalised parameters are

measured during a calibration stage for each user. Using position sensors

Dexmo captures the fingers’ motion and updates the virtual model of the hand

accordingly. When this virtual hand comes in contact with a virtual object,

Dexmo’s built-in source code deployed to HoloLens calculates the direction

and amplitude of the forces and sends commands to the actuators to pro-

vide the force feedback to the five fingertips. This force feedback is designed

on an admittance-based control strategy [254]. In admittance control strat-

egy, the contact force between the user and the virtual environment is sensed

or estimated, and based on the programmed physical properties of the vir-

tual environment this estimated force results in the motion deviation from the

case when there is no contact force between the user and the virtual environ-

ment. Therefore, in admittance-based control, the contact force is an input,

the deviation of motion is an output, and their relationship depends on the

programmed physical properties of the virtual environment [255]. The built-in

force feedback control strategy for interaction with the virtual objects can be

modified using two force feedback parameters, namely: stiffness and offset.

The stiffness parameter, ranging from 0 to 5, determines the strength of the

force feedback. The offset parameter, ranging from 0 to 1, defines the neutral
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position of the actuator (at the MCP joint), deviation from which induces haptic

force feedback with respect to the stiffness parameter set for the respective

digit. In Chapter 5 (Sec. 5.3.2), the implementation of an impedance-based

control strategy (a dual of admittance control [256]) to enable interaction with

certain deformable virtual objects, such as virtual springs, using an under-

instrumented haptic glove (Dexmo) has been demonstrated. The technical

details of the haptic glove (Dexmo) are presented in appendix A.2.

The virtual hand representation

In Dexmo’s API, the complete hand 3D model is composed of three sub-hand

models, namely: Graphics Hand Model, Trigger Collider Hand Model, and

Collision Collider Hand Model.

• Graphics Hand Model is the virtual hand model that contains all the

meshes to display the 3D model of the virtual hand.

• Trigger Collider Hand Model contains all the trigger colliders that are

used to calculate force feedback based on the colliders attached to the

virtual object with which the user is interacting.

• Collision Collider Hand Model contains all the non-trigger colliders that

are used as the kinematic rigid body when the hand model is moving.

These colliders are employed to simulate physical interactions using

Unity’s physics engine. For instance, push away other virtual objects

which also have colliders attached to them.

3.2.3 Global position tracking of the hand

In addition to 21 DoF that represents the finger motion of the glove’s digits with

respect to the palm provided by Dexmo API, we have added 6DoF for global

position tracking of the hand. The global position tracking is required to syn-

chronize the user’s hand with the virtual hand model so that, when the user

moves his/her hand in a physical workspace to interact with virtual or physical
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Figure 3.6: Placing hand on the virtual hand model for synchronization

objects, the virtual hand model moves with it. HoloLens uses the physical po-

sition of the user at the starting point of the app as world origin and projects

the virtual objects in world space accordingly. In order to track the position

and orientation of the hand in the user workspace with respect to the world

origin, we have used Vive hardware (base station and tracker). The global po-

sition tracking of the hand has been adapted from [257]. The position tracker

attached to the glove is tracking position with respect to the base station co-

ordinates. As the base station’s frame of reference (FB) is different from the

frame of reference of the world origin defined by the HoloLens (FH), it is nec-

essary to synchronize the base station coordinates and the world coordinates.

To synchronize the user’s hand position and orientation (base station coor-

dinates) with the virtual hand (world coordinates), the user places the hand

on the virtual hand model as shown in Fig. 3.6 and uses the voice command

sync. As soon as the virtual hand model is synchronized with the user’s hand

the Graphics Hand Model is deactivated.

Transformation of coordinates

FB (base station’s frame of reference) has a right-handed coordinate system

whereas FH has a left-hand coordinate system. The base station is placed

to the right-hand side of the user as shown in Fig. 3.7. To synchronize po-
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Figure 3.7: Coordinates transformations for hand tracking

Table 3.1: Coordinates transformations from FB to FH shown in Fig. 3.7

T1 90◦ rotation along YB-axis
T2 90◦ rotation along X1-axis

T3
XH = −Z2

ZH = −X2

sition, after the execution of the sync command HoloLens stores the posi-

tion tracker’s current reading and subtracts it from the future position tracker’s

readings to generate position offset. This position offset is used to update

the position of the virtual hand model relative to the user’s hand. The trans-

formations used to synchronize the orientation of the two frames of reference

are shown in table 3.1. First, transformation T1 rotates FB 90◦ along YB-axis,

then transformation T2 rotates the modified frame of reference 90◦ along the

Y1-axis, and finally, transformation T3 transforms the right-handed coordinate

system to the left-handed coordinate system by replacing −Z2-axis with XH-

axis and −X2-axis with ZH-axis. The transformations T1 and T2 are applied

using quaternions7.

7https://docs.unity3d.com/ScriptReference/Quaternion.AngleAxis.html
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3.2.4 Integration of I-nteract with Deep Neural Network

Machine Learning (ML), a subset of Artificial Intelligence (AI), is a powerful

tool that enables the system to learn automatically from data without being

explicitly programmed to perform a task. Deep Learning (DL) is a type of

ML that enables scalable modelling of complex high-dimensional data such

as images, text, and speech. Therefore, DL has applications in the areas

of computer vision, reinforcement learning, and natural language processing.

DL is parametrized using Deep Neural Network (DNN). To take advantage

of this automated learning technique and to enable generative design [53] in

Mixed Reality (MR) we have integrated DNNs with I-nteract in chapter 6. Al-

though HoloLens is a self-contained computing machine but the efficient im-

plementation of a DNN requires additional hardware called Graphics Process-

ing Unit (GPU). Therefore, we have established a cloud-based communica-

tion between the HoloLens and the computing machine containing GPU. For

the prototype development, cloud-based communication has been established

using the Microsoft OneDrive8 synchronization service. However, implemen-

tation of more sophisticated communication IoT protocols, such as Message

Queuing Telemetry Transport (MQTT) [258], can also be investigated which

presents an interesting research direction. The integration of I-nteract with a

DNN is depicted in Fig. 3.8. As illustrated in Fig. 3.8, the data (image or 3D

model) is transmitted to the cloud to be accessed by the HoloLens and the

computing machine (laptop). The 3D print controller application OctoPrint9

has been used to send the 3D model to the 3D printer (PRUSA i3 MK310)

using the MR interface of I-nteract.

3.2.5 Mixed reality interface to I-nteract

The MR interface is shown in Fig. 3.9. The interface consists of a hand with

glove, a hand without glove, virtual buttons, and voice commands. The hand

with glove can be used to translate, rotate, and resize the 3D model while

8https://www.microsoft.com/en-ie/microsoft-365/onedrive/online-cloud-storage
9https://octoprint.org/

10https://www.prusa3d.com/
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Figure 3.8: I-nteract integration with DNN

getting force feedback. The hand without glove can be used to utilize the

built-in interface of the HoloLens such as moving the 3D model and pressing

the virtual buttons. The user can control the interface using voice commands,

gestures (from the hand without haptic glove), and hand motions as well as

finger motions (of the hand with haptic glove).

3.3 Conclusion

In this chapter, we presented a system overview of I-nteract. I-nteract is a CPS

that utilizes MR and haptic feedback to provide the user with an integrated

visio-haptic experience designed to improve the process of AM. I-nteract en-

ables real-time processing of human-centered spatio-temporal data acquired

by vision (HoloLens) sensors and wearable sensors (position sensors for hand

& fingers tracking) to provide visual augmented reality feedback (via HoloLens)

and force feedback (via haptic gloves) enabling human interaction with physi-

cal and virtual world simultaneously.
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Figure 3.9: MR Interface for interaction.
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Chapter 4: I-nteract to Monitor the

Additive Manufacturing Process

Abstract

In this chapter, we propose a novel scan-based method for the real-time mon-

itoring of the Additive Manufacturing (AM) processes. The method proposed

relies on a layer-by-layer scanning of the 3D object directly during the print-

ing process. It enables the user, directly during the printing process, to view

and detect the potential defects in Mixed Reality (MR), not only on the sur-

face but also in the inner layers of the printed object. This strategy has been

successfully implemented with a fused filament 3D printer. This implementa-

tion is the initial phase of the development of our system (I-nteract) in which

we integrated MR within the monitoring stage of the AM process. The major

part of this chapter was published in [56]. The work in this chapter is largely

the contribution of the author, under the supervision of Hugo Lhachemi and

Robert Shorten, in collaboration with research scientists (Amadou Ba and Jo-

ern Ploennigs) at IBM Research Lab, Dublin, Ireland.
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Chapter 4

I-nteract to Monitor the Additive

Manufacturing Process

4.1 Introduction

Augmented Reality (AR) is a human-computer interaction tool that augments

computer-generated perceptual information on the real-world environment.

Extensive research is being carried out to design and implement integrated

AR-assisted manufacturing systems to achieve reduced cost and improved

quality. For example, in the automotive industry, the 3D models of car interiors

have been overlaid on real body mock-up cars during the initial phases of de-

velopment using AR [259]. Similarly, a gesture-based AR design environment

has been developed [260]. In which, using gestures, the designer can visual-

ize, design, and make modifications in a 3D model in an AR environment. AR

in manufacturing has been mainly focused on the design phase of the manu-

facturing process [261–263]. However, AR can also play a significant role in

the improvement of process monitoring. For instance, it was proposed in [264]

to bridge the gap between digital and physical works by projecting the 3D

model directly on top of the currently printed part in the printer workspace. In

this context, the user can control both the displayed 3D model and the printer

actuations toward an integrated design. The idea of superimposing the 3D

model to the currently printed part was also developed in [55] as a comparison
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tool for fast prototyping. An automatic image comparison procedure was de-

veloped for the detection of the printing failures by comparing a picture of the

part being printed and the original 3D model.

Geometry reconstruction is a well-studied area of research in computer

graphics and vision. In the past, 3D geometries have been reconstructed us-

ing passive cameras [265, 266], active sensors [267], online images [268], or

from unordered 3D points to generate watertight surfaces [269]. Traditional 3D

model reconstruction techniques can be generally classified as photogramme-

try and 3D scanning. In Photogrammetry (or Structure from Motion [270]), the

three-dimensional coordinates of surface points of a 3D printed object are es-

timated using pictures taken from different angles. In non-contact active 3D

scanning, the scanner estimates the surface points of the object by detecting

the reflection of radiation or light emitted by the scanner towards the object.

The emitted radiations could be infrared, ultrasound, or X-ray. This scanning

technique either use time of flight [271] or the triangulation method [272] to es-

timate the surface points of the object. Both photogrammetry and 3D scanning

either require multiple cameras/scanners to be installed or a single camera/s-

canner to be moved around the object to acquire images/data from different

angles. The 3D surface points generated from these images/data also contain

surface points of the environment around the object, and hence a manual re-

moval (3D cropping) of these surface points is required to retain surface points

of the object only. These techniques capture only the surface information of

the object and do not provide any information about the internal condition of

the product.

The 3D reconstruction technique proposed in this chapter requires only

one camera mounted on the top of the build plate; thus, avoiding the need for

multiple static cameras or moving a single camera around the object. Also, the

proposed scanning technique suggests an automated cropping methodology

of the background from the acquired images, thus generating a 3D model of

the object only. Since the proposed technique reconstructs the 3D model layer

by layer, it can be used for real-time monitoring of the build to detect the defects

on the surface as well as within the object. Finally, we use AR to monitor the

process of 3D printing using the reconstructed 3D model of a part.
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Figure 4.1: (a) Camera Mounted on 3D Printer; (b) HoloLens

4.2 System setup

The setup of the system used to test the proposed technique is shown in Fig.

4.1. It includes a Fused Filament Fabrication (FFF) technology-based, Prusa

i3 MK3, 3D printer with 13 Mega Pixels camera mounted at its gantry and

HoloLens. The camera lens has been oriented parallel to the printer’s print

bed to acquire a top view image of each printed layer. An app has also been

developed in Unity Platform which enables the user to interact with the digital

model in a mixed reality environment using HoloLens.

4.3 Methodology

This section presents the methodology for layer-by-layer reconstruction of the

3D model of the printed product and the development of the app to interact with

the digital model for real-time monitoring of the build process using HoloLens.

4.3.1 Image acquisition and processing

To acquire images after the deposition of each layer, the extruder and print

bed must be positioned in such a way that the work is in front of the camera.
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Therefore, the G-code (Sec. 3.1.1) has been modified by adding the following

command before the commands for the next layer (i.e. before the change in

z-coordinate).

G1 X0 Y200;

This returns the extruder to the left and pushes the build plate forward so

that the top view is clearly visible by the camera after deposition of each layer.

The camera-acquired images are then processed in MATLAB to generate the

3D model. Since the image acquired after deposition of each layer also con-

tains information about the previous layers (and/or about the print bed) there-

fore, the image must be processed to extract the information concerning the

current layer.

Segregation of the Current Layer

During the acquisition of the top view image, depth information is lost. There-

fore, it is difficult to differentiate between the current layer-area and the previ-

ous layer-area. One possible solution to this problem is to use colour-based

image segmentation. Since the majority of the layers in a 3D printed product

are of the same colour, therefore, we need some other strategy for segrega-

tion. One such strategy, as proposed in this chapter, is to use the information

about the current layer through the G-code of the 3D model being used for

printing. The idea is to use the image obtained by the G-code simulator1 of

the current layer as a mask, and then to keep the information from the camera

acquired image which lies under the area delineated by this mask. Then, we

assign the colour black to the area which does not lie under the mask. This im-

age, containing information about the current layer, is termed as the processed

image in the remainder of the chapter, and we refer to the overall technique

as automated cropping. Since the camera-acquired image and the image ac-

quired from the G-code simulator are from different sources, we need to align

both images before using the image acquired from the G-code simulator as a

mask.
1A G-code simulator (https://gcode.ws/) generates images of the 3D model’s slices from a

G-code file.
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Image Registration

To use the image acquired from the G-code simulator as a mask, the mask

must be aligned with the camera-acquired image to overcome issues such

as image rotation, scale, and skew. This problem of aligning multiple scenes

into a single integrated image is solved by image registration. Image registra-

tion is an image processing technique usually used to align satellite images

or medical images captured with different imaging sources, such as Magnetic

resonance imaging (MRI) and single-photon emission computed tomography

(SPECT). In image registration, one of the images (referred to as the moving or

source image) is spatially transformed to align with the other image (referred to

as the target, fixed, or sensed image). In our particular case, we have set the

mask as a moving image, and the camera-acquired image as a target image.

While image registration algorithms can be intensity-based or feature-based,

we have used MATLAB’s inbuilt function "imregister " for intensity-based auto-

matic image registration to align the images. In intensity-based registration,

the misaligned image (moving image) is spatially transformed to align with the

target image by comparing intensity patterns in images [273].

4.3.2 3D Model Reconstruction

The reconstruction of the 3D model involves converting the processed image

to a 3D file format. As described in Sec. 5.2.2, a 3D file format is used for

storing information concerning the 3D models. The common 3D file formats

used are STL, OBJ, PLY, AMF, 3MF, and FBX with STL file format being widely

used for 3D printing. Since HoloLens supports either OBJ or FBX 3D model

file formats and OBJ can be easily converted to STL due to a similar encoding

structure, therefore, we have used the OBJ file format to estimate the geometry

of the 3D model from processed images.

3D model surface encoding

The processed image is converted into a binary image. The area of the pixels

of the previous layers is assigned a black colour, whereas the current layer
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area is assigned a gray colour. These pixel values are then used as depth

values to convert the 2D processed image into a 3D model. Figure 4.2(a)

shows an example of a down-sampled triangular estimation of a processed

2D image and Fig. 4.2(b) shows 3D geometry estimation from the processed

image. The processed binary image is then converted to an OBJ file to en-

code the geometry of the current layer based on the processed image. In this

encoding technique, the binary processed image is covered with the mesh of

non-overlapping triangles. The pixels of the binary processed image are as-

signed as vertices of these triangles. The row number and column number

of the image pixels are assigned as x and y-coordinates respectively whereas

pixel values are assigned as z-coordinates of the vertices of these triangles.

Since we do not want the triangles lying on the previous layer to be encoded in

the OBJ file of the current layer, therefore, we use a condition to encode only

the triangles having non-zero z-coordinates. The vertices and faces required

to generate the 3D model (OBJ file) of the current layer from a processed bi-

nary image are computed using a novel encoding strategy presented in algo-

rithm 1. The non-zero binary value in the processed binary image represents

the height of the 3D model of the respective layer extracted from the image.

The generated 3D model of each layer is transmitted to HoloLens to allow the

user to inspect the built product in an MR environment.

4.3.3 Interaction with the reconstructed model via

HoloLens

The Microsoft HoloLens is a holographic computer, enabling the user to inter-

act with holograms in a mixed reality environment. An application has been

developed in Unity Platform which allows the user to interact with 3D models

using HoloLens. The user can move and rotate to inspect the reconstructed

model of each layer using hand gestures. Two voice commands, expand model

and reset model, have also been added. The expand model command shows

the digital model layer-by-layer and lets the user inspect each layer using hand

gestures whereas the reset model command reconstructs and joins all the lay-

ers back together.
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Algorithm 1: To encode surface from the processed binary image
I = Processed binary image
n = Number of rows of I
m = Number of columns of I
z = Intensity values of I
v = vertices of the current layer
i = 1 // To represent a vertex index in v
for x = 1 to n-1 do

for y = 1 to m-1 do
v1 = [x, y, z(x, y)]
v2 = [x, y + 1, z(x, y + 1)]
v3 = [x+ 1, y + 1, z(x+ 1, y + 1)]
v4 = [x+ 1, y, z(x+ 1, y)]
// Condition to exclude the area of previous layer
if
z(x, y) ̸= 0∨z(x, y+1) ̸= 0∨z(x+1, y) ̸= 0∨z(x+1, y+1) ̸= 0
then

v =


v
v1
v2
v3
v4

// Adding vertices of the upper boundary

// To extrude the 2D image into the 3D model
v1(:, 3) = 0, v2(:, 3) = 0, v3(:, 3) = 0, v4(:, 3) = 0

v =


v
v1
v2
v3
v4

// Adding vertices of the lower boundary

f =

 f
i, i+ 1, i+ 2
i+ 2, i+ 3, i

// Adding faces of the upper

boundary

f =

 f
i+ 4, i+ 6, i+ 5
i+ 6, i+ 4, i+ 7

// Adding faces of the lower

boundary
i = i+ 8

end
end

end
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(a) Triangle mesh over Processed 2D image

 

 

 

 

 

 

 

(b) Estimated 3D Geometry from Processed Image

Figure 4.2: Surface Encoding

4.4 Results

The methodology described in Sec. 4.3 has been tested on a 3D printed object

shown in Fig. 4.3. Although the printed object consists of 35 layers, for illustra-

tion purposes, we assume this object comprises only 4 layers as depicted in

Fig. 4.4. The 3D model of this product has been designed to contain a hidden

I-Form logo in the second layer and an intentional defect in the third layer.

4.4.1 Current Layer area Segregation

Figure 4.4(b) shows the camera-acquired image after deposition of layer 2.

The white area in Fig. 4.4(b) is layer 1, whereas the blue area is layer 2. The

mask (image obtained from G-code Simulator) to segregate layer 2 area from

layer 1 area in Fig. 4.4(b) is shown in Fig. 4.5. The misalignment between the

camera acquired image (Fig. 4.4(b)) and G-code simulator acquired image

(Fig. 4.5) is shown in Fig. 4.6. To use the layer 2 image from the G-code

simulator as a mask, we need to align Fig. 4.5 with Fig. 4.4(b). Fig. 4.7(a)
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Figure 4.3: 3D Printed Object.

shows the result of alignment using Image registration. The segregated area

of layer 2 obtained after applying the aligned mask (Fig. 4.7(b)) is shown in

Fig. 4.8.

4.4.2 3D Model Reconstruction

After extraction of the layer 2 area from the camera acquired image

(Fig. 4.4(b)), the current layer (Layer 2) geometry is encoded in the OBJ file.

The generated OBJ file for the current layer viewed in 3D builder app2 is shown

in Fig. 4.9. This process is repeated after the deposition of each layer to gener-

ate the OBJ file for each layer and these files are then merged in the developed

app.

4.4.3 Interaction with the reconstructed 3D model

Fig. 4.10 shows the reconstructed 3D Model of the four layers viewed through

HoloLens. The defect that occurred during the deposition of the third layer can

be seen in Fig. 4.10. Hence, using the proposed scanning technique, the user

can visualize the hidden I-Form logo in the second layer as well as the defect

in the third layer.

2https://www.microsoft.com/en-us/p/3d-builder/9wzdncrfj3t6?activetab=pivot:overviewtab
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(a) Layer 1

 (b) Layer 2

Defect 

(c) Layer 3

 (d) Layer 4

Figure 4.4: Camera acquired images of the deposited layers
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Figure 4.5: Layer 2 Image acquired from G-code Simulator.

 
Figure 4.6: Misalignment between camera acquired and G-code Simulator
acquired images.
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 (a) Aligned Images

 (b) Mask Image after alignment

Figure 4.7: Mask to extract current layer

 
Figure 4.8: Segregated Layer 2 (Processed) Image.
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Figure 4.9: Generated OBJ file for layer 2.

 

Defect 

Layer 1 Layer 2 

Layer 3 Layer 4 

Figure 4.10: Reconstructed 3D Model of the layers viewed through HoloLens.
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4.5 Conclusion

In this chapter, a novel scan-based method to reconstruct the 3D model of

the product during the manufacturing process has been proposed and tested.

The proposed method updates the 3D model of the work in progress, layer

after layer, hence enabling real-time monitoring of the process. The proposed

scanning technique also allows the user to inspect the build quality of the prod-

uct by visualizing the reconstructed 3D model in an MR environment using

HoloLens. The app developed for HoloLens also allows the user to interact

with the digital model using hand gestures and voice commands. Thus, the

proposed scanning technique not only speeds up the iterative process devel-

opment by enabling real-time monitoring and, hence, by allowing the operator

to inspect the part during the printing process but also provides detailed in-

formation about the build quality. The proposed scanning methodology has

the potential to facilitate the development of a decision support system using

techniques from machine learning leading to an interesting research direction.

This decision support system will not only be responsible for real-time defect

detection but will also provide support for the operator’s decision-making ca-

pabilities to mitigate the occurred defects and is the direction of our future

work.
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Chapter 5: Real-Time Visio-Haptic

I-nteractions in Mixed Reality

Abstract

In this chapter, we demonstrate how I-nteract enables real-time interaction

with digital and physical objects simultaneously in Mixed Reality (MR) by the

incorporation of haptics to enhance the tangibility of the digital world in a cyber-

physical space. We proposed a novel scanning technique to generate the 3D

model of a physical object by its contours estimation using a haptic glove.

We implemented this strategy to 3D print a customised orthopaedic cast for

a human forearm. The developed haptic interaction streamlines the Additive

Manufacturing (AM) process by allowing the user to generate digital twins of

the real objects and to test the properties of the designed virtual model in re-

sponse to human and physical objects’ stimuli prior to printing. This has been

demonstrated by generating a digital twin of a compression spring and simulat-

ing its virtual interaction in MR using I-nteract.1 The major part of this chapter

was published in [54]. The work in this chapter is largely the contribution of

the author under the supervision of Hugo Lhachemi and Robert Shorten.

1Video demonstrations can be found online at the following link.
1https://www.youtube.com/channel/UCgRkx86ltM2pLFj0XBKlsig
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Chapter 5

Real-Time Visio-Haptic

I-nteractions in Mixed Reality

5.1 Introduction

In a traditional Additive Manufacturing (AM) workflow, described in Sec. 3.1.1,

the testing of the designed 3D model for the desired functionality is postponed

to the end of the printing process. Depending on the results of the tests, the

design loop is iterated in order to reach the desired level of functionality of the

printed part. This makes the printing of the part costly (w.r.t. both time and

material) and the cost increases with the number of iterations of the design

loop causing a major obstacle in the widespread adoption and home use [32].

The lack of feedback during the design phase prior to manufacturing is due

to the gap existing between the tangible final product and its 3D model. The

outcome of the 3D printing process is a physical object existing in the physical

world. In contrast, the 3D model used to print the object only exists in the

virtual world, making it more difficult and less intuitive to appreciate the manner

in which one can interact with it before 3D printing.

I-nteract bridges the gap between the two worlds by enabling real-time

interaction with both physical as well as virtual objects simultaneously. We

are interested in enabling three forms of interaction for both deformable and

non-deformable objects. Our first goal is to help designers realise 3D printed
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objects that deform as a result of interactions; a spring is a primary example of

such an object. For such objects, one may envisage two forms of interaction.

The first involves direct interaction with humans; with a view to developing real

objects and then testing the replica using the virtual design prior to printing.

The second form of interaction is to use the system virtual prototypes that

interact with other real objects, as part of a design cycle to perfect the object

prior to printing. We focus on enabling real-time interaction with the deformable

(physical and virtual) objects to aid the designers in the incorporation of digital

twins of the deformable physical objects in the design process as well as to

allow them to test the desired properties of the designed product in response

to physical stimuli before they are printed. This type of interaction with the

deformable objects has been termed as dynamic i-nteraction in this chapter.

For objects that are not necessarily deformable objects, we are interested in

a third separate form of interaction. This involves developing bespoke objects

for humans. In this application, I-nteract is used as a low-cost sensing platform

to create a basic virtual prototype and then used to perfect the design prior to

print. In all three cases, we shall see how I-nteract can be used to design such

objects.

5.2 Kinematic I-nteractions

We refer to interactions with non-deformable, either digital or physical, objects

using I-nteract as kinematic i-nteractions. The kinematic i-nteractions, enabled

by I-nteract, in a cyber-physical space are presented in this section.

5.2.1 Position and orientation manipulation of virtual ob-

jects

As illustrated by Fig. 5.1, I-nteract allows the user to rotate, move, and get force

feedback according to the contours of the virtual object. The interaction with

the non-deformable virtual objects has been achieved using Dexmo’s Software

Development Kit (SDK). The user can interact with the non-deformable virtual
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Figure 5.1: Moving and rotating a virtual object in 3D space

objects using all the fingers and without the need of maintaining any specific

pose to inspect the 3D model. This interaction with virtual objects can not

only be used for design purposes to modify the 3D model but can also be

used for monitoring purposes during 3D printing. The application of this form

of interaction with virtual non-deformable objects in providing an intuitive and

immersive inspection tool for the monitoring of the AM process is discussed in

Chapter 4.

5.2.2 I-nteract to generate 3D mesh of a physical object via

haptic scanning

We propose a novel scanning method to generate a 3D model of a physical ob-

ject by estimating its contours using a haptic glove. The use-case here has the

objective of demonstrating how I-interact can provide a scanning technology

that streamlines the customization of the 3D printing process by allowing the

user to include physical constraints in the design process to enable personal

fabrication. In this case, the HoloLens is used for MR visual feedback, compu-

tations, signal processing, and implementation of the voice commands. The

position sensors at the MCP joints (subsection 3.2.2) of the haptic glove are

used to estimate the hand pose as well as the position of the fingertips. There-

fore, the user can capture the contour of a physical object using the data from
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Figure 5.2: Hollow elliptic cylinder 3D model for shape estimation

the position sensors (used for position tracking of each finger with respect to

the glove palm) and the position tracker (used to track the position of the glove

in the user’s 3D workspace). Traditional scanning techniques require either

scanners or physical objects to move around each other. Therefore, the pro-

posed scanning strategy is suitable for the scanning of physical objects which

have restrictive movements. An example of such a situation is a patient with a

fractured bone. We have implemented this strategy to 3D print a customized

orthopaedic cast for a human forearm. As the human limbs present a cylin-

drical shape, we have used virtual hollow elliptical cylinders to estimate the

contours of the limbs; see Fig. 5.2. Another reason for estimating the shape

using cylindrical sections is to make the measurements independent of the

Vive tracker readings (used for hand position tracking) which are less precise

as compared to the position sensors installed at the gloves.

The procedure implemented for generating a 3D model of the orthopaedic

cast is described below.

1. Place the thumb and the index fingertip onto the segment of the arm to

fit a virtual cylinder horizontally as shown in Fig. 5.3.

2. Execute the voice command "Vertical".

3. Place the thumb and the index fingertip onto the segment of the arm to

fit the cylinder vertically.
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Figure 5.3: Fitting cylinder on the segment of forearm

4. Execute the voice command "Next".

5. Repeat steps 1 to 4 until fitting the cylinder onto the last segment.

The user can fit as many cylinders as the user wants onto the different

segments of the arm to capture its shape. The future work for the extension

of this approach to capture arbitrary shapes is discussed in Sec. 5.5.1. We

have generated the 3D model by fitting the cylinders onto the three segments

of the arm with a distance of 7.5 cm between the consecutive cylinders as

illustrated in Fig. 5.4. Figure 5.4(a) shows the first two cylinders fitted onto the

arm. Figure 5.4(b) shows the generated mesh between the two fitted cylin-

ders and hence capturing the shape of the arm between the two segments.

Figure 5.4(c) shows the third cylinder fitted onto the third arm segment. Fi-

nally, Fig. 5.4(d) shows the generated mesh between the second and the third

fitted cylinders. The three main parts of the implementation to generate a cus-

tomized 3D model of the orthopaedic cast using I-nteract include estimation of

the measurements of different segments of the arm using the position sensor,

the visual feedback of fitting the virtual cylinders onto the arm segments in

MR, and mesh generation between the two consecutive measurements (fitted

virtual cylinders) to estimate shape.

Distance estimation using position sensor

We have used position sensor readings of the glove’s index finger to estimate

the distance between the thumb and the index fingertip. This enables the user
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(a) Fitting cylinders at two segments of forearm

(b) Mesh generated based on measurements at two segments

(c) Fitting cylinder at third segment

(d) Mesh generated based on measurements at three segments

Figure 5.4: Generating a customized orthopaedic cast for human forearm
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Figure 5.5: Position sensor reading and displacement mapping

to take measurements of the physical object at various segments by placing

the index fingertip at one end and the thumb at the other end of the segment.

The motion of the thumb has been constrained using the actuator installed at

the thumb therefore we are only using index finger sensor values to estimate

the distance between the index fingertip and the thumb. As the PIP and DIP

joints are not instrumented therefore to take precise measurements, during 3D

scanning, the user is required to maintain the hand pose as shown in Fig. 5.3

so that PIP and DIP joint angles are fixed. For a fixed hand pose, the relation

between the fingertip position and the position sensor can be linearly mapped

using linear regression. We have measured the distance (between the thumb

and index fingertip) using a vernier caliper for position sensor values of the

index finger (that is from 0 to 1 with a step size of 0.01) and have used this

data to find the line of best fit. This linear mapping is shown in Fig. 5.5.

Fitting virtual cylinders

The contour of the physical object is estimated by fitting virtual hollow elliptic

cylinders (Fig. 5.2) onto the segments of the object. The lengths of major and

minor axes of the virtual cylinder are programmed to vary according to the

distance between the thumb and the index fingertip in real-time. As the user

moves the index finger relative to the thumb, the length of the major or of the

minor axis changes relative to the index finger position sensor reading. The

user can visualize the change in the shape of the cylinder via HoloLens to

get the visual feedback in real-time and hence can fit the cylinder according

to the height and the width of the segment. In Fig. 5.3 the user is fitting the
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cylinder horizontally. Each cylinder is fitted onto the segments by placing the

index finger and the thumb on the segment either horizontally or vertically. The

voice command control has been implemented using HoloLens to enable the

user to switch between changing the major axis and the minor axis to fit the

cylinder both horizontally and vertically on the segment of the arm.

Mesh Generation

The geometry of a 3D model can be represented by polygonal meshes, Non-

uniform rational B-spline (NURBS), or CSG. Each of these representations

has its own merits and demerits. Approximation of a 3D model using polygo-

nal meshes provides a convenient way of rendering and visualizing 3D mod-

els [274]. Therefore this representation of 3D geometry is widely used in 3D

printing, computer graphics, and MR. A polygonal mesh consists of informa-

tion about the vertices and faces of the polygons (such as triangles) used

to approximate the geometry of the 3D model. The 3D model representa-

tion is encoded in a 3D file format. Out of numerous file formats STL and

OBJ are widely used to encode the representation of 3D models using triangle

meshes. The shape of the 3D model is stored as a list of vertices whereas the

3D model’s surface is stored as a series of faces in the 3D file formats. Each

face of a triangle is represented by the indices of the three vertices forming the

triangle in the list of vertices and the order of these indices provides informa-

tion about the surface normal of the triangle. The mesh of the virtual cylinder

shown in Fig. 5.2 is generated using four ellipses. The parametric equation of

an ellipse (Eq. 5.1) is used to compute vertices of the virtual hollow cylinder

analytically.
x = x0 + a cos(θ),

y = y0 + b cos(θ)
(5.1)

where x and y are the coordinates of any point of the ellipse, x0 and y0 are the

coordinates of the center of the ellipse, a and b are half of the lengths of the

axes of symmetry along the x-axis and y-axis respectively, and the parameter

θ is the angle that ranges from −π to π. The analytical computation of x

and y coordinates of vertices makes the generation of faces and as a result
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the generation of the mesh straightforward. Algorithm 2 has been developed

to compute vertices, and as a result, the shape of the virtual cylinder. First

of all n number of equally spaced points are generated between −π and π.

These points are inserted in Eq. 5.1 to compute x and y coordinates of the

vertices. Two ellipses are situated at the distal end (at position z1 along the

z-axis) and two are at the proximal end (at position z2 along the z-axis) of the

cylinder as shown in Fig. 5.6(a). The difference between the z1 and z2 is the

length of the cylinder as depicted in Fig. 5.6(b). Out of the four ellipses two

of them represent the inner boundary (blue in Fig. 5.6(a)) whereas the other

two represent the outer boundary (red in Fig. 5.6(a)) of the virtual cylinder.

The difference between the half of the lengths of symmetries (a1, b1 for inner

boundary ellipses and a2, b2 for outer boundary ellipses) is ’d’ which represents

the thickness of the virtual cylinder as illustrated in Fig. 5.6(a). The faces,

and as a result, the surface of the virtual cylinder has been generated using

algorithm 3. As illustrated in algorithm 3, the indices of the vertices in v have

been stored in Iv1 , Iv2 , Iv3 , and Iv4 . The systematic placement of vertices in v

by algorithm 2 makes the generation of faces straightforward. Iv1 and Iv2 have

been used to generate the mesh between the inner and the outer boundary

of the distal end whereas Iv3 and Iv4 have been used to generate the mesh

between the inner and the outer boundary of the proximal end as depicted

in Fig. 5.6(b). Similarly, Iv1 and Iv3 have been used to generate the mesh

between the inner boundaries of the distal and the proximal ends whereas Iv2
and Iv4 have been used to generate the mesh between the outer boundaries

of the distal and the proximal ends as depicted in Fig. 5.6(c). The vertices and

faces are then written in an OBJ file format1 to generate the 3D model of the

virtual cylinder.

The mesh between the two consecutive cylinders is generated by the same

strategy as soon as the cylinders are fitted on the arm in MR using I-nteract.

To generate mesh between two consecutive fitted cylinders the values of a

and b are modified for the distal end as well as for the proximal end based on

the measurements by the haptic glove. Figure 5.7 shows the generated mesh

based on the three fitted cylinders onto the arm.

1https://en.wikipedia.org/wiki/Wavefront_.obj_file
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(a) Vertices of the cylinder computed by Algorithm 2

(b) Mesh between the inner and outer boundaries

(c) Mesh of the virtual cylinder shown in Fig. 5.2

Figure 5.6: Mesh of the virtual cylinder generated using algorithms 2 and 3
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Algorithm 2: To compute vertices for mesh generation of a virtual
cylinder
θ = n equally spaced points between −π and π
x0 = 0, y0 = 0 // center of ellipses
a1 = length of the axis of symmetry along x-axis of the ellipse
representing inner boundary/2
b1 = length of the axis of symmetry along y-axis of the ellipse
representing inner boundary/2
a2 = a1 + d // length of the axis of symmetry along x-axis

of the ellipse representing outer boundary/2
b2 = b1 + d // length of the axis of symmetry along y-axis

of the ellipse representing outer boundary/2
d = thickness of the virtual cylinder
for (j = 1 to n) do

Distal End:
// Computing vertices for the inner boundary of the

distal end
x1 = x0 + a1 ∗ cos(θ(j))
y1 = y0 + b1 ∗ cos(θ(j))
v = [x1, y1, z1]
// z1 = position of the distal end along z-axis

v1 =
[
v1
v

]
// vertices of the distal end’s inner boundary

// Computing vertices for the outer boundary of the
distal end

x2 = x0 + a2 ∗ cos(θ(j))
y2 = y0 + b2 ∗ cos(θ(j))
v = [x2, y2, z1];

v2 =
[
v2
v

]
// vertices of the distal end’s outer boundary

Proximal End:
v = [x1, y1, z2]
// z2 = position of the proximal end along z-axis

v3 =
[
v3
v

]
// vertices of the proximal end’s inner

boundary
v = [x2, y2, z2]

v4 =
[
v4
v

]
// vertices of the proximal end’s outer

boundary
end
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Algorithm 3: To generate faces based on the vertices computed us-
ing algorithm 2 for mesh generation

v =


v1
v2
v3
v4

 // virtual cylinder’s vertices from algorithm 2

Iv1 = [1 : n] // vertices’ index list of the distal end’s
inner boundary in v

Iv2 = [n+1 : 2n] // vertices’ index list of the distal end’s
outer boundary in v

Iv3 = [2n+1 : 3n] // vertices’ index list of the proximal
end’s inner boundary in v

Iv4 = [3n+1 : 4n] // vertices’ index list of the proximal
end’s outer boundary in v

for i = 1 to n-1 do
fa=[Iv2(i) Iv1(i) Iv1(i+1)]
fb=[Iv1(i+1) Iv2(i+1) Iv2(i)]

f1 =

f1fa
fb

 // Mesh between distal end’s inner and outer

boundary
fa=[Iv4(i) Iv3(i) Iv3(i+1)]
fb=[Iv3(i+1) Iv4(i+1) Iv4(i)]

f2 =

f2fa
fb

 // Mesh between proximal end’s inner and outer

boundary
fa=[Iv3(i) Iv1(i) Iv1(i+1)]
fb=[Iv1(i+1) Iv3(i+1) Iv3(i)]

f3 =

f3fa
fb

 // Mesh between distal and proximal ends’

inner boundaries
fa=[Iv4(i) Iv2(i) Iv2(i+1)]
fb=[Iv2(i+1) Iv4(i+1) Iv4(i)]

f4 =

f4fa
fb

 // Mesh between distal and proximal ends’

outer boundaries
end
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Figure 5.7: Mesh interpolation to estimate contour

5.3 Dynamic I-nteractions

In this section, we explain how I-nteract can be used to interact with objects

that deform. Most objects that we are interested in are not passive objects;

that is they change as a result of interactions with humans and with other de-

vices. The application of this form of interaction to streamline the 3D printing

process of such objects is illustrated in this section. This objective is closely

related to the dynamic simulation of deformable objects in real-time for inter-

active MR environments research [275]. Springs constitute a basic building

block to estimate and simulate the elasticity (or stiffness) of a deformable ob-

ject [276–278]. To demonstrate the utility of I-nteract for such applications, we

present a method, first to estimate the spring rate (stiffness) of a real compres-

sion spring, and second to simulate the interaction with a virtual compression

spring.

5.3.1 Elasticity estimation of deformable physical objects

Elasticity is the property of an object that causes it to resist a deforming in-

fluence and be restored to its original shape when the force causing the de-

formation is removed. A compression spring is an elastic object which exerts

when compressed, a restoring force to get back to its original length. The

restoring force is proportional to the displacement in spring’s length caused by
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Figure 5.8: User holding a 3D printed spring to estimate spring rate

compression and is described by Hooke’s Law:

F = kx, (5.2)

where k is the spring constant, F is the restoring force of the spring, and

x is the relative spring displacement with respect to its free length2. Using I-

nteract, the user can estimate the spring constant of a real spring. To do so, the

user compresses the spring multiple times using the index finger and thumb

as shown in Fig. 5.8. A force sensor (SingleTact3 10N) has been installed

on the index fingertip to measure the force applied by the user. The data

from the sensor is acquired4 using Arduino Uno5. The displacement in the

spring’s length is estimated by the distance between the index fingertip and

the thumb obtained from position sensor reading by using the linear mapping

2Note that we are only concerned about replicating the restoring force of the spring. In
particular, we do not intend here to replicate the dynamical behavior of a mass-spring sys-
tem (which could be done by adding accelerometers to the current system). Considering the
targeted application, namely 3D modelling for AM, such a simplification assumption is reason-
able because of the relatively low speeds and accelerations that can be achieved by a human
fingertip.

3https://www.singletact.com/
4https://www.singletact.com/QuickStart.pdf
5https://www.arduino.cc/en/Guide/ArduinoUno
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shown in Fig. 5.5. This form of haptic interaction enables the user to capture

the physical properties of a physical object to generate a digital twin. In the

subsequent subsection, we propose an impedance-based control strategy that

allows the user to test the desired properties of deformable virtual objects in

response to physical stimuli before manufacturing.

5.3.2 I-nteraction with deformable virtual objects

Dexmo gloves provide kinesthetic force feedback on interactions with virtual

objects. The kinesthetic feedback allows to perceive the stiffness of an object.

Dexmo’s API, as described in Sec. 3.2.2, utilises trigger colliders for the inter-

action between the virtual hand model and the virtual objects to provide force

feedback using an admittance-based control strategy. In this control strategy,

the haptic feedback is generated based on the user’s interaction with the pro-

grammed physical properties of the virtual environment [255]. Dexmo’s built-in

interaction API assigns the physical properties (stiffness) to the virtual objects

through trigger colliders and utilizes Unity’s built-in physics engine to compute

force feedback. However, this built-in control strategy is mainly designed for

interaction with non-deformable virtual objects. Collider components define

the shape of a virtual object for physical collisions or interactions between

the virtual objects. To make interactions computationally efficient, compound

colliders are used to roughly approximate the virtual object’s mesh using the

primitive box, cylinder, or capsule colliders. This type of interaction is compu-

tationally efficient but suffers from a lack of precision and hence is not suitable

for interactions with deformable virtual objects. Another type of colliders are

mesh colliders which are precise but computationally expensive especially for

deformable objects. Furthermore, as discussed in Sec. 5.5.1, Dexmo being

an under-instrumented glove provides an estimated hand pose based on a

widely adapted single range of motion assumption used for haptic interac-

tions with virtual objects [2]. In this assumption, the user is mostly interacting

by grasping the non-deformable virtual objects. Therefore, Dexmo’s built-in

admittance-based control strategy is not suitable to simulate haptic feedback

for deformable objects. An impedance-based control strategy is another ap-
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Figure 5.9: Open-loop implementation of neural network

proach used for haptic interactions with virtual objects. In this control strategy,

force feedback is provided in response to the measured displacements based

on the programmed virtual dynamics of the virtual object [255]. To enable in-

teraction with deformable virtual objects we have implemented an impedance-

based control strategy. We have used a primitive (box) collider to define the

virtual object (spring) boundary. This collider has been used to initiate interac-

tion with collision colliders of the virtual hand unlike Dexmo’s built-in strategy

for interaction with non-deformable virtual objects where colliders are used as

physical properties of the virtual objects to provide force feedback. For force

feedback, instead of using the interaction between the Trigger Colliders Hand

Model and the trigger colliders, we have coded the mesh deformation and the

force feedback in response to force applied by the user for interaction with dy-

namic virtual objects (springs). This code is activated when the virtual object

(box) collider and virtual hand colliders interact. We have implemented the

proposed strategy to simulate force feedback of a virtual spring. The force

feedback with respect to finger position has been calculated by Hooke’s law

(Eq. 5.2). The modifications in the virtual spring’s length have been calcu-

lated from the index finger position sensor reading using the linear mapping

described in Sec. 5.2.2 and shown in Fig. 5.5.

The force feedback in response to interactions with the virtual spring is

controlled directly by the two input parameters (stiffness and position offset)

provided by Dexmo’s API. Due to Dexmo’s proprietary force feedback control

loop and non-linear motor dynamics, we have used a neural network to esti-

mate the relation between the two input parameters and the force applied at

the index fingertip through the glove’s motor at MCP joint. Specifically, the
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neural network provides a mapping between the required force at the finger

position (representing displacement in the length of the spring) and the mo-

tor’s internal parameters (stiffness, offset) that control force feedback. The

resulting implementation is illustrated in Fig. 5.9.

The selected neural network is composed of two inputs (finger position

and force), one single hidden layer with five neurons, and two outputs (stiff-

ness and offset). This neural network has been trained using the Neural Net

Fitting tool (nftool) implemented in MATLAB. The data used to train the

neural network have been generated by recording the force values (using force

sensor) and position values (using position sensor) for different values of the

input parameters (stiffness and offset). Specifically, for different values of the

parameters, the user moves the index finger. The resulting force sensor val-

ues are saved for different position values. This is the calibration phase that is

needed to be performed to adapt and personalize the generation of force feed-

back for the individual user to incorporate the variability in the strength as well

as the hand sizes. However, once the neural network has been trained to set

the required input parameter values of the glove for getting the desired force-

feedback as per the finger’s position, the calibration phase does not need to

be repeated for the individual user.

After completion of the training process, the weights and biases of the

trained neural network have been directly programmed into the interface. As

shown in Fig. 5.9, the position sensor value (displacement x) and the desired

force (F = kx) are used as inputs and the trained neural network sets the

values of offset and stiffness to deliver the desired force feedback at the index

fingertip. The interaction with the virtual spring is illustrated by Fig. 5.10 which

shows the user compressing a virtual spring of k = 0.1 N/mm and perceiving

force feedback accordingly.

In the next section, we discuss how the different functionalities of I-nteract

can be utilized to incorporate design constraints from the physical world and

to enable real-time testing of the desired properties of the designed 3D model

in response to physical stimuli prior to 3D printing.
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Figure 5.10: Compressing a virtual spring

5.4 Designing spring for a shock absorber

In Sec. 5.2.2, we demonstrated the functionality of I-nteract to take measure-

ments of the dimensions of a physical object whereas in the previous section

(Sec. 5.3) we illustrated how I-nteract enables the designer to measure and

simulate the stiffness of the physical and the virtual springs. In this section,

we present a discussion on a case study to exhibit how the combination of

these applications can enable the interaction between the physical and vir-

tual objects in the MR environment to improve the design process for AM.

From consumer products to heavy industrial machineries, springs are found

in almost every equipment. Springs are used in various mechanisms to apply

force (in brakes/clutches), to control motion, or to damp out shock impulses

such as in shock absorbers [279]. The helical spring is an integral part of a

shock absorber, therefore, the design of the spring is crucial for the perfor-

mance of a shock absorber [280–284]. A simple shock absorber, shown in

Fig. 5.11, comprises an inner cylinder, an outer cylinder, and a spring. The

stiffness of a spring rate is given by the following equation [285].

k =
Gd4

8nD3
, (5.3)

where k is the spring constant, G is the shear modulus of the material, d is the

wire diameter, D is the mean diameter, and n is the number of active coils. To

design the 3D model of a spring of a specific spring rate for the given real inner

and outer cylinders, the user will first need to measure the dimensions of the
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Figure 5.11: Shock absorber assembly

outer cylinder part (for spring’s diameters) and the desired free length of the

spring between the two cylinders. These measurements can be taken using

the haptic glove by a similar method we used for generating the orthopaedic

cast proposed in Sec. 5.2.2. Based on these measurements the application

will generate a 3D model for the desired stiffness by adjusting (optimizing) the

remaining parameters (such as the number of coils, wire diameter, etc.) in

Eq. 5.3. After the generation of the 3D model, the user can interact with both

the physical parts and the virtual spring simultaneously like shown in Fig. 5.12

using I-nteract to measure the stiffness of the generated 3D model to validate

the design prior to 3D printing. The user can also test the end product after

3D printing by measuring the stiffness of the designed spring using I-nteract.
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Figure 5.12: Interaction with both physical and virtual artifacts

5.5 Results

In this section, we present the results obtained with the implementations pro-

posed in the previous sections along with future developments.

5.5.1 I-nteract to design a customized orthopaedic cast for

human forearm

The 3D model of the cast generated using the methodology described in

Sec. 5.2.2 is shown in Fig. 5.13. To make the cast wearable, the generated

3D model is printed in two halves. Many assembly methods, such as snap-

fit [286], can be introduced in the generated halves of the 3D model. We have

adopted here a simple approach of introducing holes (using blender6) in both

halves. This way, the two halves can be fitted together on the human arm

using a thread as shown in Fig. 5.14. This modification in the 3D model of

the cast can also be achieved in MR using the CSG editing tool of I-nteract

presented in Sec. 6.2.

To make a haptic glove lightweight, comfortable, portable, easy to operate,

and low cost, a designer minimizes the numbers of sensors and actuators by

6https://www.blender.org/
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Figure 5.13: Generated 3D model of the cast

Figure 5.14: 3D printed cast

making comprise on the sensing and actuating accuracy of the haptic glove [2].

As reported in Sec. 3.2.2, Dexmo is an under-instrumented haptic glove, that

is, PIP and DIP joints’ rotations are unknown. This is why the fingertip posi-

tion is estimated by only one DoF for each digit using a hand kinematic model

based on the readings from the sensors installed at MCP joints. This estima-

tion is based on a widely used assumption that the user is going to make a

single range of motion to grasp an object (Fig. 5.15) which can be represented

by a single variable for each digit [253]. In our case, this single variable is the

rotation of the MCP joint used to estimate the fingertip position and the rotation

of the other two joints (PIP and DIP) of each digit. This single variable repre-

sentation makes the hand pose as well as the fingertips’ positions estimation

uncertain especially to perform haptic scanning and therefore limits the usage

of the data from position sensors of all digits to take measurements. There-

fore, in the proposed strategy illustrated in Sec. 5.2.2, we have used only the

index finger’s position sensor with a constant pose (that is keeping PIP and

DIP joints’ angles constant to 0◦) to take measurements of the physical object.

Based on the resolution of position sensor 0.066◦ (Appendix A.2), this strategy
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Figure 5.15: Representation of finger motion by a single variable [2]

provides us a resolution of 66µm for the maximum displacement of 60mm to

perform haptic scanning.

Table 5.1 shows the average values7 that were measured using I-nteract,

at location 0 mm (cylinder 18), 75 mm (cylinder 2), and 150 mm (cylinder 3)

as well as the interpolated values at location 37.5 mm (between cylinder 1

and cylinder 2) and 112.5 mm (between cylinder 2 and cylinder 3), to gener-

ate 3D models for two users to 3D print five orthopaedic casts for each user.

The dimensions of the 3D printed orthopaedic casts were again measured at

the above-mentioned locations using a vernier caliper. The average values of

these measurements are shown in Tab. 5.1. Comparing the results, presented

in Tab. 5.1, reveals that the relative accuracy of our approach is above 90%.

To enable the involvement of all digits to scan a physical object using I-

nteract we intend to enhance the hand pose and the fingers’ position tracking

accuracy of the under-instrumented glove (Dexmo) by taking advantage of

image sensors of HoloLens (such as RGB camera and depth camera). The

proposed strategy for future work to track the complex articulations of hand is

illustrated in Fig. 5.16. Sensor fusion refers to the strategy of combining the

data from multiple sources to improve the information (accuracy) than it would

have been possible by using the sources individually [287]. Therefore, future

work will involve the development of a sensor fusion algorithm that can utilize

the information from multiple sources (position sensors and cameras) to over-

come the limitation imposed by the under-instrumentation of the haptic glove.

Another potential advancement of I-nteract in streamlining the 3D printing of

7each value is the average of five measurements
8please refer to fig 5.4
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Table 5.1: Measurements for mesh generation

User
Location on arm

(mm)
I-nteract Vernier Calliper

Horizontal
(mm)

Vertical
(mm)

Horizontal
(mm)

Vertical
(mm)

User 1

0 55.53 42.52 56.12 43.11
37.5 53.55 53.50 51.23 56.43
75 51.57 64.49 50.45 63.17

112.5 64.66 78.72 61.42 79.23
150 77.75 92.95 77.32 93.56

User 2

0 59.23 40.56 59.87 41.78
37.5 62.36 43.84 64.73 41.2
75 65.5 47.12 65.89 48.13

112.5 70.53 52.33 67.82 54.43
150 75.57 57.54 74.97 56.32

a customized orthopaedic cast is to enable the user to visualize the informa-

tion about the fractured area through HoloLens. The proposed strategy for

this future direction involves the 3D model reconstruction of the fractured area

based on X-Ray scans [288,289] and augmenting the display of the 3D model

onto the fractured area so that the design of the cast can also be customized

according to the fractured bone.

5.5.2 Elasticity estimation of real spring

The spring rates of the five springs shown in Fig. 5.17 have been estimated

using I-nteract. To estimate the spring rate, the spring is compressed multiple

times by the user while wearing the glove. The applied force and the resulting

displacement in the spring’s length are recorded by the force sensor and the

position sensor, respectively. Figure 5.18(a) shows the force and displacement

data used to estimate the spring rate for Spring 1. In Fig. 5.18(a), an increase

(resp. decrease) of the displacement value indicates a compression (resp.

release) cycle of the spring. Figure 5.19(a) shows a quasi-linear relationship

between the measured force and the displacement data. This quasi-linear

relationship has been approximated by a line equation using linear regression.

The slope of the line gives us the estimated value of the spring rate.
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Figure 5.16: Hand pose tracking via sensor fusion

Figure 5.17: Springs used for validation purposes
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Figure 5.18: Force-Displacement graphs
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Figure 5.20: Lloyd LR30K

The estimated spring rates of all the springs using I-nteract have been

compared with a materials testing machine (Lloyd LR30K9) shown in Fig. 5.20.

The experiment results are given in Tab. 5.2, assessing the validity of our

approach.

The material of Spring 1 is steel whereas the rest of the springs are 3D

printed from PLA filament. This shows that I-nteract can be used to estimate

the spring rates of springs with different materials. Therefore, the type of ma-

terial of the spring can be estimated using Eq. 5.3. The future works include

the estimation of the material along with the elasticity of deformable physical

objects using haptic interactions.

9https://atrya.com.mx/pdf/LR30K.pdf
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Table 5.2: Estimated spring rates in N/mm

I-nteract LR30K
Spring 1 0.246 0.243
Spring 2 0.42 0.49
Spring 3 0.57 0.6
Spring 4 0.615 0.643
Spring 5 0.677 0.75

5.5.3 Simulation of virtual spring

Figure 5.18(b) shows the force and displacement data recorded when interact-

ing with virtual spring with a simulated spring rate of k = 0.1 N/mm. The dis-

crepancy in the spring rate estimated values between the rising edges (when

virtual spring is compressed) and the falling edges (when the applied force is

removed) is due to the open-loop implementation of the neural network. That

is the force sensor readings are not fed back to the neural network. The inter-

action cycle shown in Fig. 5.19(b) consists of the following three steps.

1. When the user applies force, the virtual spring’s displacement increases

quasi-linearly with the force applied.

2. When the user just starts releasing the applied force, there is a sudden

drop of almost 1N. This is because, due to open-loop implementation the

force feedback is not regulated in response to the user’s applied force.

3. When the user releases the applied force, the displacement decrease

quasi-linearly with the amount of force released but with a different rate

(slope).

Therefore, Fig. 5.19(b) shows two quasi-linear lines one with slope, k =

0.12 N/mm during step 1 when the virtual spring is compressed and the other

with slope, k = 0.07 N/mm during step 3 when the applied force is released.

The future works include closed-loop implementation of the neural network

as shown in Fig. 5.21. Since mass-spring models are widely used for the im-

plementation of deformable objects simulations [290], we intend to extend our

spring implementation to enable interaction with complex deformable virtual
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Figure 5.21: Closed-loop implementation

objects using I-nteract. The implementation of the sensor fusion strategy to

enhance the hand pose (and as a result finger’s position) tracking accuracy

proposed in Sec. 5.5.1 will also enable the inclusion of multiple digits in the

interaction with deformable objects using an under-instrumented haptic glove

(like Dexmo) and, therefore, is a potential future direction.

5.6 Conclusion

In this chapter, we demonstrated how I-nteract enables real-time kinematic

and dynamic i-nteractions with the digital as well as the physical objects si-

multaneously and discussed how this advanced VHMR interface has the po-

tential to streamline the 3D printing process by allowing designers to validate

the desired properties of the virtual objects in response to physical stimuli be-

fore they are printed so that the designers do not have to wait for items to

be printed before a user can deduce whether or not their active properties

are satisfactory. We proposed a novel scanning method that enables the 3D

scanning of a physical object without the need of direct line of sight required

by the conventional 3D scanners. We have implemented this strategy to 3D

print a customized orthopaedic cast for a human forearm. The efficacy of the

dynamic physical interaction, enabled by I-nteract, is exhibited by estimating

spring constants of real springs of different materials using I-nteract and the

results obtained are then compared with the spring rates obtained from a ma-

terial testing machine to assess the validity of our approach. The dynamic

virtual interaction is demonstrated by simulating the interaction with a virtual
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spring using a novel machine learning force feedback rendering approach.

This data-driven approach has been used to train the system to adapt and

personalize users’ actions for generating force feedback and enabling interac-

tion with the deformable virtual objects in MR.
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models

Abstract

In this chapter, we exhibit the generative functionalities of I-nteract to enable a

novice user to design customised 3D models for Additive Manufacturing (AM).

We developed a framework to enable the integration of computationally ex-

pensive Machine Learning (ML) algorithms within the system to enable CAD

in mixed reality for a non-technical user. The efficacy of the system has been

demonstrated by generating a 3D model using Constructive Solid Geometry

(CSG), then by generating 3D models of furniture using a reference genera-

tive Deep Neural Network (DNN) [57] and a proposed generative DNN from

the 2D images captured via HoloLens, and finally by resizing the 3D models

using hands in a Mixed Reality (MR) environment with respect to the physical

workspace.1 The major part of this chapter can be found in [250]. The work

in this chapter is largely the contribution of the author under the supervision of

Hugo Lhachemi and Robert Shorten.

1Video demonstrations can be found online at the following link.
1https://www.youtube.com/channel/UCgRkx86ltM2pLFj0XBKlsig
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I-nteract to generate 3D models

6.1 Introduction

In comparison to traditional (subtractive and formative) manufacturing, Addi-

tive Manufacturing (AM) allows the manufacturing of complex geometries with-

out using traditional dies, molds, milling, and machining which are expensive

and time-consuming for mass customization [291]. This advantage over tradi-

tional manufacturing makes AM a key enabler in producing moderate to mass

quantities of products that can be customized individually for personal fabri-

cation [3]. However, there exists a large gap between the consumer and the

production causing hindrance to the widespread adoption of AM for personal

fabrication. The AM process starts with the design of the 3D model of a prod-

uct. The 3D model is designed either via a CAD tool or is obtained from 3D

scanning of a physical object. Apart from inaccessibility to large non-technical

consumers, most contemporary CAD-based software demands a strong tech-

nical background. Even the availability of open-source 3D modelling software

on the internet does not solve the inherent difficulty of human-machine interac-

tions for manufacturing. The use of a traditional mouse and keyboard to locate

and place objects in a virtual 3D environment with accessibility through the 2D

window of a computer screen is inherently difficult. Therefore, this traditional

interface for interaction is counter-intuitive for assembling, creating, interact-

ing, modifying, positioning, and shaping 3D models within a three-dimensional
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environment [34, 37, 292–294]. In this context, there is a need for interfaces

that, along with providing an immersive experience in the three-dimensional

workspace, also enable non-technical users to design 3D models from scratch

with minimum effort. Along with providing force-feedback, a haptic glove can

also be used as an effective tool to scan physical objects as demonstrated in

Sec. 5.2.2. This ability to incorporate physical design constraints (dimensions)

into the design process (3D models) allows the non-technical users to tailor

the products as per their specific needs. Constructive Solid Geometry (CSG),

also known as building block geometry, offers simple, precise, and concise

methods for generating 3D models [295] and can also be used to edit an exist-

ing 3D model. Recent developments in the generative networks [57,296–304],

a subbranch of Deep Learning (DL), provide an effective solution to automate

the parts of the design process that require expert knowledge for generating

3D models. CSG and generative networks can play a significant role in en-

abling CAD for novice users in Mixed Reality (MR) where generative networks

can be used to automate the generation of optimized design options based on

basic input parameters (such as geometric, mechanical, or material proper-

ties) by the user and then CSG can be used to edit the generated designs. In

this chapter, we demonstrate how the generative functionalities of I-nteract can

bridge the gap between the end-user (consumer) and the design process by

enabling generative CAD in MR and by allowing the incorporation of physical

design constraints into the design process to facilitate personal fabrication.

6.2 I-nteract to generate 3D models using con-

structive solid geometry

Constructive Solid Geometry (CSG), used in solid modelling, allows the user

to construct complex 3D models by using boolean set operations (e.g., union,

difference, and intersection) on simple building blocks (e.g., cubes, cylinders,

and spheres) called primitives. We have utilized CSG in the system to enable

the user to intuitively design 3D models in an MR environment from primitive

shapes. The application of boolean operations onto the primitive shapes has
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been adapted from [305]. An example of creating a chair using CSG is illus-

trated in Fig. 6.1. Tab. 6.1 depicts the transformations applied to the cube in

the example, shown in Fig. 6.1, to translate, rotate, and resize the primitive

shapes. The position, rotation, and scale vectors, given in Tab. 6.1, are the

same vectors that are used in Unity1 to transform a 3D model. The MR inter-

face of I-nteract has been described in section 3.2.5 and shown in Fig. 3.9.

The respective functions and the associated voice commands of the virtual

buttons required to perform CSG are detailed in Tab. 6.2. The hand with the

glove can be used to grab (translate or rotate) or to resize the virtual object in

the 3D physical workspace. The hand without the glove can be used to trans-

late the virtual object. This feature is useful when the user is using the other

hand (with glove) to resize the virtual object so that the user can place and re-

size/rotate the virtual object simultaneously in the physical workspace by using

both hands. The procedure implemented to draw a 3D primitive shape using

the hand with glove is illustrated by Fig. 6.2 (a-e). The procedure implemented

to generate a 3D model using CSG is described below.

1. Position the hand with glove in the physical workspace where the prim-

itive shape is desired to be drawn. The index finger of the hand should

be open as shown in Fig. 6.2 (a). Press the virtual button of the desire

primitive shape (Cube, Sphere, Cylinder) or use the associated voice

command, as described in Tab. 6.2, to start drawing the primitive shape.

2. After selecting the desired primitive shape, the width and the height of

the primitive shape can be adjusted by moving the hand with glove in

left/right (x) and up/down (y) direction respectively as shown in Fig. 6.2

(b). Close the index finger of the hand when done as shown in Fig. 6.2

(c).

3. Move the hand in the forward/backward (z) direction to adjust the depth

of the primitive shape as shown in Fig. 6.2 (d). Open the index finger of

the hand with glove when done as shown in Fig. 6.2 (e).

4. Repeat steps 1 to 3 to draw another primitive shape.
1https://unity.com/
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Table 6.1: Transformations to cuboid for CSG shown in Fig. 6.1.

Transformations Position Vectors Rotation Vectors Scale Vectors
T1 <0, 0.044, 0.4> <0, 0, 0> <0.1, 0.1, 0.01>
T2 <0, 0, 0.355> <0, 0, 0> <0.1, 0.012, 0.1>
T3 <-0.03, -0.034, 0.386> <0, 0, 0> <0.015, 0.07, 0.015>
T4 <-0.03, -0.034, 0.326> <0, 0, 0> <0.015, 0.07, 0.015>
T5 <0.03, -0.034, 0.326> <0, 0, 0> <0.015, 0.07, 0.015>
T6 <0.03, -0.034, 0.386> <0, 0, 0> <0.015, 0.07, 0.015>
T7 <-0.045, 0.017, 0.3525> <0, 0, 0> <0.01, 0.035, 0.095>
T8 <0.045, 0.017, 0.3525> <0, 0, 0> <0.01, 0.035, 0.095>
T9 <0, 0.0175, 0.3525> <0, 0, 0> <0.12, 0.018, 0.07>

Table 6.2: Virtual buttons, voice commands, and their respective functions.

Virtual Button / Voice Command Function
Sync To sync the position of the real hand with glove and the virtual hand model.
Cube To start drawing a cuboid.

Sphere To start drawing an ellipsoid.
Cylinder To start drawing a cylinder.

Add Union of the primitive shapes.
Subtract Difference of the primitive shapes.
Intersect Intersection of the primitive shapes.
Select To select the 3D model.

Capture To take an image using HoloLens.
Dimension To display the dimensions of the selected 3D model.

Resize To resize the selected 3D model.
Match To find the best possible match of the selected 3D model from the database.
Print To send the 3D model to the printer.

5. Apply the transformations (translation or rotation) using hand with glove

or (translation and rotation) using both hands to place primitive shapes

at desired locations and orientations.

6. Press the "Select" virtual button or use the associated voice command

to select the primitive shapes.

7. Press the virtual button of the desired boolean operation (Add, Subtract,

Intersection) or use the associated voice command to apply the boolean

operation (Union, Difference, Intersection respectively). Fig. 6.3 shows

the subtraction of two cuboids in MR using I-nteract.

8. Repeat steps 1 to 7 to generate a 3D model from the primitive shapes.

Enabling CSG using I-nteract allows the user to design 3D models from

scratch using primitive 3D objects (such as cuboids, cylinders, spheres, etc.)
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Figure 6.1: Generating 3D model of a chair using CSG
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a) Started drawing cuboid b) Setting width and height c) Width and height fixed 

d) Setting Depth e) Cuboid  

Figure 6.2: Drawing a cuboid in MR using I-nteract
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Figure 6.3: Subtracting two cuboids in MR using I-nteract.
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and his/her creative skills in an MR environment. However, generating com-

plex 3D models from scratch could be a laborious task. The next section

describes an automated approach to generate 3D models using DL for 3D

printing.

6.3 I-nteract to generate 3D models using deep

learning

As discussed in Sec. 3.2.4, to take advantage of the capability of Deep Learn-

ing (DL) to learn from complex high-dimensional data (such as images) and

hence thereby to automate the generation of 3D models for novice users in MR

we have integrated DNN with I-nteract. To generate the 3D model of a physi-

cal object automatically using I-nteract, the user captures the image of a real

object via HoloLens. The captured image is sent to the cloud to be accessed

by the laptop as illustrated in Fig. 3.8. As the DNN for the mesh generation is

trained using the synthetic data of 2D images rendered from the 3D models,

therefore, to use the DNN on the real images captured through HoloLens, we

need to preprocess the acquired image of the physical object. To remove the

background of the input image we have used an online background removal

API2. After removing the background, the image is cropped and resized to the

image resolution of 64x64 to feed into the DNN. The 3D model generated from

DNN is uploaded to the cloud to be accessed by the HoloLens and display it to

the user in MR. We have integrated two types of DNN architectures, Soft Ras-

terizer (SR) [57] and SliceGen, for the single-view mesh reconstruction. The

two generative DL frameworks are presented in the following subsections.

6.3.1 Generation by Soft Rasterizer

Rasterization is a widely used method within graphics pipelines to render 3D

models on 2D screens [306]. The discrete sampling operations during rasteri-

zation make it non-differentiable and therefore unsuitable for the image-based

2https://www.remove.bg/
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3D reasoning using DL as gradients are required for backpropagations to train

the DNNs. SR [57] is a differentiable rendering framework to train a neural

network to infer 3D information from 2D images. This learning approach com-

bined with the encoder-decoder architecture [296, 297] can be used for mesh

reconstruction of 3D models from a single view image by deforming a tem-

plate mesh. We employ an encoder-decoder architecture identical to [57] for

single-view mesh reconstruction. The encoder is used as a feature extractor

from the 2D images whereas the decoder generates the per-vertex displace-

ment vectors that deform a template mesh (sphere) into a target model based

on the input 2D image. The encoder contains three convolution (Conv) and

three fully connected (FC) layers and outputs a feature vector. The decoder is

composed of three FC layers and outputs per-vertex displacement vectors to

deform a template mesh into the desired model. The detailed network struc-

ture is illustrated in Fig. 6.4 [57]. The SR-DNN has been trained on a single

NVIDIA GeForce GTX 1060 GPU and implemented using PyTorch. We have

used the dataset provided by [296], which contains 13 categories of objects

from ShapeNet [307]. Out of 13 categories, we have trained the DNN for two

categories "Chairs" and "Tables". Each 3D model is rendered in 24 different

views with an image resolution of 64 × 64 and four channels to generate syn-

thetic (2D images) data to train the DNN. Three channels of each image are

RGB whereas the fourth one is its silhouette. The fourth channel (silhouette)

of each input image is also used to compute loss for backpropagation during

training. Figure 6.5(a) shows 24 different rendered views of a 3D model to be

used as input images either during the training or the inference phase whereas

Fig. 6.5(b) depicts training (silhouette) images of the 3D model that are used

to compute losses (supervision). During the training phase, the image batch

(B × 64× 64× 4) with batch size B is fed into the encoder-decoder to obtain

deformed meshes. The deformed meshes are then passed through the SR

to generate silhouette images (B × 64 × 64 × 1). The generated silhouette

images (Îs) are compared with output training (silhouette) images (Is) to com-

pute Intersection over Union (IoU) (silhouette) loss (Ls) for backpropagation
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Figure 6.4: SR-DNN architecture.

using

Ls = 1− ∥Îs ⊗ Is∥1
∥Îs ⊕ Is − Îs ⊗ Is∥1

(6.1)

where ⊕ and ⊗ are the element-wise sums and products respectively and

∥ ·∥1 denotes l1-norm. SR is used only during the training phase to generate a

silhouette image of the mesh deformed by the encoder-decoder and is omitted

after training during inference (single-view mesh reconstruction) as illustrated

in Fig. 6.4. The probability map and aggregate functions computations [57],

involving exponential functions, for all the mesh template triangles times all

the silhouette pixels make soft rasterization and hence the training process

computationally expensive.

As mentioned above, SR-DNN reconstructs the mesh by deforming a tem-

plate mesh (sphere) of genus zero, therefore all 3D models generated using

SR-DNN are also of the same genus as that of the template mesh and hence

is unable to match the topology of the real objects. In the subsequent section,

we present a novel method of generating single-view image based 3D models

that does not limit the genus of the reconstructed mesh.
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(a) Training input images for a 3D model with each image of resolution
64× 64× 4

 

(b) Training output images for a 3D model with each image of resolution
64× 64× 1

Figure 6.5: Training images of a 3D model for SR-DNN
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6.3.2 Generation by SliceGen

Inspired from AM, in which physical objects are manufactured through layer by

layer material deposition, SliceGen is a novel DNN that generates slices (lay-

ers) of a 3D model based on a single-view 2D image of the target object. We

employ an encoder-decoder architecture similar to presented in section 6.3.1

but instead of deforming a template mesh, SliceGen generates slices (layers)

of the target model. These slices are then stitched together into a 3D model

of the target object using an isosurface extraction technique called marching

cubes [308]. The detailed architecture of the proposed DNN is illustrated in

Fig. 6.6. The encoder is used as a feature extractor from 2D images whereas

the decoder generates slices of the target model. The encoder consists of

four Conv and three FC layers to output a feature vector and the decoder con-

tains three FC and four transposed convolution (ConvT) layers to generate 48

slices of the target 3D model. The proposed DNN has been trained on a sin-

gle NVIDIA GeForce GTX 1060 GPU and implemented using TensorFlow. We

have modified the ShapeNet dataset [307] to train our DNN for two categories

"Chairs" and "Tables". ShapeNet dataset comprises images of 24 different

rendered views for each 3D model. Each image in the ShapeNet dataset con-

sists of four channels (RGB + silhouette). As we are interested in only mesh

reconstruction of the target 3D models and not in the inference of texture from

the 2D images, therefore, to reduce the number of parameters to be trained

in the input layer we have processed all the ShapeNet dataset images of the

selected categories (chairs and tables) to contain two channels (grayscale and

silhouette) as shown in Fig. 6.7. We have generated slices of the 3D models of

the two categories in the ShapeNet dataset to be used as training output im-

ages for loss computations (supervision). The steps for generating 2D slices

(layered images) of 3D models are as follows.

1. Convert the OBJ file format to STL using Blender 2.793.

2. Repair the STL files using an automated tool provided by Netfabb4.

3https://www.blender.org/download/releases/2-79/
4https://www.autodesk.com/products/netfabb/overview

117



6.3. I-NTERACT TO GENERATE 3D MODELS USING DEEP LEARNING

3. Generate G-codes for the repaired STL files using Slic3r 1.3.05.

4. Generate the slices (layered 2D images) from the G-code files using a

G-code simulator.

ShapeNet dataset has 3D models in OBJ file format, therefore, they are

required to be converted to STL files as G-code generators (such as Slic3r)

need 3D models to be in STL file format to create G-code files. Also, 3D

models in ShapeNet dataset are not 3D printable and hence are needed to be

repaired to generate G-code files. We have used Netfabb to repair ShapeNet

dataset 3D models. The G-code simulator to generate slices from the G-code

files has been adapted from [309]. Figure 6.8(b) depicts RGB images of the

layers of the 3D model shown in Fig. 6.8(a). These slices are further processed

to binary images, referred to as binary slices (Is), as shown in Fig 6.9(a). The

binary slices of each 3D model are used as training output images to compute

backpropagation losses.

During the training phase, the image batch (B × 64 × 64 × 2) with batch

size B is fed into the encoder-decoder to generate binary slices (B×64×64×
48). The generated binary slices (Îs) are compared with output training binary

slices (Is) to compute IoU loss (Ls), similar to Eq. 6.1, for backpropagation

using

Ls = 1− ∥Îs ⊗ Is∥1
∥Îs ⊕ Is − Îs ⊗ Is∥1

where ⊕ and ⊗ are the element-wise sums and products respectively and

∥ · ∥1 denotes l1-norm. The marching cubes algorithm to reconstruct the 3D

model from binary slices has been adapted from [310]. Figure 6.9(b) shows

the 3D model reconstructed from binary slices depicted in Fig. 6.9(a) using the

marching cubes algorithm [308].

After the automated generation of the 3D models using the integrated DNN

(either SR-DNN or SliceGen) the user then can resize the generated 3D model

to fit the dimensional constraints imposed by the physical workspace in MR.

The resizing of the 3D model using I-nteract is described in the subsequent

section.
5https://slic3r.org/releases/1.3.0/
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Figure 6.6: SliceGen architecture.

(a) Colored image from
ShapeNet dataset (4 Chan-
nels)

 
(b) Processed image with 2 channels: grayscale (left)
and silhouette (right)

Figure 6.7: Conversion from 4 channels to 2 channels
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(a) 3D model from
ShapeNet Dataset

 

(b) Slices of the 3D model (64× 64× 3× 48)

Figure 6.8: 3D model to slices (RGB images of 3D model layers)
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(a) Binary Slices (64× 64× 1× 48)

 

(b) Reconstructed 3D
model from binary slices

Figure 6.9: 3D model reconstruction using marching cubes algorithm
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6.4. I-NTERACT TO RESIZE 3D MODELS IN THE PHYSICAL
WORKSPACE

6.4 I-nteract to resize 3D models in the physical

workspace

I-nteract provides an intuitive interface to resize a 3D model using hand motion

in an MR environment. This functionality can be used to resize a 3D model

according to the space in the real world. The method of resizing a 3D model

is similar to the method of drawing a primitive shape described in Sec. 6.2.

The procedure implemented to resize a 3D model using I-nteract is described

below.

1. Press the "Select" virtual button using the hand without glove or use the

voice command "Select" and then press on the 3D model (like pressing

any virtual button) to select the 3D model.

2. After selecting the desired 3D model, press the "Resize" virtual button

or use the voice command "Resize". The index finger of the hand with

glove should be open while resizing the 3D model. The width, height,

and depth of the 3D model can be adjusted by moving the hand with

glove in the left/right (x), up/down (y), and forward/backward (z) direction

respectively. Close the index finger of the hand with glove when done.

On the execution of the "Resize" command, the HoloLens records the posi-

tion of the hand with glove. The HoloLens then updates (scales) the x, y and,

z-coordinates of the vertices of the 3D model with respect to the change in the

hand position in x (left/right), y (up/down), and z (forward/backward) direction

respectively. As the hand with glove will be in use while resizing the 3D model,

therefore the user can use the hand without glove to position the 3D model in

the physical workspace via built-in gesture (and "ManipulationHandler" script)

of the HoloLens as shown in Fig. 6.10.

After finalizing the design of the 3D model, the user can directly send it

to the 3D printer by using the command "Print". The HoloLens sends the 3D

model to the cloud to be accessed by the laptop. The laptop then converts the

OBJ file of the 3D model to the G-code and then sends the G-code of the 3D
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Hand to 

position 3D 

model in the 

physical 

workspace 

Hand to resize 

3D model in the 

physical 

workspace 

3D model in the 

physical workspace 

Figure 6.10: Resizing 3D model to fit in the physical workspace using I-nteract.

model to the OctoPrint6 to be 3D printed.

6.5 Results and discussion

In this section, we demonstrate the results and discuss the future develop-

ments in the generative functionalities of I-nteract.

6.5.1 I-nteract to design customized 3D models in MR

Figure 6.11(a) depicts a user interacting (translating, rotating, and getting force

feedback) with the CSG generated 3D model of a chair in MR using I-nteract.

The 3D model has been generated by applying transformations and boolean

operations to primitive shapes (cube) as illustrated in Fig. 6.1 in an immersive

MR environment using I-nteract. The 3D print of the generated 3D model is

shown in Fig. 6.11(b).

To test SR-DNN and SliceGen on real images to generate 3D models, we

have first used Pix3D [311] dataset. Pix3D is a dataset that consists of real im-

ages captured in diverse environments and ground-truth 3D models with nine

object categories. We have tested both integrated DNNs on the chair dataset

and the corresponding results are shown in Fig. 6.13. It can be observed

in Fig. 6.13 that SliceGen is able to generate 3D models with different gen-

era whereas SR-DNN is generating 3D models only of genus zero. As both

6https://octoprint.org/
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(a) User interacting with CSG generated
chair in MR

 

(b) 3D print of a chair generated us-
ing CSG

Figure 6.11: CSG generated chair using I-nteract

DNNs are trained using the synthetic data consisting of images without any

background, noise, and occlusion with multiple views rendered from the 3D

model of an object, therefore, is not robust and requires a noise-free, trans-

parent background image with a complete 2D view of the object to perform

mesh reconstruction. That is why, we have tested the images from the dataset

which are clear, consist of a simple background, and are without any occlu-

sion for single-view mesh reconstruction using the integrated DNNs. Future

developments of our system will be devoted to train the DNNs on challenging

and realistic datasets like Pix3D [311]. This will improve the robustness of the

DNNs to extract features directly from the pictures and hence making the use

of AI-based background removal API7 redundant.

After successfully testing DNNs on the Pix3D dataset, we tested both SR-

DNN and SliceGen integrated with the system (I-nteract) for 3D model gener-

ation based on a 2D image. The images captured using HoloLens, the images

after removing the background, the 3D models generated by SR-DNN, and by

SliceGen are depicted in the first three columns of Fig. 6.14.

Although an active research area, the single view 3D mesh reconstruc-

tion [57, 312–319] is still in its infancy in the context of being able to generate

3D models for AM. Contemporary generative DNN architectures are only fo-

7https://www.remove.bg/
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Real Object SR_DNN 3D 

Model 

Best Match 

Figure 6.12: Real object, SR-DNN generated 3D model and the best match in
MR

cused on the 3D shape inference from 2D images while overlooking the me-

chanical design constraints, such as impact strength, tensile strength, flexural,

and compression strength etc, in the supervised learning. Therefore, the gen-

erated 3D models by generative DNNs are not suited for 3D printing. For this

reason, we have used the 3D IoU metric [57] to find the best match of the

reconstructed mesh from a 3D model database that can be 3D printed. The

HoloLens sends the generated 3D model to the cloud to be accessed by the

laptop. The laptop then computes the 3D IoU score of the generated 3D model

with all the 3D models in the database. The 3D model in the database with

the maximum score (best match) is then sent to the cloud to be first accessed

by the HoloLens and then displayed by the glasses to the user in MR. As an

illustrative example, Fig. 6.12 depicts a chair, a 3D model generated using SR-

DNN, and the best match shown to the user in MR using I-nteract. The model

with the highest 3D IoU score is the best quantitative match but might not be

the best qualitative match from the user’s perspective [311]. Therefore we dis-

play generated 3D models with the top five scores to the user for qualitative

assessment. The user can choose the best qualitative match for 3D printing.

The 3D IoU matched 3D models from the database (ShapeNet dataset) and

their 3D prints are depicted in the fourth and fifth columns of Fig. 6.14 respec-

tively.
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Figure 6.13: SR-DNN and SliceGen tested on real images from Pix3D dataset.
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Figure 6.14: Images, the corresponding 3D models, and 3D prints.

127



6.5. RESULTS AND DISCUSSION

 

(a) Resizing the 3D model of a chair
w.r.t a physical chair

 

(b) Resized 3D model and its 3D print

Figure 6.15: Resizing 3D models w.r.t physical workspace using I-nteract

The 3D models resized with respect to the dimensional constraints im-

posed by the physical workspace using I-nteract are shown in Fig. 6.10

and 6.15. Figure 6.15(a) shows the user resizing the matched 3D model of

the chair by projecting the 3D model onto the real chair. Figure 6.10 depicts

the user resizing the 3D model of a table to fit in a physical workspace between

the two real tables. Figure 6.15(b) shows the resized 3D model of a table onto

the base plate of the 3D printer along with its 3D print. To view the dimensions

of a 3D model while resizing as shown in Fig. 6.15(b) the user can execute the

dimension command either via the virtual button or voice. The dimensions are

computed based on the vertices positions in the OBJ file, allowing to display

the maximum width, height, and depth of the 3D model.

Future work includes enabling the user to modify the DNN generated 3D

model using CSG in MR such as illustrated in Fig. 6.16. In Fig. 6.16, it can be

seen that the 3D model generated from the image of a chair by SR-DNN does

not have legs. Hence the 3D model is modified by adding legs using CSG. The
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Chair top 

generated 

by AI 

Legs created by 

transforming cube 

Figure 6.16: Modified DNN generated 3D model using CSG

modified model shown in Fig. 6.16 has been created using Blender8. This kind

of interface will allow the user to easily modify an existing 3D model without

the need to create a 3D model from scratch. The user can capture an image

of the desired object or download it from the internet to get the 3D model from

the DNN and further modify it using CSG. The user can also modify an existing

3D model downloaded from the internet using CSG. The metric for finding the

best match from the database (like 3D IoU) will make sure that the modified

model can be 3D printed or a CAD repair API (e.g., Netfabb9) can be inte-

grated with the MR system to make the modified 3D model printable. Another

interesting application that emerges from using generative DNN is the latent

space interpolation and arithmetic [302]. Enabling latent space interpolation

in I-nteract will allow the user to take images of two objects and generate a

3D model based on the objects in the two images. The future work will also

be devoted to the use of haptic force feedback and force sensing capabilities

of I-nteract to enable the user to transform the shape of a virtual object using

hands in an MR environment.
8https://www.blender.org/
9https://www.autodesk.com/products/netfabb/overview
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6.6 Conclusion

In this chapter, we exhibited how I-nteract can be integrated within the design

workflow of AM to bridge the gap between the consumer and the manufactur-

ing process by automating the parts of the design process that require expert

knowledge for generating 3D models using AI. We have integrated our sys-

tem with SR-DNN to infer the 3D model from a single-view 2D image of a

physical object. To overcome the limitation of SR-DNN to generate 3D mod-

els of a single genus (genus zero), we proposed and integrated with I-nteract

a novel generative DNN (SliceGen) for single-view mesh reconstruction. We

have also enabled manual 3D model generation in MR by integrating CSG

within our system. The automated generation of a 3D model using DL with

CSG as an editing tool has the potential to enable a novice user to design cus-

tomized 3D models from scratch. Taking advantage of the immersive feature

of MR, the system also allows the user to adjust the dimensions of a virtual

model with respect to the design constraints in the physical workspace. The

efficacy of the generative CAD functionality of the system has been demon-

strated by generating a 3D model using CSG, then by generating 3D models

of chairs and tables using SR-DNN and SliceGen from the 2D images cap-

tured via HoloLens, and finally by resizing the 3D models using hands in an

MR environment with respect to the physical workspace.
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Chapter 7: PI regulation control

design of an infinite-dimensional

system

Abstract

In this chapter, we proposed a PI regulation boundary control of an infinite-

dimensional system modelled by a reaction-diffusion equation with state de-

lay. First, a spectral reduction is performed to obtain a finite-dimensional trun-

cated model of the original infinite-dimensional system. Second, the truncated

model is augmented by an integral component to achieving the setpoint reg-

ulation control. Third, the PI controller is designed by pole shifting. Finally,

we showed that the proposed control design procedure achieves both the ex-

ponential stabilization as well as the setpoint regulation boundary control of

the original infinite-dimensional system in the presence of a boundary per-

turbation. The major part of this chapter was published in [320]. The work

presented in this chapter is largely the work of Hugo Lhachemi. The contri-

bution of the author is the numerical validation of the theoretical results under

the supervision of Robert Shorten.
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Chapter 7

PI regulation control design of an

infinite-dimensional system

7.1 Introduction

In Chapters 1 and 2, we discussed challenges and research efforts to enable

widespread adoption of Additive Manufacturing (AM) both by the general public

and industries which are either the enhancement of the interaction of humans

within the AM process or to improve the process itself to achieve stringent

precision requirements. Chapters 3 to 6 were focused on the development of

an immersive human-centric Cyber-Physical System (CPS) to bridge the gap

between the consumer, the designer, and the operator by enabling enhanced

human interactions within the AM workflow. The rest of the thesis (Chap-

ters 7 and 8) is dedicated to designing robust control strategies to improve the

product quality by making the system tolerant of disturbances and uncertain-

ties. In particular, we propose a modal approximation based control design for

the physical processes described by a reaction-diffusion equation. The sys-

tems involving heat distribution from the heat production site are modelled by

reaction-diffusion equations [58]. AM involves melting of the material to be

deposited and fused layer upon layer, making temperature among the crucial

process parameters. Failure to ensure adequate thermal conditions can lead,

for example, to thermal degradation, inadequate mechanical properties of the
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final part, geometrical inaccuracy, and non-homogeneity in the extrusion flow

rate [159, 160]. Therefore, to achieve the high quality of the product, the con-

trol laws must be robust against external disturbances [158]. For this reason,

many control strategies have been reported in the literature to ensure precise

control of the temperature. The control strategies reported in the literature

mainly employ black-box empirical models and physics-based models.

7.1.1 Empirical Models

Black-box empirical models were developed in [217, 218] for the control of

the melt pool temperature and deposition height during a cladding process

based on subspace model identification techniques. Even if black-box empir-

ical models can be successfully used for control design purposes, they suffer

from several inherent limitations. One essential drawback of such black-box

empirical models is that they require the application of the identification proce-

dure to each of the operating points of interest (including ambient conditions,

materials, required temperature, width, and depth of the melt pool, etc.). Fur-

thermore, most of the black-box empirical models are fully linear while it is

known that nonlinear effects occur in additive manufacturing processes (e.g.,

thermal radiation). In this context, there is a strong interest in the development

of advanced physics-based models that are suitable for feedback control de-

sign. In [223,224], a semi-empirical model was developed for the height control

in laser solid freeform fabrication. Specifically, the dynamic response is empir-

ically captured by first-order dynamics while the steady-state value is obtained

via physics-based consideration through a mass balance equation along with

experimental identification procedures relying on least-squares methods.

7.1.2 Physics-based models

Lumped parameter models

Taking advantage of the recent development of semi-empirical or physics-

based lumped parameter models, model-based control strategies have also

been recently reported. The authors in [225] investigate the control of width
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and height of the molten puddle for metal deposition by means of a PI con-

troller coupled with a model-based estimator of the molten puddle geometrical

characteristics. The feedback control of melt pool geometry and temperature

in directed energy deposition has been investigated in [229]. A physics-based

lumped-parameter model for metal deposition was developed in [225]. Derived

based on physical considerations (such as the mass and energy balance of the

melt pool puddle), the model describes the dynamics of both temperature and

geometry of an ellipsoidal molten puddle. Such a model was further developed

in [226–228] to layer-dependent process models and in [229] for improving the

steady-state predictions of the melt pool geometrical characteristics. In [219],

a camera-based feedback control strategy is proposed to control the width of

the melt pool. The width of the melt pool is controlled using a PI controller.

In [218], a dual-colour pyrometer is used to sense the temperature of the melt

pool. The control strategy consists of a predictive control algorithm with ref-

erence tracking of the temperature of the melt pool based on the adjustment

of the laser power. In [242], a PID controller is designed to regulate the tem-

perature of the melt pool based on infrared image sensing. Similarly, based

on the data from infrared images of the molten pool of a closed-loop con-

trolled laser-based additive manufacturing process, a three-dimensional finite

element model is developed using ANSYS1 to simulate the thermal behaviour

of the melt pool to provide guidance for the process parameter selection [243].

Distributed parameter models

Distributed parameter models are defined by sets of PDE, boundary condi-

tions, and initial conditions to describe the evolution of the state variables

of a physical process [321]. One key component of (a metal-based) AM

model concerns its capability to accurately represent the transient tempera-

ture field for a layer by layer process with a moving laser heat source. In-

deed, the transient temperature history is one of the main factors determin-

ing the thermal stress distribution and residual stress of the metallic part.

As heat distributions are inherently modelled by PDEs, many finite element

1https://www.ansys.com/
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modelling approaches have been proposed in the literature for simulations

[30,199,200,202–204,206–216]. Taking advantage of finite element methods,

these PDE-based models can be used for the prediction of the AM processes

(shape, mechanical properties, etc.). However, due to their inherent complex-

ity (complex geometry of the part, laser-matter interactions, the geometry of

the melt pool, etc.), they are difficult to handle from a control system design

viewpoint. Consequently, the development of finite-dimensional reduced-order

models of the AM processes for control design is a research topic of primary

interest. Even though some design PDE model-based control strategies have

been reported [241], the large majority of the documented approaches work

with either black-box or (semi-empirical) lumped parameters models.

7.2 PI regulation control of a reaction-diffusion

PDE

The Proportional Integral (PI) controller is undoubtedly the most common al-

gorithm used in the process control industry due to its relatively simple struc-

ture [322]. Generally, the first objective of a controller is to ensure the stability

of the closed-loop system. Once the stability is achieved the control design

strategy aims at ensuring a certain level of performance. In practice, regula-

tion of a certain process parameter (such as temperature, pressure, velocity,

etc.) is desired for most industrial processes. In this context, the classical

solution is to embed an integral component into the controller architecture to

achieve the setpoint regulation of the desired process parameter. Although

widely used in industries for the regulation of finite-dimensional systems due

to its simple implementation methodology, the conventional heuristic Propor-

tional Integral (PI) control design approaches cannot guarantee stability in the

presence of disturbances and delays. Therefore, the PI regulation control of

infinite-dimensional systems, and in particular of PDEs, has attracted much at-

tention in recent years. The mathematical study of PI control strategies tracks

back to the early 20th century [323]. Since then, PI controllers have emerged

as efficient strategies for both stabilization and setpoint regulation control of
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finite-dimensional systems [324, 325]. However, the investigation of possible

PI control strategies for infinite-dimensional systems is more recent.

We study in this chapter the boundary PI regulation control of a reaction-

diffusion equation in the presence of a state-delay in the reaction term. The

systems where heat is produced and diffuses away from the heat produc-

tion site are described by the reaction-diffusion equations [58]. Since delays

are ubiquitous in practical applications, the topic of boundary stabilization of

PDEs in the presence of delays, either in the control input [326–334] or in the

state [335–341] has also attracted much attention in recent years. In this con-

text, the present work extends the results reported in [339] which deal with

the boundary stabilization of a reaction-diffusion equation in the presence of

a state-delay. More precisely, we achieve for a reaction-diffusion equation and

in the presence of a state-delay the PI regulation control of the right Dirichlet

trace by means of a boundary control input selected as the left Dirichlet trace.

It is worth noting that none of the aforementioned works embracing PI control

design for PDEs was concerned with the possible presence of state-delays.

The adopted control design procedure, inspired by spectral reduction-based

methods reported in a delay-free context [342] and later used, e.g., to stabi-

lize semilinear heat and wave equations [343, 344], consists of the design of

the control law on a suitable finite-dimensional truncated model of the original

reaction-diffusion equation while accounting for the infinite-dimensional nature

of the plant during both stability analysis and setpoint regulation assessment.

7.2.1 Notations

The field of real numbers, the real coordinate space of dimension n, and real

matrices of dimension n ×m are denoted by R, Rn, and Rn×m, respectively.

Spaces Rn are equipped with the usual Euclidean norm denoted by ∥ · ∥ while

the space of matrices are endowed with the associated induced norms also

denoted by ∥ · ∥. For any two vectors X and Y , col(X, Y ) denotes the vector

[X⊤, Y ⊤]⊤. The space of square integrable functions on (0, 1) is denoted by

L2(0, 1) and is equipped with the usual inner product ⟨f, g⟩ =
∫ 1

0
f(x)g(x) dx.

The associated norm is denoted by ∥ · ∥L2 . The m-order Sobolev space is
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denoted by Hm(0, 1) and is endowed with its usual norm denoted by ∥ · ∥Hm .

For a symmetric matrix P ∈ Rn×n, P ⪰ 0 (resp. P ≻ 0) means that P

is positive semi-definite (resp. positive definite) while λM(P ) (resp. λm(P ))

denotes its maximal (resp. minimal) eigenvalue.

7.2.2 Preliminaries

In this section, we provide a brief introduction of some mathematical concepts

required for the development of the boundary PI regulation control strategy

of an infinite-dimensional system. A detailed introduction of the mathematical

preliminaries can be found in [345].

Hilbert Space

A Hilbert space is an inner product space that is complete with respect to the

norm induced by the inner product. An inner product space is a vector space

together with an inner product. An inner product on a linear vector space Z

defined over the field F , which is either R or C, is a map ⟨·, ·⟩ : Z × Z → F
such that ∀x, y, z ∈ Z and ∀α, β ∈ F it satisfies

1. ⟨x, x⟩ ≥ 0 and ⟨x, x⟩ = 0 iff x = 0;

2. ⟨αx+ βy, z⟩ = α⟨x, z⟩+ β⟨y, z⟩;

3. ⟨x, y⟩ = ⟨y, x⟩.

C0-semigroup

A strongly continuous semigroup (C0-semigroup) on a Hilbert space H is an

operator-valued function T : R+ → L(H) such that

• T (0) = I (Identity operator on H);

• T (t+ s) = T (t)T (s) for t, s ≥ 0;

• ∥T (t)z0 − z0∥ → 0 as t→ 0+ ∀z0 ∈ H.
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where L(H) is the space of bounded linear operator from H to H.

A is an infinitesimal generator of a C0-semigroup on a Hilbert space H if,

Az = lim
t→0+

1

t
(T (t)− I)z,

for any z ∈ H so that the above limit does exist. Hence the domain of the

operator A is defined as:

D(A) =

{
z ∈ H : lim

t→0+

1

t
(T (t)− I)z exists

}
.

An operator A on an Hilbert space H is said to be the generator of a C0-

semigroup if there exists a C0-semigroup on H whose infinitesimal generator

is A.

Riesz-spectral operator

A linear, closed operator on a Hilbert space H with simple eigenvalues

{λn, n ≥ 1} and with its corresponding eigenvectors {ϕn, n ≥ 1} forming a

Riesz basis in H is a Riesz-spectral operator if the closure of its eigenval-

ues is totally disconnected [345]. That is, no two points in {λn, n ≥ 1} can

be joined by a segment lying entirely in {λn, n ≥ 1}. A sequence of vectors

{ϕn, n ≥ 1} in a Hilbert space H forms a Riesz basis if:

• spann≥1{ϕn} = H;

• There exists positive constants m and M such that

m
N∑

n=1

|αn|2 ≤ ∥
N∑

n=1

αnϕn∥2 ≤M

N∑
n=1

|αn|2

for arbitrary N ∈ N and arbitrary scalars αn, n = 1, ..., N .
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7.3 Statement of the problem

Let a > 0, let b, c ∈ R with c ̸= 0, let 0 < hm < hM , let h : R+ → [hm, hM ]

be a continuous state delay, and let θ ∈ (0, π/2). We consider the following

reaction-diffusion equation:

yt(t, x) = ayxx(t, x) + by(t, x) + cy(t− h(t), x), (7.1a)

y(t, 0) = u(t), (7.1b)

cos(θ)y(t, 1) + sin(θ)yx(t, 1) = 0, (7.1c)

y(τ, x) = ϕ(τ, x), τ ∈ [−hM , 0] (7.1d)

for t > 0 and x ∈ (0, 1). The state at time t is y(t, ·) : [0, 1] → R. The control

input is u(t) ∈ R and applies to the left Dirichlet trace (7.1b). On the right-

hand side of the domain, we consider the Robin boundary condition (7.1c).

The initial condition is ϕ : [−hM , 0] × (0, 1) → R. The control objective is to

design a PI controller in order to stabilize (7.1) while achieving the setpoint

regulation control of the right Dirichlet trace:

z(t) = y(t, 1). (7.2)

In particular, denoting by r : R+ → R a continuous reference signal, y(t, 1)

must achieves the setpoint tracking of r(t).

The reaction-diffusion equation (7.1) is commonly used to model a variety

of physical phenomena such as heat distribution, chemical reactions, biology

processes or dynamics of populations. In this context, state-delays can be

used to model either locality or inertia of certain physical phenomena such as

heat or mass transfers [346,347]. Considering the case of a heat distribution,

the control input u is a heat source located at the left boundary (7.1b). The

right boundary condition (7.1c) stands for a convection boundary condition.

Finally, the regulated output y(t, 1) is the temperature at the right boundary of

the domain.

The proposed strategy, as illustrated in Fig. 7.1, for solving the above

control design problem goes as follows. First, a finite dimensional-truncated
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Figure 7.1: Control design strategy

model, presenting a state-delay and capturing the first modes of the infinite-

dimensional system, is obtained by spectral reduction. The order of the trun-

cated model is selected in order to ensure the stability of the residual infinite-

dimensional dynamics with respect to exponentially vanishing command inputs

with prescribed decay rate. In particular, due to the presence of the state de-

lay, the truncated model will capture, in general, not only the unstable modes

of the system but also a finite number of slow stable modes. Then, similarly

to [348], the truncated model is augmented of a suitable integral component

to ensure the setpoint tracking of the right Dirichlet trace. Finally, the feedback

law is obtained by pole shifting. The subsequent stability analysis shows the

exponential stability of the resulting closed-loop system, as well as the setpoint

regulation control of the right Dirichlet trace when considering the concept of

classical solutions. Moreover, in the presence of an additive boundary per-

turbation in the application of the control input, we show that the closed-loop

system is exponentially input-to-state stable (ISS) [349].
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7.4 Control design strategy

7.4.1 Spectral reduction and truncated model

Introducing the real Hilbert space H = L2(0, 1) endowed with the usual inner

product ⟨f, g⟩ =
∫ 1

0
fg dx, system (7.1) can be equivalently rewritten under

the abstract form

dX

dt
(t) = AX(t) + cX(t− h(t)), (7.3a)

BX(t) = u(t), (7.3b)

X(τ) = Φ(τ) = ϕ(τ, ·), τ ∈ [−hM , 0] (7.3c)

for t ≥ 0 with A : D(A) ⊂ H → H defined on D(A) =

{f ∈ H2(0, 1) : cos(θ)f(1) + sin(θ)f ′(1) = 0} by Af = af ′′ + bf and the

boundary operator B : D(B) ⊂ H → R defined on D(B) = H1(0, 1) by

Bf = f(0). We introduce the disturbance free operator A0 = A|D(A0)
on

D(A0) = D(A)∩ker(B). It is well-known from the Sturm-Liouville theory [350]

that A0 generates a C0-semigroup S(t). Introducing L ∈ L(R,H) defined for

any u ∈ R by [Lu](x) = (1− x)2u, x ∈ [0, 1], one can see that R(L) ⊂ D(A)

and BL = IR. Hence, following the terminology of [345, Sec. 3.3], the pair

(A,B) defines a boundary control system with associated lifting operator L.

Assuming that2 u is continuously differentiable and Φ is continuous, the mild

solution [345, Sec. 3.3] X ∈ C0(R+;H) of (7.3) is defined by:

X(t) = S(t) {Φ(0)− Lu(0)}+ Lu(t) (7.4)

+

∫ t

0

S(t− s) {cX(s− h(s)) +ALu(s)− Lu̇(s)} ds

for all t ≥ 0. We note that (7.3a) can be rewritten as:

dX

dt
(t) = AcX(t) + c{X(t− h(t))−X(t)} (7.5)

2Such a regularity for the forthcoming control law will be assessed in the sequel.
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where Ac ≜ A + cIH on D(Ac) = D(A). We define Ac,0 ≜ A0 + cIH on

D(Ac,0) = D(A0) which generates the C0 semigroup T (t) = ectS(t). Based

on [345, Thm. 3.2.1], the mild solution (7.4) can be rewritten under the form:

X(t) = T (t) {Φ(0)− Lu(0)}+ Lu(t) (7.6)

+

∫ t

0

T (t− s){c[X(s− h(s))−X(s)] +AcLu(s)− Lu̇(s)}ds.

From the Sturm-Liouville theory, it is well known that the eigenvalues of

Ac,0 are simple and form a decreasing sequence (λn)n≥0 ∈ RN with λn →
−∞ when n → +∞. Moreover, one can select the associated eigenvectors

such that (en)n≥0 forms a Hilbert basis of H. In particular, straightforward

computations show that λn = b+ c− ar2n and en = 2
√

rn
2rn−sin(2rn)

sin(rn·) with

n ∈ N where rn > 0 is the unique real numbers r ∈ (nπ, (n + 1)π) such that

r cot(r) = − cot(θ). This yields

λn ∼ −an2π2, en(1) = O(1) (7.7)

as n→ +∞.

Noting that T (t)f =
∑

n≥0 e
λnt⟨f, en⟩en (Theorem 2.3.5 in [345]) and

introducing xn(t) = ⟨X(t), en⟩ the coefficients of projection of the system

trajectory into the Hilbert basis, we have that X(t) =
∑

n≥0 xn(t)en and

∥X(t)∥2 =
∑

n≥0 |xn(t)|2. Projecting (7.6) into the Hilbert basis, we obtain

that

xn(t) = eλnt ⟨Φ(0)− Lu(0), en⟩+ ⟨Lu(t), en⟩

+

∫ t

0

eλn(t−s) < c[X(s− h(s))−X(s)] +AcLu(s)− Lu̇(s), en > ds.

Hence xn is continuously differentiable and

ẋn(t) = λnxn(t) + c{xn(t− h(t))− xn(t)}+ (an + λnbn)u(t). (7.8)

with

an = ⟨AcL1, en⟩ , bn = −⟨L1, en⟩ (7.9)
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where 1 denotes here the unit element of R. For a given integer N ≥ 0 se-

lected such that λn < 0 for all n ≥ N +1 and which will be further constrained

later, we define the followings:

Y (t) =
[
x0(t) . . . xN(t)

]⊤
∈ RN+1, (7.10a)

YΦ(τ) =
[
⟨Φ(τ), e0⟩ . . . ⟨Φ(τ), eN⟩

]⊤
∈ RN+1, (7.10b)

A = diag(λn)0≤n≤N ∈ R(N+1)×(N+1), (7.10c)

B = (an + λnbn)0≤n≤N ∈ R(N+1). (7.10d)

Then we obtain the truncated model:

Ẏ (t) = AY (t) + c{Y (t− h(t))− Y (t)}+Bu(t) (7.11a)

Y (τ) = YΦ(τ), τ ∈ [−hM , 0] (7.11b)

7.4.2 Addition of an integral component

The objective is now to augment the truncated model (7.11) with an integral

component to achieve the setpoint regulation control of the right Dirichlet trace

(7.2). We first need to express the right Dirichlet trace y(t, 1) in function of the

coefficients of projection xn.

Lemma 1. For all f ∈ D(Ac,0) we have

f(1) =
∑
n≥0

⟨f, en⟩ en(1). (7.12)

The proof of this lemma is presented in appendix B.1. Note that we

cannot directly apply the above series expansion to the trajectory X of our

system because, in general, X(t) /∈ D(Ac,0). However, if we assume that

X ∈ C0(R+;D(A))∩C1(R+;H) is a classical solution of (7.3), one hasW (t) =

X(t) − Lu(t) ∈ D(A0) = D(Ac,0) with in particular y(t, 1) = [X(t)](1) =

[W (t)](1). Hence, introducing wn(t) = ⟨W (t), en⟩ = xn(t) + bnu(t), we obtain
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that

y(t, 1) = [X(t)](1) =
∑
n≥0

wn(t)en(1)

for all t ≥ 0. This series expansion is intensively used in the rest of the chapter.

Moreover, since u is of class C1 (we will actually need u of class C2 to ensure

the existence of classical solutions), we have that wn is of class C1 and, from

(7.8),

ẇn(t) = λnxn(t) + c{xn(t− h(t))− xn(t)}

+ (an + λnbn)u(t) + bnu̇(t)

= λnwn(t) + c{wn(t− h(t))− wn(t)}+ anu(t)

− cbn{u(t− h(t))− u(t)}+ bnu̇(t) (7.13)

where the second identity holds for t ≥ hM .

Adding the integral component

Recall that our objective is to achieve the setpoint regulation control of the

system output z(t) = y(t, 1). In order to introduce in a comprehensive manner

the proposed integral component ζ(t) ∈ R that will be used to augment the

truncated model (7.11), consider first the classical integral component given

by

żi(t) = y(t, 1)− r(t) =
∑
n≥0

wn(t)en(1)− r(t)

for t ≥ 0. Here r(t) ∈ R stands for a reference signal. Recall that the second

equality holds only when considering classical solutions for (7.3). As the above

series expansion involves all the modes of the system, and in particular the

coefficients of projection wn(t) for n ≥ N+1, the integral component zi cannot

be directly included into the dynamics of the truncated model (7.11). To solve
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this issue, we introduce the following preliminary change of variable:

ζp(t) = zi(t) +
∑

n≥N+1

en(1)

λn
{bnu(t)− wn(t)}.

Note that the convergence of the series follow from the asymptotic behaviors

(7.7) and the use of the Cauchy-Schwarz inequality. Based on (7.13) a direct

computation shows that, for t ≥ hM ,

ζ̇p(t) =
N∑

n=0

xn(t)en(1) + αu(t)− r(t) (7.14)

− c
∑

n≥N+1

en(1)

λn
{wn(t− h(t))− wn(t)}

+ c
∑

n≥N+1

en(1)

λn
bn{u(t− h(t))− u(t)}

where

α =
N∑

n=0

bnen(1)−
∑

n≥N+1

an
λn
en(1). (7.15)

We now note that the two last terms of the above identity describing the ζp-

dynamics have a null contribution at equilibrium. This observation motivates

the introduction of the the below ζ-dynamics. Assuming that the delay h is

known (robustness w.r.t. delay mismatches will be discussed later in Sec-

tion 7.8), we mimic the structure of the dynamics of the truncated model (7.11)

by defining for t ≥ 0 the integral component ζ(t) ∈ R as follows:

ζ̇(t) =
N∑

n=0

xn(t)en(1) + c{ζ(t− h(t))− ζ(t)}+ αu(t)− r(t), (7.16a)

ζ(τ) = ζ0(τ), τ ∈ [−hM , 0] (7.16b)

Remark 1. The ζ-dynamics achieves the same equilibrium condition as the

ζp-dynamics. In particular, as we will show later in Section 7.5, the integral

component (7.16) ensures that the equilibirum condition (Xe, ζe) of the forth-

coming closed-loop systems, associated with some constant reference signal
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r(t) = re, achieves the desired reference tracking for the right Dirichlet trace,

i.e., Xe(1) = re.

Remark 2. Even if (7.16) has been motivated and derived by considering clas-

sical solutions of (7.3), the dynamics (7.16) actually makes sense for any mild

solutions of (7.3).

Since (7.16) only involves the N +1 first modes of the system, we can now

augment the dynamics of the truncated model (7.11) with the ζ-dynamics as

follows:

Ẏa(t) = AaYa(t) + c{Ya(t− h(t))− Ya(t)}+Bau(t) + Γ(t), (7.17a)

Ya(τ) = YΦ,a(τ), τ ∈ [−hM , 0] (7.17b)

where, introducing C =
[
e0(1) . . . eN(1)

]
∈ R1×(N+1),

Ya(t) =

[
Y (t)

ζ(t)

]
, YΦ,a(τ) =

[
YΦ(τ)

ζ0(τ)

]
, (7.18a)

Aa =

[
A 0

C 0

]
, Ba =

[
B

α

]
, Γ(t) =

[
0

−r(t)

]
. (7.18b)

7.4.3 Proposed control strategy

The proposed control strategy consists in a stabilizing state feedback of the

truncated model (7.17). Such a procedure is allowed by the following lemma.

Lemma 2. The pair (Aa, Ba) satisfies the Kalman condition.

The proof of this lemma can be found in appendix B.2. Thus there exists

K ∈ R1×(N+2) such that AK = Aa + BaK is Hurwitz with simple eigenvalues.

We impose for t ≥ 0 the control input

u(t) = KYa(t) + p(t) (7.19)

where p is a boundary disturbance. The objective is now to adequately se-

lect the integer N ≥ 0 such that the closed-loop system composed of (7.3),
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(7.16), and (7.19), is exponentially input-to-state stable [351] with respect to

the boundary perturbation p and achieves the setpoint reference tracking of

the system output (7.2).

7.4.4 Well-posedness of the closed-loop system dynamics

In order to augment (7.3) with the ζ-dynamics given by (7.16), we introduce

the augmented state-space Hζ = L2(0, 1) × R endowed with the inner prod-

uct ⟨(f, ζf ), (g, ζg)⟩ζ =
∫ 1

0
fg dx + ζfζg. Let D ∈ L(H;R) be defined by

Df =
∑N

n=0 ⟨f, en⟩ en(1). We introduce the operator Aζ : D(Aζ) ⊂ Hζ → Hζ

defined by Aζ(f, ζ) = (Af,Df − cζ) on D(Aζ) = D(A) × R and the bound-

ary operator Bζ : D(Bζ) ⊂ Hζ → R defined by Bζ(f, ζ) = Bf = f(0)

on D(Bζ) = D(B) × R. We also introduce Lζ ∈ L(R,Hζ) defined by

Lζu = (Lu, 0). Then, defining Xζ(t) = (X(t), ζ(t)), (7.3) and (7.16) can

be recast as

dXζ

dt
(t) = AζXζ(t) + cXζ(t− h(t)) + (0, αu(t)− r(t)), (7.20a)

BζXζ(t) = u(t), (7.20b)

Xζ(τ) = (Φ(τ), ζ0(τ)), τ ∈ [−hM , 0] (7.20c)

Following the terminology of [345, Sec. 3.3] and using [345, Lem. 3.2.2] , the

pair (Aζ ,Bζ) defines a boundary control system with associated lifting oper-

ator Lζ . The associated disturbance-free operator is defined on D(Aζ,0) =

D(Aζ)∩ ker(Bζ) = D(A0)×R by Aζ,0(f, ζ) = (A0f,Df − cζ) and generated

the C0-semigroup Sζ(t) which is given by (see, e.g., [345, Lem. 3.2.2]):

Sζ(t) =

(
S(t) 0

SD(t) e−ct

)
. (7.21)

where SD(t)f =
∫ t

0
e−c(t−s)DS(s)f ds. We also have Lζ ∈ L(R,Hζ) with

R(Lζ) ⊂ D(Aζ) and BζLζu = Bζ(Lu, 0) = BLu = u for all u ∈ R.

Remark 3. Assuming that u is continuously differentiable while r, h,Φ, ζ0 are
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continuous, the mild solution Xζ ∈ C0(R+;Hζ) of (7.20) is defined by:

Xζ(t) = Sζ(t) {Xζ(0)− Lζu(0)}+ Lζu(t) (7.22)

+

∫ t

0

Sζ(t− s){cXζ(s− h(s)) + d(s) +AζLζu(s)− Lζ u̇(s)} ds

for all t ≥ 0 with d(t) = (0, αu(t) − r(t)) and Xζ(τ) = (Φ(τ), ζ0(τ)) for τ ∈
[−hM , 0]. In that case, with Xζ(t) = (X(t), ζ(t)), we deduce from (7.21) that

(7.4) holds, i.e. X ∈ C0(R+;H) is the mild solution of (7.3). Moreover, using

first (7.21) and then (7.8), it can be checked that ζ is continuously differentiable

and does satisfies (7.16).

We are now in position to assess the well-posedness of the augmented

plant (7.20) when placed in closed-loop with (7.19).

Lemma 3. Let 0 < hm < hM , h ∈ C0(R+) with hm ≤ h(t) ≤ hM , Φ ∈
C0([−hM , 0];H), ζ0 ∈ C0([−hM , 0]), p ∈ C1(R+), and r ∈ C0(R+). Then the

mild solution Xζ = (X, ζ) ∈ C0(R+;Hζ) of (7.20) with control input (7.19) is

well and uniquely defined with u ∈ C1(R+). Moreover, X is the mild solution

of (7.3) and ζ satisfies (7.16).

The proof of lemma 3 is shown in appendix B.3. In the context of the study

of the setpoint regulation of the system output, we will need to resort to the

concept of classical solutions for the augmented plant (7.20) when placed in

closed-loop with (7.19). The existence and uniqueness of such solutions is

guaranteed by the following corollary.

Corollary 1. Let 0 < hm < hM , h ∈ C1(R+) with hm ≤ h(t) ≤ hM and such

that t 7→ t − h(t) is nondecreasing, Φ ∈ C1([−hM , 0];H), ζ0 ∈ C1([−hM , 0]),
p ∈ C2(R+), and r ∈ C1(R+). Assume that Φ(0) ∈ D(A) and that the compat-

ibility condition

BΦ(0) = KYΦ,a(0) + p(0) (7.23)

holds. Then there exists a unique classical solution Xζ = (X, ζ) ∈
C0(R+;D(Aζ)) ∩ C1(R+;Hζ) of (7.20) with control input u ∈ C2

pw(R+) given

by (7.19).
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Proof. Let Xζ = (X, ζ) ∈ C0(R+;Hζ) be the mild solution of (7.20) with

control input (7.19). We observe from (7.17) that Ya, and thus u, are of class

C1 and C2
pw on R+. Based on (7.22), it follows from classical results (see, e.g.,

[345, Thm. 3.1.3]) and a steps argument that Xζ is a classical solution.

Remark 4. In the previous corollary, the condition that t 7→ t− h(t) is nonde-

creasing can actually be replaced by the weaker condition that t 7→ t − h(t)

crosses 0 a finite number of times.

Remark 5. From (7.18), it can be seen that if the feedback gain K ∈ R1×(N+2)

is computed such that AK = Aa + BaK is invertible (which is obviously the

case when the matrix is Hurwitz), then the last coefficient of K, that corre-

sponds to the integral state ζ, is necessarily non zero. Hence, for any given

initial condition Φ ∈ C1([−hM , 0];H) with Φ(0) ∈ D(A) and any bound-

ary perturbation p ∈ C2(R+), one can always select the initial condition

ζ0 ∈ C1([−hM , 0]) of the integral component such that the compatibility condi-

tion (7.23) holds.

7.5 Equilibrium conditions and associated dy-

namics of deviations

We are now in position to derive the equilibrium conditions and the subsequent

dynamics of deviations for the closed-loop system.

7.5.1 Equilibrium condition

Let re, pe ∈ R be “nominal” values of the reference signal r(t) and the bound-

ary perturbation p(t), respectively. Our first objective is to derive the equilib-

rium condition of the closed-loop system when setting r(t) = re and p(t) = pe.

To do so, we denote by the subscript “e” the equilibrium condition associated
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with the different system signals. We define

Ya,e =

[
Ye

ζe

]
, Ye =


x0,e

...

xN,e

 , Γe =

[
0

−re

]
.

From (7.17) and (7.19) we set Ya,e = −A−1
K (Bape + Γe) and ue = KYa,e + pe

which give

0 = AaYa,e +Baue + Γe,

ue = KYa,e + pe.

From (7.10) and (7.18), this implies that

0 = λnxn,e + (an + λnbn)ue, 0 ≤ n ≤ N, (7.24a)

0 =
N∑

n=0

xn,een(1) + αue − re. (7.24b)

For the residual dynamics neglected by the truncated model and that corre-

sponds to (7.8) for n ≥ N + 1, we define xn,e = −an+λnbn
λn

ue. This yields

0 = λnxn,e + (an + λnbn)ue for all n ≥ 0. We note that (xn,e)n≥0 ∈ ℓ2(N)
hence we can define Xe =

∑
n≥0 xn,een ∈ H. Moreover, introducing for n ≥ 0

the quantities wn,e = xn,e + bnue, we have for n ≥ N + 1 that wn,e = − an
λn
ue,

showing that (wn,e)n≥0 ∈ ℓ2(N) and (λnwn,e)n≥0 ∈ ℓ2(N). This allows the in-

troduction of We =
∑

n≥0wn,een ∈ D(A0) = D(Ac,0). Moreover, from the defi-

nition of bn given by (7.9), we have Xe = We+Lue ∈ D(Ac) hence BXe = ue.

Furthermore, since λnwn,e+anue = 0 for all n ≥ 0, we have from the definition

of an given by (7.9) that Ac,0We +AcLue = 0 hence AcXe = 0. By combining

now (7.24b) with the definition of α given by (7.15) and the above relations
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between xn,e and wn,e we obtain that

0 =
N∑

n=0

xn,een(1) + αue − re

=
N∑

n=0

xn,een(1) +
N∑

n=0

bnueen(1)−
∑

n≥N+1

an
λn
ueen(1)− re

=
∑
n≥0

wn,een(1)− re

= We(1)− re

where we have used (7.12). Since Xe ∈ D(Ac) ⊂ H1(0, 1), we infer that

Xe(1) = We(1) + [Lue](1) = re, which provides the desired reference tracking

for the steady state trajectory Xe.

Remark 6. The above developments show that the equilibrium condition of

the closed-loop system is fully characterized by re, pe ∈ R.

7.5.2 Dynamics of deviations

Let re, pe ∈ R be arbitrarily given and consider the different equilibrium quan-

tities defined in the first part of this section. We can now introduce the dy-

namics of deviations of the system trajectory with respect to the considered

equilibrium condition. These deviations are denoted by the symbol “∆”. For

instance, ∆X(t) and ∆W (t) stand for X(t)−Xe and W (t)−We, respectively.

Hence we obtain the following dynamics of deviation:
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d(∆X)

dt
(t) = A∆X(t) + c∆X(t− h(t)) (7.25a)

B∆X(t) = ∆u(t) (7.25b)

∆ẋn(t) = λn∆xn(t) + c{∆xn(t− h(t))−∆xn(t)}

+ (an + λnbn)∆u(t), (7.25c)

∆ζ̇(t) =
N∑

n=0

∆xn(t)en(1) + c{∆ζ(t− h(t))−∆ζ(t)}

+ α∆u(t)−∆r(t), (7.25d)

∆u(t) = K∆Ya(t) + ∆p(t) (7.25e)

for n ≥ 0 with ∆xn(t) = ⟨∆X(t), en⟩ and ∆wn(t) = ⟨∆W (t), en⟩ = ∆xn(t) +

bn∆u(t). This yields the following representation for the closed-loop system

dynamics:

∆Ẏa(t) = AK∆Ya(t) + c{∆Ya(t− h(t))−∆Ya(t)}

+Ba∆p(t) + ∆Γ(t), (7.26a)

∆ẋn(t) = λn∆xn(t) + c{∆xn(t− h(t))−∆xn(t)}

+ (an + λnbn)∆u(t), (7.26b)

∆u(t) = K∆Ya(t) + ∆p(t) (7.26c)

∆Ya(τ) = ∆YΦ,a(τ), τ ∈ [−hM , 0] (7.26d)

∆xn(τ) = ⟨∆Φ(τ), en⟩, τ ∈ [−hM , 0] (7.26e)

for n ≥ N + 1. This latter representation will be intensively used in the sequel

to complete the stability analysis as well as the reference tracking assessment.

7.6 Stability analysis

The main result of this section is the following stability result.

Theorem 1. Let 0 < hm < hM be arbitrarily given. Let N ≥ 0 be such that
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λN+1 < −2
√
5|c| and consider the matrices Aa and Ba defined by (7.18). Let

K ∈ R1×(N+2) be such thatAK = Aa+BaK is Hurwitz with simple eigenvalues

µ1, . . . , µN+2 ∈ C satisfying Reµn < −3|c| for all 1 ≤ n ≤ N + 2. Then, there

exist constants κ,C0, C1 > 0 such that, for all h ∈ C0(R+) with hm ≤ h(t) ≤
hM , Φ ∈ C0([−hM , 0];H), ζ0 ∈ C0([−hM , 0]), p ∈ C1(R+), and r ∈ C0(R+),

the mild solution Xζ = (X, ζ) ∈ C0(R+;Hζ) of (7.20) with control input (7.19)

satisfies

∥∆X(t)∥+ |∆ζ(t)|+ |∆u(t)| ≤ C0e
−κt sup

τ∈[−hM ,0]

(∥∆Φ(τ)∥+ |∆ζ0(τ)|)

+ C1 sup
τ∈[0,t]

e−κ(t−τ) (|∆p(τ)|+ |∆r(τ)|) (7.27)

for all t ≥ 0.

We immediately deduce the following behavior for the system trajectories

in the case of convergent reference signal r(t) and boundary perturbation p(t).

Corollary 2. In the context of Theorem 1, assume that r(t) → re and p(t) →
pe as t → +∞. Then X(t) → Xe and ζ(t) → ζe as t → +∞ with exponential

vanishing of the contribution of the initial conditions.

The proof of Theorem 1 is presented in appendix B.4.

7.7 Setpoint regulation assessment

We now address the setpoint regulation of the closed-loop system in terms of

classical solutions.

Theorem 2. Under the assumptions of Theorem 1, and for the same constant

κ > 0, there exist constants C2, C3 > 0 such that, for all h ∈ C1(R+) with hm ≤
h(t) ≤ hM and such that t 7→ t− h(t) is nondecreasing, Φ ∈ C1([−hM , 0];H)

with Φ(0) ∈ D(A), ζ0 ∈ C1([−hM , 0]), p ∈ C2(R+), and r ∈ C1(R+), all such
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that the compatibility condition (7.23) holds,

|[X(t)](1)− r(t)|

≤ C2e
−κt

{
sup

τ∈[−hM ,0]

(∥∆Φ(τ)∥+ |∆ζ0(τ)|) + ∥Ac∆Φ(0)∥

}
(7.28)

+ C3 sup
τ∈[0,t]

e−κ(t−τ) (|∆p(τ)|+ |∆ṗ(τ)|+ |∆r(τ)|)

for all t ≥ 0.

In particular, the following corollary holds.

Corollary 3. In the context of Theorem 2, assume that r(t) → re, p(t) → pe,

and ṗ(t) → 0 as t → +∞. Then [X(t)](1) → re as t → +∞ with exponential

vanishing of the contribution of the initial conditions.

The proof of Theorem 2 can be found in appendix B.5.

Remark 7. In the context of Theorem 2 dealing with classical solutions, the

stability result stated by Theorem 1 can be strengthen as follows. First, it can

be shown similarly to [334, Eq. 42] that, for any f ∈ D(Ac,0),

∥f ′∥2 = − cot(θ)|f(1)|2 + b+ c

a
∥f∥2 − 1

a

∑
n≥0

λn|⟨f, en⟩|2.

Considering classical solutions, we can apply this identity to ∆W (t) ∈ D(Ac,0)

where we note that estimates of ∥∆W (t)∥ and |[∆W (t)](1)| are provided by

Theorem 1 and Theorem 2, respectively, while the series
∑

n≥0 |λn||∆wn(t)|2

has been evaluated in the proof of Theorem 2. Since ∆X(t) = ∆W (t) +

L∆u(t) ∈ D(Ac) ⊂ H2(0, 1) with ∥[L∆u(t)]′∥ = 2√
3
|∆u(t)|, we infer that

∥[∆X(t)]′∥, and hence ∥∆X(t)∥H1(0,1), is upper bounded by a term similar

(i.e., with different constants Ci) to the right-hand side of (7.28). If we fur-

ther make the assumptions of Corollary 3, we obtain that X(t) converges in

H1(0, 1) norm and hence, by the continuous embedding H1(0, 1) ⊂ C0([0, 1]),

in L∞ norm to Xe when t→ +∞.
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7.8 Robustness with respect to delay mis-

matches

In the previous sections, we have assumed the perfect knowledge of the state-

delay h. This was used to build the dynamics of the integral component ζ

given by (7.16). In this section, we discuss the robustness of the proposed

control strategy with respect to delay mismatches. Assume that we dispose of

an estimate ĥ of the actual delay h such that |ĥ − h| ≤ δ for some constant

δ > 0. In this case, we replace the integral component ζ, originally defined by

(7.16), by the following dynamics:

ζ̇(t) =
N∑

n=0

xn(t)en(1) + c{ζ(t− ĥ(t))− ζ(t)} (7.29a)

+ αu(t)− r(t), (7.29b)

ζ(τ) = ζ0(τ), τ ∈ [−hM , 0] (7.29c)

Assuming that ĥ satisfies the same assumptions as h, the only difference

comparing to the previous developments occurs in the study of the truncated

model. More precisely, the closed-loop truncated model, originally given by

(7.26a) and (7.26d), becomes:

∆Ẏa(t) = AK∆Ya(t) + c{∆Ya(t− h(t))−∆Ya(t)} (7.30a)

+ Ec{∆Ya(t− ĥ(t))−∆Ya(t− h(t))}

+Ba∆p(t) + ∆Γ(t)

∆Ya(τ) = ∆YΦ,a(τ), τ ∈ [−hM , 0] (7.30b)

with Ec = diag(0, . . . , 0, c) ∈ R(N+2)×(N+2). Provided a suitable choice of

the feeback gain K, the existence of a maximal delay mismatch δ > 0 such

that (7.30) is exponentially input-to-state stable with respect to the exogenous

signals ∆p and ∆r follows from the following lemma.

Lemma 4. Let N ≥ 1, 0 < hm < hM , A,E ∈ RN×N and c ∈ R. Assume that

A is Hurwitz with simple eigenvalues µ1, . . . , µN ∈ C such that Reµn < −3|c|
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for all 1 ≤ n ≤ N . Then there exist constants δ, σ, C4, C5 > 0 such that, for

any x0 ∈ C0([−hM , 0];RN), any hi ∈ C0(R+) with i ∈ {1, 2, 3}, hm ≤ hi ≤ hM ,

and |h2 − h3| ≤ δ, and any q̃ ∈ C0(R+;RN), the trajectory of

ẋ(t) = Ax(t) + c {x(t− h1(t))− x(t)} (7.31a)

+ E {x(t− h2(t))− x(t− h3(t))}+ q̃(t),

x(τ) = x0(τ), τ ∈ [−hM , 0] (7.31b)

satisfies, for all t ≥ 0,

∥x(t)∥ ≤ C4e
−σt sup

τ∈[−hM ,0]

∥x0(τ)∥+ C5 sup
τ∈[0,t]

e−σ(t−τ)∥q̃(τ)∥.

Hence, proceeding exactly as in the previous sections, we obtain the ex-

istence of a constant δ > 0 such that, when replacing the definition (7.16) of

the integral component ζ by (7.29), the conclusions of Theorems 1 and 2 still

hold true3 for any estimated state-delay ĥ satisfying the same assumptions as

h and with |ĥ− h| ≤ δ. The proof can be seen in appendix B.6.

7.9 Simulation results

We illustrate the theoretical results of this chapter with some numerical sim-

ulations. The simulation diagram is shown in Fig 7.2. We set a = 0.2,

b = 2, c = 1, and θ = π/3. The first eigenvalues of the unbounded oper-

ator Ac,0 are approximately given by λ0 ≈ 2.301, λ1 ≈ −1.668 > −2
√
5|c|,

and λ2 ≈ −9.567 < −2
√
5|c|. Hence we set N = 1, i.e., two modes

of the PDE plant are captured by the truncated model. The feedback gain

K ∈ R1×3 is computed such that AK = Aa + BaK is Hurwitz with sim-

ple eigenvalues µ1 = −4, µ2 = −5, µ3 = −6 which are all such that

µn < −3|c|. The initial condition of the reaction-diffusion equation is selected

as ϕ(τ, x) = 10 cos(3πτ)x(1 − x)2. The initial condition of the integral com-

ponent ζ is set as ζ0(τ) = cos(3πτ)ζa where ζa ∈ R is selected such that the

3With constants Ci of the estimates (7.27) and (7.28) that are independent of a particularly
selected ĥ.
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compatibility condition (7.23) holds. The employed numerical scheme consists

of the modal approximation of the reaction–diffusion equation using its first 40

modes.

The behavior of the closed-loop system composed of (7.3), (7.16), and

(7.19) is illustrated for the time varying delay h(t) = 1+ 1
2
sin(5πt+π/4) and the

boundary perturbation p(t) as shown in Fig. 7.3(d). The results are depicted

in Fig. 7.3. During the 10 first seconds of simulation, we observe that the

control law achieves the exponential stabilization of the closed-loop system:

both the state and the regulated output converge to zero in spite of a constant

boundary perturbation p(t) = 1. Then, for t > 10 s, the reference signal is set

as r(t) = 5. We observe that the proposed control strategy indeed ensures

the setpoint tracking of the reference signal r(t) by the right Dirichlet trace

y(t, 1). Finally, around t = 20 s, the magnitude of the boundary perturbation

p(t) increases to reach the approximate value of 25 and then decreases to

converge to the value of 6. It can be seen that the impact of this perturbation on

both the state trajectory and the regulated output are successfully eliminated

by the integral component of the control strategy.

Finally, Fig. 7.4 illustrates the impact of delay mismatches on the closed-

loop system performance. Here we set ĥ = 1 while considering increasing

values for the actual delay h ∈ {1, 2, 3, 4}. The boundary perturbation is set

as p = 1. As expected, we observe a smooth degradation of the performances

of the resulting closed-loop system.

7.10 Conclusion

In this chapter, we have investigated the boundary PI regulation control of

a reaction-diffusion equation in the presence of a state-delay in the reaction

term. Our approach, which takes advantage of spectral reduction-based meth-

ods, relies on the use of small gain arguments to ensure the stability of the

resulting closed-loop system, as well as the setpoint regulation of the right

Dirichlet trace. The stability in the presence of disturbances and delays can-

not be guaranteed by the conventional heuristic PI control design strategies
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Figure 7.2: Simulation Diagram
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that are widely used in industries. It is evident from the numerical simulations

of the theoretical results of this chapter that the designed control strategy is

robust not only against external disturbances but also can handle delay mis-

matches. The future research direction will be concerned with extensions to

the PI regulation control to enhance the practical feasibility of the developed

control design strategy for AM processes.
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Chapter 8: Output feedback

regulation of an

infinite-dimensional system

cascaded with an ODE

Abstract

In this chapter, we develop a finite-dimensional observer-based control design

for the output feedback stabilization as well as the regulation of a reaction-

diffusion equation (PDE) cascaded with an ODE to enhance the pragmati-

cal feasibility of the control design strategy proposed in Chapter 7. First, we

performed a spectral reduction to obtain a finite-dimensional truncated model

of the original PDE-ODE cascaded system. Second, the finite-dimensional

observer-based controller is designed by pole shifting to achieve stabilization.

Third, the truncated model is augmented by an integral component to achiev-

ing the output feedback regularization. Finally, the finite-dimensional observer-

based controller is designed by pole shifting. By an adequate selection of the

number of modes, we show that the proposed control design strategy achieves

both the exponential stabilization as well as the setpoint regulation of the origi-

nal PDE-ODE cascaded system. The work presented in this chapter is largely

the work of Hugo Lhachemi. The contribution of the author is the numerical

validation of the theoretical results under the supervision of Robert Shorten.
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Chapter 8

Output feedback regulation of an

infinite-dimensional system

cascaded with an ODE

8.1 Introduction

Modal approximation based control strategies, such as used in Chapter 7,

have been demonstrated to be effective in designing the state-feedback con-

trol of parabolic PDEs [334,342–344,348,352]. Although, such methods allow

the design of finite-dimensional state-feedback control strategies for infinite-

dimensional systems such as parabolic PDEs, however, the distributed nature

of the plant makes the states inaccessible by direct measurements. There-

fore, it is desirable to be able to estimate the states from measurements. In

the context of finite-dimensional linear time-invariant (LTI) systems if the phys-

ical states cannot be determined by the direct observations then the state-

feedback control is achieved by using observer-based control strategies [353].

The same type of approach has been developed for the output feedback stabi-

lization of systems described by PDEs. The most fruitful approach in this field

relies on the backstepping method [354]. Similarly to the finite-dimensional

setting, the idea is to implement an observer that mimics the dynamics of the

original plant with a term of correction related to the error of estimation of
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the system output. The main issue is that the obtained observer is itself de-

scribed by a PDE, hence is infinite-dimensional. This raises many challenges

in terms of practical implementation such as model reduction because only

finite-dimensional control strategies can actually be implemented. To avoid

this pitfall, the capability to directly design finite-dimensional observer-based

control strategies for PDEs is very appealing [355–361].

In Chapter 7, we designed the boundary PI regulation control of an infinite-

dimensional system (reaction-diffusion equation) with the assumption that the

full state of the PDE is measured, hence available for feedback control, which

is practically infeasible due to the distributed nature of the states. There-

fore, in this chapter, we develop a finite-dimensional observer-based control

strategy for the output feedback regulation of a reaction-diffusion equation

cascaded with an ODE. The designed controller for the cascaded PDE-ODE

system is composed of a finite-dimensional observer coupled with a finite-

dimensional state feedback as illustrated in Fig. 8.1. This control design strat-

egy was initiated in [358] for parabolic PDEs with either a bounded input or

a bounded output operator by leveraging classical spectral reduction meth-

ods [342–344]. Afterwards, this control strategy was enhanced to address

the boundary stabilization of reaction-diffusion PDEs with either Dirichlet or

Neumann boundary measurement [359]. Extensions of the method include

finite-dimensional observer-based PI regulation control of a reaction-diffusion

equation [360], non-linear control [362, 363], and arbitrarily long (input/out-

put/state) delays [364–367]. Cascaded PDE-ODE systems are used to model

certain practical applications involving finite-dimensional dynamics coupled

with physical processes described by a PDE. The PDE can be used to de-

scribe an open-loop plant whereas the controller and/or actuator dynamics

can be modelled by ODEs or vice versa [368] as depicted in Fig. 8.2, where,

z(t, x) and X(t) represent the states of PDEs and ODEs respectively with

u(t) as the input and y(t) as the output of the cascaded configurations. Fig-

ure 8.2(a) illustrates PDE-ODE configurations in which PDE state is coupled

with the ODE through the variable z(t, 0), which we refer to as ’Dirichlet inter-

connection’ whereas Fig. 8.2(b) shows ODE-PDE configurations with Dirichlet

measurements in which the output of the system is measured through the PDE
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Figure 8.1: Control loop for the output feedback regulation

state z(t, 0). Due to the practical relevance of the cascaded PDE-ODE sys-

tems, control strategies for various configurations of transport PDE [369–371],

wave PDE [372, 373], and heat PDE [372, 374] cascaded with an ODE have

been proposed in the literature. In this chapter, we have developed a finite-

dimensional observer-based control design for the output feedback stabiliza-

tion and regulation of a reaction-diffusion equation (PDE) cascaded with an

ODE through Dirichlet interconnection applicable to the configurations shown

in Fig. 8.2(a).

8.1.1 Properties of Sturm-Liouville operators

Let p ∈ C1([0, 1]) and q ∈ C0([0, 1]) with p > 0 and q ≥ 0. Consider the

Sturm-Liouville operator A : D(A) ⊂ L2(0, 1) → L2(0, 1) defined by Af =

−(pf ′)′ + qf on the domain D(A) = {f ∈ H2(0, 1) : f ′(0) = f(1) = 0}. The

eigenvalues λn, n ≥ 1, of A are simple, non negative, and form an increasing

sequence with λn → +∞ as n → +∞. The associated unit eigenvectors

ϕn ∈ L2(0, 1) form a Hilbert basis. Moreover we have D(A) = {f ∈ L2(0, 1) :∑
n≥1 |λn|2| ⟨f, ϕn⟩ |2 < +∞} and Af =

∑
n≥1 λn ⟨f, ϕn⟩ϕn.

Let p∗, p∗, q∗ ∈ R be such that 0 < p∗ ≤ p(x) ≤ p∗ and 0 ≤ q(x) ≤ q∗ for
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Figure 8.2: PDE and ODE cascaded configurations

all x ∈ [0, 1], then [375]:

0 ≤ π2(n− 1)2p∗ ≤ λn ≤ π2n2p∗ + q∗ (8.1)

holds for all n ≥ 1. The continuous embedding H1(0, 1) ⊂ L∞(0, 1) ensures

the existence of constants C1, C2 > 0 such that

C1∥f∥2H1 ≤
∑
n≥1

λn ⟨f, ϕn⟩2 = ⟨Af, f⟩ ≤ C2∥f∥2H1 (8.2)

for all f ∈ D(A). This implies that f(ξ) =
∑

n≥1 ⟨f, ϕn⟩ϕn(ξ) for all ξ ∈ [0, 1]

and all f ∈ D(A). Finally, further assuming that p ∈ C2([0, 1]), it can be shown

(see, e.g., [375]) that ϕn(0) = O(1) and ϕ′
n(0) = O(

√
λn) as n→ +∞.
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8.2 Problem description

We consider the following reaction-diffusion equation cascaded with an ODE

zt(t, x) = (p(x)zx(t, x))x − q̃(x)z(t, x) (8.3a)

zx(t, 0) = 0, z(t, 1) = u(t) (8.3b)

ẋ(t) = Ax(t) +Bz(t, 0) (8.3c)

y(t) = Cx(t) (8.3d)

z(0, x) = z0(x), x(0) = x0 (8.3e)

for t > 0 and x ∈ (0, 1) where p ∈ C2([0, 1]), q̃ ∈ C0([0, 1]), A ∈ Rn×n, B ∈ Rn,

and C ∈ R1×n. Here z(t, ·) ∈ L2(0, 1) and x(t) ∈ Rn stand for the states of the

reaction-diffusion equation and of the ODE, respectively. The associated initial

conditions are denoted by z0 ∈ L2(0, 1) and x0 ∈ Rn, respectively. Finally,

u(t) ∈ R and y(t) ∈ R represent the control input and the measured output,

respectively. Without loss of generality, we introduce q ∈ C0([0, 1]) and qc ∈ R
such that

q̃ = q − qc, q ≥ 0. (8.4)

8.3 Output feedback stabilization

We investigate the stabilization problem of the reaction-diffusion equation cas-

caded with an ODE described by (8.3).

8.3.1 Preliminary transformations and controller architec-

ture

Introducing the change of variable

w(t, x) = z(t, x)− x2u(t) (8.5)
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the non-homogeneous system (8.3) can be equivalently rewritten as the fol-

lowing homogeneous system:

wt(t, x) = (p(x)wx(t, x))x − q̃(x)w(t, x) + a(x)u(t) + b(x)u̇(t) (8.6a)

wx(t, 0) = 0, w(t, 1) = 0 (8.6b)

ẋ(t) = Ax(t) +Bw(t, 0) (8.6c)

y(t) = Cx(t) (8.6d)

w(0, x) = w0(x), x(0) = x0 (8.6e)

where a(x) = 2p(x) + 2xp′(x) − q̃(x)x2, b(x) = −x2, and w0(x) = z0(x) −
x2u(0). Here v = u̇ is seen as an auxiliary control input used for control

design. This system can be put in the following abstract form1:

u̇(t) = v(t) (8.7a)

wt(t, ·) = (−A+ qc)w(t, ·) + au(t) + bv(t) (8.7b)

ẋ(t) = Ax(t) +Bw(t, 0) (8.7c)

y(t) = Cx(t) (8.7d)

w(0, x) = w0(x), x(0) = x0 (8.7e)

Defining the coefficients of projection wn(t) = ⟨w(t, ·), ϕn⟩, an = ⟨a, ϕn⟩, and

bn = ⟨b, ϕn⟩, we obtain for classical solutions that

u̇(t) = v(t) (8.8a)

ẇn(t) = (−λn + qc)wn(t) + anu(t) + bnv(t), n ≥ 1 (8.8b)

ẋ(t) = Ax(t) +B
∑
i≥1

wn(t)ϕn(0) (8.8c)

y(t) = Cx(t) (8.8d)

Let δ > 0 be the desired exponential decay rate for the closed-loop system

trajectories and let N0 ≥ 1 be such that −λn + qc < −δ for all n ≥ N0 + 1. Let

1From an implementation perspective, the actual control input to be applied to the original
plant 8.3 remains u.
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N ≥ N0+1 to be determined later. We consider the following observer-based

control strategy:

˙̂wn(t) = (−λn + qc)ŵn(t) + anu(t) + bnv(t)− lw,n{ŷ(t)− y(t)}, 1 ≤ n ≤ N0

(8.9a)

˙̂wn(t) = (−λn + qc)ŵn(t) + anu(t) + bnv(t), N0 + 1 ≤ n ≤ N (8.9b)

˙̂x(t) = Ax̂(t) +B
N∑
i=1

ŵn(t)ϕn(0)− Lx{ŷ(t)− y(t)} (8.9c)

ŷ(t) = Cx̂(t) (8.9d)

v(t) = kuu(t) +

N0∑
i=1

kiŵi(t) + kxx̂(t) (8.9e)

where lw,n ∈ R and Lx ∈ Rn are the observer gains while ku, k1, . . . , kN0 ∈ R
and kx ∈ R1×n are the feedback gains.

8.3.2 Stability analysis

Truncated model

Introducing the error signals ex(t) = x(t)− x̂(t) and en(t) = wn(t)− ŵn(t) for

1 ≤ n ≤ N , we obtain that

˙̂wn(t) = (−λn + qc)ŵn(t) + anu(t) + bnv(t) + lw,nCex(t), 1 ≤ n ≤ N0

˙̂wn(t) = (−λn + qc)ŵn(t) + anu(t) + bnv(t), N0 + 1 ≤ n ≤ N

˙̂x(t) = Ax̂(t) +B
N∑

n=1

ŵn(t)ϕn(0) + LxCex(t)
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hence

ėn(t) = (−λn + qc)en(t)− lw,nCex(t), 1 ≤ n ≤ N0

ėn(t) = (−λn + qc)en(t), N0 + 1 ≤ n ≤ N

ėx(t) = Aex(t) +B
N∑

n=1

en(t)ϕn(0) +Bζ(t)− LxCex(t)

where ζ(t) =
∑

n≥N+1wn(t)ϕn(0). Defining now the vectors

ŴN0 =


ŵ1

...

ŵN0

x̂

 , ŴN−N0 =


ŵN0+1

...

ŵN

 , EN0 =


e1
...

eN0

ex

 , EN−N0 =


eN0+1

...

eN


and the matrices A0 = diag(−λ1 + qc, . . . ,−λN0 + qc),

B0,a =


a1
...

aN0

 , B0,b =


b1
...

bN0

 , Lw =


lw,1

...

lw,N0

 ,
C0 =

[
ϕ1(0) . . . ϕN0(0)

]
, and C1 =

[
ϕN0+1(0) . . . ϕN(0)

]
, we infer that

˙̂
WN0(t) =

[
A0 0

BC0 A

]
ŴN0(t) +

[
B0,a

0

]
u(t) +

[
B0,b

0

]
v(t)

+

[
0 LwC

0 LxC

]
EN0(t) +

[
0

BC1

]
ŴN−N0(t).

Hence, introducing the augmented vector ŴN0
a = col(u, ŴN0) and the feed-

back gain K =
[
ku k1 . . . kN0 kx

]
we have v = KŴN0

a and

˙̂
WN0

a (t) = (A1 +B1K)ŴN0
a (t) + L̃C̃EN0(t) + B̃1Ŵ

N−N0(t) (8.10)
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where

A1 =

 0 0 0

B0,a A0 0

0 BC0 A

 , B1 =

 1

B0,b

0

 , L̃ =

[
0

L

]
, C̃ =

[
0 C

]
, B̃1 =

 0

0

BC1

 .
with L = col(Lw, Lx). Defining now the matrices

Ã =

[
A0 0

BC0 A

]
, B̃2 =

[
0

BC1

]
, B̃3 =

[
0

B

]

we have

ĖN0(t) = {Ã− LC̃}EN0(t) + B̃2E
N−N0(t) + B̃3ζ(t). (8.11)

Finally, we also have

˙̂
WN−N0(t) = A2Ŵ

N−N0(t) +B2,au(t) +B2,bv(t)

= A2Ŵ
N−N0(t) + {B2,bK +B2,a

[
1 0

]
}ŴN0

a (t)

ĖN−N0(t) = A2E
N−N0(t)

with A2 = diag(−λN0+1 + qc, . . . ,−λN + qc),

B2,a =


aN0+1

...

aN

 , B2,b =


bN0+1

...

bN

 .
Defining the vector

X = col(ŴN0
a , EN0 , ŴN−N0 , EN−N0),

we infer that

Ẋ(t) = FX(t) + Lζ(t)
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where

F =


A1 +B1K L̃C̃ B̃1 0

0 Ã− LC̃ 0 B̃2

B2,bK +B2,a

[
1 0

]
0 A2 0

0 0 0 A2

 , L =


0

B̃3

0

0

 .

We also note that u = EX and v = K̃X where E =
[
1 0 . . . 0

]
and

K̃ =
[
K 0 0 0

]
.

Main result

The main result of this section is stated in the following theorem.

Theorem 3. Let p ∈ C2([0, 1]) with p > 0 and q̃ ∈ C0([0, 1]). Let q ∈ C0([0, 1])

and qc ∈ R be such that (8.4) holds. Consider the PDE-ODE cascade (8.3)

along with the controller (8.9). Assume that there exist K ∈ R1×(n+N0+1),

L ∈ Rn+N0 , N ≥ N0 + 1, P ≻ 0, α > 1, and β > 0 such that

Θ1 =

[
F⊤P + PF + αG PL

L⊤P −β

]
≺ 0

Θ2 =

[
−λN+1 + qc +

βMϕ

2

√
λN+1√

λN+1 −α

]
≺ 0

where G = ∥a∥2L2E⊤E + ∥b∥2L2K̃⊤K̃ and Mϕ =
∑

n≥N+1
ϕn(0)2

λn
< +∞. Then

there exist constants η,M > 0 such that, for any z0 ∈ H2(0, 1), x0 ∈ Rn,

u(0) ∈ R such that (z0)x(0) = 0 and z0(1) = u(0), ŵk(0) ∈ R, and x̂(0) ∈ Rn,

the trajectory of the closed-loop system satisfies

∥z(t, ·)∥2H1 + ∥x(t)∥2 + u(t)2 +
N∑
k=1

ŵk(t)
2 + ∥x̂(t)∥2

≤Me−2ηt

(
∥z0∥2H1 + ∥x0∥2 + u(0)2 +

N∑
k=1

ŵk(0)
2 + ∥x̂(0)∥2

)
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for all t ≥ 0.

The proof of Theorem 3 is presented in appendix B.7.

8.4 Output feedback regulation

We extend the stabilization results of the previous section to regulation control.

To do so, we again consider the reaction-diffusion equation cascaded with an

ODE described by (8.3).

8.4.1 Preliminary transformations and controller architec-

ture

Considering the change of variable (8.5) we reuse the homogenous represen-

tation (8.8) derived in the previous section.

Let δ > 0 and N0 ≥ 1 be such that −λn + qc < −δ for all n ≥ N0 + 1. Let

N ≥ N0 + 1. We consider the following observer-based PI control strategy:

˙̂wn(t) = (−λn + qc)ŵn(t) + anu(t) + bnv(t)− lw,n{ŷ(t)− y(t)}, 1 ≤ n ≤ N0

(8.12a)

˙̂wn(t) = (−λn + qc)ŵn(t) + anu(t) + bnv(t), N0 + 1 ≤ n ≤ N (8.12b)

˙̂x(t) = Ax̂(t) +B

{
N∑
i=1

ŵn(t)ϕn(0)− α1u(t)

}
− Lx{ŷ(t)− y(t)} (8.12c)

ŷ(t) = Cx̂(t) (8.12d)

ξ̇(t) = y(t)− r(t) (8.12e)

v(t) = kuu(t) +

N0∑
i=1

kiŵi(t) + kxx̂(t) + kξξ(t) (8.12f)

with

α1 =
∑

n≥N+1

anϕn(0)

−λn + qc
∈ R
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and where lw,n ∈ R and Lx ∈ Rn are the observer gains while

ku, k1, . . . , kN0 , kξ ∈ R and kx ∈ R1×n are the feedback gains. Here r(t)

represents a reference signal.

Truncated model

Introducing the error signals ex(t) = x(t)− x̂(t) and en(t) = wn(t)− ŵn(t) for

1 ≤ n ≤ N , we obtain that

˙̂wn(t) = (−λn + qc)ŵn(t) + anu(t) + bnv(t) + lw,nCex(t), 1 ≤ n ≤ N0

˙̂wn(t) = (−λn + qc)ŵn(t) + anu(t) + bnv(t), N0 + 1 ≤ n ≤ N

˙̂x(t) = Ax̂(t) +B
N∑
i=1

ŵn(t)ϕn(0)− α1Bu(t) + LxCex(t)

ξ̇(t) = C{ex(t) + x̂(t)} − r(t)

hence

ėn(t) = (−λn + qc)en(t)− lw,nCex(t), 1 ≤ n ≤ N

ėn(t) = (−λn + qc)en(t), N0 + 1 ≤ n ≤ N

ėx(t) = Aex(t) +B
N∑
i=1

en(t)ϕn(0) + α1Bu(t) +Bζ(t)− LxCex(t)

ξ̇(t) = Cx̂(t) + Cex(t)− r(t)

where ζ(t) =
∑

n≥N+1wn(t)ϕn(0). Defining now the vectors

ŴN0 =



ŵ1

...

ŵN0

x̂

ξ


, ŴN−N0 =


ŵN0+1

...

ŵN

 , EN0 =


e1
...

eN0

ex

 , EN−N0 =


eN0+1

...

eN
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and the matrices A0 = diag(−λ1 + qc, . . . ,−λN0 + qc),

B0,a =


a1
...

aN0

 , B0,b =


b1
...

bN0

 , Lw =


lw,1

...

lw,N0

 ,
C0 =

[
ϕ1(0) . . . ϕN0(0)

]
, and C1 =

[
ϕN0+1(0) . . . ϕN(0)

]
, we infer that

˙̂
WN0(t) =

 A0 0 0

BC0 A 0

0 C 0

 ŴN0(t) +

 B0,a

−α1B

0

u(t) +
B0,b

0

0

 v(t)

+

0 LwC

0 LxC

0 C

EN0(t) +

 0

BC1

0

 ŴN−N0(t)−

00
1

 r(t).
Hence, introducing the augmented vector ŴN0

a = col(u, ŴN0) and the feed-

back gain K =
[
ku k1 . . . kN0 kx kξ

]
we have v = KŴN0

a and

˙̂
WN0

a (t) = (A1 +B1K)ŴN0
a (t) + L̃C̃EN0(t) + B̃1Ŵ

N−N0(t)−Brr(t) (8.13)

where

A1 =


0 0 0 0

B0,a A0 0 0

−α1B BC0 A 0

0 0 C 0

 , B1 =


1

B0,b

0

0

 , L̃ =

0L
1

 ,

C̃ =
[
0 C

]
, B̃1 =


0

0

BC1

0

 , B̃r =


0

0

0

1

 .
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with L = col(Lw, Lx). Defining now the matrices

Ã =

[
A0 0

BC0 A

]
, B̃2 =

[
0

BC1

]
, B̃3 =

[
0

B

]
, B̃4 =

[
0[

B 0 0 0
]]

we have

ĖN0(t) = {Ã− LC̃}EN0(t) + B̃2E
N−N0(t) + B̃3ζ(t) + α1B̃4Ŵ

N0
a (t). (8.14)

Finally, we also have

˙̂
WN−N0(t) = A2Ŵ

N−N0(t) +B2,au(t) +B2,bv(t)

= A2Ŵ
N−N0(t) + {B2,bK +B2,a

[
1 0 0

]
}ŴN0

a (t)

ĖN−N0(t) = A2E
N−N0(t)

with A2 = diag(−λN0+1 + qc, . . . ,−λN + qc),

B2,a =


aN0+1

...

aN

 , B2,b =


bN0+1

...

bN

 .
Defining the vector

X = col(ŴN0
a , EN0 , ŴN−N0 , EN−N0),

we infer that

Ẋ(t) = FX(t) + Lζ(t)− Lrr(t)

where

F =


A1 +B1K L̃C̃ B̃1 0

α1B̃4 Ã− LC̃ 0 B̃2

B2,bK +B2,a

[
1 0 0 0

]
0 A2 0

0 0 0 A2

 , L =


0

B̃3

0

0

 , Lr =


Br

0

0

0

 .
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We also note that u = EX and v = K̃X where E =
[
1 0 . . . 0

]
and

K̃ =
[
K 0 0 0

]
.

8.4.2 Equilibrium condition and dynamics of deviation

Let r(t) = re for some arbitrarily given constant re ∈ R. The objective is to

characterize the equilibrium condition of the closed-loop system composed of

the plant (8.3) and the controller (8.12). More specifically, denoting by the sub-

script “e” the equilibrium condition associated with a given signal, one needs

to solve the following system of equations.

0 = (−λn + qc)wn,e + anue + bnve (8.15a)

0 = ve = KŴN0
a,e (8.15b)

0 = Axe +B
∑
n≥1

wn,eϕn(0) (8.15c)

ye = Cxe (8.15d)

0 = (−λn + qc)ŵn,e + anue + bnve + lw,nC(xe − x̂e), 1 ≤ n ≤ N0 (8.15e)

0 = (−λn + qc)ŵn,e + anue + bnve, N0 + 1 ≤ n ≤ N (8.15f)

0 = Ax̂e +B

{
N∑

n≥1

ŵn,eϕn(0)− α1ue

}
+ LxC(xe − x̂e) (8.15g)

0 = ye − re (8.15h)

We define ex,e = xe − x̂e and en,e = wn,e − ŵn,e for 1 ≤ n ≤ N . We infer from

(8.15a) that wn,e =
−an

−λn+qc
ue for all n ≥ N0 + 1. Moreover, (8.15f) implies that

ŵn,e = wn,e =
−an

−λn+qc
ue, hence en,e = wn,e − ŵn,e = 0, for all N0 + 1 ≤ n ≤ N .

Defining ζe =
∑

n≥N+1wn,eϕn(0), we deduce from (8.15c) and (8.15g) that

0 =
[
BC0 A− LxC

]
EN0

e + Bζe + α1Bue. From (8.15a) and (8.15e), we

also obtain that 0 = (−λn + qc)en,e − lw,nCex for 1 ≤ n ≤ N0. Combining

the two latter identities, we infer that 0 = (Ã − LC̃)EN0
e + B̃3(ζe + α1ue).

Noting that α1ue =
∑

n≥N+1
anϕn(0)
−λn+qc

ue = −
∑

n≥N+1wn,eϕn(0) = −ζe we have

(Ã − LC̃)EN0
e = 0. Assuming that Ã − LC̃ is Hurwitz, which will always be

the case in the context of the assumptions of the upcoming theorem, EN0
e = 0.
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8.4. OUTPUT FEEDBACK REGULATION

This implies that en,e = 0 for all 1 ≤ n ≤ N0 and ex = 0. We have shown that

ŵn,e = wn,e for all 1 ≤ n ≤ N and x̂e = xe. Following the developments of the

previous subsection, (8.15) also implies that[
A1 +B1K B̃1

B2,bK +B2,a

[
1 0 0 0

]
A2

][
ŴN0

a,e

ŴN−N0
e

]
=

[
Br

0

]
re.

Assuming that the matrix on the left-hand side of the former inequality is Hur-

witz, which will always be the case in the context of the assumptions of the

upcoming theorem, we obtain that ue, ξe, and wn,e for 1 ≤ n ≤ N are uniquely

defined. We can now define we =
∑

n≥1wn,eϕe ∈ D(A). Based on (8.15c)

and (8.15g) we finally have 0 = Axe + bwe(0) = Ax̂e + bwe(0).

We have thus obtained that the equilibrium condition of the closed-loop

system is uniquely defined and is fully characterized by the value of the con-

stant reference input r(t) = re ∈ R. Denoting by ‘’∆’ the deviation of the

different signals with respect to their equilibrium condition, we infer that

∆Ẋ(t) = F∆X(t) + L∆ζ(t)− Lr∆r(t)

∆ẇn(t) = (−λn + qc)∆wn(t) + an∆u(t) + bn∆v(t), n ≥ N + 1

∆v(t) = K∆ŴN0
a (t)

Main result

The main result of this section is stated in the following theorem.

Theorem 4. Let p ∈ C2([0, 1]) with p > 0 and q̃ ∈ C0([0, 1]). Let q ∈ C0([0, 1])

and qc ∈ R be such that (8.4) holds. Consider the PDE-ODE cascade (8.3)

along with the controller (8.12). Assume that there exist K ∈ R1×(n+N0+2),

L ∈ Rn+N0 , N ≥ N0 + 1, P ≻ 0, α > 1, and β > 0 such that

Θ1 =

[
F⊤P + PF + αG PL

L⊤P −β

]
≺ 0

Θ2 =

[
−λN+1 + qc +

βMϕ

2

√
λN+1√

λN+1 −α

]
≺ 0
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8.5. SIMULATION RESULTS

where G = ∥a∥2L2E⊤E + ∥b∥2L2K̃⊤K̃ and Mϕ =
∑

n≥N+1
ϕn(0)2

λn
< +∞. Then

there exists a constant η > 0 so that, for any ϵ ∈ [0, 1), there exists a constant

M > 0 such that, for any z0 ∈ H2(0, 1), x0 ∈ Rn, u(0) ∈ R such that (z0)x(0) =

0 and z0(1) = u(0), ŵk(0) ∈ R, x̂(0) ∈ Rn, and ξ(0) ∈ R, the trajectory of the

closed-loop system satisfies

∥∆z(t, ·)∥2H1 + ∥∆x(t)∥2 +∆u(t)2 +
N∑
k=1

∆ŵk(t)
2 + ∥∆x̂(t)∥2 +∆ξ(t)2

(8.16)

≤Me−2ηt

(
∥∆z0∥2H1 + ∥∆x0∥2 +∆u(0)2 +

N∑
k=1

∆ŵk(0)
2 + ∥∆x̂(0)∥2 +∆ξ(0)2

)
+M sup

τ∈[0,t]
e−2ϵη(t−τ)∆r(τ)2

while the tracking error is such that

|y(t)− r(t)| (8.17)

≤Me−ηt

∥∆z0∥H1 + ∥∆x0∥+ |∆u(0)|+

√√√√ N∑
k=1

∆ŵk(0)2 + ∥∆x̂(0)∥+ |∆ξ(0)|


+M sup

τ∈[0,t]
e−ϵη(t−τ)|∆r(τ)|

for all t ≥ 0.

The proof of Theorem 4 can be found in appendix B.8.

8.5 Simulation results

In this section, we illustrate the numerical simulations of the theoretical results

of this chapter for the output feedback stabilization and regulation of a reaction-

diffusion equation cascaded with an ODE described by (8.3). Considering the
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8.5. SIMULATION RESULTS

Table 8.1: Eigenvalues of the unbounded operator A

n λn −λn + qc
1 2.467 0.5326
2 22.207 -19.207

PDE-ODE cascade described by (8.3) with p = 1, q̃ = −3, and the matrices

A =

[
1 3/4

1/3 1/2

]
, B =

[
0

1

]
, C =

[
2 1

]
,

both PDE and ODE plants are open-loop unstable. The initial condition of ODE

is selected as x0 =
[
2 −3

]⊤
whereas that of PDE is set to be z0(x) = 1+x2.

The initial conditions of the observers are set to be zero. The employed nu-

merical scheme consists of the modal approximation of the cascaded system

(8.3) using its first 30 modes. Table 8.1 shows the first two approximate eigen-

values (λn) of the unbounded operator A. For δ = 0.5, it can be seen in Tab.

8.1 that −λ2 + qc ≈ −19.207 < −δ = −0.5. Therefore, we select N0 = 1 to

compute feedback gains.

8.5.1 Output feedback stabilization

The feedback gain K =
[
ku k1 . . . kN0 kx

]
∈ R1×(n+N0+1) for the output

feedback stabilization is computed such that AK = A1 + B1K in (8.10) is

Hurwitz with simple eigenvalues µ1 = −1.5, µ2 = −2, µ3 = −2.5, and µ4 =

−3. The observer gain L = col(Lw, Lx) ∈ R1×(n+N0) is computed such that

AL = Ã− LC̃ in (8.11) is Hurwitz as well with simple eigenvalues µ̃1 = −3.5,

µ̃2 = −4.5, and µ̃3 = −5.5. The LMI constraints of Theorem 3 are found

feasible for N = 9, implying the exponential stability of the resulting closed-

loop system composed of the PDE-ODE cascade (8.3) and the controller (8.9).

The simulation diagram and results of the output feedback stabilization are

depicted in Fig. 8.3, 8.4, and 8.5 respectively. It can be observed in Fig. 8.4(a)

and 8.4(b) that the control law achieves the exponential stabilization of the

closed-loop system by converging both PDE and ODE states to zero during

the first 10 seconds of the simulation. The convergence of the observation

180



8.5. SIMULATION RESULTS

Figure 8.3: Simulation diagram for the output feedback stabilization

errors to zero in Fig. 8.5(a) and 8.5(b) depict the performance of the designed

observers in predicting the states of the cascaded system.

8.5.2 Output feedback regulation

The feedback gainK =
[
ku k1 . . . kN0 kx kξ

]
∈ R1×(n+N0+2) for the out-

put feedback regulation is computed such that AK = A1 + B1K in (8.13) is

Hurwitz with simple eigenvalues µ1 = −1.5, µ2 = −2, µ3 = −2.5, µ4 = −3,

and µ5 = −3.5. The observer gain L = col(Lw, Lx) ∈ R1×(n+N0) is computed

such that AL = Ã − LC̃ in (8.14) is Hurwitz as well with simple eigenvalues

µ̃1 = −3.5, µ̃2 = −4.5, and µ̃3 = −5.5. The LMI constraints of Theorem 4 are

found feasible for N = 13, implying the exponential stability of the resulting

closed-loop system composed of the PDE-ODE cascade (8.3) and the con-

troller (8.12), as well as the regulation control of the system output y(t). The

simulation diagram and the results of the output feedback regulation are de-

picted in Fig. 8.6, 8.7, and 8.8 respectively. It can be observed in Fig. 8.7(a),

8.7(b), and 8.7(d) that the control law achieves the exponential stabilization
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(a) State of PDE z(t, x)
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(b) State of ODE X(t)
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(c) Control input z(t, 1) = u(t)

Figure 8.4: Time evolution of the output feedback stabilized system
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(a) PDE observation error ePDE(t, x) = w(t, x) −∑N
n=1 ŵn(t)ϕn(x)
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(b) ODE observation error eODE(t) = X(t)− X̂(t)

Figure 8.5: Observation errors of the output feedback stabilized system
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of the closed-loop system by converging both PDE and ODE states as well

as the output to zero during the first 10 seconds of the simulation. Then, for

t > 10s, the reference signal is set as r(t) = 5. It can observed that the pro-

posed control strategy indeed ensures the setpoint tracking of the reference

signal r(t) by the output y(t).

8.6 Conclusion

In this chapter, we have designed a finite-dimensional observer-based con-

trol strategy for the output-feedback stabilization and setpoint regulation of a

reaction-diffusion equation coupled with an ODE through Dirichlet intercon-

nection. The cascading of PDE with an ODE enhances the pragmatic feasi-

bility of modal approximation methods for several practical applications. The

theoretical results of this chapter have been illustrated by numerical simula-

tions depicting the efficacy of the designed control law in achieving both the

stabilization as well the setpoint regulation of the reference signal. The fu-

ture research directions will be concerned with the practical implementation of

the designed control strategy to improve the thermal distribution control in AM

processes.

184



8.6. CONCLUSION

Figure 8.6: Simulation diagram for the output feedback regularization
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(a) State of PDE z(t, x)
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(b) State of ODE X(t)
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(c) Control input z(t, 1) = u(t)

0 5 10 15 20 25 30

Time (s)

-2

-1

0

1

2

3

4

5

6

7

A
m

p
lit

u
d

e

r(t)

y(t)

(d) Regulated output y(t)

Figure 8.7: Time evolution of the output feedback regularized system
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(a) PDE observation error ePDE(t, x) = w(t, x) −∑N
n=1 ŵn(t)ϕn(x)
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(b) ODE observation error eODE(t) = X(t)− X̂(t)

Figure 8.8: Observation errors of the output feedback regularized system
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Chapter 9

Conclusion

In this research work, we developed an immersive human-centric Cyber-

Physical System (CPS) to improve the process of Additive Manufacturing (AM)

by bridging the gap between the cyber and the physical worlds. AM not only

offers possibilities to print bespoke products but also provides the opportunity

of enabling highly disruptive new business models that are based around the

inclusion of the consumer within the product design process. The developed

system, named I-nteract, is a VHMR system that enables real-time interaction

with both virtual and physical worlds by the integration of modern technological

advancements such as Mixed Reality (MR), haptics, sensor fusion, computer

vision, and Machine Learning (ML) within the AM process to bridge the gap

between the consumer, the designer, and the production.

In Chapter 3, we presented the system overview and detailed architecture

of I-nteract. I-nteract enables real-time processing of human-centered spatio-

temporal data acquired by vision (HoloLens) sensors and wearable sensors

(position sensors for hand & fingers tracking) to provide visual augmented re-

ality feedback (via HoloLens) and force feedback (via haptic gloves) enabling

human interaction with physical and virtual worlds simultaneously. The inte-

gration of the system with the computational expensive Deep Neural Network

(DNN)s offers great potential in automating the expert knowledge using Deep

Learning (DL) which is a powerful tool to learn automatically from complex

high-dimensional data such as images, text, and speech.
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In Chapter 4, we illustrated the initial phase of our system (I-nteract) devel-

opment in which we integrated MR within the monitoring stage of the manu-

facturing phase in AM process to provide detailed information about the build

quality in an immersive interactive environment. We proposed and tested a

novel scan-based method to reconstruct the 3D model of the product dur-

ing the manufacturing process. The proposed method updates the 3D model

of the work in progress, layer after layer, hence enabling real-time monitor-

ing of the process. The implemented monitoring methodology also allows

the user to inspect the build quality of the product by visualizing the recon-

structed 3D model in an MR environment using HoloLens. The app developed

for HoloLens also allows the user to interact with the digital model using hand

gestures and voice commands. Thus, the proposed scanning technique not

only speeds up the iterative process development by enabling real-time moni-

toring but also provides detailed information about the build quality.

In Chapter 5, we incorporated haptics into the system to enhance the tan-

gibility of the digital world in a cyber-physical space. We enabled real-time

haptic interactions with (deformable/non-deformable) virtual and physical ob-

jects while providing an integrated visual and haptic (visio-haptic) experience

to the user for AM. Taking advantage of the position sensors installed on the

haptic glove, we proposed a novel 3D haptic scanning method to capture the

shape of a physical object. The proposed strategy obviates the need for a di-

rect line of sight as required by the conventional 3D scanners. We tested the

proposed scanning methodology to 3D print a customized orthopaedic cast

for a human forearm. Furthermore, we installed a force sensor to enable the

haptic interactions with the deformable (physical and virtual) objects so the

user can estimate the object’s elasticity along with shape to incorporate and

simulate its digital twin into the design space. To assess the validity of our

approach, we estimated spring constants of real springs using I-nteract and

compared the results with the spring rates obtained from a material testing

machine. We demonstrated the dynamic virtual interaction by simulating the

interaction with a virtual spring using a novel data-driven force rendering ap-

proach. Finally, we illustrated how these haptic enabled forms of interaction

in a cyber-physical space allow real-time testing of the designed 3D model
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in response to human and physical objects stimuli prior to the manufacturing

phase.

In Chapter 6, we exhibited how I-nteract can be integrated within the de-

sign workflow of AM to bridge the gap between the consumer and the man-

ufacturing process for personal fabrication by automating the parts of the de-

sign process that require expert knowledge for generating 3D models using

AI. We developed a framework that allowed the integration of computationally

expensive DNN architectures (SR-DNN and SliceGen) within the VHMR sys-

tem (I-nteract) to infer the 3D model from a single-view 2D image of a physical

object. To overcome the limitation of SR-DNN of generating 3D models of a

single genus (genus zero), we proposed and integrated with I-nteract a novel

generative DNN (SliceGen) for single-view mesh reconstruction. We have also

enabled manual 3D model generation in MR by using CSG. The automated

generation of a 3D model using DL with CSG as an editing tool has the po-

tential to enable a novice user to design customized 3D models from scratch.

Taking advantage of the immersive feature of MR, the system also allows the

user to adjust the dimensions of a virtual model with respect to the design con-

straints in the physical workspace. First, we tested DNNs to infer 3D models

from 2D images using the Pix3D dataset. Afterwards, we demonstrated the

efficacy of the generative CAD functionality of the system by generating a 3D

model using CSG, then by generating 3D models of chairs and tables using

SR-DNN and SliceGen from the 2D images captured via HoloLens, and finally

by resizing the 3D models using hands in an MR environment with respect to

the design contraints imposed by the physical workspace.

Finally, in Chapters 7 and 8, in the context of improving the AM process

to achieving stringent precision requirements we designed modal approxima-

tion based control design strategies for the physical processes modelled by

the reaction-diffusion equation. In Chapter 7, we investigated the boundary PI

regulation control of a reaction-diffusion equation in the presence of a state-

delay in the reaction term. Our approach, which takes advantage of spectral

reduction-based methods, relies on the use of small gain arguments to ensure

the stability of the resulting closed-loop system, as well as the setpoint regu-

lation of the right Dirichlet trace. The stability in the presence of disturbances
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and delays cannot be guaranteed by the conventional heuristic PI control de-

sign strategies that are widely used in industries. We showed from the nu-

merical simulations of the theoretical results that the designed control strategy

is robust not only against external disturbances but also can handle delay

mismatches. In Chapter 8, we designed a finite-dimensional observer-based

control strategy for the output-feedback stabilization and setpoint regulation of

a reaction-diffusion equation coupled with an ODE through Dirichlet intercon-

nection to enhance the pragmatic feasibility of modal approximation methods

for several practical applications. The theoretical results of this chapter have

been illustrated by numerical simulations depicting the efficacy of the designed

control law in achieving both the stabilization as well the setpoint regulation of

the reference signal. The future research directions will be concerned with

the practical implementation of the control strategies proposed in this thesis

(Chapters 7 and 8) to improve the thermal distribution control in AM processes.

I-nteract is an immersive human-centric CPS that is designed for AM to en-

able personal fabrication for non-technical users, to streamline the AM work-

flow by allowing real-time testing of the designed 3D models prior to manufac-

turing, and to provide effective means of monitoring the AM process. We have

demonstrated the efficacy of the system in improving the AM workflow through

several practical use cases in this thesis. The potential future work in further

system development includes:

• Using the monitoring methodology presented in Chapter 4, develop a

decision support system that will not only be responsible for real-time

defect detection but will also provide support for the operator’s decision-

making capabilities to mitigate the occurred defects.

• Improving the position tracking accuracy of the under-instrumented hap-

tic glove by taking advantage of image sensors of HoloLens using sen-

sor fusion to track the complex articulations of the hand as discussed

in Sec. 5.5.1 which will also enable the inclusion of multiple digits in the

interaction with deformable objects using an under-instrumented haptic

glove (like Dexmo).

• Upgrading the design process of 3D printing a customized orthopaedic
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cast, proposed in Sec. 5.2.2, by augmenting the 3D model of the frac-

tured bone onto the fractured area so that the design of the cast can also

be customized with respect to the type of fracture along with the shape

of the patient arm as proposed in Sec. 5.5.1.

• Developing a strategy to estimate the material along with the elasticity of

a physical object via haptic interactions as described in Sec. 5.5.2.

• Enabling the use of haptic force feedback and force sensing capabilities

of I-nteract to enable the user to transform the shape of a virtual object

using hands in an MR environment.

• Using the framework presented in this thesis for the integration of com-

putationally expensive generative DNNs, implement reinforcement learn-

ing or natural language processing to take advantage of customizability

and flexibility of the AM process by enhancing the human-machine in-

teraction such as the development of an AI-based human (consumer,

designer, or operator) support system.

Apart from enabling several commercial applications to improve the pro-

cess of AM, I-nteract also has immense potential in the field of advanced in-

teractive teleoperation, such as surgical robotics, by providing an immersive

human-centric cyber-physical workspace.
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Appendix A

Technical Details

A.1 Microsoft HoloLens1

Operating System Windows 10

Optics See-through holographic lenses (waveguide)

Sensors

One inertial measurement unit (IMU)

One Depth camera

Four environment understanding cameras

One 2 MP photo/ HD video camera

One ambient light sensor

Four microphones

Processors
Intel 32-bit architecture with TPM 2.0 support

Microsoft Holographic Processing Unit (HPU 1.0)

Memory
64 GB Flash

2GB RAM

Connectivity
Wi-Fi 802.11a

Micro USB 2.0

Bluetooth 4.1 LE

Audio
3D audio speakers

3.5mm audio jack

1For further details:https://docs.microsoft.com/en-us/hololens/hololens1-hardware
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A.2. DEXMO

A.2 Dexmo

Motor Data

Rated Voltage 7.4V (5V actual)

No-Load speed 35000rpm

No-Load current 55mA (95mA max)

Stall torque 55g.cm

Stall current 2.1A

Terminal resistance 2.65Ω

Insulation resistance 250VDC 10MΩ

Servo Data

Mass 25.78g

Gear ratio 112.6

Actual Max torque 5.04kg.cm

Sensor Data

Sample rate
500 Hz (at servo motor)

150 Hz (send out)

Resolution 0.066◦

Uncertainty ±1.5◦ (including mechanical backlash)
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Appendix B

Proofs

B.1 Lemma 1

Proof. Using the terminologies defined in Sec. 7.2.2, we have that Ac,0 is a

Riesz spectral operator. In particular, one has (Theorem 2.3.5 in [345])

D(Ac,0) =

{
f ∈ L2(0, 1) :

∑
n≥0

|λn|2| ⟨f, en⟩ |2 <∞

}

and, for any f ∈ D(Ac,0), Ac,0f =
∑

n≥0 λn ⟨f, en⟩ en. Since f =∑
n≥0 ⟨f, en⟩ en with convergence in L2-norm and a ̸= 0, this implies that f ′′ =∑
n≥0 ⟨f, en⟩ e′′n in L2-norm. We now aim at showing that f ′ =

∑
n≥0 ⟨f, en⟩ e′n

in L2-norm. To do so, let g ∈ D(Ac,0) be arbitrary. We have, for any

x ∈ [0, 1], g′(x) = − cot(θ)g(1) +
∫ x

1
g′′(ξ) dξ. Since g(0) = 0 we also

have g(1) =
∫ 1

0
g′(s) ds = − cot(θ)g(1) +

∫ 1

0

∫ s

1
g′′(ξ) dξ ds. Thus (recall

that cot(θ) > 0) we obtain g(1) = 1
1+cot(θ)

∫ 1

0

∫ s

1
g′′(ξ) dξ ds, which implies

g′(x) = − cot(θ)
1+cot(θ)

∫ 1

0

∫ s

1
g′′(ξ) dξ ds +

∫ x

1
g′′(ξ) dξ. Hence, by Cauchy-Schwarz

inequality, ∥g′∥ ≤
(
1 + cot(θ)

1+cot(θ)

)
∥g′′∥. Taking g = f −

∑N
n=0 ⟨f, en⟩ en and

letting N → +∞, we obtain the claimed series expansion. Putting every-

thing together, we have shown that f =
∑

n≥0 ⟨f, en⟩ en in H2-norm for all

f ∈ D(Ac,0). The claimed series expansion (7.12) follows from the continuous

embedding H1(0, 1) ⊂ C0([0, 1]).
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B.2 Lemma 2

Proof. We define the matrix

T =

[
A B

C α

]
∈ R(N+2)×(N+2).

From (7.18), the Hautus test [376] shows that the pair (Aa, Ba) satisfies the

Kalman condition if and only if T is invertible and the pair (A,B) satisfies the

Kalman condition.

We show first that T is inversible. Let

Ye =
[
x0,e . . . xN,e ue

]⊤
∈ ker(T ).

From (7.10) and (7.18) we deduce that

λnxn,e + (an + λnbn)ue = 0, 0 ≤ n ≤ N (B.1a)
N∑

n=0

xn,een(1) + αue = 0. (B.1b)

Recalling that N ≥ 0 is selected such that λn < 0 for all n ≥ N + 1, we

can define xn,e = −an+λnbn
λn

ue for all n ≥ N + 1. Hence we have λnxn,e +

(an + λnbn)ue = 0 for all n ≥ 0. We also define wn,e = xn,e + bnue that gives

λnwn,e+anue = 0 for all n ≥ 0. We note in particular that (wn,e)n and (λnwn,e)n

are square summable. Hence we can define we =
∑

n≥0wn,een ∈ D(Ac,0).

Moreover, the latter equation shows that Ac,0we +AcLue = 0. Using now the

definition of α given by (7.15), we observe from (B.1b) that

0 =
N∑

n=0

wn,een(1)−
∑

n≥N+1

an
λn
en(1)ue

=
∑
n≥0

wn,een(1) = we(1).

Therefore, introducing xe = we + Lue ∈ D(Ac), we obtain that Acxe = 0 and

xe(1) = we(1) + [Lue](1) = 0. This shows that ax′′e + (b + c)xe = 0 with
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xe(1) = 0 and x′e(1) = − cot(θ)xe(1) = 0. So, by Cauchy uniqueness, xe = 0.

Since we(0) = 0, we get 0 = xe(0) = [Lue](0) = ue. We infer we = 0 hence

wn,e = 0 for all n ≥ 0. This implies that xn,e = wn,e − bnue = 0 for all n ≥ 0.

We deduce that Ye = 0, which shows that T in invertible.

We now show that the pair (A,B) satisfies the Kalman condition. In view

of (7.10), since A is diagonal with simple eigenvalues, it is sufficient to show

that an + λnbn ̸= 0 for all n ≥ 0. From the definitions of an and bn given by

(7.9), we note that

an + λnbn = a ⟨(L1)′′, en⟩+ (b+ c− λn) ⟨L1, en⟩ .

Using two integration by parts, we infer that ⟨(L1)′′, en⟩ = e′n(0) + ⟨L1, e′′n⟩
where we have used that en(0) = 0, [L1](1) = [L1]′(1) = 0 and [L1](0) = 1.

Recalling that Ac,0en = ae′′n + (b+ c)en = λnen, we obtain that

an + λnbn = ae′n(0) + ⟨L1,Ac,0en − λnen⟩ = ae′n(0).

We recall that en ̸= 0 satisfies the ODE ae′′n+(b+ c−λn)en = 0 with en(0) = 0

and a ̸= 0. We obtain by Cauchy uniqueness that e′n(0) ̸= 0 hence an+λnbn ̸=
0 for all n ≥ 0. We have shown that (A,B) satisfies the Kalman condition,

which completes the proof.

B.3 Lemma 3

Proof. We first show that Xζ ∈ C0(R+;Hζ) with Ya ∈ C1(R+;RN+2) is a mild

solution of (7.20) with u = KYa + p if and only if Xζ ∈ C0(R+;Hζ) satisfies

(7.22) with u = Kψ + p and

ψ(t) = e(AK−cI)tYΦ,a(0) +

∫ t

0

e(AK−cI)(t−s) {cYa(s− h(s)) +Bap(s) + Γ(s)} ds

(B.2)

for all t ≥ 0 with Xζ(τ) = (Φ(τ), ζ0(τ)) for τ ∈ [−hM , 0]. The necessity is

clear since the previous developments show that Ya satisfies (7.17). Hence a
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straightforward integration shows that ψ = Ya. For the sufficient part, we first

note that (B.2) implies that ψ is continuously differentiable and, for all t ≥ 0,

ψ̇(t) = (AK − cI)ψ(t) + cYa(t− h(t)) +Bap(t) + Γ(t).

In particular (7.22) makes sense and the previous developments show that

(7.17) holds. We deduce that

ψ̇(t)− Ẏa(t) = (Aa − cI)(ψ(t)− Ya(t))

along with the initial condition ψ(0) − Ya(0) = YΦ,a(0) − YΦ,a(0) = 0. This

shows that ψ = Ya and hence Xζ ∈ C0(R+;Hζ) with Ya ∈ C1(R+;RN+2) is a

mild solution of (7.20) with u = KYa + p.

Noting now that 0 ≤ t ≤ (k + 1)hm for some integer k ∈ N im-

plies −hM ≤ t − h(t) ≤ khm, the existence and uniqueness of a function

Xζ ∈ C0(R+;Hζ) satisfying (7.22) with u = Kψ + p and (B.2) follows for a

classical steps argument and [345, Lem. 3.1.5]. This completes the proof.

B.4 Theorem1

Proof. The following subsections are devoted to the proof of Theorem 1.

B.4.1 Truncated model

The design of the feedback gain K and the resulting property of the truncated

model (7.26a) rely on the following lemma whose proof is identical to [340,

Lem. 8].

Lemma 5. Let N ≥ 1, 0 < hm < hM , A ∈ RN×N , and c ∈ R. Assume that

A is Hurwitz with simple eigenvalues µ1, . . . , µN ∈ C such that Reµn < −3|c|
for all 1 ≤ n ≤ N . Then there exist constants σ,C0, C1 > 0 such that, for

any x0 ∈ C0([−hM , 0];RN), any h ∈ C0(R+) with hm ≤ h ≤ hM , and any
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q ∈ C0(R+;RN), the trajectory of

ẋ(t) = Ax(t) + c {x(t− h(t))− x(t)}+ q(t),

x(τ) = x0(τ), τ ∈ [−hM , 0]

satisfies, for all t ≥ 0,

∥x(t)∥ ≤ C0e
−σt sup

τ∈[−hM ,0]

∥x0(τ)∥+ C1 sup
τ∈[0,t]

e−σ(t−τ)∥q(τ)∥. (B.3)

In order to apply this stability result, we consider in the sequel a feedback

gain K ∈ R1×(N+2) such that AK = Aa + BaK is Hurwitz with simple eigen-

values µ1, . . . , µN+2 ∈ C satisfying Reµn < −3|c| for all 1 ≤ n ≤ N + 2.

Hence we obtain the existence of constants σ,C0, C1 > 0 such that, for

any Φ ∈ C0([−hM , 0];H), any ζ0 ∈ C0([−hM , 0]), any h ∈ C0(R+) with

hm ≤ h(t) ≤ hM , any p ∈ C1(R+), and any r ∈ C0(R+), the trajectory of

(7.26a) with initial condition (7.26d) satisfies, for all t ≥ 0,

∥∆Ya(t)∥+ |∆u(t)| ≤ C0e
−σt sup

τ∈[−hM ,0]

(∥∆Φ(τ)∥+ |∆ζ0(τ)|)

+ C1 sup
τ∈[0,t]

e−σ(t−τ) (|∆p(τ)|+ |∆r(τ)|) . (B.4)

B.4.2 Residual infinite-dimensional dynamics

We now need to investigate the selection of the integer N ≥ 0 such that the

residual dynamics composed of (7.26b) and (7.26e) is exponentially stable.

Lemma 6. Let 0 < hm < hM and σ,C0, C1 > 0 be arbitrarily given. Let

N ≥ 0 be such that λN+1 < −2
√
5|c|. Then, there exist constants κ ∈ (0, σ)

and C2, C3 > 0 such that, for all h ∈ C0(R+) with hm ≤ h(t) ≤ hM , Φ ∈
C0([−hM , 0];H), ζ0 ∈ C0([−hM , 0]), p ∈ C1(R+), r ∈ C0(R+), and u ∈ C1(R+)

243



B.4. THEOREM1

such that

|∆u(t)| ≤ C0e
−σt sup

τ∈[−hM ,0]

(∥∆Φ(τ)∥+ |∆ζ0(τ)|)

+ C1 sup
τ∈[0,t]

e−σ(t−τ) (|∆p(τ)|+ |∆r(τ)|) (B.5)

for all t ≥ 0, the mild solution Xζ = (X, ζ) ∈ C0(R+;Hζ) of (7.20) satisfies∑
n≥N+1

|∆xn(t)|2 ≤ C2e
−2κt sup

τ∈[−hM ,0]

(∥∆Φ(τ)∥+ |∆ζ0(τ)|)2

+ C3 sup
τ∈[0,t]

e−2κ(t−τ) (|∆p(τ)|+ |∆r(τ)|)2 (B.6)

for all t ≥ 0, where xn(t) = ⟨X(t), en⟩.

Remark 8. The control design constraint consisting in selecting the integer N

such that λN+1 < −2
√
5|c| is the same as the one reported in [340, Lem. 10].

However, the proof reported therein, which dealt solely with a distributed dis-

turbance, does not apply to our setting in the presence of the boundary per-

turbation p. More precisely, following the lines of the proof of [340, Lem. 10],

one can derive an estimate similar to (B.6) but with the occurrence of the extra

term |∆ṗ(τ)| in the term evaluating the contribution of the exogenous signals p

and r. As our objective is to derive an exponential ISS estimate, in strict form,

for the closed-loop system dynamics, we need to refine the stability analysis

in order to obtain the claimed estimate (B.6) involving only ∆p, and not ∆ṗ.

Proof. Let N ≥ 0 be such that λN+1 < −2
√
5|c|. We define η =

−λN+1/2 >
√
5|c| ≥ 0, which is such that λn ≤ λN+1 = −2η < 0 for all

n ≥ N + 1. Note that, in this proof, we always consider integers n ≥ N + 1.

Let κ ∈ (0,min(η, σ)) be arbitrarily given and to be specified later. We intro-

duce, for t ≥ 0, ∆vn(t) = ∆xn(t)−∆xn(t− h(t)), yielding

∆ẋn(t) = λn∆xn(t)− c∆vn(t) + (an + λnbn)∆u(t) (B.7)
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for all t ≥ 0. We also consider the series

Sx(t) =
∑

n≥N+1

|∆xn(t)|2, t ≥ −hM ;

Sv(t) =
∑

n≥N+1

|∆vn(t)|2, t ≥ 0

which are finite because Sx(t) ≤ ∥∆X(t)∥2 and Sv(t) ≤ 2Sx(t)+2Sx(t−h(t)).
Finally, we introduce for any t1 < t2 and any real-valued and continuous func-

tion ψ the notation I(ψ, t1, t2) =
∫ t2
t1
e−2η(t2−τ)|ψ(τ)| dτ . Then, the following

inequalities hold:

I(ψ, t1, t2) = e−2κt2

∫ t2

t1

e−2(η−κ)(t2−τ) × e2κτ |ψ(τ)| dτ

≤ 1− e−2(η−κ)(t2−t1)

2(η − κ)
sup

τ∈[t1,t2]
e−2κ(t2−τ)|ψ(τ)|

and, by Cauchy-Schwarz,

I(ψ, t1, t2)2 ≤
∫ t2

t1

e−2η(t2−τ) dτ × I(ψ2, t1, t2)

≤ 1− e−2η(t2−t1)

2η
I(ψ2, t1, t2).

By integrating (B.7), we obtain for t ≥ hM

∆vn(t) =
{
eλnh(t) − 1

}
∆xn(t− h(t)) +

∫ t

t−h(t)

eλn(t−τ){−c∆vn(τ) + (an + λnbn)∆u(τ)} dτ

hence, using λn ≤ −2η,

|∆vn(t)| ≤ |∆xn(t− h(t))|+ |c|I(∆vn, t− h(t), t)

+ |an|I(∆u, t− h(t), t)

+ |bn|
∣∣∣∣λn ∫ t

t−h(t)

eλn(t−τ)∆u(τ) dτ

∣∣∣∣ .
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Since κ < η we have λn ≤ −2η < −η < −κ < 0 hence∣∣∣∣λn ∫ t

t−h(t)

eλn(t−τ)∆u(τ) dτ

∣∣∣∣ ≤ −λne−κt

∫ t

t−h(t)

e(λn+κ)(t−τ) × eκτ |∆u(τ)| dτ

≤ λn
λn + κ

e−κt sup
τ∈[t−h(t),t]

eκτ |∆u(τ)| ≤ 2η

2η − κ
sup

τ∈[t−h(t),t]

e−κ(t−τ)|∆u(τ)|.

Combining the two latter estimates and using Young’s inequality we obtain for

all t ≥ hM

|∆vn(t)|2 ≤ 4|∆xn(t− h(t))|2 + 4|c|2I(∆vn, t− h(t), t)2 + 4|an|2I(∆u, t− h(t), t)2

+
16η2

(2η − κ)2
|bn|2 sup

τ∈[t−h(t),t]

e−2κ(t−τ)|∆u(τ)|2

≤ 4|∆xn(t− h(t))|2 + γ1(κ)|c|2I(∆v2n, t− h(t), t) + γ1(κ)|an|2I(∆u2, t− h(t), t)

+
16η2

(2η − κ)2
|bn|2 sup

τ∈[t−h(t),t]

e−2κ(t−τ)|∆u(τ)|2

where γ1(κ) = 2
η
(1− e−2ηhM ). Summing for n ≥ N + 1, we obtain for t ≥ hM

Sv(t) ≤ 4Sx(t− h(t)) + γ1(κ)|c|2I(Sv, t− h(t), t) + γ1(κ)∥a∥2I(∆u2, t− h(t), t)

+
16η2

(2η − κ)2
∥b∥2 sup

τ∈[t−h(t),t]

e−2κ(t−τ)|∆u(τ)|2

≤ 4Sx(t− h(t)) + γ2(κ)|c|2 sup
τ∈[t−h(t),t]

e−2κ(t−τ)Sv(τ) + γ3(κ) sup
τ∈[t−h(t),t]

e−2κ(t−τ)|∆u(τ)|2

where a = AcL1, b = −L1, γ2(κ) = 1
2(η−κ)

(1− e−2(η−κ)hM )γ1(κ) =
1

η(η−κ)
(1−

e−2ηhM )(1 − e−2(η−κ)hM ) and γ3(κ) = γ2(κ)∥a∥2 + 16η2

(2η−κ)2
∥b∥2. This implies

that, for all t ≥ hM ,

sup
τ∈[hM ,t]

e2κτSv(τ) (B.8)

≤ 4e2κhM sup
τ∈[0,t−hm]

e2κτSx(τ) + γ2(κ)|c|2 sup
τ∈[0,t]

e2κτSv(τ) (B.9)

+ γ3(κ) sup
τ∈[0,t]

e2κτ |∆u(τ)|2.
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We now need to estimate, for all t ≥ 0, the term supτ∈[0,t] e
2κτSx(τ). To do

so, we integrate (B.7) on [0, t] for t ≥ 0

∆xn(t) = eλnt∆xn(0) +

∫ t

0

eλn(t−τ){−c∆vn(τ) + (an + λnbn)∆u(τ)} dτ

hence, using again λn ≤ −2η

|∆xn(t)| ≤ e−2ηt|∆xn(0)|+ |c|I(∆vn, 0, t) + |an|I(∆u, 0, t)

+ |bn|
∣∣∣∣λn ∫ t

0

eλn(t−τ)∆u(τ) dτ

∣∣∣∣
for all t ≥ 0. Proceeding as in the previous paragraph, we note that∣∣∣∣λn ∫ t

0

eλn(t−τ)∆u(τ) dτ

∣∣∣∣ ≤ 2η

2η − κ
sup
τ∈[0,t]

e−κ(t−τ)|∆u(τ)|

for all t ≥ 0. Using Young’s inequality we infer, for all t ≥ 0,

|∆xn(t)|2 ≤ 4e−4ηt|∆xn(0)|2 + 4|c|2I(∆vn, 0, t)2 + 4|an|2I(∆u, 0, t)2

+
16η2

(2η − κ)2
|bn|2 sup

τ∈[0,t]
e−2κ(t−τ)|∆u(τ)|2

≤ 4e−2ηt|∆xn(0)|2 +
2|c|2

η
I(∆v2n, 0, t) +

2|an|2

η
I(∆u2, 0, t)

+
16η2

(2η − κ)2
|bn|2 sup

τ∈[0,t]
e−2κ(t−τ)|∆u(τ)|2.

Summing for n ≥ N + 1, this implies for t ≥ 0

Sx(t) ≤ 4e−2ηtSx(0) +
2|c|2

η
I(Sv, 0, t) +

2∥a∥2

η
I(∆u2, 0, t)

+
16η2

(2η − κ)2
∥b∥2 sup

τ∈[0,t]
e−2κ(t−τ)|∆u(τ)|2 (B.10)

≤ 4e−2κtSx(0) + γ4(κ)|c|2 sup
τ∈[0,t]

e−2κ(t−τ)Sv(τ) + γ5(κ) sup
τ∈[0,t]

e−2κ(t−τ)|∆u(τ)|2

where γ4(κ) = 1
η(η−κ)

and γ5(κ) = γ4(κ)∥a∥2 + 16η2

(2η−κ)2
∥b∥2.
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Combining (B.9-B.10) and noting that Sx(0) ≤ ∥∆Φ(0)∥2, we obtain for

t ≥ hM

sup
τ∈[hM ,t]

e2κτSv(τ) ≤ 16e2κhM∥∆Φ(0)∥2 + ξ(κ) sup
τ∈[0,t]

e2κτSv(τ) + γ6(κ) sup
τ∈[0,t]

e2κτ |∆u(τ)|2

with γ6(κ) = γ3(κ) + 4e2κhMγ5(κ) and

ξ(κ) = γ2(κ)|c|2 + 4e2κhMγ4(κ)|c|2

=
|c|2

η(η − κ)

{
4e2κhM + (1− e−2ηhM )(1− e−2(η−κ)hM )

}
.

Recalling that η >
√
5|c|, we have 5|c|2/η2 < 1. Hence, a continuity argument

at κ = 0 shows the existence of κ ∈ (0,min(η, σ)) such that 0 ≤ ξ(κ) < 1. We

fix such a κ ∈ (0,min(η, σ)) for the rest of the proof. Since all the considered

supremums are finite, we deduce from the latter estimate that

sup
τ∈[hM ,t]

e2κτSv(τ) ≤
16e2κhM

1− ξ(κ)
∥∆Φ(0)∥2 (B.11)

+
ξ(κ)

1− ξ(κ)
sup

τ∈[0,hM ]

e2κτSv(τ) +
γ6(κ)

1− ξ(κ)
sup
τ∈[0,t]

e2κτ |∆u(τ)|2

for all t ≥ hM .

To conclude the proof, we need to estimate the term supτ∈[0,t] e
2κτSv(τ)

for t ∈ [0, hM ]. From the definition of Sv we have, for any t ∈ [0, hM ],

supτ∈[0,t] e
2κτSv(τ) ≤ 4e2κhM supτ∈[−hM ,t] Sx(τ). From (7.26b) and recalling

that n ≥ N + 1 with λn ≤ −2η < −2
√
5|c|, we have λn − c ≤ λn + |c| <

−(2
√
5− 1)|c| ≤ 0 hence

|∆xn(t)| ≤ |∆xn(0)|+
∫ t

0

|c||∆xn(τ − h(τ))|+ |an||∆u(τ)| dτ

+ |bn|
∣∣∣∣λn ∫ t

0

e(λn−c)(t−τ)∆u(τ) dτ

∣∣∣∣ ≤ |∆xn(0)|+ |c|
√
hM

√∫ t

0

|∆xn(τ − h(τ))|2 dτ

+ (|an|hM + |bn|e|c|hM ) sup
τ∈[0,t]

|∆u(τ)|
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for all t ∈ [0, hM ]. Using Young’s inequality and summing for n ≥ N + 1, we

obtain

Sx(t) ≤ 3Sx(0) + 3|c|2hM
∫ t

0

Sx(τ − h(τ)) dτ + 6(∥a∥2h2M + ∥b∥2e2|c|hM ) sup
τ∈[0,t]

|∆u(τ)|2

≤ 3Sx(0) + 3|c|2h2M sup
τ∈[−hM ,t−hm]

Sx(τ) + 6(∥a∥2h2M + ∥b∥2e2|c|hM ) sup
τ∈[0,t]

|∆u(τ)|2

for all t ∈ [0, hM ]. This implies, for all t ∈ [0, hM ],

sup
τ∈[0,t]

Sx(τ) ≤ 3(1 + |c|2h2M) sup
τ∈[−hM ,0]

∥∆Φ(τ)∥2

+ 3|c|2h2M sup
τ∈[0,t−hm]

Sx(τ)

+ 6(∥a∥2h2M + ∥b∥2e2|c|hM ) sup
τ∈[0,t]

|∆u(τ)|2.

By a simple induction argument (since hm > 0), we obtain the existence of a

constant γ7 > 0 such that, for all t ∈ [0, hM ],

sup
τ∈[0,t]

Sx(τ) ≤ γ7 sup
τ∈[−hM ,0]

∥∆Φ(τ)∥2 + γ7 sup
τ∈[0,t]

|∆u(τ)|2.

We deduce (see beginning of this paragraph) the existence of a constant γ8 >

0 such that, for all t ∈ [0, hM ],

sup
τ∈[0,t]

e2κτSv(τ) ≤ γ8 sup
τ∈[−hM ,0]

∥∆Φ(τ)∥2 + γ8 sup
τ∈[0,t]

e2κτ |∆u(τ)|2.

Combining this latter estimate with (B.11), we infer the existence of a constant

γ9 > 0 such that, for all t ≥ 0,

sup
τ∈[0,t]

e2κτSv(τ) ≤ γ9 sup
τ∈[−hM ,0]

∥∆Φ(τ)∥2 + γ9 sup
τ∈[0,t]

e2κτ |∆u(τ)|2. (B.12)

Substituting this estimate into (B.10), we obtain the existence of a constant
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γ10 > 0 such that, for all t ≥ 0,

Sx(t) ≤ γ10e
−2κt sup

τ∈[−hM ,0]

∥∆Φ(τ)∥2 + γ10 sup
τ∈[0,t]

e−2κ(t−τ)|∆u(τ)|2.

The claimed estimate (B.6) now directly follows from the assumption that u

satisfies (B.5) and the fact that 0 < κ < σ.

B.4.3 Completion of the proof of Theorem 1

By applying first the result of Subsection B.4.1 and then the result of Subsec-

tion B.4.2, the claimed estimate (7.27) follows from |∆ζ(t)| ≤ ∥∆Ya(t)∥

∥∆X(t)∥ =

√∑
n≥0

|∆xn(t)|2

≤ ∥∆Ya(t)∥+
√ ∑

n≥N+1

|∆xn(t)|2,

and (7.26c). This completes the proof of Theorem 1.

B.5 Theorem 2

Proof. Recalling that, for classical solutions, W (t) = X(t)−Lu(t) ∈ D(Ac,0),

and since We = Xe − Lue ∈ D(Ac,0) with Xe(1) = We(1) = re, we have

|[X(t)](1)− r(t)| ≤ |[W (t)](1)− re|+ |∆r(t)|

≤ |[∆W (t)](1)|+ |∆r(t)|.

To obtain (7.28), we only need to investigate the term |[∆W (t)](1)|. To do so,

based on (7.7), let δ > 0 and an integerM ≥ N be such that λn ≤ −(2κ+δ) <
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0 and |λn| ≤ |λn|2 for all n ≥M + 1. Then we have

|[∆W (t)](1)| =

∣∣∣∣∣∑
n≥0

∆wn(t)en(1)

∣∣∣∣∣
≤

M∑
n=0

|∆wn(t)||en(1)|+
∑

n≥M+1

√
|λn||∆wn(t)| ×

|en(1)|√
|λn|

≤

√√√√ M∑
n=0

|en(1)|2∥∆W (t)∥+

√√√√ ∑
n≥M+1

|en(1)|2

|λn|

√ ∑
n≥M+1

|λn||∆wn(t)|2

where it can be seen from the asymptotic behaviors (7.7) that∑
n≥M+1

|en(1)|2
|λn| < ∞. From Theorem 1 and since ∥∆W (t)∥ ≤ ∥∆X(t)∥ +

∥L∥|∆u(t)|, we only need to study the term
∑

n≥M+1 |λn||∆wn(t)|2 to con-

clude that (7.28) holds. In the sequel we always consider integers n ≥M +1.

From (7.26b) and recalling that ∆wn(t) = ∆xn(t) + bn∆u(t), we have for all

t ≥ 0

∆ẇn(t) = λn∆wn(t)− c∆vn(t) + an∆u(t) + bn∆u̇(t) (B.13)

with ∆vn(t) = ∆xn(t)−∆xn(t− h(t)). Then we have

∆wn(t) = eλnt∆wn(0) +

∫ t

0

eλn(t−τ){−c∆vn(τ) + an∆u(τ) + bn∆u̇(τ)} dτ

hence

√
|λn||∆wn(t)| ≤ eλnt

√
|λn||∆wn(0)|+ |c|

√
|λn|

∫ t

0

eλn(t−τ)|∆vn(τ)| dτ

+ |an|
√
|λn|

∫ t

0

eλn(t−τ)|∆u(τ)| dτ + |bn|
√

|λn|
∫ t

0

eλn(t−τ)|∆u̇(τ)| dτ
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for all t ≥ 0 and n ≥M + 1. We estimate the three integral terms as follows:

√
|λn|

∫ t

0

eλn(t−τ)|∆vn(τ)| dτ ≤
√
|λn|

∫ t

0

eλn(t−τ)/2 × eλn(t−τ)/2|∆vn(τ)| dτ

≤

√
−λn

∫ t

0

eλn(t−τ) dτ

√∫ t

0

eλn(t−τ)|∆vn(τ)|2 dτ ≤

√∫ t

0

e−(2κ+δ)(t−τ)|∆vn(τ)|2 dτ ,

using λn < −2κ < 0

√
|λn|

∫ t

0

eλn(t−τ)|∆u(τ)| dτ ≤ |λn|
∫ t

0

eλn(t−τ)/2 × eλn(t−τ)/2|∆u(τ)| dτ

≤ 2
−λn
2

∫ t

0

eλn(t−τ)/2 dτ × sup
τ∈[0,t]

e−κ(t−τ)|∆u(τ)| ≤ 2 sup
τ∈[0,t]

e−κ(t−τ)|∆u(τ)|,

and, similarly,

√
|λn|

∫ t

0

eλn(t−τ)|∆u̇(τ)| dτ ≤ 2 sup
τ∈[0,t]

e−κ(t−τ)|∆u̇(τ)|,

Combining the four latter inequalities, using next Young’s inequality, and finally

summing for n ≥M + 1, we obtain that∑
n≥M+1

|λn||∆wn(t)|2 ≤ 4e−2κt
∑

n≥M+1

|λn||∆wn(0)|2

+ 4|c|2
∫ t

0

e−(2κ+δ)(t−τ)
∑

n≥M+1

|∆vn(τ)|2 dτ + 16∥a∥2 sup
τ∈[0,t]

e−2κ(t−τ)|∆u(τ)|2

+ 16∥b∥2 sup
τ∈[0,t]

e−2κ(t−τ)|∆u̇(τ)|2
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for all t ≥ 0. Since M ≥ N , we have
∑

n≥M+1 |∆vn(τ)|2 ≤ Sv(τ). Hence, we

obtain from (B.12) that∫ t

0

e−(2κ+δ)(t−τ)
∑

n≥M+1

|∆vn(τ)|2 dτ ≤
∫ t

0

e−(2κ+δ)(t−τ)Sv(τ) dτ

≤ e−2κt

∫ t

0

e−δ(t−τ) × e2κτSv(τ) dτ ≤ e−2κt

δ
sup
τ∈[0,t]

e2κτSv(τ)

≤ γ9
δ
e−2κt sup

τ∈[−hM ,0]

∥∆Φ(τ)∥2 + γ9
δ

sup
τ∈[0,t]

e−2κ(t−τ)|∆u(τ)|2.

The two latter inequalities imply the existence of a constant γ11 > 0 such that∑
n≥M+1

|λn||∆wn(t)|2 ≤ γ11e
−2κt

∑
n≥M+1

|λn||∆wn(0)|2 + γ11e
−2κt sup

τ∈[−hM ,0]

∥∆Φ(τ)∥2

+ γ11 sup
τ∈[0,t]

e−2κ(t−τ)|∆u(τ)|2 + γ11 sup
τ∈[0,t]

e−2κ(t−τ)|∆u̇(τ)|2

for all t ≥ 0. Since ∆W (0) ∈ D(Ac,0), we note that∑
n≥M+1

|λn||∆wn(0)|2 ≤
∑

n≥M+1

|λn∆wn(0)|2

≤
∑
n≥0

|λn∆wn(0)|2

= ∥Ac,0∆W (0)∥2

≤ 2∥Ac∆X(0)∥2 + 2∥AcL∥2|∆u(0)|2

with ∆X(0) = ∆Φ(0) and |∆u(0)| ≤ ∥K∥∥∆Ya(0)∥ + |∆p(0)| ≤
∥K∥(∥∆Φ(0)∥ + |∆ζ0(0)|) + |∆p(0)|. Hence, to conclude the proof,

it is sufficient to study the two terms supτ∈[0,t] e
−2κ(t−τ)|∆u(τ)|2 and

supτ∈[0,t] e
−2κ(t−τ)|∆u̇(τ)|2. The estimation of the former term immediately fol-

lows from (7.27). Hence, only the latter needs to be investigated. From (7.26a)

and (7.26c), we have, for all t ≥ 0, |∆u̇(t)| ≤ ∥K∥∥∆Ẏa(t)∥+ |∆ṗ(t)| with

∥∆Ẏa(t)∥ ≤ ∥AK − cI∥∥∆Ya(t)∥+ |c|∥∆Ya(t− h(t))∥

+ ∥Ba∥|∆p(t)|+ |∆r(t)|.
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The claimed conclusion now follows from ∥∆Ya(τ)∥ ≤ ∥∆X(τ)∥+ |∆ζ(τ)| for

τ ≥ −hM and (7.27).

B.6 Lemma 4

Proof. Introducing v1(t) = x(t)−x(t−h1(t)), v2(t) = x(t−h2(t))−x(t−h3(t)),
and q(t) = Ev2(t)+ q̃(t), we obtain from Lemma 5 that (B.3) holds. Since A is

Hurwitz, we can assume that the constant σ > 0 involved in the latter equation

(B.3) is further selected such that ∥eAt∥ ≤ Me−σt for all t ≥ 0 and for some

constant M ≥ 1. Let t ≥ hM and assume that h3(t) ≥ h2(t). Integrating

(7.31), we obtain that

v2(t) = {eA(h3(t)−h2(t)) − 1}x(t− h3(t))

+

∫ t−h2(t)

t−h3(t)

eA(t−h2(t)−τ){−cv1(τ) + Ev2(τ) + q̃(τ)} dτ.

We note that ∥eA(h3(t)−h2(t)) − 1∥ ≤ e∥A∥|h3(t)−h2(t)| − 1 ≤ eδ∥A∥ − 1 and∥∥∥∥∥
∫ t−h2(t)

t−h3(t)

eA(t−h2(t)−τ)ψ(τ) dτ

∥∥∥∥∥ ≤M

∫ t−h2(t)

t−h3(t)

e−σ(t−h2(t)−τ)∥ψ(τ)∥ dτ

≤ δMeσhM sup
τ∈[t−hM ,t]

e−σ(t−τ)∥ψ(τ)∥.

Hence we obtain the estimate

∥v2(t)∥ ≤ {eδ∥A∥ − 1}∥x(t− h3(t))∥

+ δM |c|eσhM sup
τ∈[t−hM ,t]

e−σ(t−τ)∥v1(τ)∥

+ δM∥E∥eσhM sup
τ∈[t−hM ,t]

e−σ(t−τ)∥v2(τ)∥

+ δMeσhM sup
τ∈[t−hM ,t]

e−σ(t−τ)∥q̃(τ)∥

for any t ≥ hM such that h3(t) ≥ h2(t). In the case t ≥ hM with h2(t) ≥ h3(t),

we obtain the same estimate but with ∥x(t−h3(t))∥ replaced by ∥x(t−h2(t))∥.
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Hence, combining these two estimates,

sup
τ∈[hM ,t]

eστ∥v2(τ)∥ ≤ {eδ∥A∥ − 1}eσhM sup
τ∈[0,t]

eστ∥x(τ)∥

+ δM |c|eσhM sup
τ∈[0,t]

eστ∥v1(τ)∥

+ δM∥E∥eσhM sup
τ∈[0,t]

eστ∥v2(τ)∥

+ δMeσhM sup
τ∈[0,t]

eστ∥q̃(τ)∥

for all t ≥ hM . From (B.3), the identity v1(t) = x(t)− x(t− h1(t)), and based

on a small gain argument, we can fix δ > 0 small enough (independently of

x0, hi, and q̃) to obtain the existence of a constant γ12 > 0 such that

sup
τ∈[hM ,t]

eστ∥v2(τ)∥ ≤ γ12 sup
τ∈[−hM ,0]

∥x0(τ)∥+ γ12 sup
τ∈[0,hM ]

eστ∥v2(τ)∥

+ γ12 sup
τ∈[0,t]

eστ∥q̃(τ)∥

for all t ≥ hM . Recalling that v2(t) = x(t − h2(t)) − x(t − h3(t)), one can

estimate for t ∈ [0, hM ] the term supτ∈[0,t] e
στ∥v2(τ)∥ from (7.31) and the use

of Grönwall’s inequality. Combining with the latter estimate, we obtain the

existence of a constant γ13 > 0 such that

sup
τ∈[0,t]

eστ∥v2(τ)∥ ≤ γ13 sup
τ∈[−hM ,0]

∥x0(τ)∥+ γ13 sup
τ∈[0,t]

eστ∥q̃(τ)∥

for all t ≥ 0. Since q(t) = Ev2(t) + q̃(t), the substitution of the latter estimate

into (B.3) completes the proof.
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B.7 Theorem 3

Proof. Let η > 0 be such that

Θ1(η) =

[
F⊤P + PF + 2ηP + αG PL

L⊤P −β

]
⪯ 0

Θ2(η) =

[
−λN+1 + qc + η +

βMϕ

2

√
λN+1√

λN+1 −α

]
⪯ 0

Consider V (t) = X(t)⊤PX(t) +
∑

n≥N+1 λnwn(t)
2. The computation of the

time derivative of V along the system trajectories gives

V̇ (t) + 2ηV (t) = X(t)⊤
{
PF + F⊤P + 2ηP

}
X(t) + 2X(t)⊤PLζ(t)

+ 2
∑

n≥N+1

λn(−λn + qc + η)wn(t)
2

+ 2
∑

n≥N+1

λn(anu(t) + bnv(t))wn(t).

Using Young inequality, and recalling that u = EX and v = K̃X, we infer that

V̇ (t) + 2ηV (t) ≤

[
X(t)

ζ(t)

]⊤ [
PF + F⊤P + 2ηP + αG PL

L⊤P 0

][
X(t)

ζ(t)

]

+ 2
∑

n≥N+1

λn

(
−λn + qc + η +

λn
α

)
wn(t)

2

for any α > 0. Since ζ(t) =
∑

n≥N+1wn(t)ϕn(0), Cauchy-Schwarz inequality

implies ζ(t)2 ≤Mϕ

∑
n≥N+1 λnwn(t)

2. Combining the two latter estimates, we

infer that

V̇ (t) + 2ηV (t) ≤

[
X(t)

ζ(t)

]⊤
Θ1(η)

[
X(t)

ζ(t)

]
+ 2

∑
n≥N+1

λnΓnwn(t)
2

where Γn = −λn + qc + η + λn

α
+

βMϕ

2
, n ≥ N + 1. Since α > 1, we note that

Γn ≤ ΓN+1 for all n ≥ N + 1. Furthermore, Θ2(η) ⪯ 0 and Schur complement

imply ΓN+1 ≤ 0. Since Θ1(η) ⪯ 0, we infer that V̇ (t)+2ηV (t) ≤ 0 for all t ≥ 0.
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The claimed conclusion follows from the definition of V (t) and X(t), and the

change of variable formula (8.5).

B.8 Theorem 4

Proof. Let η > 0 be such that

Θ1(η) =

[
F⊤P + PF + 2ηP + αG PL

L⊤P −β

]
≺ 0

Θ2(η) =

[
−λN+1 + qc + η +

βMϕ

2

√
λN+1√

λN+1 −α

]
⪯ 0

Considering V (t) = ∆X(t)⊤P∆X(t) +
∑

n≥N+1 λn∆wn(t)
2 and proceeding

as in the proof of Theorem 3, we infer that

V̇ (t) + 2ηV (t) ≤

[
∆X(t)

∆ζ(t)

]⊤
Θ1(η)

[
∆X(t)

∆ζ(t)

]
+ 2

∑
n≥N+1

λnΓn∆wn(t)
2

− 2∆X(t)⊤PLr∆r(t)

where Γn = −λn + qc + η + λn

α
+

βMϕ

2
, n ≥ N + 1. As α > 1 and Θ2(η) ⪯ 0,

we have Γn ≤ ΓN+1 ≤ 0 for all n ≥ N + 1. Now since Θ1(η) ≺ 0, there exists

µ > 0 such that Θ1(η) ⪯ −µI. Thus we have

V̇ (t) + 2ηV (t) ≤ −µ∥∆X(t)∥2 − 2∆X(t)⊤PLr∆r(t)

≤ ∥PLr∥2

µ
∆r(t)2

where we have used Young’s inequality. The claimed stability estimate (8.16)

now follows from a straightforward integration, the definition of V (t) and X(t),

and the change of variable formula (8.5). To prove the tracking estimate (8.17),

it is sufficient to observe that re = ye = Cxe hence |y(t)− r(t)| ≤ |y(t)− re|+
|∆r(t)| where |y(t)− re| ≤ ∥C∥∥∆x(t)∥.
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